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ABSTRACT. We study the convergence of a finite difference scheme that ap-
proximates the third initial-boundary-value problem for a parabolic equation
with variable coefficients on a unit square. We assume that the generalized so-
lution of the problem belongs to the Sobolev space W;’S/Q, s < 3. An almost
second-order convergence rate estimate (with additional logarithmic factor) in
the discrete Wzl’l/2 norm is obtained. The result is based on some nonstandard

a priori estimates involving fractional order discrete Sobolev norms.

1. Introduction

For a class of finite difference schemes (FDSs) approximating elliptic boundary-
value problems (BVPs) with generalized solutions, convergence rate estimates com-
patible with the smoothness of the data

(1.1) lu—vllwrw) < Chs_k”“”w;(sz)a s 2k,

are of great interest (see [6l 13]). Here u = u(z) denotes the solution of the BVP,
v denotes the solution of the corresponding FDS, h is the discretization parameter,
W]f (w) is the Sobolev space of mesh functions, and C is a positive generic constant,
independent of h and u. In the parabolic case, instead of (L)) it is natural to look
for error bounds of the form

s—k
(12)  fu=vllyrrezg,  <C (hsfk n TT) lullyergy 5=k

where 7 is the temporal mesh-size. A standard technique for establishing estimates
of such types (see [6l, 13} [14]) is based on the Bramble-Hilbert lemma [3}, [5].

For BVPs with an oblique derivative boundary condition a loss of one half of
an order in the convergence rate (usually O(h3/2)) is often observed, caused by
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50 JOVANOVIC AND MILOVANOVIC

the approximation of the boundary condition. Nevertheless, improved results are
obtained in some cases, mainly for elliptic problems (see [4} [7]).

In the present paper, for the FDS approximating initial-boundary value prob-
lem (IBVP) for a parabolic equation with variable coefficients and an oblique deriv-
ative boundary condition a second order error bound in the discrete VV21 /2 norm
is obtained under minimal smoothness assumptions on the input data. The result
is based on some nonstandard a priori estimates involving fractional order discrete
Sobolev norms.

2. Formulation of the Problem

As the model problem we consider, in Q@ = Q x (0,7) = (0,1)2? x (0,7, the
following initial-boundary value problem for a parabolic equation with variable
coefficients:

(2.1) % + Lu = f, (z,t) = (z1,22,t) € Q,
(2.2) lu=0, (x,t) e T x (0,T) =99 x (0,T),
(2.3) u(z,0) = uo(x), x €
where
=) du 2 du
(2.4) Lu:= — i]z_: pr (aij a—xj), lu = ijz_l a;j 8—% cos (v, ;) + au

and v is the unit outward normal to I'. We assume that the conditions of strong
ellipticity are satisfied:

aij = ai(v) = az,  a=a(z),
2 2 2
(2.5) ¢ Z{f < Z a;;&:€ < a1 251'27 Ve eQ, V€ eR?, ¢ = const. > 0,
i=1 ij=1 i=1
ap < a(z) < ai, «; = const. > 0.

Let us denote I = (J7_, U, Tik, where Ty = {k} x [0,1], Doy, = [0,1] x {k},
and Eik = Fik X [O,T].

We also assume that the generalized solution of the problem ZI)—(23) be-
longs to the Sobolev space W;’S/2(Q), 2 < s < 3, while the data satisfy the
following smoothness conditions: a;; € W5 *(Q), a € W;_3/2(Fik), a € C(I),
Fews > P7HQ) and up € W5H(9).

3. Finite Difference Approximation

Let n,mm e N, n>2,m>1,h=1/nand 7 = T/m. We consider the uniform
spatial mesh @ with mesh size h on Q and the uniform temporal mesh @, with
mesh size 7 on [0, T]. We also denote w = oNQ, w, =w,N(0,T), w; =w.N[0,T),
wj e (IL,-ﬂ(O,T], y=wNl, Yk = 0N ik, vik = {ZZT € vk 0 < x3_; < 1},
Yoo =12 € 1 0< w3y <1}, v = {w € Far + 0 <@s—i <1}, % = Fik N Vi,
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’7* =7 {Uiyk/yik}u Oik = Yik X wia Oik = ﬁik X wiu 1= 1727 k= 0717 and

Qhr =W X Wr.
The finite difference operators are defined in the usual manner [12]:

=@ —=v)/h, vz, =@w—v")/h, v=(0—0)/T, vi= (v—10)/T,

Vg,

i

where v (x,t) = v(xthe;, t), e; is the unit vector of the axis z;, 0(z,t) = v(x,t+7)
and v(z,t) = v(z,t — 7).

We also define the Steklov smoothing operators with the step sizes h and 7
[13]:

1
T (o) = [ o+ ha'est)d =17 o+ heist) = Tif o+ hes 1),
0
1
Tfifu,t):z/ (1— ') f(a+ha'e) de’, i=1,2,
0

1
T, f(x,t) :/ fla t+7t)dt' =T, f(z,t+7)=Tif(x,t +F).
0

These operators commute and transform derivatives into differences, for example:

Ou du 0%u
+ = - _ 2 _ .

Ju _ (0Ou
Tt+ <a> = Ut, Tt (E) = Ug.

We approximate the IBVP ([2I)—(23]) with the following implicit FDS:

vi+ Lpv = f, r€w, tews,
(3.1) _
v(z,0) = up(x), T €W,
where
e
3 X [(%‘ ij)f*(aijva‘cj)z}v TEw
ij=1 ' '
2 anJraIrll Vzo +Vz, ~
Pl v, —an TR av ) — (a12s,)
1 1
o)y, 3 (@), b (an ), T
+1 +2
2 aiita az2+a
Lyv=<17 {— fn Vg — A12Vgy — G21Vzy — % Vzq
a1 +ae],  @=(0,0)
+1 —2
2 aiita a2z2+a
n {— — 5t Vg, — Q12Vz, + 210z, + 522 Uz,
+(a1 + 042)’0} -2 ((112 vg—gz)ml -2 ((121 vml)h, x=(0,1)

and analogously at the other boundary nodes, T €Y\ Vo
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TETS,  cew
TFHT? I, f, € 7vi05705

THETZET,f, = (05F0.5,05F0.5) €4

=
Il

a=T7 o, T € Yio U i1, i=1,2

and
a; =T a, zey, z;=05F05, i=1,2.

K2

4. Error Analysis

Let u be the solution of the IBVP ([Z.I)-(2.3), and let v denote the solution of
the FDS @BI). The error z = u — v is defined on @, and satisfies the following

conditions

(4.1) zi+ Lpz =, r€w tEws
4.1
z(z,0) =0, T € W,
where
2
&+ Zi,j:l Nij, z; 5 T ew
€+2 2 e o iy 17 +2< €
t 7 7 z T 76 z
b= tT mi n M2 T 721,z, T 722,22 h Y10
= 2 2 2 2 2
P+ =0 — 17 =17 — 17 — = (0,0
§t+h7711+h7712+h7721+h7722+h(<1+@)a z = (0,0)
and analogously at the other boundary nodes, TE YN0
€ =u—TTu, TEW
E=u— Tng?i% T € Y3—4,0.5F0.5

€=u—TH*T2y, 2= (05F05,05F0.5) € ~*

ou

1 L
i RO ti,, 10
aij 8xj> 5 (aijue, + affui?), T Ew

Nij = I?ngfin(

ou ai; + a:gl _
-5 Uz, T € Y3_4,05705

~ o + Qi —
is = T T (i o
% i (9(Ei
ou _
83:—3,) —Gi3-iUzs_;s T EY3_;0
ou ) Lt gt

— tooutt o oz ey,
3963—1' 1,3—1 T34 3—1,1

+ 24—
T, T35 T (ai,s—i
7i,3—i =
2= -
T35 T (ai,sfi
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2 27—
¢ =(T7a)u =TT, (au), T € Y3-i,0 UY3—i1

G = (TP a)u — THT,] (au), r ey, x;=05F0.5.
We define the following discrete inner products and norms:

v.w] = 22 Y o)t e S vl S v, b = o)

TEW TEYNY* TEY*
2 h2 2
[o,w)i =k D v(@)w() + 5 > v@uw@), plF = (o),
rewyio TEY3_; oYV i1
2 h2 2
(vow)y =h* D v(@)w() + 5 > v@uw@), [P = (0,0,
rEWUYi1 167;40U7;4J
w)=h> Y v@w), P =[ve), (e =k Y e(@)w),
rEWUY (U7, szU'ylﬁU'y;l
WP = (.ol (Rl ) = I+ 1om 1 + w5, [Rlo@) = max fu()],

ke =h 3 v@ul@) + 5 Y v, b, = bl

[v,w),- =h Y v(@)w(z), W2 =), o5, =h Y ()

TEYy, TEYik

2

I N Lo Py 13

W2 ('Y;k) — Igfi—.ibg_i ’ (:k 7
z, €7, T#T

1
2 2
|[U||W21/2(7;k) | | 1/2 - + Z <£L’3 Z+h/2 1—,’E3_i—h/2)v ($)a
o7 =7 Z ), Al =7 Y 07
iEEoJ+ t€W+
[l =7 22 oGO, IR, =7 0 I IE,,
tGwT tew,.
|[ ||L2 (Wi, W, "21/2( -y =7 Z | ||2 12 i)
tEUJT
op . 1) — ol )2

W, /2 (@r, L2 (@)) (t — )2 :

t,t' €y, t'#£t

1 1
2 ) 2
22 o = Mz oy + 7 Z <t+7'/2 - T—t+T/2>|[U( I

te

|[ ] [‘2(‘,‘,+ Wl =T Z | |W1(w)a

tEUJT

2 _ 2
|[v]|W21’1/2(QhT) - |[U] Lo (wi + Wl + |U| 1/2(_ Lao(@ ))



54 JOVANOVIC AND MILOVANOVIC

We shall prove a suitable a priori estimate for the FDS (41]) which will be used
to estimate its convergence rate.

LEMMA 4.1. Let a;; and o satisfy the assumptions from Section 2. Then, for
a sufficiently small mesh step h, there exist positive constants C1 and Cs such that

Crl[v]fivy @) < [Lnv, 0] < Col V]l @)

PROOF. The proof immediately follows from

2
1
[Lnv, v] = 5 > { @iiVz;s V)i + (i3, Vz,]i + [Qi3-iVag_;, Va,)
i=1
- h -
+ (&iﬁgfivfgii, vfl]} +h Z av?+ 3 Z (041 + 042) v2
TEYNY* reEY*
12 B2l
o n Ve[ o2
2 fl v S
+ Z dvz—i—ﬁ (G + ag) v
2
TEYNTY* TEY*
and a discrete imbedding theorem [12]. O
LEMMA 4.2. [2), [7) The following inequality holds true:
(LR W e/ VAN 5 iy
LEMMA 4.3. [7] Let v be a mesh function on @, then
Wl < Cy/log 7 |[v]lw (@)-
LEMMA 4.4. [8] The solution of the FDS
vit+ Lyv =, (2,t)€wxw]; v(z,0) =0, z€w.

satisfies the a priori estimate

g iy < (7 3l )1/2

tEUJT
where

0o o= sup 121
w |[w]|W21(w)

LEMMA 4.5. [8] The solution of the FDS
vi+ Lpv = ¢, (x,t) €0 x w); v(z,0) =0, z€w.

satisfies the a priori estimate

|[v]|W217 1/2(Q}”) < C|[¢] |V'['/21/2(<I)7.7 Ly (@))"
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LEMMA 4.6. Let w € W3 (L), 0 <r <0.5. Then

|Ti;;iw|W21/2(,Y;€) < C(T)hT71/2 |w|W2’(F1k)

Proor. Without loss of generality let us set ¢ = 1 and k = 0. Hence

n—1 n-1 ¥ . + 12
T3 w(0,ih) — Ty w(0, jh)]
T+ 2 _ h2 [ 2 ) 2 ?
| 2 le;/z(Vi)) ;J_;il (Zh—jh)2
PR “i w(0,ih) — Ts w(0, )]
== (th — jh)?
n=lizl (| ihth pjhth 2
—oa 3y L / / w0, 2) — w(0,a")] da’da b (i — jh)~2
i=1 j=1 > Jin ih
n—1i—1 ih+h Jh+h
1 w(0, )]
_ 2 /
—2h ZIZ;’*‘{/ / x_x)w dm}

th+h ]h—i-h 1+2r ,
X dx'dx
/m /Jh Zh Jh)

n—1i—1 th+h _]h+h 0 \12
26142r7 27 2r—1 z) —w(0,2)]”
<2n 2tp2p2r -t NS {/ / Gy e

=1 j=1

1+2rp2r—1 [w(0, ) — (Ol’)] 142rp2r—1, |2
=22 2/ / @ =) dz'dx =2'T*"h |w|W2T(Fm).

O
Let us rearrange the summands in truncation error ¢ in the following manner:
Mg =ij + My E=6+E,  E=E6+E,
where
ou

h 0
=5 T T —( ii_) —
Nii 3 hi (3I3i a oz ) T € Y3—4,0.5F0.5;

h 0 ou h 9%u
. =Tt - + -
Mis—i j:3TZ T, ((% Z(alg 18 . Z)) 2T T (alg laxg_i)

+ T+T ( (azb’ Zaxg )>, T € Y3—4,0.5F0.5
’L

f—ZF;LTQ (g;), T € Vi, 0.570.5
¢ = g 72 (SZ)ngTfi(g—xi), 2= (05F05,05F05) €

Using the boundary condition ([2:2]) we further obtain

& = Niyzg_, + i + 14, T € 7i,0.5F0.5
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where
h aiz—; Ou

Ai —:|:3T3+1T ( Qi; E)
(2 2),

0
o)

h 0
i =F-T2 T~ ——
'LL :F3 33—t <a$3—1
h
Vi = 3 T32—iTt7(
Similarly, for = (0,0), we obtain

2 2 2 2
ftt:E}\l——)\f‘f’Ml—i—Vl—f——)\z — A5+ po + v,

h Rt h
where \; and )\ are the same as before and
h aiz3—; Ou
A= T ( )
3 a;; Ot
h

_ 0 /aiz—i\Ou
i =—= 12T, —( v Z)—

" 3 3t ((91'3_1' (077 ot ’
h a Ou
b (25

3 3—itt (077 8t ’

with an analogous representation at other nodes from ~*.

Using Lemmas [L.THL5] we obtain the following assertion.

V; = —

THEOREM 4.1. The finite difference scheme [&I)) is stable in the sense of the
a priori estimate

2 1 2
|[2]|W21’1/2(Qh,7—) < C{l[ﬂ' Y2 (@, Lo(@ + Z |771j||i7h7' +ZZ HC
i,j=1

k=0 i=1

Oik

12
(4.2) +hz Z |7713||L2 FoW () +h Zl)‘ ”L2(w Wa/? ()

k=04,j=1 k=0 i=1
+hZZ( 11|+ 4] Ulk)+hw/1ogh22(llg Mz + A% (z, )IIT)}.
k=0:i=1 i=lxey*

In accordance with Theorem 1] the problem of deriving the convergence rate
estimate for the FDS (B is reduced to estimating the right-hand side terms in

the inequality (£2).

Let us assume that 7 =< h2, ie., csh? < 7 < c3h? for some positive constants
co and cs.

The term 7;; at the internal mesh nodes can be estimated in the same manner
as in the case of the Dirichlet IBVP (see [6]):

2 25—2 2
(43) T Z h Z 771] S Ch ||aZJ||Ws 1 Q)HUHWQS’S/2(Q)’ 2<s § 3.

tewt  TEWUvi0

In boundary nodes 7;; can be decomposed in the following manner

i = Nii,1 + N2 + Mii,3 + Nid 4, T € Y3_; 0.5570.5>
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where
ou

niig =T, T (“ii 8_35) (T} ais) (T+Tt Ox; )
Tiiz = |:(7“;+0J“_) Qi + a ] ( +Tt‘ 8:@)
73,3 = %@# [(TjTt ;Z) - (T;r g;)}

Miia = Ti+T?)2itiTt* (Gz‘i g_;i) — T;FT; (aii g—;) F g T;FT; <%3_l (aii %))

The terms n;;; for | = 1,2, 3 satisfy the same conditions as analogous terms in [6]
whereby it follows that

T Z h? Z nul < Ch*2 ||a”HW2S*1(Q)||u||‘2/‘/;vs/2(Q)7 2<s <3

+ —
t€wr T€v3_; oUVs ;1

For s > 2.5 the term 7;; 4 is a bounded linear functional of w= a;; % € W;_l’(s_l)/2

which vanishes when w = 1, 21, z2, t. Using the Bramble-Hilbert lemma [3}, 5] and
properties of multipliers in Sobolev spaces [10] we obtain the following result

T Z h2 Z 77”4 Ch2s 2‘ Ou

“_H —1,(s—1)/2
‘- Oz llwy=1=D2(Q)
t€wr T€Y5 ; oUYs i1

25s—2 2 2
§ Ch S ||aii||W2371(Q)||u||W2S’S/2(Q)7 25<s § 3.

Similarly, at the boundary nodes 7;3—; can be decomposed in the following
manner

Ni3—i = Mi,3—i,1 T Mi,3—-,2 T 0i,3-i,3 + 7i,3-i4, T € V3, 05%0.5)
where

8u 8U

24 - - _—

Ni,3—i,1 = Ti+T3—iTt (aiy?ri 6x3_i) o Ti+Tt (ai’gfi 6$3_i)
h 0 ou
D (O (a2,
+ 371 t 3903—1' 3,3—i a$3—i

ou ou
i,3—1 :T+T_( i 71'—)_T_ i ’L—)
1i,3—i,2 [ t Qi3 axB—i t Qi,3— 8;103 i

Wy O ou
SRR CACEE )]

_ 8’(1, + 8“ h - (9211,
i3—i,3 = Qi 3—i | 1] Ll )£ T (g )|
i3=is = s [t <3x3—i> 3_l<3$3—i) 270 <a$§z)]

h 9%u 0%u
is—ia=t= T T (ai3—i =5 | —aiz—i T,/ T | = ||
oo =g [T (s g ) oo (577 )

—1

The terms 1; 3—;1 and 7; 3—; 2 satisfy estimates analogous to [@5]). For s > 2.5 and
ai3—; € C(Q) the term n; 3—; 3 is a bounded linear functional of u € W;’S/Q which
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vanishes when w = 1,11, 22, t, 7%, 7122, ¥5. Using the Bramble-Hilbert lemma and
the Sobolev imbedding theorem [1] we obtain the following result

T Z h? Z 7713 i3 S < Ch* 72 lais- l||c(ﬁ)||u||‘2/V;,s/2(Q)

+ —
tC€wr x€v5 ,; oUYs_ i

< Oh* 72 ||a; 3-i?

s =1 (| 2.5 <s<3.

|’LL|| S/Q(Q)

Term 7;3—;4 can be estimated directly. Let us set ¢ = 2 and x = (0,22) € 1.
Then

xo+h t 1/2
h 2 x! da 0%u
21,400, 22, 8) = 5 5 / ( —f) / a;; (0,25) 55 2(0 a5, t') dydt'drs,
T2 t—T xo

while for other boundary nodes, and also for ¢ = 1, we have analogous integral
representations. Hence

2 4 8@1-,3_1- 2 82’(1, 2
(47) T Z h Z 7’]13 4 Ch T @
tew!r  wevy ik v La(Tix) 111 L2 (3ik)
< 4 . 112 _ 2 ) 5.
< Ch ||al73—lHW2S I(Q)”u”Wzva/Q(Q)? 5§>2.5

In such a way, from [@3])-({.T) one obtains
(4.8) |75

The term ¢ at the internal mesh nodes is estimated in [6]. At the boundary
nodes ¢ admits an analogous integral representation as for * € w. Hence, one
immediately obtains

(4.9) |l ]|W1/2(wT Lo (@ < Ch! \V log ;, % HaleWS L) ”U”W /200 2<s<3.

The term ¢ on o3_;  can be represented in the following manner:
¢ = (TPa) (u—T7T; u) + [(TPe) (TPT; w) — T7 (@ Ty u)] = Cor + Coo-

For s > 2.5 and a € C(T'3_; ;) the term (p1 is a bounded linear functional of u €
W;_l’(s_l)/Q(Eg,iﬁk) which vanishes when = 1 and u = x3_;. Using the Bramble—
Hilbert lemma and the Sobolev imbedding theorem we obtain the following result

i,hT < ChSil ||aij||W2571(Q)HUHW25v3/2(Q)7 25<s < 3.

(410) HCOl HUS—i,k < Chs_l ||aHC(F37i,k) ”ul|w;*1’(5*1)/2(237i1k)

< Ch5*1||a|\W;,3/2 2.5 < s<3.

(T3—i,k) ||U||W£S/2(Q)7
The term (p2 is a bounded linear functional of (o, T, u) € W7 (I3 k) ><W (Fg .

q > 2, which vanishes when w = 1 or T, u = 1. Using the bilinear version of the
Bramble-Hilbert lemma, the Sobolev imbedding theorem and the Holder inequality,
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after summation over the mesh ~3;_; ; we obtain the following result

”COQ”’Ysﬂ',k < OhrerHa”WqT(sti,k) ||Tt_u||W2pq/(q72)(Fg’i”“)

<ChW ™|l i 11 1T wl| e , 0<r<1, 1-t<pgl.
W, % T(Ts-ik) W, “(Ca—ix) a
Summing over the mesh w} and using imbedding and trace theorems we obtain
r+p
[Galos-ra € ON Nl iy Tl ey
< Ch'P ||a||w;+%7%(F37i k)Hu”wf%ﬁé(w%%)(@
< Chmte ”aHWZ,THF%(F3,i,k)HUHWZ,THH’%(HPH)(Q)'
Finally, setting r +p = s — 1, we get
(4.11) [Co2lloss e < Chs_l||a||W2573/2(F37M)||u||W;,s/z(Q), 2<s<3.
From (£I0) and (I it follows that
(4.12) [¢llogs e < Chs’1||a||W;73/z(F37iyk)||u||W;,s/z(Q), 2.5 < s < 3.

For x € 7§—i7k we set
G = (Tfia) (u - Tt_u) + [(Tfia) (Tt_u) — Tfi (a Tt_u)] = Gi1 + Gio-
For r > 0.5 and o € C(T's_; ) the term (;; is a bounded linear functional of

u € WJ(0,T) which vanishes when v = 1. Using the Bramble-Hilbert lemma and
the Sobolev imbedding theorem, after summation over the mesh w} we obtain

(Gl < CT"[lellows_; pllu@, lwy o)

< Ch2T||a||W22T71/2(F37i,k)||u||W22T+1’T+1/2(Q)’ 0.5<r < 1,
whereby, setting 2r + 1 = s,
(4.13) ICall- < C’hs_l||oz||W2sfs/2(F37iyk)||u||W2s,s/z(Q), 2<s<3.

For i =1 and 2 = (0,0) we have

2 h /
€12(0,0,t) = E/o ( — x—hl)oz(xa,()) [Tt_u(0,0,t) - Tt_u(x/l,(),t)} dr}

2 h  px} z 8(T7u)
Analogous representations hold for other nodes = € v* and also for i = 2. Hence
Oz; c(Q)

|Cz2| < Ch ||a||C(F3—i,k) < Ch ||O‘||W25*3/2(p371.1k)||Tt7u||W2S(Q)7 §>2,

whereby, after summation over the mesh w}, one obtains

(4.14) |Gl < Ch ||Oé||W2573/2(F3—7;,k) ||u||W;,s/2(Q), 5> 2.
In such a way, for x € v3_, ;, from @I3) and EI4) we get

(4.15) Gl < Chlallys-sragr, ) llygorsgy: 5> 2
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. / . . .
Let us now estimate |[17;; HL2(WT+7 WA ) Using Lemma[£.6] we immediately

obtain

B ou
e < O T (52w g ) )|
Wy (v k) K Or3—; d; Wi (Ts—ik)

<O HY2 |1 (L (a @)) . 0<r<05
(91[:3_1' 6:101- W2T+1/2(Q)

Using the inequality [11]
e’ ||FHW;(0,1), 0<r<0.5,

1P| La0,0) < C gl/2 log% HF||W21/2(071), r=0.5,

1/2
£ / ||FHW21/2(071), r > 0.5,

where 0 < & < 1, we obtain

" Z (:vz—i—h/Q 1_$i1_h/2>(77£1-)2

2
1 (e ()

W3 (Ts_i )

2
1 (G ()

w2 (@)

1
< Ch?r-i—l ].Og E ’

1
<Ch2r+1logE’ , 0<r<0.5

and

P> (:vz—i—h/Q 1_xi1_h/2> (n))”

ze'ys%k
2
1 (e ()

< Ch? log3 l ‘ .
h Wi(Q)

From the obtained inequalities, summing over the mesh w}, denoting r + 2.5 = s
and using properties of multipliers in Sobolev spaces, we 1mmed1ately obtain

(4.16) ”ngiHLQ(wi,Wzl/z(y;iyk)) < Ch*™? \ 10g% ||aiiHW2S*1(Q) ||U||W;vs/2(Q)
for 2.5 < s < 3 and

3/2
(4.17) 175l ot 22y S Ch (log )™ llaiillwz@) lully 222

Analogous estimates hold for 77%7371- substituting a; with a; 3—;.
The term A; has a similar structure as ngj. Handling it in the same manner we
obtain for 2.5 < s < 3

Nl L ot w22, —y < Ch*?4/log +

A 34

lwllyysesr2 gy
i lrav2@) @
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where || - ||M(W;72(Q)) is the norm in the space of multipliers in W3 2(Q2) [10].

Further, for 2.5 < s < 3 and g > 2, using the properties of multipliers in Sobolev

spaces and the assumptions ([24), we obtain

ai3—i
Qi

Aj,3—4
A4

<C

< C(”aiﬁ—iHqu(Q) + ”aii”qu(Q))

M(W;5 () Wi ()

< Ol illws-r oy + il )

In such a way, we finally obtain

(418) ||)\i||L2(wj,W21/2('yi;)) < Ch5—2 /log%

X (||aii||w2s,1(m n ||ai,3_i||w2s,1(m) [l oy 25<s<3

and analogously

(4.19) < Ch (log 1)*?

el oot 2200
x (il + lass-illwz@ ) lullyoarg) 5 =3.

For r > 0.5 and a4, a;3—; € C(Q) the term A’ is a bounded linear functional
of w € WJ(0,T) which vanishes when v = 1. Using the Bramble-Hilbert lemma
and handling it in the same manner as in the case of (;; we obtain

(4.20) I+ < Ch572||ai,3_i||w2571(9)||u||W;,s/z(Q), 2<s<3.
The terms v; and p; can be estimated directly:
9]

[Pillow < Oh||= 2 SCOh||=l - ullygerng

(421) ai; Ot La(Zik) A4 C(Tik) 2
< Ch ||u||W2s,s/z(Q), 5>25

and
(4.22) |[pill,. < Ch (||aii||W§*1(Q) + ||ai,3_i||W2s—1(Q)>||u||W25,s/2(Q), §>2.5

From [@2)), [@3), (49), (£12) and (II5)-E22) we obtain the following result.

THEOREM 4.2. Let the assumptions from Section 2 hold and let 7 < h%. Then

the FDS BI) converges in the norm W21’1/2(Qh7.) and the convergence rate esti-
mates

|[Z]|W21’1/2(Qh1—) < Chsil \/log%

X (1 + max ||a/7jj||W2571(Q) + max Ha||W§’3/2(Fik)) ||u||W;,s/z(Q), 25<s<3
and
3
1)y, SCh? (log ) (1+Iri1%x Jaisllwz oyt max el ey )l 272

hold.
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REMARK 4.1. Note that the obtained error bounds are ‘almost’ compatible
with the smoothness of the data (up to additional logarithmic factors).

REMARK 4.2. The obtained error bounds have been derived under the as-
sumption 7 =< h?, which links the temporal mesh-size 7 to the spatial mesh-size h,
despite the fact that the implicit FDS is unconditionally stable, and therefore from
the point of view of stability there should be no limitation on the choice of mesh-
sizes. This limitation can be avoided in certain cases by careful study of truncation
error functionals (see e.g. [9]).
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