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ON THE NUMBER OF SUBGROUPS OF A GIVEN
EXPONENT IN A FINITE ABELIAN GROUP

Marius Tarnauceanu and Laszlé Toth

ABSTRACT. This paper deals with the number of subgroups of a given ex-
ponent in a finite abelian group. Explicit formulas are obtained in the case
of rank two and rank three abelian groups. An asymptotic formula is also
presented.

1. Introduction

One of the most important problems of combinatorial abelian group theory is
to determine the number of subgroups of a finite abelian group. This topic has
enjoyed a constant evolution starting with the first half of the 20*" century. Since
a finite abelian group is a direct product of abelian p-groups, the above counting
problem can be reduced to p-groups. Formulas which give the number of subgroups
of type p of a finite p-group of type A were established by Delsarte [4], Djubjuk
[5] and Yeh [15]. An excellent survey on this subject together with connections to
symmetric functions was written by Butler [2] in 1994.

Another way to find the total number of subgroups of finite abelian p-groups
was described by Bhowmik [1] by using divisor functions of matrices. By invoking
different arguments, formulas in the case of rank two p-groups were obtained by
Calugadreanu [3], Tarnduceanu [11), 12], Hampejs, Holighaus, Téth, Wiesmeyr [6],
T6th [14] and for rank three p-groups by Hampejs, Téth [7], Oh [8]. Note that
the papers [6), [, [14] include also direct formulas for the groups Z,, x Z, and
Lo, X Ly, X Ly, respectively, where m,n,r € N* := {1,2,...} are arbitrary.

The purpose of the current paper is to count the number of subgroups of a
given exponent in a finite abelian p-group. Explicit formulas are obtained for
rank two and rank three p-groups. The numbers of subgroups of exponent p,
respectively p? in an arbitrary p-group are also considered. We prove that if two
finite abelian groups have the same number of subgroups of any exponent, then they
are isomorphic. We also deduce compact formulas for the number of subgroups of a
given exponent of the group Z,, X Z,,, where m,n € N* are arbitrary. Furthermore,
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122 TARNAUCEANU AND TOTH

we obtain an exact formula for the sum of exponents of the subgroups of Z,, x Z,,
and an asymptotic formula for the arithmetic means of exponents of the subgroups
of Zy, X Lo,

For the proofs we use two different approaches. The first one is based on
the known formula for the number of subgroups of a given type in an abelian p-
group, given in terms of gaussian coefficients (Theorem 2.1]). The second method,
applicable only for rank two groups, uses the representation of the subgroups of
Zo X Ly, obtained by the second author in [14] (Theorem BT).

Most of our notation is standard and usually will not be repeated here. For
basic notions and results on group theory we refer the reader to [10].

2. First approach

Let G be a finite abelian group of order n and G = G1 X G2 X - -+ X G, be the
primary decomposition of G, where G; is a p;-group (i = 1,2,...,m). For every
divisor d = p{"p5? ... p%m of n we denote £4(G) = {H < G : exp(H) = d}.

Since the subgroups H of G are of type H = Hy X Ho X --- X Hp, with H; < G;
(i=1,2,...,m), we infer that

1) @) =[] 1€ Gl

Equality (Z1]) shows that the problem of counting the number of subgroups of
exponent d in G is reduced to p-groups. So, in this section we will assume that G
is a finite abelian p-group, that is a group of type Zpx; X Zpr, X +++ X Zyx, with
A1 = A2 = -+ 2 A = 1. In this case we will say that G is of type A, where ) is the
partition (A1, A2, ..., Ak, 0,...), and we will denote it by G.

We recall the following well-known result, which gives the number of subgroups
of type p of G (see [4, [5, 15]).

THEOREM 2.1. For every partition p =< X (i.e., p; < A; for every i € N*) the
number of subgroups of type u in Gy is

. _ (ai—bi)b; a; — bH‘l
ax(wp) =[]»r + (bz’ )p,

b.
i>1 1+1

where N = (a1,a2,...,ax,,0,...), p = (b1,ba,...,bu,,0,...) are the partitions
conjugate to A\ and p, respectively, and

(1) - [
k P Hf:1(pi —1) H?:_f(pi —-1)
is the gaussian binomial coefficient (it is understood that T[]~ (p" — 1) = 1 for

m = 0).

By using Theorem 2Tl a way to compute the number of subgroups of exponent
p' in G\ can be inferred, namely

|SPZ(G/\)| = Z Oé)\(,LL;p> (i:()vla-'-v)\l)v

BN, p1=1
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which is a polynomial in p with integer coefficients. If ¢ > 1 and k > 2 are arbitrary,
then the polynomial |£,:(G )| can not be given explicitly, but we will do this in
some particular cases. Namely, we will consider the following cases: k € {2,3} and
i > 1 arbitrary, ¢ € {1,2} and k > 2 arbitrary.

We remark first that since ZHESP»L(G)\) H < G, and ZHESP»L(G)\) H is of type
Ly X -+ X Li X Lipr X -+ + X L, where 7= min{j : \; < i}, we have

|5p1(G)\)| = |gpi(Zpi X -+ X Zpi X ZpAT X -+ X prk)|

with the convention that the direct product Zpy, X -+ X Z,», is trivial for i < k.

Our first result gives a precise expression for |£,:(G))| in the case k = 2.

PROPOSITION 2.1. Let Gy = Zp)\l X th with A1 = Ao > 1. Then

i+l i o .
L 1<,

Epi (G = q pfil) .

E—_—= Aoy <1 < Aq.

p—1 7
PROOF. We have A = (A1, A2,0,...) and consequently
N =(22,...,2,1,1,...,1,0,...),

where the number of 2’s is A9 and the number of 1’s is A; — A9. Then
€ (G = Nij,
j=0

where N; ; denotes the number of subgroups of type (7, j) in G, or equivalently in
L X Li i1 < Ag o1 in Zpi X Zipry if Ay <0 < Mg

In the first case we obtain N; ; = (p + 1)p*~=! for j = 0,1,...,i — 1, and
N;; = 1. Therefore

i—1

i+1 i
- +pi—2
|5pi (Z;Di x Z;ui) =1+ Z(p +1)p'™’ o TP s .
i=0 p-1
In the second case we obtain N, ; = p*27J for j =0,1,..., \o. Therefore
Az Ao+1
2—J p —1
|(€pi(Zpi XZPA2)|:Zp)‘ E— —
=0 P
This completes the proof. (I
ExXAMPLE 2.1. We have
1, i=0,
p+2, i=1,
|5pi (Zps X Zp2)| =

pPP+2p+2, =2,
pP?+p+1, i=3ori=4.

In particular, by summing all quantities |€,:(Gx)| (i = 0,1,..., A1), we obtain
the total number of subgroups of G (see also [11}, Prop.2.9], [12] Th. 3.3]).



124 TARNAUCEANU AND TOTH

COROLLARY 2.1. The total number of subgroups of Gx = Zyn, X Zpr, where
A=A 21, s

5l
(p—1)
ExampLE 2.2. The total number of subgroups of Z,s X Z2 is 32 +5p+T.

(2.2) (A=A +1)pM T2 — (A=A —1)p T — (A + X0+ 3)p+ (A1 +A2 + 1))

Now consider the case of rank three p-groups. We need the following lemma.

LEMMA 2.1. Let N; ;¢ denote the number of subgroups of type (i,j,¢) (i > j >
{> 0) in Gy = th X ZPAQ X ZPA3 with \1 = Ao > A3 > 1. Then

PP 2B+ (PP +p+1), £<j<i< g,
p2E==D(p2 4 p 4 1), (<j=i< A3 orl=7<i< s,
1, (=j=1i< A3,
pretiT2=2(p 4 1)2) 0<j< A3 <i< Ay,

N prati=2i=1(p 4 1), =7 < A3<i< Mg,

i,5,4 pz)\3+ifj—2€fl(p + 1), < )3 <jJ << A,

p2s=0), < A3 <j=1< Mg,
prata—j—2 C< 3 <i< A <i< A,
pratre—2=1(p 4 ), < i< A3 A <i< A,
pratra=20 L=37< A3< A <1< AL

PrROOF. We use Theorem [ZJl We distinguish the following three cases:

L If i < A3, then N ;, is the number of subgroups of type (i,7,¢) in Z,: x
Zypi X Zypi. Here we need to consider A = (7,4,4,0,...) with A’ = (3,3,...,3,0...),
where the number of 3’s is 4, and p = (4, 4,4,0,...) with

fo=(3,3,...,3,2,2,....2,1,1,...,1,0,...),

where the number of 3’s is ¢, the number of 2’s is 7 — ¢, the number of 1’s is i — j.
In the subcase ¢ < j < i < A3 we deduce

Nije= @)oo+ D@ 70 +p+ 1) =p* 2P+ D +p +1).

The subcases { < j =i < A3, £ =j < i< Az and £ = j =i < A3 are treated
similar.

IL If A3 < i < Ag, then Nj j is the number of subgroups of type (4, j, ) in Z: x
Zyi X Liprs. We consider X\ = (4,4, A3,0,...) with A" = (3,3,...,3,2,2,...,2,0...)
where the number of 3’s is A3, the number of 2’s is i—\3, and u, u' like in the case I.

For example, in the subcase £ = j < A3 < ¢ < A2 we obtain

Ni,j,l —_ (pQ)Asfjpifksfl(p+ 1) _ p)‘3+i72j71(p+ 1)

III. If Ay < @ < Aq, then N, ;. is the number of subgroups of type (3,7,¢) in

Zpi X ZPM X Zp)\g. We consider \ = (’L', )\2, )\3, 0, .. ) with

N =(3,3,...,3,2,2,...,2,1,1,...,1,0...),
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where the number of 3’s is A3, the number of 2’s is As — A3, the number of 1’s is
1 — Ao, and p, p' like in the case I. O

PROPOSITION 2.2. Let Gy = prl X Zp)\z X prg, with \1 > Ao > A3 > 1. Then

p2 1 ((i+D)p*+(i—1)p® —p® — (i+2)p—i)+3

A3 +i pr-he=1) 22542  1sis >\37
|Ept (G| = § Qo2 e, =D =2 242 g < <,
Aod+Az+17, 2 1y 2x3+2 .
Qs +1)p (p;_l()p(p_ll)) a +17 Ao <1< Ay

Proor. We have |E,:(GA)| = > o<rcjci Nije and use Lemma 2711
Case I. If 1+ < A3, then

1—1 1—1
| (G)\|—N111+Z Z N,],€+Zsz€+ZNz€€
0=0 j=¢+1
1—1 i—1 1—1
=1+ > P B+ )" +p+ 1) +2) p TRt +p+1)
=0 j=0+1 =0
*lJrM((ifl)pQH—l P> 4 p) +2(p? +p+1) P -1
(P*—1L(p—-1) p*—1
PPN EH D) =1 —p® = (i +2)p—i) +3
(P> =1 -1) ’
by direct computations.
II. If A3 < i < Ao, then we have
A‘g )\3 71—
MCENEDDDY NuﬁZ Z Nu,e+ZNue+ZNzu
=0 j=0+1 =0 j=A3+1
Ag )\3 71—
_Z Z p)\ngl 20— 2p+1 +Z Z p2A3+Z Jj— 20— 1(p+1)
=0 j=0+1 £=0 j=A3+1
Ag AS
n sz(,\re) n Zp)\gﬂrifﬂfl(p 4 1)
=0 £=0
_ A e+ D)2 pr +pt+pTt (P2 1)
pr(p? —1)
pi72(p2)\3+2 — (A3 + 1)p? + As) N (p2A3+2 o 1)(pi7A371 —1)
prs(p—1)2 (p—1)° ’

which gives the above formula.
III. Finally, if Ay <4 < A1, then

2 As 1 )\3

A3
G/\|*Z Z Nz]l‘i’z Z szé+ZNzll

£=0 j=XAs+1 =0 j=l+1
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Az Az Az—1 Az As

— Z Z p/\2+2/\37j72é + Z Z p)\2+/\372271(p + 1) 4 ZpAerAnge
£=0 j=A3+1 £=0 j=f+1 £=0

_ (p2ks+2 - 1)(pk2_)\3 B 1) p)\z_A3+1 )\3p2k3+2 _ (}\3 + 1)p2k3 + 1)

(P =1)(p—1) (P —1(p-1)
4phe—e pPet?—1
pP-1
leading to the given result. ([

Note that Proposition is valid also in the case A3 = 0, when it reduces to
Proposition 211

ExAMPLE 2.3. We have

1, i=0,

2p% + 2p + 3, i=1,

3pt 4+ 4p® +6p* +3p+3, i=2,
3pt+2p® + 22 +p+1, i=3ori=4

|5 'L(Zp4 X sz X Zp2)| =

P

COROLLARY 2.2. The total number of subgroups of Gx = Zpry X Lpry X Lips,
where \1 = Ao > A3 > 1, is
A

where
A= (g +1)(A = Ao+ 1)p2 5 L 2(Ng 4 1)pratiett
—2(As + 1) (A1 — Ag)pM2 et — (A3 4 D)pPathet?
+ (A3 4+ 1)(M — A — 1)pPT8 T — (A 4+ Xg — Mg + 3)p?he T
—2p?M 3 L (A + A — Az — 1)pPhet?
+ M+ A+ A3 +5)p" +20— (M + Ao+ A3+ 1),

PROOF. The total number of subgroups of G is

A1
DIEGI= X &G+ Y &G+ D] 16 (Gl
i=0 0<i< s Az <i<Az Ao <i<A1L
and summing the quantities given in Proposition we deduce the result. O

We remark that an equivalent formula to that given in Corollary was ob-
tained in [8 Cor. 2.2] by using different arguments. Corollary [Z2]is valid also in
the case A3 = 0, when it reduces to Corollary 211

ExXAMPLE 2.4. The total number of subgroups of Zys X Z,2 X Zy> is 9pt +8p3 +
12p% + Tp + 9.
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Next consider the number of subgroups of exponent p (that is, the number of
elementary abelian subgroups) in G, which equals the total number of nontrivial
subgroups of (Z,)*. Since (Z,)" is a k—dimensional linear space over Z,, the number
in question is exactly the total number of nonzero subspaces, which is, as well-
known, Zle (k)p (Galois number). So we have the following result.

PROPOSITION 2.3. Let G = Zpny X Ziprg X+ - X Ly, with Ay 2 Ay = -+ =
Ai = 1. Then |E,(Gy)| = 32F (*),-

r=1 \r
We give a direct proof of this formula based on Theorem 211
PrOOF. We use Theorem 2] in the case A = (1,1,...,1,0,...), where the

number of 1’s is k, and p = (1,1,...,1,0,...), where the number of 1’s is r with

1< r<k. Here N = (k,0,0,...), o' = (r,0,0,...) and obtain that the number of
k

k k
Z’I‘Zl (r)p' |:|
EXAMPLE 2.5. We have for any A\ > Ao > A3 > Ay > 1,
1Ep(Zpry X Lippy X Lippg X Ly )| = p* + 3p® + 4p® + 3p + 4.

subgroups of type u is ( )p, while the number of subgroups of exponent 1 is exactly

Concerning the number of subgroups of exponent p? in G, we have the follow-
ing formula.

PROPOSITION 2.4. Let Gy = prl X Zp)\z X - X Zp)\k with Ay = Ao = -+ >
M >Myp1 ==X =1, where 0 <t <k is fited (t =0 if each A\j is 1 andt =k
if each Aj is > 2). Then

&2 (G = > pr<krs>(ksr>p(;)p,

1<r<t
0<s<k—r

which is zero (empty sum) for t = 0.
PROOF. Let t > 1. Use Theorem 1] for A = (2,2,...,2,1,1,...,1,0,...),
where the number of 2’s is ¢ and the number of 1’s is k — ¢t and
w=1(2,2,...,2,1,1,...,1,0,...),

where the number of 2’s is r and the number of 1'sis s with 1 <r <t,0< s < k—r.
Now X = (k,t,0,...), &/ = (r+s,7,0,...) and obtain that the number of subgroups
of type p is p"F=7=%) (k;T)p(ﬁ)p and the number of subgroups of exponent p? is
deduced by summing over r and s. O

EXAMPLE 2.6. (k =4, t =2) We have
Ep2 (Zpt X Lz X Ly x Lp)| = p° + 5p* + 6p> + 4p® + 2p + 2.
In what follows, let Gy = Lippy X Lipry X =+ X prk and G, = Zps1 X Lprz %
- X Zp=e be two finite abelian p-groups, where Ay > Ap > --- > A\ > 1 and

K1 = ko = -+ = kg = 1. Assume that G and G, have the same number of
subgroups of exponent p’ for every 4, i.e., |€,i(Gx)| = [€,i(Gx)| (i = 0). Then
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A1 = k1. On the other hand, since the function f: N* — N* f(k) = Zle (f)p is
one—to—one, by Proposition we infer that k = ¢. Clearly, if ¥ = 1 one obtains
Gy =2 G,. The same thing can be also said for K = 2 and k = 3 by Propositions 2.1l
and Inspired by these remarks, we state and prove the following result.

ProproOSITION 2.5. Two finite abelian p-groups Gy and Gy are isomorphic if
and only if they have the same number of subgroups of exponent pt, for every i > 0.

PROOF. Let A = (A1, A2,..., M, 0,...) and kK = (K1, k2,...,kKe,0,...), where
ks k¢ > 0, be partitions such that for p-groups G and G, one has |€,:(Gy)| =
|Epi (G)|, for every i > 0. As noted before, A = x; and k = ¢ hold true.

Let us define A\y+1 = ki1 = 0. We prove, by reverse induction on t < k+ 1
that \y = k¢. So, let us assume that A\; = k; forall k+1 >4 > t 4+ 1, and prove
that )\t = K¢.

Suppose to the contrary that w.l.o.g. Ay > k4. Since \; = k1, one has t > 1.
Consider the partitions A* and x* defined with

AAt = (Atv" '7)\t77t+15' "a’ykvoa' ")7
—_——
t
HAt = (Atv" '7)\157’4’54*17" <y Rty Vi1, - --a’Ykan- ')a
—_——
S
where 7, = A\; = k;, for ¢ > t 4+ 1, and s = max{j : k; > A}. Note that by our
assumption s < t, and since k1 = A1 > ¢ also s > 1.
From the definition of numbers o, (1; p), it is clear that for any three partitions
w, o, 7, which satisfy p < o < 7, we have a,(u;p) < a-(u;p).
Using this remark, the fact that k*t 2 A and ayx, (A\t;p) = 1, one has

1+ |5p>‘t (Gﬂ)l =1+ |5p>‘t (Gf-i)‘t )l =1+ Z Qe (:u;p)

BEEM 1 =M\¢

<o M5p)+ > e < Y. aw(p)

PRRME, =Xy PR =2
= |€p)‘t(G)\)‘t)| = |5p*t (GA)|7
a contradiction. O

COROLLARY 2.3. Two arbitrary finite abelian groups are isomorphic if and only
if they have the same number of subgroups of any exrponent.

Finally, we note that another interesting problem is to find the polynomial
|Epi (G\)] in the case k = 4.

3. Second approach

We need the following result giving the representation of subgroups of the group
Lo, X L. For every m,n € N* let
a c

I = {(a,b,c,d,€)€ (N*)5:a|m,b|a,c|n,d|c,g =2
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a a
r<d d(é,—) :1}.
b B\
Note that here ged(b, d) - lem(a, ¢) = ad and ged(b, d) | lem(a, c).
For (a,b,¢,d, ) € I, define
Kapease={ (1= i5 +j5) 0<i<a-1,0<j<d—1},
a’ ¢ d

THEOREM 3.1. [14], Th.3.1] Let m,n € N*.

i) The map (a,b,c,d,0) = Kqpcdae i a bijection between the set Jp, n, and
the set of subgroups of (Zmy, X Zn,+).
i) The invariant factor decomposition of the subgroup Kq p.c.d,e is

Ka,b,c,d,@ =~ chd(b,d) X Zlcm(a,c)-
iii) The order of the subgroup Ko pc.d.e is ad and its exponent is lem(a, c).

Let sg(m,n) stand for the number of subgroups of exponent E of the group
Loy, X Loy,

PROPOSITION 3.1. For every m,n € N*, E | lem(m,n) we have

(3.1) sp(m,n) = > ged(i, j)
i|lm,j|n
lem(i,j)=F
1 .

(3.2) po 'lz ij.
lcm(i,,;):E

PROOF. According to Theorem [B.1]

spmm) =357 3 gle),

alm c|n a/b=c/d=e
bla d|c lem(a,c)=FE

where ¢ is Euler’s totient function. This can be written (with m = ax, a = by,
n=cz,c=dt) as

spmm) = Y 6= 3 6@

bre=m 1r=m be=1
dze=n Jjz=n de=j

elem(b,d)=E elem(b,d)=E

= D > dle)= Y ged(ig),

im  elged (i) ilm
jln jln

lem(4,5)=E lem(,5)=E

which is (B10). Formula (3.2)) is its immediate consequence. O

REMARK 3.1. Proposition [Z1]is a direct consequence of the above result. The
total number s(m,n) of subgroups of the group Z,, x Z, is (see [6, Th.3], [14]
Th. 4.1])

(3.3) s(m,n) = Z ged(4, 5)

ilm,jln
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and () shows the distribution of the number of subgroups according to their
exponents. Formula ([Z2]) can be obtained also by using (B3).

EXAMPLE 3.1. The total number of subgroups of Z12 X Zg is s(12,18) = 80 and
we have s1(12,18) = 1, s2(12,18) = 4, s3(12,18) = 5, 54(12,18) = 3, s6(12,18) =
20, s9(12,18) = 4, 512(12,18) = 15, s15(12, 18) = 16, s3(12, 18) = 12.

COROLLARY 3.1 (m =n). For everyn € N* and E | n,
(34) SE(TL, TL) = Z ng(Zaj)a
i|E,j| E
gcd(E/i,E/j)=1

which equals the number of cyclic subgroups of the group Zg X Zg.

The fact that sg(n,n) equals the number of cyclic subgroups of the group
Zg X Zg, but without deriving formula (34 is [6) Th. 8], proved by using different
arguments.

PROOF. In the case m = n, for every E | n we have by (B.]),

sp(n,n) = Y gedi, )= Y eed(ig) = > ged(i, ),
iln,j|n ia=FE,jb=F ia=FE,jb=F
lem(i,5)=F lem(E/a,E/b)=E ged(a,b)=1

giving (84), which equals the number of cyclic subgroups of the group Zg x Zg by
[6l eq. (16)]. O

PROPOSITION 3.2. For every m,n € N* the sum of exponents of the subgroups
of Lip X L, is o0(m)o(n), where o(k) =3 ;.

PrOOF. By ([B.2) the sum of exponents of the subgroups of Z,, X Z, is

Y Esplmn)= Y E% Sooij= > ij

Ellem(m,n) Ellem(m,n) ilm,j|n ilm,j|n
lem(i,5)=F lem(4,7)|lem(m,n)
= ZZZ] = o(m)o(n). O

ilm  jln

By Proposition B2 the arithmetic mean of exponents of the subgroups of
Lo X Ly is o(m)o(n)/s(m,n), where s(m,n) is given by B3). Now consider the
case m = n. Let A(n) stand for the arithmetic mean of exponents of the subgroups
of Z, X Z,. We have

2
(3.5) A(n) = US((L”)), where s(n) := s(n, n).

Recall that a function f : N* — C is said to be multiplicative if f(nn') =

f(n)f(n') whenever ged(n,n’) = 1. It is well known that the sum-of-divisors func-

tion o is multiplicative. The function s(n) = >, ;,, ged(i, ) is also multiplicative,
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as shown by the following direct proof: Let ged(n,n’) = 1. Then

Z ged(i, ) = Z ged(aa’, bb)

i,j|nn’ a,b|n
a’,b’'|n’
= ged(a,b) > ged(d,b) = s(n)s(n).
a,bln a’ b’ |n’

We conclude that the function A given by (B.H) is multiplicative and and for
every prime power p”,
(p*t—1)

A(pY) = ,
(P") prt2 4 prtl — 24+ 3)p+ 20+ 1

cf. Corollary 211

Since the exponent of every subgroup of Z,, X Z,, is a divisor of n, whence < n,
we deduce that A(n) < n (n € N*). For the function n — f(n) := A(n)/n € (0,1]
the series taken over the primes

1-fp) p—1
; p 7;192(1%3)

is convergent, and it follows from a theorem of H. Delange (see, e.g., [9]) that the
function f has a nonzero mean value M given by

TS O (e

v+1l _ 1)2

_ 1 (p
_g(l_;);pz”(p”*QﬁLp”Jrl(21/+3)p+21/+1)'

the products being over the primes.
We prove the following more exact result.

ProrosiTiON 3.3. We have
(3.6) Z A(n) = —ac + O(zlog” 2).
nLx

PrOOF. Let f(n) = > 4, 9(d) (n € N*), that is g = p f in terms of the
Dirichlet convolution, where y is the Mobius function. Here g(p¥) = f(p¥)—f(p*~1)
for every prime power p¥ (v € N*). Note that

k i
(i p)?
Zf:o(% + 1)ph~
so if we denote S = >V oprand T =37 (2@ +1)p¥~17% we have

(Sp+1)*>  §*  28Tp+T —pS*(2v+1)
p'(Tp+2v+1) pr=1T  pT(Tp+2v+1)

A(p*) =

k> 0),

g(p”) =
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Since S < T and T < (2v — 1)5, we have
()| < max{2STp+ T — pS?(2v — 1),pS?(2v + 1) — 2STp}
e p*T(Tp+2v+1)
1 { STp+T pS?(2v — 1)}
< — max ,
pv T(Tp+1) T2p

1 2v—1
— max{1,2v — 1} = Y

< ;

v v

valid for every prime power p” (v € N*). Hence, |g(n)| < 7(n?)/n for every n > 1,
where 7(k) stands for the number of positive divisors of k.
We deduce that

Yf) =9 d =) g(d > 1=3 gld)(z/d+O(1))
n<z de<z d<z e<z/d d<z

oo

> o (a3 1) o 3 )

d=1 d>z d<z

:M:c+0(xZTEidj>) +O(ZT(§)),

d>x d<z

where in the main term the coefficient of x is M by Euler’s product formula. It
is known that Y, 7(n?) = cx log?  + O(z log z) with a certain constant ¢ and
partial summation shows that -, 7(n?)/n? = O((log” z)/x), Yonca T(M?)/0 =
O(log® ). Therefore,

(3.7) Z f(n) = Mz + O(log® x).
n<T
Now B8] follows from (B1) by partial summation. O

Formula (B.6) and its proof are similar to those of [13] Th.3.1.3].
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