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COMPARISON OF ITERATES OF A CLASS OF
DIFFERENTIAL OPERATORS IN ROUMIEU SPACES

Rachid Chaili and Tayeb Mahrouz

ABSTRACT. Considering a class of differential operators with constant coeffi-
cients including the hypoelliptic operators, we show that the comparison of
the operators implies the inclusion between their spaces of Roumieu vectors.

1. Introduction

The iterate property of linear differential operators has been generalized to
the comparison in the sense of inclusion between the spaces of Gevrey vectors of
those operators for the first time by Newberger and Zielezny [17], they have given
necessary and sufficient conditions to get this comparison considering hypoelliptic
differential operators with constant coefficients. This result has been generalized
and extended by Bouzar—Chaili [4], to a class of systems of differential operators
with constant coefficients including the class of hypoelliptic differential operators.
In [11] Juan-Huguet has extended the theorem of Newberger—Zielezny in the spaces
of ultradifferentiable functions of type Roumieu.

The aim of this work is to refine these results considering a class of differential
operators as in [4] and Roumieu spaces of type M,,. For more details on the results
concerning the iterate problem see [11[3L[6H7]10,12]14![16l20-22].

Let (M,) be a sequence of positive real numbers satisfying the following con-
ditions logarithmic convexity:

(1.1) M} < Mp_1Mpyq, Vp €N,
non-quasi-analyticity:

o) M .
(1.2) Yy == <o,

p=0 My

stability under derivation and multiplication:
(1.3) 3A>0,3H > 0,3¢ > 0: cCIM,_;M; <M, <AHPM,_;M;, ¥peN, j<p
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262 CHAILI AND MAHROUZ

ExAMPLE 1.1. The sequence M, = p!®, s > 1, called Gevrey sequence of order
s, satisfies conditions (LI)—(T3).

Let © be an open subset of R™, P a linear differential operator with constant
coeflicients of order m.

DEFINITION 1.1. We call Roumieu vector (or vector of type M) of the operator
P in Q, any function v € C*°(£2) such that

VH compact of 2,3C > 0,Vi € Z : HPluHLz(H) < CH UM,
The space of Roumieu vectors of P in € is denoted R (€2, P).

DEFINITION 1.2. We call Roumieu space in €2, and we denote Ry, (), the space
of functions u € C°°(§) such that

VH compact ,3C > 0,Ya € Z7 : || D% 2y < ClaHle

ExXAMPLE 1.2. If M, = p!®, s > 1, then R () is the Gevrey space of order s
in €, and it is denoted G*(£2).
Similarly Ras (€2, P) is denoted G*(£2, P).

DEFINITION 1.3. We denote H the set of linear differential operators with
constant coefficients P satisfying the following condition

(14)  3C > 0,3y > deg P,V € Z V€ € R™ : |P)(¢)] < C(1 + |P(&)) 5,
where P{)(£) = 92 P(¢).

EXAMPLE 1.3. If P is an hypoelliptic operator, it satisfies condition (4), and
so P € H (see [8]). In particular, if P is elliptic, then P € H and (4 is fulfilled
for v = deg P.

2. Basic estimates

In this section we recall the notion of comparison of differential operators, see
e.g. [9119] and we give the basic estimate which is essential for the main result of
this work.

DEFINITION 2.1. Let P and @ be two linear differential operators with constant
coefficients on R™, we say that P is weaker than ) and we denote P < @Q if for any
relatively compact open subset Q of R™, there exists a constant C' = C'(P,Q, Q) > 0,
such that

[Pvllr20) < CllQullz2@), Vv € CF ().

The operators P and @ are said to be equally strong if P < Q < P.
REMARK 2.1. If P and @ are equally strong and P € H, then @ € H, further

more if P satisfies condition (L4 for some ~, then @ satisfies also condition (L4
for the same constant -, see [8].
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For any open subset w of R™ and 0 > 0 we set ws = {z € w, d(z,Cw) > §}.
If feL? (w), n>0andt >0, we define
No i (f) = sup 6"/ f1L2ws)-
0<o<t
Without loss of generality, we suppose that w is a bounded open subset of

diameter < 1, and for simplify we denote N, ,,.+(f) = Nu(f).
We need the following proposition given in Hérmander [8].

PROPOSITION 2.1. Let w be a bounded open subset of R™ and let P € H; then
there exists C > 0 such that

(2.1) Z 1ol (P@u) < O(Ny (Pu) + ||ullr20)),  Vu € C®(w).

The following result is analogous to that of [8, Proposition 4.2].

PROPOSITION 2.2. Let w be a bounded open subset of R™ and let Q ,P € H. If
Q@ < P, then there exists C' > 0 such that

Ny (Qu) < C(Ny(Pu) + [|lufl2w)),  Vu € CF(w),

where vy is the constant for which P satisfies condition (LA4)).

PROOF. Suppose that @ < P, so there exists C' > 0 such that
(2.2) [QullL2(w) < CllPv|L2w), Vv e CF(w)
Let ¢ € C3°(ws/2) such that ¢(x) =1 in ws, 0 < p(z) < 1 and

|D%p(x)] < Ca(5/2)71°,
where C,, depends only on n and a. From (22)), we have for every u € C®(w),
1QullL2(ws) < QUpu)llL2ws) < ClIP(Pu)llL2(ws

By the Leibniz formula P(pu) = Y, 5 D% Py, we obtain

Co (ON~lal
|Qullown <O 22(5) 1P ullpag

5 - «@ — @
<(3) DN o (POu) 57730 CUN, -y (Pw)
Multiplying both sides of this inequality by 67, we get

N (@Qu) € 30 ClN ot (Pu) < (e C) 52N (PVu),
which gives with (2.1])
Ny Q(u) < C(Ny(Pu) + [[u]| 12(w)),
with another constant C > 0. g
DEFINITION 2.2. We denote M, C N, if

L >0,3C > 0: M, < CLPN,, VpeN
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EXAMPLE 2.1. We have p! C M, for all sequences M, satisfying conditions
(CI)—(@3)). In fact we have a more stronger estimate, see [13]
VL >0,3C >0:p! < CL’M,, VpeN

3. Comparison of Roumieu vectors

The main result of this paper is the following theorem.

THEOREM 3.1. Let (M) be a sequence satisfying conditions (LI)-(L3), and
let Q, P € H such that Q < P. If in addition the sequence (M,) satisfies

v(P)
deg(P)’

(3.1) (p)? € M, where d =

then Ry (2, P) C Ry (9, Q).

PROOF. Let w be a bounded open subset. From Proposition we have
C(Q, P,diamQ) > 0, Vt > 0, Vp > 0, Yv € C™(w,),

sup 7 [ (Q0)| 22y ) < C (50D TP z2(o ) + [0l 22c) )
o<t o<t

hence t7(|(QV) | L2(w,.,) < C(t7|Pv|L2w,) + V]l L2(w,)), and so

(3.2) ||Q’U||L2(wp+t) < C(HPUHL?(wP) -‘rt_VH’UHL2(wP)), v E (Coo(wp).
Let us show by recurrence that 3C > 0, Vk > 0, V§ > 0,

k .
kN —1 00
(33) Q% <D ()(5) IPSDulagy, Vue C¥(w)

=0

For k=1, 33) is fulfilled from B.2), it suffices to take p = 0 and ¢t = §. Suppose
that estimate ([B.3]) is true until the order k and let us prove it at the order k + 1.

Replacing in [B2) ¢ with k+1’ p with k+1 and v with Q*(D)u, then we obtain

1QE | () < C(||P(QkU)||L2<wp> + Q% 2w

k+1 -
Ck+1 Z ( + ) ||P(k71)Pu||L2(w)
k 4+ 1\ G+1)y .
+ Ck+1 Z ( + ) ||P(kfz)u||L2(w)
k+1 -
< Okl Z (1:)( + ) |P(k+1ﬂ)u”L2(w)

k41 i
Ck-l—lz F ( ) ”P(k—i-l—z)uHLz(w)
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k kY _ (k+1
But (z) + (ifl) = ( ) then
k41

”Q (k+1) u||L2(w5) Ck+1 Z k+1 (k +1

5 ) ||P (k+1— Z>U||L2(w)

Suppose now that u € Ry (Q, P), so for any compact subset H of {2 there exist
a bounded open subset w and § > 0 such that H C ws C w C 2, and therefore there
exists B > 0 such that ||[P'ul|12(,) < B My, i = 0,1,... Taking into account
the relation (km)*™ < (km)!eF™ we obtain for all i < k,

EV PR 2y < BFT (km) ™ Mg—iym

m Mkm km
< BE () ) T My

Miem,
gBkJrl(W) M(k Z)m(M]m)
which gives from condition (3.1,
(3.4) KPS0 pay < BY M iy (Mim ) ¥

On the other hand we can show from (L)) that (M,)'/? is an increasing sequence.
In fact we will prove by induction the equivalent condition

p+1

(3.5) log M, < log Mpt+1, VpeN*

It is trivial for p = 1. Suppose that (B3] is true for p, then from (II) we get
2log Mp 1 < log My, +log Mpyo < log M40 + 1og Mpiq,

hence

p pt2
210gMp+1 — ZT 1OgMp+1 = » T log Merl 10gMp+2

In particular we have, Vh < p, (M h) (M)". Applying for h = km —im and
p = km, we obtain Mj_;)m, < (Mkm) lcml , which implies with (B4
ki'YHP(k_Z)( U/HLZ(UJ) B k1 Mkm
Substituting in (B3) we get

k
1\ kmd
1@l ey < 1Q%ul 2wy < C* Y- () (5) BE M < BE M,
=0

Thus u € Ry (22, Q). O

COROLLARY 3.1. Let P and @ be differential operators belonging to H and

equally strong. If (p')* < M, with d = dZéfIZ)’ then Ry (2, P) = Ry (2, Q).

PRrROOF. From Remark [ZT] we have deg(P) = deg(Q) and v(P) = v(Q), which
implies the result. (I
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COROLLARY 3.2. If M, = p!°, Theorem Bl coincides with Theorem 1 of

Newberger—Zielezny [17) in the class of hypoelliptic operators.
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