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ON A PROPERTY OF STIRLING POLYNOMIALS

Farid Bencherif and Tarek Garici

ABSTRACT. We positively answer a question posed in 1960 by D. S. Mitrinovié
and R. S. Mitrinovié¢ (Publ. Fac. Electrotech. Univ. Belgrade, Ser. Math.
Phys. 34 (1960), 1-23) about the Stirling numbers of the first kind.

1. Introduction

We bring a positive answer to a question posed by D.S. Mitrinovié¢ and R. S. Mi-
trinovié¢ in 1960 [4] about the Stirling numbers of the first kind s(n, k) defined by
z(x—1)(z—n+1)=34s(n, k)z*. In what follows, we denote by |z] the
integer part of a real number x and by mod (n,2) the remainder of the division
of n by 2. We recall that a primitive polynomial is a polynomial over an integral
domain R such that no non-invertible element of R divides all its coefficients at
once.

THEOREM 1.1. Let (my)n>0 be the sequence defined by

1 LLJ_;_L n J_;,_L n J+

1.1 My, (= ————— p-1 p(p—1) pZ(p—1) .

(L) T (1) 11 P

p prime and p<n+1

Then for any n > 0, m, is a non-negative integer and for any positive integer k,
we have

(1.2) s(n,n — 2k) = m%k (%Z 1) Por(n), (n>2k)
(1.3)  s(nn—2k—1)= %}M (%’1 2)n(n 1) Posr(n)  (n>2k+1),

where Pog(x) and Popy1(x) are two primitive polynomials over Z satisfying
(1.4) P51 (0) = Pay11(0).

The sequence (my)n>0 = (1,1,4,2,48,16,576,...) is the sequence A163176 in
the OEIS [6]. The first few expressions of the polynomials P, (z) for 2 < n < 9 are
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In [4], Mitrinovi¢ and Mitrinovi¢ state the relations (T.2)), and for k €
{1,2,3,4,5,6}, and then raise the question of whether these equalities are true in
the general case. Theorem main result of our paper, brings a positive answer
to this question.

2. Proof of Theorem [1.1]

To prove the theorem, it is useful to note the following three lemmas. The proof
is mainly based on the properties of the Norlund polynomials and the sequence
(M )n>0. The Norlund polynomials B are defined by [5]

z © > z"
=Y B@Z_
(ez — 1) nz:% " onl

For any positive integer n, By(lx) is a polynomial over the rational number field of

degree n and it is divisible by z.
The Bernoulli numbers B,, are defined for n > 0 by B,, = Bfll). It is well known
that

LEMMA 2.1. For any positive integer n, we have

(BE) = (-1 22,
[2%](Bayy1) = in Ba,

PrOOF. Let n > 1. In [3] Theorems 1 and 2], Liu and Srivastava have de-

termined explicitly the coefficients of the polynomial BSLI). They proved that for

1 < k < n, the coefficient of the z* term in BS" is given by

! B, ---B
k1) — n—k T v1 [z

B = (-1

[Z‘ ] n ( ) k! (Vl"'l/k)’/ll"'l/k!,
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where the sum is taken over all positive integers vy, .. ., vy that satisfy v+ - -+ =
n. Applying this for k = 1, we obtain easily (2.2)), and for k = 2 we get

2n
2 (x) B 1 <2n + 1) BjB2n+17j
z°|( By, = —— E . —_—
[ }( 2 +1) 2j:1 j j@2n+1-yj)

2\ 1 on 2\ 2n on

_ 1 QTf 2n+1\ B;Bapi1-
24\ j )jen+1—))

_ 24l ﬁil 2 +1\ B;Bani1_;
T4 T2 i )i@n+1—3j)

=2

The proof will be complete if we can show that

znz—:l (2n+ 1) BjBony1—j 0

2\ j )ien+1—))

As the case n = 1 is obvious, let us consider the case n > 2. Firstly we remind
that after By, all the Bernoulli numbers with odd index vanish. Note that j and
(2n + 1 — j) have a different parity, so we deduce that at least one of B; and
Bsy 41— has an odd index greater than 1 and therefore BjBs,41—; = 0 for any
2<j<2n—1. O

In the proof of Theorem the following lemma is essential.

LEMMA 2.2. For any integer n > 2, we have

(2.3 (") = ()t e )

n my, \n + 1

where P, (x) is a primitive polynomial over Z.

PROOF. Let n be a positive integer. For any prime number p, let r,(n) be the
highest power of p that divides n!. Adelberg [I, Corollary 3] shows that if we set
ny = pLﬁJ and

1
(2.4) dn = —' H pTP(nP)7
s p prime and p<n+1
then dnBﬁLx) is a primitive polynomial over Z.
By the Legendre’s formula [7), p. 31], we obtain that for any prime number p
less than or equal to n + 1

25) o) =3 | [ 55 = X o=

=

From (2.4), (2.5) and (1.1]), we obtain d,, = (n + 1)m,,. On the other hand, from

the definition of the Norlund polynomials, it is easy to see that B%z) is divisible
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by x. Moreover, from (2.2) and (2.1) we have that for any odd integer n > 3,
[z](B{) = (-1)"~182 = 0 and BYY = B, = 0. Tt follows that in Z[z], the
primitive polynomial (n + 1)m,, BS is divisible by z(z(z — 1))m°d () for p > 2.
The quotient P, (x) of these two polynomials is also a primitive polynomial over Z
and then we have

(2.6) (n41)mp, B® = z(z(x — 1))t P (z), (n>2).
Multiplying both sides of (2.6)) by (n+11)mn (Igl), we deduce ((2.3)). O

The following lemma states some properties of the sequence (mn)n>0 defined
by (L.1)).
LEMMA 2.3. For any non-negative integer n, we have
(1) my, is an integer
(2) man = (n+ 1)mapia
PRrROOF. Let n be a non-negative integer. For any prime number p < n +1
and for any integer k£ > 0, we have m — ;%11 = #lp_f’l) > 0 and then

Lmj — L;TTIJ > 0. By the Legendre’s formula, we have

i) =X ([t - 252 >0

=

It follows that m,, is an integer.
Let p < n+1 be a prime number. It is clear that for all positive integers « and
1y we have

V#—IJ _ {fJ _J1if y divides z + 1,
Y Y ") 0 otherwise.

Thus

() e e )

Since, p¥(p — 1) divide 2n + 1 if and only if p = 2 and k = 0, then for any prime p,

oy (0D (e :
man man

) = 0, which is equivalent to state that

Now we can prove the theorem by using these lemmas.
Let k be a positive integer. It is well known that (cf. [2] p. 329])

- n—1 n .
(2.7) s(n,n—j) = ( j )BJ( ), forn>j>0.
By Lemma (2.7) can be written as

s(n,n—7j)= Trlbj <j Z 1) (n(n — 1)U Pi(n) (n>j>2),
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Since Pj(z) is a primitive polynomial over Z, applying this result for j = 2k (resp.
j=2k+1) gives (1.2), (resp. (1.3)). Furthermore, by taking at first n = 2k in
(2.6) and then n = 2k + 1 we get

(2k + l)mngéz) = 2Py (),

(2k + 2)m2k+lB§z)+1 = 2° Popy1(z) — 2% Pogya ().
It follows that
Py (0) = [2)((2k + 1)ma BS),

Pois1(0) = [#)(~ (2h + 2)mai1 B )
By Lemma [2.1] these last two equalities can be written as

B
Pai(0) = —mgg (2k + 1) ===

2k’
_ Boy,
Por1(0) = —(k + 1)maog41(2k + Dﬁ
Given this and the second relation of Lemma we can deduce that Pagy1(0) =
P55, (0). This establishes ([1.4). The proof of the theorem is now complete.

REMARK 2.1. As we know that for any non-negative integer n, B,(Lz Visa poly-

nomial of degree n, by using relation (2.6) we deduce that for any k > 1, we have
deg(Par) = 2k — 1 and deg(Pogy1) = 2k — 2.
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