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WILLMORE SPACELIKE SUBMANIFOLDS
IN AN INDEFINITE SPACE FORM 𝑁𝑛+𝑝

𝑞 (𝑐)

Shichang Shu and Junfeng Chen

Abstract. Let 𝑁𝑛+𝑝
𝑞 (𝑐) be an (𝑛+𝑝)-dimensional connected indefinite space

form of index 𝑞 (1 6 𝑞 6 𝑝) and of constant curvature 𝑐. Denote by 𝜙 :
𝑀 → 𝑁𝑛+𝑝

𝑞 (𝑐) the 𝑛-dimensional spacelike submanifold in 𝑁𝑛+𝑝
𝑞 (𝑐), 𝜙 :

𝑀 → 𝑁𝑛+𝑝
𝑞 (𝑐) is called a Willmore spacelike submanifold in 𝑁𝑛+𝑝

𝑞 (𝑐) if
it is a critical submanifold to the Willmore functional 𝑊 (𝜙) =

∫︀
𝑀

𝜌𝑛𝑑𝑣 =∫︀
𝑀

(𝑆 − 𝑛𝐻2)
𝑛
2 𝑑𝑣, where 𝑆 and 𝐻 denote the norm square of the second fun-

damental form and the mean curvature of 𝑀 and 𝜌2 = 𝑆 − 𝑛𝐻2. If 𝑞 = 𝑝, in
[14], we proved some integral inequalities of Simons’ type and rigidity theorems
for 𝑛-dimensional Willmore spacelike submanifolds in a Lorentzian space form
𝑁𝑛+𝑝

𝑝 (𝑐). In this paper, we continue to study this topic and prove some inte-
gral inequalities of Simons’ type and rigidity theorems for 𝑛-dimensional Will-
more spacelike submanifolds in an indefinite space form 𝑁𝑛+𝑝

𝑞 (𝑐) (1 6 𝑞 < 𝑝).

1. Introduction

Let 𝑁𝑛+𝑝
𝑞 (𝑐) be an (𝑛+𝑝)-dimensional connected indefinite space form of index

𝑞 (1 6 𝑞 6 𝑝) and of constant curvature 𝑐. If 𝑐 > 0, 𝑐 = 0 or 𝑐 < 0, it is denoted by
𝑆𝑛+𝑝

𝑞 (𝑐), R𝑛+𝑝
𝑞 or 𝐻𝑛+𝑝

𝑞 (𝑐). A submanifold 𝑀 in 𝑁𝑛+𝑝
𝑞 (𝑐) is said to be spacelike if

the induced metric on 𝑀 from that of the ambient space is positive definite. Let
𝜙 : 𝑀 → 𝑁𝑛+𝑝

𝑞 (𝑐) be an 𝑛-dimensional spacelike submanifold in 𝑁𝑛+𝑝
𝑞 (𝑐). If 𝑞 = 𝑝

and 𝑀 is a complete maximal spacelike submanifold in 𝑁𝑛+𝑝
𝑝 (𝑐), from [6], we know

that 𝑀 is totally geodesic for 𝑐 > 0, thus the class of all such submanifolds is very
small. If 0 6 𝑞 < 𝑝, from [1] and [4], we know that if 𝑀 is a complete minimal
submanifold in sphere 𝑆𝑚(𝑐) 𝑚 > 𝑛, which is embeded in 𝑆𝑚+𝑞

𝑞 (𝑐) as a totally
geodesic spacelike submanifold such that 𝑚 − 𝑛 + 𝑞 = 𝑝, then 𝑀 is a complete
maximal spacelike submanifold in 𝑆𝑛+𝑝

𝑞 (𝑐), thus, we see that the class of complete
maximal spacelike submanifold in 𝑆𝑛+𝑝

𝑞 (𝑐) is very large. Therefore, if 0 6 𝑞 <

𝑝, the topic of studying spacelike submanifold in 𝑆𝑛+𝑝
𝑞 (𝑐) is also interesting and
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important. But as far as we know, the results of this topic are less well established.
In [1], Alias and Romero studied compact maximal spacelike submanifold 𝑀 in
𝑆𝑛+𝑝

𝑞 (𝑐) and proved that if the Ricci curvature of 𝑀 satisfying Ric(𝑀) > (𝑛 − 1)𝑐,
then 𝑀 is totally geodesic. Cheng–Ishikawa [4] also studied compact maximal
spacelike submanifold in 𝑆𝑛+𝑝

𝑞 (𝑐) and obtained some important results in terms
of the pinching conditions on the scalar curvature, sectional curvature and Ricci
curvature, respectively.

Denote by ℎ𝛼
𝑖𝑗 , 𝑆, �⃗� and 𝐻 the second fundamental form, the norm square of

the second fundamental form, the mean curvature vector and the mean curvature
of 𝑀 and denote by 𝜌2 the nonnegative function 𝜌2 = 𝑆 − 𝑛𝐻2, we define the
Willmore functional (see [2, 8, 11]):

𝑊 (𝜙) =
∫︁

𝑀

𝜌𝑛𝑑𝑣 =
∫︁

𝑀

(𝑆 − 𝑛𝐻2) 𝑛
2 𝑑𝑣,

which vanishes if and only if 𝑀 is a totally umbilical spacelike submanifold. It was
shown in [9] that this functional is an invariant under the conformal transformations
of a conformal space. The points of 𝑀 are called the critical points of Willmore
functional 𝑊 (𝜙) if 𝑊 ′(𝜙) = 0. If the critical points of 𝑊 (𝜙) are submanifolds in
𝑁𝑛+𝑝

𝑞 (𝑐), we call them Willmore spacelike submanifolds. Obviously, we notice that
the totally umbilical spacelike submanifold is a Willmore spacelike submanifold,
but, conversely, it is not true.

Since any minimal submanifold in a unit sphere 𝑆𝑛+𝑝(𝑐) is not necessarily
Willmore submanifold, due to their backgrounds in mathematics, we know that
Willmore submanifolds in a unit sphere have been extensively studied in recent
years (see [8, 13]). In indefinite or Lorentzian geometry, we also see that any
maximal spacelike submanifold in 𝑁𝑛+𝑝

𝑞 (𝑐) (1 6 𝑞 6 𝑝) is not necessarily Willmore
spacelike submanifold, thus the study of Willmore spacelike submanifold in 𝑁𝑛+𝑝

𝑞 (𝑐)
(1 6 𝑞 6 𝑝) is also interesting and important. In [14], if 𝑞 = 𝑝, we proved
some integral inequalities of Simons’ type and rigidity theorems for 𝑛-dimensional
Willmore spacelike submanifolds in a Lorentzian space form 𝑁𝑛+𝑝

𝑝 (𝑐). In this paper,
we shall continue to study this topic and prove some integral inequalities of Simons’
type and rigidity theorems for 𝑛-dimensional Willmore spacelike submanifolds in
an indefinite space form 𝑁𝑛+𝑝

𝑞 (𝑐) (1 6 𝑞 < 𝑝).
Denote by 𝐾 and 𝑄 the functions which assign to each point of 𝑀 the infimum

of the sectional curvature and the Ricci curvature at the point, we obtain the
following:

Theorem 1.1. Let 𝜙 : 𝑀 → 𝑁𝑛+𝑝
𝑞 (𝑐) be an 𝑛(𝑛 > 2)-dimensional compact

Willmore spacelike submanifold in the indefinite space form 𝑁𝑛+𝑝
𝑞 (𝑐), 𝑐 > 0 and

1 6 𝑞 < 𝑝.
(1) If 𝑝 − 𝑞 = 1, then∫︁

𝑀

𝜌𝑛
{︁

𝑛(𝑐 − 𝐻2) −
(︁

2 − 1
𝑝

)︁
𝜌2

}︁
𝑑𝑣 6 0.
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In particular, if
𝜌2 6

𝑛

2 − 1
𝑝

(𝑐 − 𝐻2),

then 𝑀 is totally umbilical or 𝑀 lies in the totally geodesic spacelike submanifold
𝑆𝑛+1(𝑐) of 𝑆𝑛+𝑞+1

𝑞 (𝑐) and is isometric to the Clifford torus 𝑆𝑘( 1√
2 𝑐) × 𝑆𝑘( 1√

2 𝑐);
(2) If 𝑝 − 𝑞 > 1, then∫︁

𝑀

𝜌𝑛
{︁

𝑛(𝑐 − 𝐻2) − 3
2𝜌2

}︁
𝑑𝑣 6 0.

In particular, if

𝜌2 6
2𝑛

3 (𝑐 − 𝐻2),

then 𝑀 is totally umbilical or 𝑀 lies in the totally geodesic spacelike submanifold
𝑆4(𝑐) of 𝑆4+𝑞

𝑞 (𝑐) and is isometric to the Veronese surface.

Theorem 1.2. Let 𝜙 : 𝑀 → 𝑁𝑛+𝑝
𝑞 (𝑐) be an 𝑛(𝑛 > 2)-dimensional compact

Willmore spacelike submanifold in the indefinite space form 𝑁𝑛+𝑝
𝑞 (𝑐) (1 6 𝑞 < 𝑝).

Then the following integral inequality holds∫︁
𝑀

𝜌𝑛

{︂
𝐾 − 𝑛 − 2√︀

𝑛(𝑛 − 1)
𝐻𝜌 − 1

𝑛

(︁
1 − 1

𝑝 − 𝑞

)︁
𝜌2

}︂
𝑑𝑣 6 0.

In particular, if

𝐾 >
𝑛 − 2√︀
𝑛(𝑛 − 1)

𝐻𝜌 + 1
𝑛

(︁
1 − 1

𝑝 − 𝑞

)︁
𝜌2,

then 𝑀 is totally umbilical or 𝑀 is a maximal spacelike submanifold in 𝑁𝑛+𝑝
𝑞 (𝑐)

with parallel second fundamental form.

Theorem 1.3. Let 𝜙 : 𝑀 → 𝑁𝑛+𝑝
𝑞 (𝑐) be an 𝑛(𝑛 > 2)-dimensional compact

Willmore spacelike submanifold in the indefinite space form 𝑁𝑛+𝑝
𝑞 (𝑐) (1 6 𝑞 < 𝑝).

Then the following integral inequality holds∫︁
𝑀

𝜌𝑛
{︁

𝑄 − (𝑛 − 2)𝑐 − 𝑛𝐻2 − 1
𝑛

(︁
3 − 𝑝 + 𝑞

(𝑝 − 𝑞)𝑞

)︁
𝜌2

}︁
𝑑𝑣 6 0.

In particular, if

𝑄 > (𝑛 − 2)𝑐 + 𝑛𝐻2 + 1
𝑛

(︁
3 − 𝑝 + 𝑞

(𝑝 − 𝑞)𝑞

)︁
𝜌2,

then 𝑀 is totally umbilical or 𝑀 is a maximal spacelike submanifold in 𝑁𝑛+𝑝
𝑞 (𝑐)

with parallel second fundamental form.

2. Preliminaries

Let 𝑁𝑛+𝑝
𝑞 (𝑐) be an (𝑛 + 𝑝)-dimensional indefinite space form with index 𝑞(1 6

𝑞 6 𝑝). Let 𝑀 be an 𝑛-dimensional connected spacelike submanifold immersed in
𝑁𝑛+𝑝

𝑞 (𝑐). We choose a local field of semi-Riemannian orthonormal frames 𝑒1, . . . ,

𝑒𝑛+𝑝 in 𝑁𝑛+𝑝
𝑞 (𝑐) such that at each point of 𝑀 , 𝑒1, . . . , 𝑒𝑛 span the tangent space



178 SHU AND CHEN

of 𝑀 and form an orthonormal frame there. We use the following convention on
the range of indices:

1 6 𝐴, 𝐵, 𝐶, . . . 6 𝑛 + 𝑝, 1 6 𝑖, 𝑗, 𝑘, . . . 6 𝑛, 𝑛 + 1 6 𝛼, 𝛽, 𝛾, . . . 6 𝑛 + 𝑝.

Let 𝜔1, . . . , 𝜔𝑛+𝑝 be its dual frame field so that the semi-Riemannian metric of
𝑁𝑛+𝑝

𝑞 (𝑐) is given by 𝑑𝑠2 =
∑︀

𝐴 𝜀𝐴𝜔2
𝐴, where 𝜀𝐴 = 1 for 1 6 𝐴 6 𝑛 + 𝑝 − 𝑞 and

𝜀𝐴 = −1 for 𝑛 + 𝑝 − 𝑞 + 1 6 𝐴 6 𝑛 + 𝑝. Then the structure equations of 𝑁𝑛+𝑝
𝑞 (𝑐)

are given by

𝑑𝜔𝐴 = −
∑︁

𝐵

𝜀𝐵𝜔𝐴𝐵 ∧ 𝜔𝐵 , 𝜔𝐴𝐵 + 𝜔𝐵𝐴 = 0,

𝑑𝜔𝐴𝐵 = −
∑︁

𝐶

𝜀𝐶𝜔𝐴𝐶 ∧ 𝜔𝐶𝐵 − 1
2

∑︁
𝐶,𝐷

𝜀𝐶𝜀𝐷𝐾𝐴𝐵𝐶𝐷𝜔𝐶 ∧ 𝜔𝐷,

𝐾𝐴𝐵𝐶𝐷 = 𝑐𝜀𝐴𝜀𝐵(𝛿𝐴𝐷𝛿𝐵𝐶 − 𝛿𝐴𝐶𝛿𝐵𝐷).

If we restrict this form to 𝑀 , then 𝜔𝛼 = 0, 𝑛 + 1 6 𝛼 6 𝑛 + 𝑝 and

𝜔𝛼𝑖 =
∑︁

𝑗

ℎ𝛼
𝑖𝑗𝜔𝑗 , ℎ𝛼

𝑖𝑗 = ℎ𝛼
𝑗𝑖.

The second fundamental form 𝐼𝐼, the mean curvature vector �⃗� of 𝑀 are defined
by

(2.1) 𝐼𝐼 =
∑︁
𝛼,𝑖,𝑗

𝜀𝛼ℎ𝛼
𝑖𝑗𝜔𝑖𝜔𝑗𝑒𝛼, �⃗� =

∑︁
𝛼

𝜀𝛼𝐻𝛼𝑒𝛼, 𝐻𝛼 = 1
𝑛

∑︁
𝑘

ℎ𝛼
𝑘𝑘.

The norm square of the second fundamental form and the mean curvature of 𝑀
are defined by

𝑆 = |𝐼𝐼|2 =
∑︁
𝑖,𝑗,𝛼

(𝜀𝛼ℎ𝛼
𝑖𝑗)2 =

∑︁
𝑖,𝑗,𝛼

(ℎ𝛼
𝑖𝑗)2, 𝐻 = |�⃗�| = 1

𝑛

⎯⎸⎸⎷∑︁
𝛼

(︂ ∑︁
𝑘

ℎ𝛼
𝑘𝑘

)︂2
.

The Gauss equations are

𝑅𝑖𝑗𝑘𝑙 = 𝑐(𝛿𝑖𝑙𝛿𝑗𝑘 − 𝛿𝑖𝑘𝛿𝑗𝑙) +
∑︁

𝛼

𝜀𝛼(ℎ𝛼
𝑖𝑙ℎ

𝛼
𝑗𝑘 − ℎ𝛼

𝑖𝑘ℎ𝛼
𝑗𝑙),(2.2)

𝑅𝑗𝑘 = (𝑛 − 1)𝑐𝛿𝑗𝑘 +
∑︁

𝛼

𝜀𝛼

(︂ ∑︁
𝑖

ℎ𝛼
𝑖𝑖ℎ

𝛼
𝑗𝑘 −

∑︁
𝑖

ℎ𝛼
𝑖𝑘ℎ𝛼

𝑗𝑖

)︂
.(2.3)

Defining the first and the second covariant derivatives of ℎ𝛼
𝑖𝑗 , say ℎ𝛼

𝑖𝑗𝑘 and ℎ𝛼
𝑖𝑗𝑘𝑙 by∑︁

𝑘

ℎ𝛼
𝑖𝑗𝑘𝜔𝑘 = 𝑑ℎ𝛼

𝑖𝑗 −
∑︁

𝑘

ℎ𝛼
𝑖𝑘𝜔𝑘𝑗 −

∑︁
𝑘

ℎ𝛼
𝑗𝑘𝜔𝑘𝑖 −

∑︁
𝛽

𝜀𝛽ℎ𝛽
𝑖𝑗𝜔𝛽𝛼,

∑︁
𝑙

ℎ𝛼
𝑖𝑗𝑘𝑙𝜔𝑙 = 𝑑ℎ𝛼

𝑖𝑗𝑘 −
∑︁
𝑚

ℎ𝛼
𝑚𝑗𝑘𝜔𝑚𝑖 −

∑︁
𝑚

ℎ𝛼
𝑖𝑚𝑘𝜔𝑚𝑗

−
∑︁
𝑚

ℎ𝛼
𝑖𝑗𝑚𝜔𝑚𝑘 −

∑︁
𝛽

𝜀𝛽ℎ𝛽
𝑖𝑗𝑘𝜔𝛽𝛼,
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we have the Codazzi equations and the Ricci identities

ℎ𝛼
𝑖𝑗𝑘 = ℎ𝛼

𝑖𝑘𝑗 ,(2.4)

ℎ𝛼
𝑖𝑗𝑘𝑙 − ℎ𝛼

𝑖𝑗𝑙𝑘 = −
∑︁
𝑚

ℎ𝛼
𝑖𝑚𝑅𝑚𝑗𝑘𝑙 −

∑︁
𝑚

ℎ𝛼
𝑗𝑚𝑅𝑚𝑖𝑘𝑙 −

∑︁
𝛽

𝜀𝛽ℎ𝛽
𝑖𝑗𝑅𝛽𝛼𝑘𝑙.(2.5)

The Ricci equations are

(2.6) 𝑅𝛼𝛽𝑖𝑗 = −
∑︁
𝑚

(ℎ𝛼
𝑖𝑚ℎ𝛽

𝑚𝑗 − ℎ𝛼
𝑗𝑚ℎ𝛽

𝑚𝑖).

The Laplacian of ℎ𝛼
𝑖𝑗 is defined by Δℎ𝛼

𝑖𝑗 =
∑︀

𝑘 ℎ𝛼
𝑖𝑗𝑘𝑘. From (2.5), we obtain for any

𝛼, 𝑛 + 1 6 𝛼 6 𝑛 + 𝑝,

Δℎ𝛼
𝑖𝑗 =

∑︁
𝑘

ℎ𝛼
𝑘𝑘𝑖𝑗 −

∑︁
𝑘,𝑚

ℎ𝛼
𝑘𝑚𝑅𝑚𝑖𝑗𝑘 −

∑︁
𝑘,𝑚

ℎ𝛼
𝑖𝑚𝑅𝑚𝑘𝑗𝑘 −

∑︁
𝑘,𝛽

𝜀𝛽ℎ𝛽
𝑖𝑘𝑅𝛽𝛼𝑗𝑘.

For the fix index 𝛼(𝑛 + 1 6 𝛼 6 𝑛 + 𝑝), we introduce an operator �𝛼 due to
Cheng-Yau [3] by

(2.7) �𝛼𝑓 =
∑︁
𝑖,𝑗

(𝑛𝐻𝛼𝛿𝑖𝑗 − ℎ𝛼
𝑖𝑗)𝑓𝑖,𝑗 .

Since 𝑀 is compact, the operator �𝛼 is self-adjoint (see [3]) if and only if

(2.8)
∫︁

𝑀

(�𝛼𝑓)𝑔 𝑑𝑣 =
∫︁

𝑀

𝑓(�𝛼𝑔) 𝑑𝑣,

where 𝑓 and 𝑔 are any smooth functions on 𝑀 . We need the following Lemma
(see [12]):

Lemma 2.1. Let 𝐴, 𝐵 be symmetric 𝑛 × 𝑛 matrices satisfying 𝐴𝐵 = 𝐵𝐴 and
tr 𝐴 = tr 𝐵 = 0. Then

| tr 𝐴2𝐵| 6 𝑛 − 2√︀
𝑛(𝑛 − 1)

(tr 𝐴2)(tr 𝐵2)1/2,

and the equality holds if and only if (𝑛 − 1) of the eigenvalues 𝑥𝑖 of 𝐵 and the
corresponding eigenvalues 𝑦𝑖 of 𝐴 satisfy |𝑥𝑖| = (tr 𝐵2)1/2/

√︀
𝑛(𝑛 − 1), 𝑥𝑖𝑥𝑗 > 0,

𝑦𝑖 = (tr 𝐴2)1/2/
√︀

𝑛(𝑛 − 1).

By the same method as in the proof of [8, Lemma 4.2], we also have the
following:

Lemma 2.2. Let 𝜙 : 𝑀 → 𝑁𝑛+𝑝
𝑞 (𝑐) be an 𝑛-dimensional (𝑛 > 2) spacelike

submanifold in 𝑁𝑛+𝑝
𝑞 (𝑐)(1 6 𝑞 6 𝑝). Then we have

|∇ℎ|2 > 3𝑛2

𝑛 + 2 |∇⊥�⃗�|2,

where |∇ℎ|2 =
∑︀

𝑖,𝑗,𝑘,𝛼(ℎ𝛼
𝑖𝑗𝑘)2, |∇⊥�⃗�|2 =

∑︀
𝑖,𝛼(𝐻𝛼

,𝑖 )2.
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3. Euler–Lagrange equation of Willmore spacelike submanifolds

From [9, Theorem 4.1], we know that the Euler–Lagrange equation of Willmore
spacelike submanifolds in terms of invariants of conformal metric 𝑔 is stated as
following: a spacelike submanifold is a Willmore spacelike submanifold if and only if

(3.1)
∑︁

𝑖,𝑗,𝑘,𝑙,𝛽

𝑔𝛼𝛽𝑔𝑖𝑘𝑔𝑗𝑙

(︂
𝐵𝛽

𝑖𝑗,𝑘𝑙 + 𝐴𝑖𝑗𝐵𝛽
𝑘𝑙 +

∑︁
𝑟,𝑞,𝛾,𝜈

𝑔𝛾𝜈𝑔𝑟𝑞𝐵𝛽
𝑖𝑟𝐵𝛾

𝑞𝑗𝐵𝜈
𝑘𝑙

)︂
= 0, ∀𝛼,

where 1 6 𝑖, 𝑗, 𝑘, 𝑙, 𝑟, 𝑞 6 𝑛, 𝑛 + 1 6 𝛼, 𝛽, 𝛾, 𝜈 6 𝑛 + 𝑝, (𝑔𝑖𝑗) = (𝐼𝑛), (𝑔𝛼𝛽) =
(𝐼𝑝−𝑞) ⊕ (−𝐼𝑞), (𝑔𝑖𝑗) = (𝑔𝑖𝑗)−1 and (𝑔𝛼𝛽) = (𝑔𝛼𝛽)−1 (see [9]). From [9, (3.23)], we
have (1−𝑛)𝐶𝛼

𝑖 =
∑︀

𝑘 𝐵𝛼
𝑖𝑘,𝑘. Thus, by a simply calculation, we may rewrite (3.1) as

(3.2) (1 − 𝑛)
∑︁

𝑖

𝐶𝛼
𝑖,𝑖 +

∑︁
𝑖,𝑗

𝐴𝑖𝑗𝐵𝛼
𝑖𝑗 +

∑︁
𝛽

∑︁
𝑖,𝑗,𝑘

𝜀𝛽𝐵𝛼
𝑖𝑘𝐵𝛽

𝑘𝑗𝐵𝛽
𝑖𝑗 = 0, ∀𝛼,

where 𝜀𝛽 = 𝑔𝛽𝛽 and 𝜀𝛽 = 1 for 𝑛+1 6 𝛽 6 𝑛+𝑝−𝑞 and 𝜀𝛽 = −1 for 𝑛+𝑝−𝑞+1 6
𝛽 6 𝑛 + 𝑝.

From [9] or [10], we have the following relations of the connections of the
conformal metric 𝑒2𝜏 𝑑𝑢 · 𝑑𝑢 and induced metric 𝑑𝑢 · 𝑑𝑢

(3.3) 𝜔𝑖 = 𝑒𝜏 𝜃𝑖, 𝜔𝑖𝑗 = 𝜃𝑖𝑗 + 𝜏𝑖𝜃𝑗 − 𝜏𝑗𝜃𝑖, 𝜔𝛼𝛽 = 𝜃𝛼𝛽 ,

where 𝑒2𝜏 = 𝑛
𝑛−1 (𝑆 −𝑛𝐻2). We know that the relations of the conformal invariants

and the induced invariants are

𝑒2𝜏 𝐶𝑖 = 𝐻𝛼𝜏𝑖 − 𝐻𝛼
,𝑖 −

∑︁
𝑗

ℎ𝛼
𝑖𝑗𝜏 𝑗 ,(3.4)

𝑒2𝜏 𝐴𝑖𝑗 = 𝜏𝑖𝜏𝑗 − 𝜏𝑖,𝑗 −
∑︁

𝛼

𝐻𝛼ℎ𝛼
𝑖𝑗 − 1

2

(︂ ∑︁
𝑘

𝜏𝑘𝜏𝑘 − 𝐻2 − 𝑐

)︂
𝐼𝑖𝑗 ,(3.5)

𝑒𝜏 𝐵𝛼
𝑖𝑗 = ℎ𝛼

𝑖𝑗 − 𝐻𝛼𝐼𝑖𝑗 ,(3.6)

where 𝜏𝑖,𝑗 is the Hessian of 𝜏 with respect to the first fundamental form 𝐼, 𝜏 𝑖 =∑︀
𝑗 𝐼𝑖𝑗𝜏𝑗 , (𝐼𝑖𝑗) = (𝐼𝑖𝑗)−1, 𝐻𝛼

𝑖 = 𝑒𝑖(𝐻𝛼) and 𝑐 = 0 for R𝑛+𝑝
𝑞 (𝑐), 𝑐 > 0 for 𝑆𝑛+𝑝

𝑞 (𝑐)
and 𝑐 < 0 for 𝐻𝑛+𝑝

𝑞 (𝑐) (see [10])
From (3.3) and (3.4), by a similar calculation of Li [8], we have∑︁

𝑗

𝑒𝜏 𝐶𝛼
𝑖,𝑗𝜃𝑗 =

∑︁
𝑗

𝐶𝛼
𝑖,𝑗𝜔𝑗 = 𝑑𝐶𝛼

𝑖 +
∑︁

𝑗

𝐶𝛼
𝑗 𝜔𝑗𝑖 +

∑︁
𝛽

𝐶𝛽
𝑖 𝜔𝛽𝛼

= 𝑑𝐶𝛼
𝑖 +

∑︁
𝑗

𝐶𝛼
𝑗 𝜃𝑗𝑖 +

∑︁
𝑗

𝐶𝛼
𝑗 (𝜏𝑗𝜃𝑖 − 𝜏𝑖𝜃𝑗) +

∑︁
𝛽

𝐶𝛽
𝑖 𝜃𝛽𝛼,

therefore, we have

𝑒𝜏 𝐶𝛼
𝑖,𝑗 = 𝑒−2𝜏

(︂
− 2𝐻𝛼𝜏𝑖𝜏𝑗 + 2𝜏𝑗

∑︁
𝑘

ℎ𝛼
𝑖𝑘𝜏𝑘 + 2𝜏𝑗𝐻𝛼

,𝑖 + 𝐻𝛼
,𝑗𝜏𝑖 + 𝐻𝛼𝜏𝑖,𝑗(3.7)

−
∑︁

𝑘

ℎ𝛼
𝑖𝑘,𝑗𝜏𝑘 −

∑︁
𝑘

ℎ𝛼
𝑖𝑘𝜏𝑘,𝑗 − 𝐻𝛼

,𝑖𝑗

)︂
+

∑︁
𝑘

𝐶𝛼
𝑘 𝜏𝑘𝛿𝑖𝑗 − 𝜏𝑖𝐶

𝛼
𝑗 .
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From (3.7), we see that

𝑒3𝜏
∑︁

𝑖

𝐶𝛼
𝑖,𝑖 = (𝑛 − 3)

(︂
𝐻𝛼|∇𝜏 |2 −

∑︁
𝑖,𝑘

ℎ𝛼
𝑖𝑘𝜏𝑘𝜏𝑖

)︂
(3.8)

− 2(𝑛 − 2)
∑︁

𝑖

𝐻𝛼
,𝑖 𝜏𝑖 + 𝐻𝛼Δ𝜏 −

∑︁
𝑖,𝑘

ℎ𝛼
𝑖𝑘𝜏𝑘,𝑖 − Δ⊥𝐻𝛼.

From (3.5) and (3.6), we have

𝑒3𝜏

(︂ ∑︁
𝑖,𝑗

𝐴𝑖𝑗𝐵𝛼
𝑖𝑗 +

∑︁
𝛽

∑︁
𝑖,𝑗,𝑘

𝜀𝛽𝐵𝛼
𝑖𝑘𝐵𝛽

𝑘𝑗𝐵𝛽
𝑖𝑗

)︂
(3.9)

=
∑︁
𝑖,𝑗

[︂
𝜏𝑖𝜏𝑗 −𝜏𝑖,𝑗 −

∑︁
𝛽

𝐻𝛽ℎ𝛽
𝑖𝑗 − 1

2

(︂ ∑︁
𝑘

𝜏𝑘𝜏𝑘 −𝐻2−𝑐

)︂
𝐼𝑖𝑗

]︂(︀
ℎ𝛼

𝑖𝑗 −𝐻𝛼𝐼𝑖𝑗

)︀
+

∑︁
𝛽

∑︁
𝑖,𝑗,𝑘

𝜀𝛽

(︀
ℎ𝛼

𝑖𝑘 − 𝐻𝛼𝐼𝑖𝑘

)︀(︀
ℎ𝛽

𝑘𝑗 − 𝐻𝛽𝐼𝑘𝑗

)︀(︀
ℎ𝛽

𝑖𝑗 − 𝐻𝛽𝐼𝑖𝑗

)︀
=

∑︁
𝑖,𝑗

ℎ𝛼
𝑖𝑗

(︀
𝜏𝑖𝜏𝑗 − 𝜏𝑖,𝑗

)︀
+ 𝐻𝛼

[︂
Δ𝜏 − |∇𝜏 |2 + 𝑛

∑︁
𝛽

(1 + 2𝜀𝛽)(𝐻𝛽)2
]︂

+
∑︁

𝛽

∑︁
𝑖,𝑗,𝑘

𝜀𝛽ℎ𝛼
𝑖𝑘ℎ𝛽

𝑘𝑗ℎ𝛽
𝑖𝑗 −

∑︁
𝛽,𝑖,𝑗

(1 + 2𝜀𝛽)𝐻𝛽ℎ𝛽
𝑖𝑗ℎ𝛼

𝑖𝑗 − 𝐻𝛼
∑︁
𝛽,𝑖,𝑗

𝜀𝛽(ℎ𝛽
𝑖𝑗)2.

From (3.2), (3.8) and (3.9), we see that

(𝑛−2)2𝑏𝑖𝑔𝑔(
∑︁
𝑖,𝑗

ℎ𝛼
𝑖𝑗𝜏𝑖𝜏𝑗 − 𝐻𝛼|∇𝜏 |2

)︂
+ 2(𝑛 − 1)(𝑛 − 2)

∑︁
𝑖

𝐻𝛼
,𝑖 𝜏𝑖(3.10)

+ (𝑛 − 2)
(︂ ∑︁

𝑖,𝑗

ℎ𝛼
𝑖𝑗𝜏𝑖,𝑗 − 𝐻𝛼Δ𝜏

)︂
+ (𝑛 − 1)Δ⊥𝐻𝛼

− 𝐻𝛼
∑︁
𝛽,𝑖,𝑗

𝜀𝛽(ℎ𝛽
𝑖𝑗)2 −

∑︁
𝛽,𝑖,𝑗

(1 + 2𝜀𝛽)𝐻𝛽ℎ𝛽
𝑖𝑗ℎ𝛼

𝑖𝑗

+ 𝑛𝐻𝛼
∑︁

𝛽

(1 + 2𝜀𝛽)(𝐻𝛽)2 +
∑︁

𝛽

∑︁
𝑖,𝑗,𝑘

𝜀𝛽ℎ𝛼
𝑖𝑘ℎ𝛽

𝑘𝑗ℎ𝛽
𝑖𝑗 = 0.

Putting 𝜌2 = 𝑆 − 𝑛𝐻2, we have 𝑒2𝜏 = 𝑛
𝑛−1 (𝑆 − 𝑛𝐻2) = 𝑛

𝑛−1 𝜌2. Thus 𝑒𝜏 =
√︁

𝑛
𝑛−1 𝜌

and 𝜏 = ln(
√︁

𝑛
𝑛−1 𝜌). From (3.10), we see that

𝜌𝑛−2

𝑛 − 1

{︂
− 𝐻𝛼

∑︁
𝛽,𝑖,𝑗

𝜀𝛽(ℎ𝛽
𝑖𝑗)2 −

∑︁
𝛽,𝑖,𝑗

(1 + 2𝜀𝛽)𝐻𝛽ℎ𝛽
𝑖𝑗ℎ𝛼

𝑖𝑗(3.11)

+
∑︁

𝛽

∑︁
𝑖,𝑗,𝑘

𝜀𝛽ℎ𝛼
𝑖𝑘ℎ𝛽

𝑘𝑗ℎ𝛽
𝑖𝑗 + 𝑛𝐻𝛼

∑︁
𝛽

(1 + 2𝜀𝛽)(𝐻𝛽)2
}︂

+ 𝜌𝑛−2Δ⊥𝐻𝛼 + 𝑛 − 2
𝑛 − 1𝜌𝑛−2

∑︁
𝑖,𝑗

(ln 𝜌)𝑖,𝑗

(︀
ℎ𝛼

𝑖𝑗 − 𝐻𝛼𝛿𝑖𝑗

)︀
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+ 2(𝑛 − 2)𝜌𝑛−2
∑︁

𝑖

(ln 𝜌)𝑖𝐻
𝛼
,𝑖

+ (𝑛 − 2)2

𝑛 − 1 𝜌𝑛−2
∑︁
𝑖,𝑗

(ln 𝜌)𝑖(ln 𝜌)𝑗

(︀
ℎ𝛼

𝑖𝑗 − 𝐻𝛼𝛿𝑖𝑗

)︀
= 0.

It can be easily checked that

𝜌𝑛−2Δ⊥𝐻𝛼 + 𝑛 − 2
𝑛 − 1𝜌𝑛−2

∑︁
𝑖,𝑗

(ln 𝜌)𝑖,𝑗

(︀
ℎ𝛼

𝑖𝑗 − 𝐻𝛼𝛿𝑖𝑗

)︀
(3.12)

+ 2(𝑛 − 2)𝜌𝑛−2
∑︁

𝑖

(ln 𝜌)𝑖𝐻
𝛼
,𝑖

+ (𝑛 − 2)2

𝑛 − 1 𝜌𝑛−2
∑︁
𝑖,𝑗

(ln 𝜌)𝑖(ln 𝜌)𝑗

(︀
ℎ𝛼

𝑖𝑗 − 𝐻𝛼𝛿𝑖𝑗

)︀
= − 1

𝑛 − 1
∑︁
𝑖,𝑗

(𝜌𝑛−2)𝑖,𝑗

(︀
𝑛𝐻𝛼𝛿𝑖𝑗 − ℎ𝛼

𝑖𝑗

)︀
+ 𝜌𝑛−2Δ⊥𝐻𝛼

+ 2
∑︁

𝑖

(𝜌𝑛−2)𝑖𝐻
𝛼
,𝑖 + 𝐻𝛼Δ(𝜌𝑛−2).

From (3.11) and (3.12), we may obtain the Euler–Lagrange equation of Willmore
spacelike submanifolds in 𝑁𝑛+𝑝

𝑞 (𝑐) in terms of the induced invariants:

Theorem 3.1. Let 𝜙 : 𝑀 → 𝑁𝑛+𝑝
𝑞 (𝑐) be an 𝑛-dimensional spacelike subman-

ifold in 𝑁𝑛+𝑝
𝑞 (𝑐). Then 𝑀 is an 𝑛-dimensional Willmore spacelike submanifold if

and only if for 𝑛 + 1 6 𝛼, 𝛽 6 𝑛 + 𝑝,

𝜌𝑛−2
{︂

− 𝐻𝛼
∑︁
𝛽,𝑖,𝑗

𝜀𝛽(ℎ𝛽
𝑖𝑗)2 −

∑︁
𝛽,𝑖,𝑗

(1 + 2𝜀𝛽)𝐻𝛽ℎ𝛽
𝑖𝑗ℎ𝛼

𝑖𝑗(3.13)

+
∑︁

𝛽

∑︁
𝑖,𝑗,𝑘

𝜀𝛽ℎ𝛼
𝑖𝑘ℎ𝛽

𝑘𝑗ℎ𝛽
𝑖𝑗 + 𝑛𝐻𝛼

∑︁
𝛽

(1 + 2𝜀𝛽)(𝐻𝛽)2
}︂

+ (𝑛 − 1)𝜌𝑛−2Δ⊥𝐻𝛼 + 2(𝑛 − 1)
∑︁

𝑖

(𝜌𝑛−2)𝑖𝐻
𝛼
,𝑖

+ (𝑛 − 1)𝐻𝛼Δ(𝜌𝑛−2) −�𝛼(𝜌𝑛−2) = 0.

where Δ(𝜌𝑛−2) =
∑︀

𝑖(𝜌𝑛−2)𝑖,𝑖, �𝛼(𝜌𝑛−2) =
∑︀

𝑖,𝑗(𝜌𝑛−2)𝑖,𝑗(𝑛𝐻𝛼𝛿𝑖𝑗 − ℎ𝛼
𝑖𝑗) and

(𝜌𝑛−2)𝑖,𝑗 is the Hessian of 𝜌𝑛−2 with respect to the induced metric.

Remark 3.1. In the proof of (3.13), since we denote 𝑒2𝜏 = 𝑛
𝑛−1 (𝑆 − 𝑛𝐻2) =

𝑛
𝑛−1 𝜌2, it follows that 𝜌2 ̸= 0, that is, (3.13) holds only for 𝜌2 ̸= 0. But, if 𝜌2 = 0,
we should notice that (3.13) also holds. Thus, in the following discussion, we agree
that the Euler–Lagrange equation of Willmore spacelike submanifolds (3.13) holds
for all 𝜌2. But, if 𝑛 = 3 and 𝑛 = 5, we need to assume that 𝑀 has no umbilical
points to guarantee (𝜌𝑛−2)𝑖,𝑗 to be continuous on 𝑀 .

Proposition 3.1. Every maximal spacelike surface 𝜙 : 𝑀 → 𝑁2+𝑝
𝑞 (𝑐) in

𝑁2+𝑝
𝑞 (𝑐) is a Willmore spacelike surface.
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In fact, if 𝑛 = 2, since 𝐻 = 0, from (2.1), we see that 𝐻𝛼 = 0 and
∑︀

𝑘 ℎ𝛼
𝑘𝑘 =

0. On the other hand, since 𝑅𝑖𝑗 = 𝑅
2 𝛿𝑖𝑗 , from Gauss equation (2.3), we have∑︀

𝛽,𝑗 𝜀𝛽ℎ𝛽
𝑗𝑘ℎ𝛽

𝑖𝑗 = 𝑐𝛿𝑖𝑘 +
∑︀

𝛽,𝑗 𝜀𝛽ℎ𝛽
𝑗𝑗ℎ𝛽

𝑖𝑘 − 𝑅𝑖𝑘, thus∑︁
𝛽

∑︁
𝑖,𝑗,𝑘

𝜀𝛽ℎ𝛼
𝑖𝑘ℎ𝛽

𝑘𝑗ℎ𝛽
𝑖𝑗 =

∑︁
𝑖,𝑘

ℎ𝛼
𝑖𝑘

(︂
𝑐𝛿𝑖𝑘 +

∑︁
𝛽,𝑗

𝜀𝛽ℎ𝛽
𝑗𝑗ℎ𝛽

𝑖𝑘 − 𝑅𝑖𝑘

)︂

=
(︁

𝑐 − 𝑅

2

)︁ ∑︁
𝑖

ℎ𝛼
𝑖𝑖 +

∑︁
𝛽,𝑖,𝑘

𝜀𝛽ℎ𝛼
𝑖𝑘ℎ𝛽

𝑖𝑘

(︂ ∑︁
𝑗

ℎ𝛽
𝑗𝑗

)︂
= 0,

it follows that (3.13) holds and Proposition 3.1 is concluded.

Example 3.1. If 0 6 𝑞 < 𝑝 = 𝑞 + 1, since we know that the Clifford torus
𝑆𝑘

(︁√︁
𝑘
𝑛 𝑐

)︁
× 𝑆𝑛−𝑘

(︁√︁
𝑛−𝑘

𝑛 𝑐
)︁

is a complete minimal hypersurface in sphere 𝑆𝑛+1(𝑐)
which is embeded in 𝑆𝑛+1+𝑞

𝑞 (𝑐) as a totally geodesic spacelike submanifold such

that 1 + 𝑞 = 𝑝, then 𝑆𝑘
(︁√︁

𝑘
𝑛 𝑐

)︁
× 𝑆𝑛−𝑘

(︁√︁
𝑛−𝑘

𝑛 𝑐
)︁

is a complete maximal spacelike

submanifold in 𝑆𝑛+𝑞+1
𝑞 (𝑐), where 1 6 𝑘 6 𝑛−1. Since 𝑆𝑘

(︁√︁
𝑘
𝑛 𝑐

)︁
×𝑆𝑛−𝑘

(︁√︁
𝑛−𝑘

𝑛 𝑐
)︁

lies in the totally geodesic spacelike submanifold 𝑆𝑛+1(𝑐) of 𝑆𝑛+𝑞+1
𝑞 (𝑐), we know

that ℎ𝛼
𝑖𝑗 = 0 for 𝛼 = 𝑛 + 2, . . . , 𝑛 + 𝑞 + 1. Thus, if and only if 𝑛 = 2𝑘 then∑︁

𝛽

∑︁
𝑖,𝑗,𝑘

𝜀𝛽ℎ𝛼
𝑖𝑘ℎ𝛽

𝑘𝑗ℎ𝛽
𝑖𝑗 =

∑︁
𝑖,𝑗,𝑘

ℎ𝑛+1
𝑖𝑘 ℎ𝑛+1

𝑘𝑗 ℎ𝑛+1
𝑖𝑗 =

∑︁
𝑖

𝜆3
𝑖

= 𝑘

(︂√︂
𝑛 − 𝑘

𝑘
𝑐

)︂3
+ (𝑛 − 𝑘)

(︂
−

√︂
𝑘

𝑛 − 𝑘
𝑐

)︂3
= 0,

where ℎ𝑛+1
𝑖𝑗 = 𝜆𝑖𝛿𝑖𝑗 ,

√︁
𝑛−𝑘

𝑘 𝑐 and −
√︁

𝑘
𝑛−𝑘 𝑐 are the two distinct principal curvatures

of 𝑆𝑘
(︁√︁

𝑘
𝑛 𝑐

)︁
× 𝑆𝑛−𝑘

(︁√︁
𝑛−𝑘

𝑛 𝑐
)︁

⊂ 𝑆𝑛+1(𝑐) with multiplicities 𝑘 and 𝑛 − 𝑘, respec-
tively. We also see that 𝜌2 = 𝑆 −𝑛𝐻2 =

∑︀
𝑖 𝜆2

𝑖 = 𝑛𝑐 is constant. Thus, (3.13) holds
if and only if 𝑛 = 2𝑘, that is the Clifford torus 𝑆𝑘

(︀ 1√
2 𝑐

)︀
× 𝑆𝑘

(︀ 1√
2 𝑐

)︀
, 1 6 𝑘 6 𝑛 − 1,

is a maximal Willmore spacelike submanifold in 𝑆𝑛+𝑞+1
𝑞 (𝑐).

Example 3.2. From [5] and [1], we know that the Veronese surface is a min-
imal surface in 𝑆4(𝑐) which is embeded in 𝑆4+𝑞

𝑞 (𝑐) as a totally geodesic spacelike
submanifold such that 2 + 𝑞 = 𝑝, then the Veronese surface is a maximal spacelike
surface in 𝑆2+𝑝

𝑞 (𝑐), where 𝑝 = 2 + 𝑞. From Proposition 3.1, we know that it is a
Willmore spacelike surface in 𝑆4+𝑞

𝑞 (𝑐).

4. Basic integral equalities

Define tensors
ℎ̃𝛼

𝑖𝑗 = ℎ𝛼
𝑖𝑗 − 𝐻𝛼𝛿𝑖𝑗 ,(4.1)

�̃�𝛼𝛽 =
∑︁
𝑖,𝑗

ℎ̃𝛼
𝑖𝑗 ℎ̃𝛽

𝑖𝑗 , 𝜎𝛼𝛽 =
∑︁
𝑖,𝑗

ℎ𝛼
𝑖𝑗ℎ𝛽

𝑖𝑗 .(4.2)
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Then the (𝑝 × 𝑝)-matrix (�̃�𝛼𝛽) is symmetric and can be assumed to be diagonized
for a suitable choice of 𝑒𝑛+1, . . . , 𝑒𝑛+𝑝. We set
(4.3) �̃�𝛼𝛽 = �̃�𝛼𝛿𝛼𝛽 .

By a direct calculation, we have∑︁
𝑘

ℎ̃𝛼
𝑘𝑘 = 0, �̃�𝛼𝛽 = 𝜎𝛼𝛽 − 𝑛𝐻𝛼𝐻𝛽 , 𝜌2 =

∑︁
𝛼

�̃�𝛼 = 𝑆 − 𝑛𝐻2,(4.4)

−𝐻𝛼
∑︁
𝛽,𝑖,𝑗

𝜀𝛽(ℎ𝛽
𝑖𝑗)2 −

∑︁
𝛽,𝑖,𝑗

(1 + 2𝜀𝛽)𝐻𝛽ℎ𝛽
𝑖𝑗ℎ𝛼

𝑖𝑗(4.5)

+
∑︁

𝛽

∑︁
𝑖,𝑗,𝑘

𝜀𝛽ℎ𝛼
𝑖𝑘ℎ𝛽

𝑘𝑗ℎ𝛽
𝑖𝑗 + 𝑛𝐻𝛼

∑︁
𝛽

(1 + 2𝜀𝛽)(𝐻𝛽)2

=
∑︁

𝛽

∑︁
𝑖,𝑗,𝑘

𝜀𝛽ℎ̃𝛼
𝑖𝑘ℎ̃𝛽

𝑘𝑗 ℎ̃𝛽
𝑖𝑗 −

∑︁
𝑖,𝑗,𝛽

𝐻𝛽ℎ̃𝛽
𝑖𝑗 ℎ̃𝛼

𝑖𝑗 .

From (4.1), (4.4) and (4.5), Euler–Lagrange equation (3.13) can be rewritten as

Proposition 4.1. Let 𝜙 : 𝑀 → 𝑁𝑛+𝑝
𝑞 (𝑐) be an 𝑛-dimensional spacelike sub-

manifold in 𝑁𝑛+𝑝
𝑞 (𝑐). Then 𝑀 is a Willmore spacelike submanifold if and only if

for 𝑛 + 1 6 𝛼 6 𝑛 + 𝑝

�𝛼(𝜌𝑛−2) = (𝑛 − 1)𝜌𝑛−2Δ⊥𝐻𝛼 + 2(𝑛 − 1)
∑︁

𝑖

(𝜌𝑛−2)𝑖𝐻
𝛼
,𝑖(4.6)

+ (𝑛 − 1)𝐻𝛼Δ(𝜌𝑛−2)

+ 𝜌𝑛−2
(︂ ∑︁

𝛽

∑︁
𝑖,𝑗,𝑘

𝜀𝛽ℎ̃𝛼
𝑖𝑘ℎ̃𝛽

𝑘𝑗 ℎ̃𝛽
𝑖𝑗 −

∑︁
𝑖,𝑗,𝛽

𝐻𝛽ℎ̃𝛽
𝑖𝑗 ℎ̃𝛼

𝑖𝑗

)︂
.

Setting 𝑓 = 𝑛𝐻𝛼 in (2.7), we have

�𝛼(𝑛𝐻𝛼) =
∑︁
𝑖,𝑗

(𝑛𝐻𝛼𝛿𝑖𝑗 − ℎ𝛼
𝑖𝑗)(𝑛𝐻𝛼)𝑖,𝑗(4.7)

=
∑︁

𝑖

(𝑛𝐻𝛼)(𝑛𝐻𝛼)𝑖,𝑖 −
∑︁
𝑖,𝑗

ℎ𝛼
𝑖𝑗(𝑛𝐻𝛼)𝑖,𝑗 .

We also have
1
2Δ(𝑛𝐻)2 = 1

2Δ
∑︁

𝛼

(𝑛𝐻𝛼)2 = 1
2

∑︁
𝛼

Δ(𝑛𝐻𝛼)2(4.8)

= 1
2

∑︁
𝛼,𝑖

[(𝑛𝐻𝛼)2]𝑖,𝑖 =
∑︁
𝛼,𝑖

[(𝑛𝐻𝛼),𝑖]2 +
∑︁
𝛼,𝑖

(𝑛𝐻𝛼)(𝑛𝐻𝛼)𝑖,𝑖

= 𝑛2|∇⊥�⃗�|2 +
∑︁
𝛼,𝑖

(𝑛𝐻𝛼)(𝑛𝐻𝛼)𝑖,𝑖.

Therefore, from (4.7), (4.8), we get∑︁
𝛼

�𝛼(𝑛𝐻𝛼) = 1
2Δ(𝑛𝐻)2 − 𝑛2|∇⊥�⃗�|2 −

∑︁
𝑖,𝑗,𝛼

ℎ𝛼
𝑖𝑗(𝑛𝐻𝛼)𝑖,𝑗(4.9)
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= 1
2Δ[𝑛(𝑛 − 1)𝐻2 − 𝜌2 + 𝑆] − 𝑛2|∇⊥�⃗�|2 −

∑︁
𝑖,𝑗,𝛼

ℎ𝛼
𝑖𝑗(𝑛𝐻𝛼)𝑖,𝑗

= 1
2Δ𝑆+ 1

2𝑛(𝑛−1)Δ𝐻2− 1
2Δ𝜌2−𝑛2|∇⊥�⃗�|2−

∑︁
𝑖,𝑗,𝛼

ℎ𝛼
𝑖𝑗(𝑛𝐻𝛼)𝑖,𝑗 .

From (2.4) and (2.5), we have
1
2Δ𝑆 =

∑︁
𝑖,𝑗,𝑘,𝛼

(ℎ𝛼
𝑖𝑗𝑘)2 +

∑︁
𝑖,𝑗,𝛼

ℎ𝛼
𝑖𝑗Δℎ𝛼

𝑖𝑗(4.10)

= |∇ℎ|2 +
∑︁
𝑖,𝑗,𝛼

ℎ𝛼
𝑖𝑗(𝑛𝐻𝛼)𝑖,𝑗 −

∑︁
𝛼

∑︁
𝑖,𝑗,𝑘,𝑙

ℎ𝛼
𝑖𝑗ℎ𝛼

𝑘𝑙𝑅𝑙𝑖𝑗𝑘

−
∑︁

𝛼

∑︁
𝑖,𝑗,𝑘,𝑙

ℎ𝛼
𝑖𝑗ℎ𝛼

𝑙𝑖𝑅𝑙𝑘𝑗𝑘 −
∑︁
𝛼,𝛽

∑︁
𝑖,𝑗,𝑘

𝜀𝛽ℎ𝛼
𝑖𝑗ℎ𝛽

𝑘𝑖𝑅𝛽𝛼𝑗𝑘.

Putting (4.10) into (4.9), we have∑︁
𝛼

�𝛼(𝑛𝐻𝛼) = |∇ℎ|2 − 𝑛2|∇⊥�⃗�|2 + 1
2𝑛(𝑛 − 1)Δ𝐻2 − 1

2Δ𝜌2(4.11)

−
∑︁

𝛼

∑︁
𝑖,𝑗,𝑘,𝑙

ℎ𝛼
𝑖𝑗(ℎ𝛼

𝑘𝑙𝑅𝑙𝑖𝑗𝑘 + ℎ𝛼
𝑙𝑖𝑅𝑙𝑘𝑗𝑘)−

∑︁
𝛼,𝛽

∑︁
𝑖,𝑗,𝑘

𝜀𝛽ℎ𝛼
𝑖𝑗ℎ𝛽

𝑘𝑖𝑅𝛽𝛼𝑗𝑘.

Multiplying (4.11) by 𝜌𝑛−2 and taking integration, using (2.8), we have∑︁
𝛼

∫︁
𝑀

(𝑛𝐻𝛼)�𝛼(𝜌𝑛−2)𝑑𝑣 =
∫︁

𝑀

𝜌𝑛−2(|∇ℎ|2 − 𝑛2|∇⊥�⃗�|2)𝑑𝑣(4.12)

+ 1
2𝑛(𝑛 − 1)

∫︁
𝑀

𝜌𝑛−2Δ𝐻2𝑑𝑣 − 1
2

∫︁
𝑀

𝜌𝑛−2Δ𝜌2𝑑𝑣

−
∫︁

𝑀

𝜌𝑛−2
∑︁

𝛼

∑︁
𝑖,𝑗,𝑘,𝑙

ℎ𝛼
𝑖𝑗(ℎ𝛼

𝑘𝑙𝑅𝑙𝑖𝑗𝑘 + ℎ𝛼
𝑙𝑖𝑅𝑙𝑘𝑗𝑘)𝑑𝑣

−
∫︁

𝑀

𝜌𝑛−2
∑︁
𝛼,𝛽

∑︁
𝑖,𝑗,𝑘

𝜀𝛽ℎ𝛼
𝑖𝑗ℎ𝛽

𝑘𝑖𝑅𝛽𝛼𝑗𝑘𝑑𝑣.

Substituting Willmore equation (4.6) into (4.12) and making use of the following:∫︁
𝑀

𝜌𝑛−2
∑︁

𝛼

𝐻𝛼△⊥𝐻𝛼𝑑𝑣 = 1
2

∫︁
𝑀

𝜌𝑛−2
∑︁

𝛼

Δ⊥(𝐻𝛼)2𝑑𝑣 −
∫︁

𝑀

𝜌𝑛−2
∑︁
𝑖,𝛼

(𝐻𝛼
,𝑖 )2𝑑𝑣

= 1
2

∫︁
𝑀

𝜌𝑛−2Δ𝐻2𝑑𝑣 −
∫︁

𝑀

𝜌𝑛−2|∇�⃗�|2𝑑𝑣,

∫︁
𝑀

𝐻2Δ(𝜌𝑛−2)𝑑𝑣 =
∫︁

𝑀

∑︁
𝛼

(𝐻𝛼)2
∑︁

𝑖

(𝜌𝑛−2)𝑖,𝑖𝑑𝑣

=
∑︁
𝛼,𝑖

∫︁
𝑀

(𝐻𝛼)2(𝜌𝑛−2)𝑖,𝑖𝑑𝑣 = −
∑︁
𝛼,𝑖

∫︁
𝑀

(𝜌𝑛−2)𝑖((𝐻𝛼)2),𝑖𝑑𝑣
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= −2
∫︁

𝑀

∑︁
𝛼

𝐻𝛼
∑︁

𝑖

(𝜌𝑛−2)𝑖𝐻
𝛼
,𝑖 𝑑𝑣,

−1
2

∫︁
𝑀

𝜌𝑛−2Δ𝜌2𝑑𝑣 = −1
2

∑︁
𝑖

∫︁
𝑀

𝜌𝑛−2(𝜌2)𝑖,𝑖𝑑𝑣

= 1
2

∑︁
𝑖

∫︁
𝑀

(𝜌2)𝑖(𝜌𝑛−2)𝑖𝑑𝑣 = (𝑛 − 2)
∫︁

𝑀

𝜌𝑛−2|∇𝜌|2𝑑𝑣,

we have, by a direct calculation, the following:

Proposition 4.2. Let 𝜙 : 𝑀 → 𝑁𝑛+𝑝
𝑞 (𝑐) be an 𝑛-dimensional spacelike sub-

manifold in 𝑁𝑛+𝑝
𝑞 (𝑐). Then∫︁

𝑀

𝜌𝑛−2(|∇ℎ|2 − 𝑛|∇⊥�⃗�|2)𝑑𝑣 + (𝑛 − 2)
∫︁

𝑀

𝜌𝑛−2|∇𝜌|2𝑑𝑣(4.13)

−
∫︁

𝑀

𝜌𝑛−2
∑︁
𝛼,𝛽

𝑛𝐻𝛼

(︂ ∑︁
𝑖,𝑗,𝑘

𝜀𝛽ℎ̃𝛼
𝑖𝑘ℎ̃𝛽

𝑘𝑗 ℎ̃𝛽
𝑖𝑗 − 𝐻𝛽 �̃�𝛼𝛽

)︂
𝑑𝑣

−
∫︁

𝑀

𝜌𝑛−2
∑︁

𝛼

∑︁
𝑖,𝑗,𝑘,𝑙

ℎ𝛼
𝑖𝑗(ℎ𝛼

𝑘𝑙𝑅𝑙𝑖𝑗𝑘 + ℎ𝛼
𝑙𝑖𝑅𝑙𝑘𝑗𝑘)𝑑𝑣

−
∫︁

𝑀

𝜌𝑛−2
∑︁
𝛼,𝛽

∑︁
𝑖,𝑗,𝑘

𝜀𝛽ℎ𝛼
𝑖𝑗ℎ𝛽

𝑘𝑖𝑅𝛽𝛼𝑗𝑘𝑑𝑣 = 0.

In general, for a matrix 𝐴 = (𝑎𝑖𝑗) we denote by 𝑁(𝐴) the square of the norm
of 𝐴, that is, 𝑁(𝐴) = trace(𝐴 · 𝐴𝑡) =

∑︀
𝑖,𝑗(𝑎𝑖𝑗)2. Clearly, 𝑁(𝐴) = 𝑁(𝑇 𝑡𝐴𝑇 ) for

any orthogonal matrix 𝑇 . From (2.6), we have

−
∑︁
𝛼,𝛽

∑︁
𝑖,𝑗,𝑘

𝜀𝛽ℎ𝛼
𝑖𝑗ℎ𝛽

𝑘𝑖𝑅𝛽𝛼𝑗𝑘 = −
∑︁
𝛼,𝛽

∑︁
𝑖,𝑗,𝑘,𝑙

𝜀𝛽ℎ𝛼
𝑖𝑗ℎ𝛽

𝑘𝑖(ℎ
𝛽
𝑘𝑙ℎ

𝛼
𝑙𝑗 − ℎ𝛽

𝑗𝑙ℎ
𝛼
𝑙𝑘)(4.14)

= −1
2

∑︁
𝛼,𝛽,𝑗,𝑘

𝜀𝛽

(︂ ∑︁
𝑙

ℎ𝛽
𝑘𝑙ℎ

𝛼
𝑙𝑗 −

∑︁
𝑙

ℎ𝛼
𝑘𝑙ℎ

𝛽
𝑙𝑗

)︂2

= −1
2

∑︁
𝛼,𝛽,𝑗,𝑘

𝜀𝛽

(︂ ∑︁
𝑙

ℎ̃𝛽
𝑘𝑙ℎ̃

𝛼
𝑙𝑗 −

∑︁
𝑙

ℎ̃𝛼
𝑘𝑙ℎ̃

𝛽
𝑙𝑗

)︂2

= −1
2

∑︁
𝛼,𝛽

𝜀𝛽𝑁(𝐴𝛼𝐴𝛽 − 𝐴𝛽𝐴𝛼),

where 𝐴𝛼 := (ℎ̃𝛼
𝑖𝑗) = (ℎ𝛼

𝑖𝑗 − 𝐻𝛼𝛿𝑖𝑗).
By use of (2.2), (2.6), (4.1), (4.2), (4.4) and (4.14), we conclude that

−
∑︁

𝛼

∑︁
𝑖,𝑗,𝑘,𝑙

ℎ𝛼
𝑖𝑗(ℎ𝛼

𝑘𝑙𝑅𝑙𝑖𝑗𝑘 + ℎ𝛼
𝑙𝑖𝑅𝑙𝑘𝑗𝑘) = 𝑛𝑐𝜌2 −

∑︁
𝛼,𝛽

𝜀𝛽𝜎2
𝛼𝛽(4.15)

+ 𝑛
∑︁
𝛼,𝛽

∑︁
𝑖,𝑗,𝑘

𝜀𝛽𝐻𝛽ℎ𝛽
𝑘𝑗ℎ𝛼

𝑖𝑗ℎ𝛼
𝑖𝑘 −

∑︁
𝛼,𝛽,𝑖,𝑗,𝑘

𝜀𝛽ℎ𝛼
𝑗𝑖ℎ

𝛽
𝑖𝑘𝑅𝛽𝛼𝑗𝑘
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= 𝑛𝑐𝜌2 −
∑︁
𝛼,𝛽

𝜀𝛽 �̃�2
𝛼𝛽 − 2𝑛

∑︁
𝛼,𝛽

∑︁
𝑖,𝑗

𝜀𝛽𝐻𝛼𝐻𝛽ℎ̃𝛼
𝑖𝑗 ℎ̃𝛽

𝑖𝑗

− 𝑛2
∑︁

𝛼

(𝐻𝛼)2
∑︁

𝛽

𝜀𝛽(𝐻𝛽)2 + 𝑛
∑︁
𝛼,𝛽

∑︁
𝑖,𝑗,𝑘

𝜀𝛽𝐻𝛽ℎ̃𝛽
𝑘𝑗 ℎ̃𝛼

𝑖𝑗 ℎ̃𝛼
𝑖𝑘

+ 𝑛𝜌2
∑︁

𝛽

𝜀𝛽(𝐻𝛽)2 + 2𝑛
∑︁
𝛼,𝛽

∑︁
𝑖,𝑗

𝜀𝛽𝐻𝛼𝐻𝛽ℎ̃𝛼
𝑖𝑗 ℎ̃𝛽

𝑖𝑗

+ 𝑛2
∑︁

𝛼

(𝐻𝛼)2
∑︁

𝛽

𝜀𝛽(𝐻𝛽)2 − 1
2

∑︁
𝛼,𝛽

𝜀𝛽𝑁(𝐴𝛼𝐴𝛽 − 𝐴𝛽𝐴𝛼)

= 𝑛𝑐𝜌2 −
∑︁
𝛼,𝛽

𝜀𝛽 �̃�2
𝛼𝛽 + 𝑛𝜌2

∑︁
𝛽

𝜀𝛽(𝐻𝛽)2

+ 𝑛
∑︁
𝛼,𝛽

∑︁
𝑖,𝑗,𝑘

𝜀𝛽𝐻𝛽ℎ̃𝛽
𝑘𝑗 ℎ̃𝛼

𝑖𝑗 ℎ̃𝛼
𝑖𝑘 − 1

2
∑︁
𝛼,𝛽

𝜀𝛽𝑁(𝐴𝛼𝐴𝛽 − 𝐴𝛽𝐴𝛼).

Putting (4.14) and (4.15) into (4.13), we have the following:

Proposition 4.3. Let 𝜙 : 𝑀 → 𝑁𝑛+𝑝
𝑞 (𝑐) be an 𝑛-dimensional spacelike sub-

manifold in 𝑁𝑛+𝑝
𝑞 (𝑐). Then∫︁

𝑀

𝜌𝑛−2(|∇ℎ|2 − 𝑛|∇⊥�⃗�|2)𝑑𝑣 + (𝑛 − 2)
∫︁

𝑀

𝜌𝑛−2|∇𝜌|2𝑑𝑣(4.16)

+ 𝑛

∫︁
𝑀

𝜌𝑛−2
(︂ ∑︁

𝛼,𝛽

𝐻𝛼𝐻𝛽 �̃�𝛼𝛽 + 𝜌2
∑︁

𝛽

𝜀𝛽(𝐻𝛽)2
)︂

𝑑𝑣 + 𝑛𝑐

∫︁
𝑀

𝜌𝑛𝑑𝑣

−
∫︁

𝑀

𝜌𝑛−2
(︂ ∑︁

𝛼,𝛽

𝜀𝛽𝑁(𝐴𝛼𝐴𝛽 − 𝐴𝛽𝐴𝛼) +
∑︁
𝛼,𝛽

𝜀𝛽 �̃�2
𝛼𝛽

)︂
𝑑𝑣 = 0.

5. Proofs of Theorems

Proof of Theorem 1.1. (1) If 𝑝 − 𝑞 = 1, from Lemma 2.2 and (4.16), we
have

0 =
∫︁

𝑀

𝜌𝑛−2(|∇ℎ|2 − 3𝑛2

𝑛 + 2 |∇⊥�⃗�|2)𝑑𝑣 +
∫︁

𝑀

𝜌𝑛−2( 3𝑛2

𝑛 + 2 − 𝑛)|∇⊥�⃗�|2𝑑𝑣(5.1)

+ (𝑛 − 2)
∫︁

𝑀

𝜌𝑛−2|∇𝜌|2𝑑𝑣

+ 𝑛

∫︁
𝑀

𝜌𝑛−2
{︂ ∑︁

𝛼,𝛽

𝐻𝛼𝐻𝛽 �̃�𝛼𝛽 + 2𝜌2(𝐻𝑛+1)2 − 𝐻2𝜌2
}︂

𝑑𝑣 + 𝑛𝑐

∫︁
𝑀

𝜌𝑛𝑑𝑣

+
∫︁

𝑀

𝜌𝑛−2
{︂ 𝑛+𝑝∑︁

𝛼=𝑛+2

𝑛+𝑝∑︁
𝛽=𝑛+2

𝑁(𝐴𝛼𝐴𝛽 − 𝐴𝛽𝐴𝛼) − 2�̃�2
𝑛+1 𝑛+1

+
𝑛+𝑝∑︁

𝛼=𝑛+1

𝑛+𝑝∑︁
𝛽=𝑛+1

�̃�2
𝛼𝛽

}︂
𝑑𝑣

> −𝑛

∫︁
𝑀

𝜌𝑛−2𝐻2𝜌2𝑑𝑣 + 𝑛𝑐

∫︁
𝑀

𝜌𝑛𝑑𝑣 − 2
∫︁

𝑀

𝜌𝑛−2𝜌4𝑑𝑣 +
∫︁

𝑀

𝜌𝑛−2 1
𝑝

𝜌4𝑑𝑣
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=
∫︁

𝑀

𝜌𝑛
{︁

𝑛(𝑐 − 𝐻2) −
(︁

2 − 1
𝑝

)︁
𝜌2

}︁
𝑑𝑣,

where the inequality 𝑁(𝐴𝛼𝐴𝛽 − 𝐴𝛽𝐴𝛼) > 0 for any 𝛼, 𝛽, �̃�2
𝑛+1𝑛+1 6 𝜌4 and∑︀

𝛼,𝛽 �̃�2
𝛼𝛽 =

∑︀
𝛼 �̃�2

𝛼 >
1
𝑝

(︀ ∑︀
𝛼 �̃�𝛼

)︀2 = 1
𝑝 𝜌4 is used.

In particular, if 𝜌2 6 𝑛
2− 1

𝑝

(𝑐 − 𝐻2), from (5.1), we see that 𝜌2 = 0 and 𝑀 is
totally umbilical or 𝜌2 = 𝑛

2− 1
𝑝

(𝑐 − 𝐻2). In the latter case, we have from (5.1) that∫︀
𝑀

𝜌𝑛−2 ∑︀
𝛼,𝛽 𝐻𝛼𝐻𝛽 �̃�𝛼𝛽𝑑𝑣 = 0, that is

(5.2)
∫︁

𝑀

𝜌𝑛−2
∑︁

𝛼

(𝐻𝛼)2�̃�𝛼𝑑𝑣 = 0.

If 𝜌2 = 0, that is 𝑀 is totally umbilical, otherwise, if 𝜌2 ̸= 0, it follows from (5.2)
that

∑︀
𝛼(𝐻𝛼)2�̃�𝛼 = 0, thus (𝐻𝛼)2�̃�𝛼 = 0 for all 𝛼. Therefore, we see that �̃�𝛼 = 0

for all 𝛼 (contradicts to 𝜌2 ̸= 0), or 𝐻𝛼 = 0 for all 𝛼. Thus, we have 𝐻 = 0, that is,
𝑀 is a compact maximal spacelike submanifold in 𝑆𝑛+𝑝

𝑞 (𝑐), by Cheng and Ishikawa
[4, Theorem 1] and Example 3.1, we know that 𝑀 lies in the totally geodesic
spacelike submanifold 𝑆𝑛+1(𝑐) of 𝑆𝑛+𝑞+1

𝑞 (𝑐) and is isometric to the Clifford torus
𝑆𝑘

(︀ 1√
2 𝑐

)︀
× 𝑆𝑘

(︀ 1√
2 𝑐

)︀
.

(2) If 𝑝 − 𝑞 > 1, from Lemma 2.2 and (4.16), we have

0 =
∫︁

𝑀

𝜌𝑛−2
(︁

|∇ℎ|2 − 3𝑛2

𝑛 + 2 |∇⊥�⃗�|2
)︁

𝑑𝑣

(5.3)

+
∫︁

𝑀

𝜌𝑛−2
(︁ 3𝑛2

𝑛 + 2 − 𝑛
)︁

|∇⊥�⃗�|2𝑑𝑣 + (𝑛 − 2)
∫︁

𝑀

𝜌𝑛−2|∇𝜌|2𝑑𝑣

+ 𝑛

∫︁
𝑀

𝜌𝑛−2
{︂ ∑︁

𝛼,𝛽

𝐻𝛼𝐻𝛽 �̃�𝛼𝛽 + 2𝜌2
𝑛+𝑝−𝑞∑︁
𝛽=𝑛+1

(𝐻𝛽)2 − 𝐻2𝜌2
}︂

𝑑𝑣 + 𝑛𝑐

∫︁
𝑀

𝜌𝑛𝑑𝑣

+
∫︁

𝑀

𝜌𝑛−2
{︂

−
∑︁
𝛼,𝛽

𝑁(𝐴𝛼𝐴𝛽 − 𝐴𝛽𝐴𝛼) −
∑︁
𝛼,𝛽

�̃�2
𝛼𝛽

+ 2
∑︁

𝛼

𝑛+𝑝∑︁
𝛽=𝑛+𝑝−𝑞+1

𝑁(𝐴𝛼𝐴𝛽 − 𝐴𝛽𝐴𝛼) + 2
∑︁

𝛼

𝑛+𝑝∑︁
𝛽=𝑛+𝑝−𝑞+1

�̃�2
𝛼𝛽

}︂
𝑑𝑣

> −𝑛

∫︁
𝑀

𝜌𝑛−2𝐻2𝜌2𝑑𝑣 + 𝑛𝑐

∫︁
𝑀

𝜌𝑛𝑑𝑣 +
∫︁

𝑀

𝜌𝑛−2
(︁

− 3
2𝜌4

)︁
𝑑𝑣

=
∫︁

𝑀

𝜌𝑛
{︁

𝑛(𝑐 − 𝐻2) − 3
2𝜌2

}︁
𝑑𝑣,

where the inequality [7]

−
∑︁
𝛼,𝛽

𝑁(𝐴𝛼𝐴𝛽 − 𝐴𝛽𝐴𝛼) −
∑︁
𝛼,𝛽

�̃�2
𝛼𝛽 > −3

2𝜌4,

is used.
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In particular, if 𝜌2 6 2𝑛
3 (𝑐 − 𝐻2), from (5.3), we see that 𝜌2 = 0 and 𝑀 is

totally umbilical or 𝜌2 = 2𝑛
3 (𝑐 − 𝐻2). In the latter case, from (5.3), we also see

that (5.2) holds. If 𝜌2 = 0, that is 𝑀 is totally umbilical, otherwise, if 𝜌2 ̸= 0, it
follows from (5.2) that

∑︀
𝛼(𝐻𝛼)2�̃�𝛼 = 0. By the same argument as above, we see

that 𝐻𝛼 = 0 and 𝐻 = 0, that is, 𝑀 is a compact maximal spacelike submanifold in
𝑆𝑛+𝑝

𝑞 (𝑐), by Cheng and Ishikawa [4, Theorem 1] and Example 3.2, we know that 𝑀

lies in the totally geodesic spacelike submanifold 𝑆4(𝑐) of 𝑆4+𝑞
𝑞 (𝑐) and is isometric

to the Veronese surface. This completes the proof of Theorem 1.1. �

Proof of Theorem 1.2. For a fixed 𝛼, 𝑛 + 1 6 𝛼 6 𝑛 + 𝑝, we can take a
local orthonormal frame field {𝑒1, . . . , 𝑒𝑛} such that ℎ𝛼

𝑖𝑗 = 𝜆𝛼
𝑖 𝛿𝑖𝑗 , then ℎ̃𝛼

𝑖𝑗 = 𝜇𝛼
𝑖 𝛿𝑖𝑗

with 𝜇𝛼
𝑖 = 𝜆𝛼

𝑖 − 𝐻𝛼,
∑︀

𝑖 𝜇𝛼
𝑖 = 0. Thus

−
∑︁

𝛼,𝑖,𝑗,𝑘,𝑙

ℎ𝛼
𝑖𝑗(ℎ𝛼

𝑘𝑙𝑅𝑙𝑖𝑗𝑘 − ℎ𝛼
𝑙𝑖𝑅𝑙𝑘𝑗𝑘) = 1

2
∑︁
𝛼,𝑖,𝑘

(𝜆𝛼
𝑖 − 𝜆𝛼

𝑘 )2𝑅𝑘𝑖𝑖𝑘(5.4)

= 1
2

∑︁
𝛼,𝑖,𝑘

(𝜇𝛼
𝑖 − 𝜇𝛼

𝑘 )2𝑅𝑘𝑖𝑖𝑘 > 𝑛𝐾𝜌2,

where 𝐾 denotes the infimum of the sectional curvature of 𝑀 and the equality in
(5.4) holds if and only if 𝑅𝑘𝑖𝑖𝑘 = 𝐾 for any 𝑖 ̸= 𝑘.

Let
∑︀

𝑖(ℎ̃
𝛽
𝑖𝑖)2 = 𝜏𝛽 . Then 𝜏𝛽 6

∑︀
𝑖,𝑗(ℎ̃𝛽

𝑖𝑗)2 = �̃�𝛽 . Since
∑︀

𝑖 ℎ̃𝛽
𝑖𝑖 = 0,

∑︀
𝑖 𝜇𝛼

𝑖 = 0
and

∑︀
𝑖(𝜇𝛼

𝑖 )2 = �̃�𝛼. We have from Lemma 2.1 that

−
∑︁

𝛼,𝛽,𝑖,𝑗,𝑘

𝐻𝛼𝜀𝛽ℎ̃𝛼
𝑖𝑘ℎ̃𝛽

𝑘𝑗 ℎ̃𝛽
𝑖𝑗 = −

∑︁
𝛼,𝑖,𝑗,𝑘

𝑛+𝑝−𝑞∑︁
𝛽=𝑛+1

𝐻𝛼ℎ̃𝛼
𝑖𝑘ℎ̃𝛽

𝑘𝑗 ℎ̃𝛽
𝑖𝑗(5.5)

+
∑︁

𝛼,𝑖,𝑗,𝑘

𝑛+𝑝∑︁
𝛽=𝑛+𝑝−𝑞+1

𝐻𝛼ℎ̃𝛼
𝑖𝑘ℎ̃𝛽

𝑘𝑗 ℎ̃𝛽
𝑖𝑗

= −
∑︁
𝛼,𝑖

𝑛+𝑝−𝑞∑︁
𝛽=𝑛+1

𝐻𝛼ℎ̃𝛼
𝑖𝑖(𝜇

𝛽
𝑖 )2 +

∑︁
𝛼,𝑖

𝑛+𝑝∑︁
𝛽=𝑛+𝑝−𝑞+1

𝐻𝛼ℎ̃𝛼
𝑖𝑖(𝜇

𝛽
𝑖 )2

>− 𝑛 − 2√︀
𝑛(𝑛 − 1)

∑︁
𝛼

𝑛+𝑝−𝑞∑︁
𝛽=𝑛+1

|𝐻𝛼|�̃�𝛽
√

𝜏𝛼

− 𝑛 − 2√︀
𝑛(𝑛 − 1)

∑︁
𝛼

𝑛+𝑝∑︁
𝛽=𝑛+𝑝−𝑞+1

|𝐻𝛼|�̃�𝛽
√

𝜏𝛼

= − 𝑛 − 2√︀
𝑛(𝑛 − 1)

∑︁
𝛼

|𝐻𝛼|
√

𝜏𝛼

(︁ 𝑛+𝑝−𝑞∑︁
𝛽=𝑛+1

�̃�𝛽 +
𝑛+𝑝∑︁

𝛽=𝑛+𝑝−𝑞+1
�̃�𝛽

)︁
>− 𝑛 − 2√︀

𝑛(𝑛 − 1)

(︁√︃∑︁
𝛼

(𝐻𝛼)2
∑︁

𝛼

𝜏𝛼

)︁
𝜌2 > − 𝑛 − 2√︀

𝑛(𝑛 − 1)
𝐻𝜌3.
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From Chen–Do Carmo–Kobayashi [5, Lemma 1], we see that

−1
2

∑︁
𝛼,𝛽

𝜀𝛽𝑁(𝐴𝛼𝐴𝛽 − 𝐴𝛽𝐴𝛼)(5.6)

= −1
2

∑︁
𝛼

𝑛+𝑝−𝑞∑︁
𝛽=𝑛+1

𝑁(𝐴𝛼𝐴𝛽 −𝐴𝛽𝐴𝛼) + 1
2

∑︁
𝛼

𝑛+𝑝∑︁
𝛽=𝑛+𝑝−𝑞+1

𝑁(𝐴𝛼𝐴𝛽 −𝐴𝛽𝐴𝛼)

= −1
2

𝑛+𝑝−𝑞∑︁
𝛼=𝑛+1

𝑛+𝑝−𝑞∑︁
𝛽=𝑛+1

𝑁(𝐴𝛼𝐴𝛽 − 𝐴𝛽𝐴𝛼)

+ 1
2

𝑛+𝑝∑︁
𝛼=𝑛+𝑝−𝑞+1

𝑛+𝑝∑︁
𝛽=𝑛+𝑝−𝑞+1

𝑁(𝐴𝛼𝐴𝛽 − 𝐴𝛽𝐴𝛼)

>− 1
2

𝑛+𝑝−𝑞∑︁
𝛼=𝑛+1

𝑛+𝑝−𝑞∑︁
𝛽=𝑛+1

𝑁(𝐴𝛼𝐴𝛽 − 𝐴𝛽𝐴𝛼) > −
∑︁
𝛼 ̸=𝛽

�̃�𝛼�̃�𝛽

= −
(︁ 𝑛+𝑝−𝑞∑︁

𝛼=𝑛+1
�̃�𝛼

)︁2
+

𝑛+𝑝−𝑞∑︁
𝛼=𝑛+1

�̃�2
𝛼 > −

(︁ 𝑛+𝑝−𝑞∑︁
𝛼=𝑛+1

�̃�𝛼

)︁2
+ 1

𝑝 − 𝑞

(︁ 𝑛+𝑝−𝑞∑︁
𝛼=𝑛+1

�̃�𝛼

)︁2

= −
(︁

1 − 1
𝑝 − 𝑞

)︁(︁ 𝑛+𝑝−𝑞∑︁
𝛼=𝑛+1

�̃�𝛼

)︁2
> −

(︁
1 − 1

𝑝 − 𝑞

)︁
𝜌4.

Thus, from (4.13), (4.14), (5.4), (5.5), (5.6) and Lemma 2.2, we have

0 >
∫︁

𝑀

𝜌𝑛−2(|∇ℎ|2 − 3𝑛2

𝑛 + 2 |∇⊥�⃗�|2)𝑑𝑣 +
∫︁

𝑀

𝜌𝑛−2( 3𝑛2

𝑛 + 2 − 𝑛)|∇⊥�⃗�|2𝑑𝑣(5.7)

+ (𝑛 − 2)
∫︁

𝑀

𝜌𝑛−2|∇𝜌|2𝑑𝑣 −
∫︁

𝑀

𝜌𝑛−2 𝑛(𝑛 − 2)√︀
𝑛(𝑛 − 1)

𝐻𝜌3𝑑𝑣

+
∫︁

𝑀

𝜌𝑛−2
∑︁
𝛼,𝛽

𝑛𝐻𝛼𝐻𝛽 �̃�𝛼𝛽 +
∫︁

𝑀

𝜌𝑛−2𝑛𝐾𝜌2𝑑𝑣

− 1
2

∑︁
𝛼,𝛽

𝜀𝛽𝑁(𝐴𝛼𝐴𝛽 − 𝐴𝛽𝐴𝛼)

>
∫︁

𝑀

𝜌𝑛

{︂
𝑛𝐾 − 𝑛(𝑛 − 2)√︀

𝑛(𝑛 − 1)
𝐻𝜌 −

(︁
1 − 1

𝑝 − 𝑞

)︁
𝜌2

}︂
𝑑𝑣.

In particular, if

𝐾 >
𝑛 − 2√︀
𝑛(𝑛 − 1)

𝐻𝜌 + 1
𝑛

(︁
1 − 1

𝑝 − 𝑞

)︁
𝜌2,

from (5.7), we see that 𝜌2 = 0 and 𝑀 is totally umbilical or 𝐾 = 𝑛−2√
𝑛(𝑛−1)

𝐻𝜌 +
1
𝑛

(︀
1 − 1

𝑝−𝑞

)︀
𝜌2. In the latter case, from (5.7), we know that (5.2) holds. If 𝜌2 = 0,

that is 𝑀 is totally umbilical, otherwise, if 𝜌2 ̸= 0, it follows from (5.2) that∑︀
𝛼(𝐻𝛼)2�̃�𝛼 = 0. By the same argument as in the proof of Theorem 1.1, we see
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that 𝐻𝛼 = 0 and 𝐻 = 0. It also follows from (5.7) that |∇ℎ|2 = 3𝑛2

𝑛+2 |∇⊥�⃗�|2 = 0,
that is, the second fundamental form of 𝑀 is parallel. This completes the proof of
Theorem 1.2. �

Proof of Theorem 1.3. From (2.3) and (4.1), we have

𝑅𝑘𝑘 = (𝑛 − 1)𝑐 + (𝑛 − 2)
∑︁

𝛼

𝜀𝛼𝐻𝛼ℎ̃𝛼
𝑘𝑘 + (𝑛 − 1)

𝑛+𝑝−𝑞∑︁
𝛼=𝑛+1

(𝐻𝛼)2

− (𝑛 − 1)
𝑛+𝑝∑︁

𝛼=𝑛+𝑝−𝑞+1
(𝐻𝛼)2 −

𝑛+𝑝−𝑞∑︁
𝑖,𝛼=𝑛+1

(ℎ̃𝛼
𝑖𝑘)2 +

𝑛+𝑝∑︁
𝑖,𝛼=𝑛+𝑝−𝑞+1

(ℎ̃𝛼
𝑖𝑘)2

6 (𝑛 − 1)𝑐 + (𝑛 − 2)
∑︁

𝛼

𝜀𝛼𝐻𝛼ℎ̃𝛼
𝑘𝑘 + (𝑛 − 1)𝐻2

−
𝑛+𝑝−𝑞∑︁

𝑖,𝛼=𝑛+1
(ℎ̃𝛼

𝑖𝑘)2 +
𝑛+𝑝∑︁

𝑖,𝛼=𝑛+𝑝−𝑞+1
(ℎ̃𝛼

𝑖𝑘)2.

Thus

𝑛𝑄 6
∑︁

𝑘

𝑅𝑘𝑘 = 𝑛(𝑛 − 1)𝑐 + 𝑛(𝑛 − 1)𝐻2 −
𝑛+𝑝−𝑞∑︁

𝑖,𝑘,𝛼=𝑛+1
(ℎ̃𝛼

𝑖𝑘)2 +
𝑛+𝑝∑︁

𝑖,𝑘,𝛼=𝑛+𝑝−𝑞+1
(ℎ̃𝛼

𝑖𝑘)2.

From (4.2) and (4.3), we have

(5.8) −
𝑛+𝑝−𝑞∑︁
𝛼=𝑛+1

�̃�𝛼 +
𝑛+𝑝∑︁

𝛼=𝑛+𝑝−𝑞+1
�̃�𝛼 > 𝑛𝑄 − 𝑛(𝑛 − 1)𝑐 − 𝑛(𝑛 − 1)𝐻2.

From (5.8), we see that

−
(︂ 𝑛+𝑝−𝑞∑︁

𝛼=𝑛+1
�̃�𝛼

)︂2
+ 1

𝑞

(︂ 𝑛+𝑝∑︁
𝛼=𝑛+𝑝−𝑞+1

�̃�𝛼

)︂2
(5.9)

= −
(︂ 𝑛+𝑝−𝑞∑︁

𝛼=𝑛+1
�̃�𝛼

)︂2
+

(︂ 𝑛+𝑝∑︁
𝛼=𝑛+𝑝−𝑞+1

�̃�𝛼

)︂2
+

(︁1
𝑞

− 1
)︁(︂ 𝑛+𝑝∑︁

𝛼=𝑛+𝑝−𝑞+1
�̃�𝛼

)︂2

>

(︂
−
𝑛+𝑝−𝑞∑︁
𝛼=𝑛+1

�̃�𝛼 +
𝑛+𝑝∑︁

𝛼=𝑛+𝑝−𝑞+1
�̃�𝛼

)︂(︂ 𝑛+𝑝−𝑞∑︁
𝛼=𝑛+1

�̃�𝛼 +
𝑛+𝑝∑︁

𝛼=𝑛+𝑝−𝑞+1
�̃�𝛼

)︂
−

(︁
1 − 1

𝑞

)︁
𝜌4

> (𝑛𝑄 − 𝑛(𝑛 − 1)𝑐 − 𝑛(𝑛 − 1)𝐻2)𝜌2 −
(︁

1 − 1
𝑞

)︁
𝜌4.

By Chen–Do Carmo–Kobayashi [5, Lemma 1], we also see that

(5.10) −
𝑛+𝑝−𝑞∑︁
𝛼=𝑛+1

𝑛+𝑝−𝑞∑︁
𝛽=𝑛+1

𝑁(𝐴𝛼𝐴𝛽 − 𝐴𝛽𝐴𝛼) > −2
(︁

1 − 1
𝑝 − 𝑞

)︁
𝜌4.
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From Lemma 2.2, (4.3), (4.16), (5.9) and (5.10), we have

0 =
∫︁

𝑀

𝜌𝑛−2(|∇ℎ|2 − 3𝑛2

𝑛 + 2 |∇⊥�⃗�|2)𝑑𝑣

(5.11)

+
∫︁

𝑀

𝜌𝑛−2
(︁ 3𝑛2

𝑛 + 2 − 𝑛
)︁

|∇⊥�⃗�|2𝑑𝑣 + (𝑛 − 2)
∫︁

𝑀

𝜌𝑛−2|∇𝜌|2𝑑𝑣

+ 𝑛

∫︁
𝑀

𝜌𝑛−2
{︂ ∑︁

𝛼,𝛽

𝐻𝛼𝐻𝛽 �̃�𝛼𝛽 + 2𝜌2
𝑛+𝑝−𝑞∑︁
𝛽=𝑛+1

(𝐻𝛽)2 − 𝐻2𝜌2
}︂

𝑑𝑣 + 𝑛𝑐

∫︁
𝑀

𝜌𝑛𝑑𝑣

+
∫︁

𝑀

𝜌𝑛−2
{︂

−
𝑛+𝑝−𝑞∑︁
𝛼=𝑛+1

𝑛+𝑝−𝑞∑︁
𝛽=𝑛+1

𝑁(𝐴𝛼𝐴𝛽 − 𝐴𝛽𝐴𝛼) −
𝑛+𝑝−𝑞∑︁
𝛼=𝑛+1

�̃�2
𝛼 +

𝑛+𝑝∑︁
𝛼=𝑛+𝑝−𝑞+1

�̃�2
𝛼

}︂
𝑑𝑣

>− 𝑛

∫︁
𝑀

𝜌𝑛−2𝐻2𝜌2𝑑𝑣 + 𝑛𝑐

∫︁
𝑀

𝜌𝑛𝑑𝑣 +
∫︁

𝑀

𝜌𝑛−2
{︁

− 2
(︁

1 − 1
𝑝 − 𝑞

)︁
𝜌4

}︁
𝑑𝑣

+
∫︁

𝑀

𝜌𝑛−2
{︂

−
(︂ 𝑛+𝑝−𝑞∑︁

𝛼=𝑛+1
�̃�𝛼

)︂2
+ 1

𝑞

(︂ 𝑛+𝑝∑︁
𝛼=𝑛+𝑝−𝑞+1

�̃�𝛼

)︂2}︂
𝑑𝑣

>− 𝑛

∫︁
𝑀

𝜌𝑛−2𝐻2𝜌2𝑑𝑣 + 𝑛𝑐

∫︁
𝑀

𝜌𝑛𝑑𝑣 +
∫︁

𝑀

𝜌𝑛−2
{︁

− 2
(︁

1 − 1
𝑝 − 𝑞

)︁
𝜌4

}︁
𝑑𝑣

+
∫︁

𝑀

𝜌𝑛−2
{︁(︀

𝑛𝑄 − 𝑛(𝑛 − 1)𝑐 − 𝑛(𝑛 − 1)𝐻2)︀
𝜌2 −

(︁
1 − 1

𝑞

)︁
𝜌4

}︁
𝑑𝑣

=
∫︁

𝑀

𝑛𝜌𝑛
{︁

𝑄 − (𝑛 − 2)𝑐 − 𝑛𝐻2 − 1
𝑛

(︁
3 − 𝑝 + 𝑞

(𝑝 − 𝑞)𝑞

)︁
𝜌2

}︁
𝑑𝑣.

𝑄 > (𝑛 − 2)𝑐 + 𝑛𝐻2 + 1
𝑛

(︁
3 − 𝑝 + 𝑞

(𝑝 − 𝑞)𝑞

)︁
𝜌2,

from (5.11), we see that 𝜌2 = 0 and 𝑀 is totally umbilical or 𝑄 = (𝑛 − 2)𝑐 +
𝑛𝐻2 + 1

𝑛

(︀
3− 𝑝+𝑞

(𝑝−𝑞)𝑞

)︀
𝜌2. In the latter case, from (5.11), we know that (5.2) holds. If

𝜌2 = 0, that is 𝑀 is totally umbilical, otherwise, if 𝜌2 ̸= 0, it follows from (5.2) that∑︀
𝛼(𝐻𝛼)2�̃�𝛼 = 0. By the same argument as in the proof of Theorem 1.1, we see

that 𝐻𝛼 = 0 and 𝐻 = 0. It also follows from (5.11) that |∇ℎ|2 = 3𝑛2

𝑛+2 |∇⊥�⃗�|2 = 0,
that is, the second fundamental form of 𝑀 is parallel. This completes the proof of
Theorem 1.3. �
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