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EXTENDING AND LIFTING SOME
LINEAR TOPOLOGICAL STRUCTURES

LE MAu HAl and PHAM HIEN BANG

Abstract: In this paper we investigate some results on extending and lifting some
linear topological structures and applications to the extension and lift problems of con-

tinuous linear and holomorphic maps.

0 — Introduction

The aim of this paper is to investigate the extending and lifting some linear
topological structures. The obtained results will be applied to the extension
and lift problems of continuous linear maps and holomorphic maps in locally
convex spaces. In the case of Banach spaces the extension and lift problems of
continuous linear maps have been investigated by several authors (see [4], [5], ...).
Palamodov [10] and Gejler [3] have investigated these problems for locally convex
spaces, in particular, for Fréchet spaces. In [3] Gejler has proved that a Fréchet
(resp. Montel-Fréchet; nuclear Fréchet) space F' has the lifting property for the
class of all Fréchet (resp. of all Montel-Fréchet, nuclear Fréchet) spaces if and
only if £ is finite dimensional. A version of the theorem of Gejler for Lipschitz
maps, uniformly continuous maps and locally uniformly continuous maps has
been proved in [7]. Recently Vogt has obtained very important results for the
lifting problem of continuous linear maps in the class of nuclear Fréchet spaces
(see Vogt [14], [15]).

In Section 2 we investigate extending and lifting Schwartz and s-nuclear struc-
tures in locally convex spaces. Examples on applications of the obtained results
to extension and lift problems of continuous linear maps and holomorphic maps
are presented in Section 3.
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1 — Preliminaries

In this section we fix notations and formulate some well-known facts needed
through this paper.

Given Banach spaces A, B and a continuous linear map 1" from A to B. For
each n € N let

an(T) = inf{||T —S||: S: A — B is continuous linear and dimIm .S < n} .

an(T) is called the n-approximation number of T' (see [10]). 7T is said to be map
of type ¢, if

ool@) = (X (1) < 0.

n>1

Let L, (A, B) denote the set of maps of type ¢, from Ato B. AmapT: A — B
is called s-nuclear if T' € L,(A, B) for every p > 0. It is known [10] that

(1.1) Pp()‘T) = ‘)"PP(T%
(1.2) pp(S+T) < op([pp(S) + pp(T)]), where

P ifp>1,
T, =
PT1207 foro<p<:

(1.3) Ly(A, B) is complete, i.e. if {T,} C Lp(A,B) and py(T, — Tp) — 0,
then there exists T' € Ly(A, B) such that p,(T,, —T) — 0.

(1.4) pp(ST) < pp(S) pp(T) for T € Ly(A,B), S € L,(B,C);

(1.5) A continuous linear map 7': A — B is s-nuclear if and only if there
exists sequences {\,} C R, {u,} € A" and {b,} C B such that

T(u) = Z Anub(u)v,  foru € A,

n>1
(1.6) sup{[up | + floal } < oo,

Z\)\n|p<oo for every p > 0 ,
n>1

where A’ denotes the Banach space of all continuous linear functionals on A
equipped with the sup-norm on the unit ball of A.

Now let E be a locally convex space. By U(FE) we denote the set of all
balanced convex neighbourhoods of zero in E. For each U € U(F) let qy denote
the Minkowski functional of U on E. The completion of E/qy:=FE/Kerqy
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equipped with the norm ¢y is denoted by E(U) and n(U): E — E(U) denotes
the canonical map from E into E(U).

For U,V e U(E) withV C Ulet w(V,U): E(V) — E(U) denote the canonical
map. A locally convex space F is called a Schwartz (resp. s-nuclear) space if for
each U € U(F) thereis V € U(F) such that V' C U and w(V,U) is compact (resp.
s-nuclear).

The space E is said to be a DF-space if F has a fundamental sequence of
bounded sets and if every bounded countable union of equicontinuous subsets of
E'’ is equicontinuous, where E’ denotes the strongly dual space of E.

Given FE, F locally convex spaces and D an open subset of E. A map f:
D — F is called holomorphic if f is continuous and f|png is holomorphic for
every finite dimensional subspace H of E. By Ly(FE, F) we denote the space of
all continuous linear maps from F into F' equipped with the topology of uniform
convergence on bounded sets in E and by E &, F we denote the projective tensor
product of E and F'.

Finally H(D, F) denotes the space of holomorphic maps from D into F
equipped with the compact-open topology.

2 — Extending and lifting Schwartz and s-nuclear structures

We denote S and N the classes of all Schwartz spaces and of all s-nuclear
spaces respectively. The main result of this section is Theorem 2.2 on lifting
Schwartz and s-nuclear structures. Before obtaining this result first we prove a
result on extending Schwartz and s-nuclear structures. This is the following

2.1 Theorem. Let E € S (resp. N:) be a subspace of a locally convex space
F. Then there exists a space E € S (resp. N:) and a continuous linear map
h: F — FE such that € = h|g is embedding.

Proof: The case where E € N, has been proved in [8]. For the case £ € S
by using Lemma 2.1 of Bellenot [1] on the factorization of compact operators
and, after that, repeating the proof presented in [8] we obtain the proof of The-
orem 2.1. m

The result on lifting Schwartz and s-nuclear structures in locally convex spaces
is the following

2.2 Theorem. Let j: ' — E be a continuous linear surjective map between
Fréchet spaces. If E € S (resp. N:) then there exist a Fréchet space E € S (resp.
N:) and a continuous linear map h: E — F such that jh is surjective.
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Proof of Theorem 2.2 in the case £ € S

For this case we need the following lemma

2.3 Lemma. Let j be a continuous linear map from a Fréchet space F' onto
a separable Fréchet space E. Then there exists a separable subspace G of F' such
that j(G) = E.

Proof: Let g: £ — F be a continuous linear map such that jg = id. Such a
map exists by the selection theorem of Michael. Then setting G = span g(E) we
get a required subspace of F. n

Now we prove Theorem 2.2 in the case where F € §. Since every separable
Fréchet space is image of a Fréchet-Montel space [3], from Lemma 2.3 we can
assume that F' is a Fréchet—Montel space.

Let {U,} be a decreasing basis of balanced convex neighbourhoods of zero in
F. Put G = Kerj, then {V,, = U, N G} and {W,, = j(U,)} are decreasing basis
of balanced convex neighbourhoods of zero in G and E respectively. For each n
consider the following commutative diagram

-/ /
J e
O — E, - F 45 G, — 0

(2.1) J(/Q?H»l l/w:zlﬂ l/ 1
in en
0 — En = n1 -5 Ghyp — 0

where a7, 1 = w(Wyt1, Wh), w1 = w(Uns1,Un), Blip1 = w(Vag1, Vi), en, jn are
maps induced by e, j respectively, e: G — F' denotes the canonical embedding.
Without loss of generality we may assume that ‘o | is compact for every n > 1.
Let &) 1 : F) — loo(Snt1) D Ej, be a compact linear extension of 'a]l,; and
let ap,1: F), — Loo(Snt1) D EJ 1 be a compact linear extension of 'y, | and ¢f
be an embedding of Im &, ; into the Banach space C|g 1) of continuous functions
on [0, 1]. Since C[p ) has a Schauder basis, by lemma 2.1 of Bellenot [1], g7 a;
can be written in the form

i apyy = Q7. P,
where QF: Cjg 1) — Cloq) and P": F, — Clo,1) are compact linear maps.
Again applying the result of Bellenot to Pj* we find compact linear maps

Q5 Cpoa) — Cpo,1) and Pg': F, — Cjg 1) such that

Pl =Qp.Py .
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Continuing this process we get sequences of compact linear maps {Q7} and
{P/"} such that

n ~n _ n n n o __ n T
@ apy = QT P, Pj_ j+1Pj+1a

where ¢i' are embeddings of Im a7, ; into Cjg y). For every u € F) put
n
pa(u) = | PPV oy ()l /(n+ 1) TT Q7P
j=2

n
P wp (@)l (n+ 1) TT1QF 2 I Pt
j=3
+ ...

Obviously for each n, ‘w], | induces naturally a continuous linear map &7 ; :
F} /pn — F} 1 /Pnt+1 and 7, j),: E], — F} /py is an embedding, where m,: F, —
F) /py, is the canonical map. Define the maps

In F;L/pn — 0 ®7T C[O,l] )
Ony1: Fyy/pns1 — 0 ®@x Cpog)

by the formulas

n+1
o) = { Q2 PEF () n+ 2 TT QI IPRFEN, -}
j=2

n+1
an(w) = { PPt/ + 27 TLIQYI PR, -}
j=2

Obviously v, = apt1 @y ;. Since the definition of a1 and Q;‘ are compact
it follows =y, is compact and hence w;; is compact.
Putting F = lim[F] /p,]' and h: E — F” = F, the map induced by the

canonical maps F) — F /p,, we obtain a Fréchet-Schwartz space E and a con-
tinuous linear continuous linear map h: E — F. It remains to check Jh: E—E
is surjective, equivalently (jh)': E' — E’ is an embedding. Since E’ is a (DFS)-
space and E is a Fréchet space, by [2] it suffices to show that (jh)'~2(Q) is
bounded in E’ for every bounded set ) in E'. Given such a set Q C E' , choose
n > 1 such that @ is contained and bounded in [F) /p,]”. From the relations
E! < F!/p, — [F},/py]", we infer that (jh)'~1(Q) is contained and bounded in
E!. Thus the case where E € S is proved.
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Proof of Theorem 2.2 in the case E € N,

In this case we need to use the following lemmas

2.4 Lemma. Let )j: B — B; be s-nuclear maps between Banach spaces
and let {a;} € {1, v; =1/j. Then the map

Q: B— 6({B;}):={(x; € By): Y_ ||| < o0}

j>1
given by the formula Q(z) = {a; Q;j(x) /U‘Zj pv;(Qj)} is s-nuclear.
Proof: For each n put
Qn(@) = {a1Q1()/01, 00, (Q1); s @nQu()/07 P (Qn), 0, ..} -

By (1.3) it remains to check that p,,(@nﬂ, — @n) — 0 as n,p — oo for every
v > 0. Fix v > 0. Take jp such that v;, < v. By (1.1) and (1.2) we have

py(Qn+p - Qn) < pujo (Qn-‘,—p - Qn)

ewal 1@unl |y lawe 1@yl
Y3 1
0 0—'?7:-1 p’YnJrl (Qn-l—l) ’YJO O-'TYLT;i;pP p7n+p(Qn+p)

<lantp| + -+ lany1] =0, when n,p—o0.n

<o

2.5 Lemma [11]. Let o: A — B and 3: B — C be continuous linear maps
between Banach spaces. Let ea be s-nuclear for some embedding e and (3 be
quasi-nuclear. Then B« is s-nuclear.

Now we prove Theorem 2.2 in the case E € N.. As in the case E € S, for
each n consider the commutative diagram (2.1). Then o]y, is s-nuclear for every
n > 1. Let &) ; be an s-nuclear linear extension of ‘aj’,; from F} into E] .
Such an extension exists by the Hahn-Banach theorem and by (1.6). From (1.6)
we find s-nuclear maps P and ()7 such that

n+1 Q?Pl ) sy P]n QJ+IP+1a
Let v; = 1/j. For every u € F), put
n
pa(w) =[PP wp g )|/ (n 4+ 1) o0y TT 0 (@) pun (P
j=2

n+1
P wp (W) /(0 4 1) H s (Q1F2) puy (PIF2)

+ ...
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Let us show that the map &, o: F,/pn — F}  o/pny2 induced by ‘w5 is
s-nuclear. Consider the maps

Yo: Fl/pn — b ({Im P]TH—Q}) 7
Op+1: F7/1+1 — 0 (W) )

given by the formulas

n+1
Tn(u) = {Q”+2Pn+2’ wipa(w)/(n+2) a7, TT pu(QF2) pun (P, }
7j=2

n+1
i () = { PP b 0+ 2202, T] pa(@) ) pn(PED), )
=2

Then any1 is an embedding. Since Q7 is s-nuclear for every j, n > 1, by
Lemma 2.4, v, = api1wy,,q is s- nuclear Thus wﬁg is quasi-nuclear. Hence
the proof is complete by Lemma 2.5 and by an argument as in the case where

EeS.

Question. How to solve the problem on lifting nuclear structures?

3 — Some applications

In this section we give some examples on applications of Theorem 2.1 and 2.2
to problems on extending and lifting continuous linear maps and holomorphic
maps.

3.1. Extending and lifting continuous linear maps

We first give the following two definitions for a class of locally convex spaces.

3.1.1 Definition. A locally convex space P is said to have the extension
property with respect to the class D if every continuous linear map from subspace
FE € D of a space F' € D with values in P can be extended to a continuous linear
map on F.

3.1.2 Definition. We say that the space P has the lift property with respect
to the class D if for every continuous linear open map j from a space F' € D onto
a space E € D, the map j: Ly(P, F) — Ly(P, E) induced by j, is surjective.
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The following lemma has been proved by Palamodov
3.1.3 Lemma [10]. Let
0 — {Guy o} T (o} O (B, B3} — 0

be a complexe of projective systems of Fréchet spaces and let k > 0. Assume
that
Kerg, =Im f, and Kerf, =0 forevery n>1.

Then the map l(iLngn: @Fn — @En is surjective if the maps gy, o),

and [,

satisfy the following conditions for every n > 1
(ML1) Im 87, C Im gy,;

n

(ML) Im o

. . n
kil 1S dense in Im o

+k-

Examples

1) By the Sobczyk’s theorem [13], the Banach space Cy has the extension
property for the class separable locally convex spaces.

2) From the Hahn-Banach theorem and from Lemma 3.1.3 it follows that
every nuclear Fréchet space has the extension property for the class DF of
D F-spaces.

3) Similarly from Lemma 3.1.3 it is to see that each nuclear DF-space has
the lift property for the class F of Fréchet spaces.

3.1.4 Lemma [8]. Let J be a Montel space and let
0: J - Q=r{J(U): Uecu())}

be the canonical embedding of J into Q. Then J is isomorphic to C” for some
set A if and only if there exists a continuous linear projection of () onto Im J.

Two following theorems are examples of applications of Theorem 2.1 and 2.2.
3.1.5 Theorem. Let D € {S,N.} and P € D. Then the following conditions
are equivalent
(i) P = C” for some set A;
(ii) P has the extension property for the class L of all locally convex spaces;

(iii) P has the extension property for the class D.
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Proof: From Theorem 2.1 and Lemma 3.1.4.

3.1.6 Theorem. Let D € {S,N.} and P € DNF. Then the following
conditions are equivalent

(i) P =C™ for some m > 0;
(ii) P has the lift property for the class F of Fréchet spaces;
(iii) P has the lift property for the class F N'S.

Proof: (i)=(ii)=-(iii) are trivial. By Theorem 2.2 and by a result of Geijler
[3] it follows that (iii)=-(ii)=(i). m

3.2. Extending holomorphic maps

In [6] Meise and Vogt have proved that for an exact sequence of Fréchet spaces
(3.1) 0—G—F—-E—0

the restriction map Rp: H(F',P) — H(F’, P) is surjective for every Fréchet
space P if F’ has a fundamental system of continuous Hilbert semi-norms and F
is a Fréchet—Montel space. In a particular case this result has been proved in [9].

In this section using Theorem 2.2 we shall prove some results on the extension
of holomorphic functions on E’ with values in Fréchet spaces when either E is
locally projective or GG is C-local Schwartz and F' is Montel.

We first give some definitions.

Assume now that D is an open subset of a locally convex space P and L is
a locally convex space. A holomorphic map f: D — L is called a holomorphic
map of finite type if D" f(z): P x ... x P — L can be approximated by elements
belonging to Ly(P, L) @y ... ®x Ly(P, L) for every z € D and every n > 1. By
H¢(D, L) we denote the subspace of H(D, L) consisting of holomorphic maps of
finite type.

In [15] Vogt has said that a locally convex space E is locally projective if
for every U € U(F) there exists V' € U(F) such that V' C U and the map
w(V,U): E(V) — E(U) is factorized through the space ¢!. Similarly we say
that E is a C-local space if for every U € U(E) there exists V' € U(F) such that
V C U and the map w(V,U): E(V) — E(U) is factorized through a space C(5),
where C(.5) is the Banach space of continuous functions on a Hausdorff compact
space S. We have
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3.2.1 Theorem. Let (3.1) be an exact sequence of Fréchet spaces. Then the
restriction map Rp: H(F',P) — H(E', P) (resp. Rp: Hy(F',P) — H¢(E', P))
is surjective for every Fréchet space P if E is locally projective Schwartz (resp.
G is C-local Schwartz) and F' is Montel.

Proof: (i) In notations as in the proof of Theorem 2.2. By Theorem 2.2 we
can assume that F'is a Schwartz space. Consider the complex of Fréchet spaces

(3.2) 0 — {Ker ji,} — {HY(F, P)} n, (HYE,, P)} —0,

where for each locally convex space ) by HJZZ(Q, P) we denote the space of holo-
morphic maps finite type which are bounded on every bounded set in @) with
values in P. By hypothesis we can assume that oy, ,;: E,41 — Ej, are factorized
through the space ¢'. Then for each n > 1 there exists a diagram
Jn €n
0O — E, —— F —— G, — 0

J'%LH T J'wﬁﬂ O ['@%1
, j;+1 , el7z+1 ,
0 En+1 Fn+1 Gn+1 0

such that

/ /

n - I.n / n _I'non n _n n
’Yn—i-l In = an—‘rl ) €n—l—l 9n+1 - ﬁn—f—l and wn—i—l - ’Yn—‘rl + en—i-l €n -

Thus (3.2) satisfies (ML) with k£ = 1.
Now for each n define a continuous linear map

0n: B x Gl — Fl,,

by
On(u,v) ="ag 1 (u) + 07,4 (v) .

Assume that f € Kerj.. Then f6,_1 € H?(E;l_l xGh_1, P)and (f6,-1)(0,v) =
(fy»~1(v)) = 0. Thus f6, 1 induces a holomorphic map ff, 1 : G'\ ; —
HY (B, _y, P), where HY((E},_,,P) = {g € H}(E]_;,P): g(0) = 0}. Since
the maps ‘a;,,; and ‘3], are compact it follows that f6#, ; can be approxi-
mated by elements belonging to H?(G;LH, Hy,0(E;, 1, P)) and hence f|p  can

be approximated by elements belonging to Ker jz;. Thus (3.2) satisfies (MLg)
with k& = 2. Finally, since H(E’, P) = H¢(E', P) = lim H](%(E,’l, P) it follows that

Rp is surjective.
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(ii) With notations in (i). By the hypothesis we assume that the 3}, :
Gni1 — Gy are compact and factorized through the space C'(S). This implies
that there exists a diagram as in (i). Considering the complex of locally convex
spaces

(3.3) 0 — {Ker 7} Zd (m, (71, )} 4 (B, PYY — 0

as in (i) we give the surjectivity of Rp. The Theorem is proved. n

Remark. There exists a locally projective Schwartz (resp. a C-local Schwartz)
space which is not nuclear.

In fact, let {a;} be a sequence of positive numbers decreasing to zero such
that > ,~1 a; = co. For each n define a continuous norm ¢, on ¢! (resp. on Cp)
by the formula

gn({i}) =Y lai " @i (vesp. gn({w:}) = sup|a " zi]) .
i>1

Let F denote the ¢! (resp. C) equipped with the norms g,. Since a; \, 0 it is
easy to see that F is locally projective Schwartz (resp. C-local Schwartz) which
is not nuclear because of the relation },~, a; = oo.
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