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SOLVABILITY IN SOBOLEV SPACES OF
A PROBLEM FOR A SECOND ORDER PARABOLIC EQUATION
WITH TIME DERIVATIVE IN THE BOUNDARY CONDITION

E. FroLOvVA

1 — Introduction

In this paper we consider the initial boundary value problem for a second
order parabolic equation with both time and spatial derivatives in the boundary
condition. The unique solvability in Hélder function spaces, in weighted Holder
function spaces, and in Sobolev function spaces in the case p = 2 for problems
with such a boundary condition in domains with smooth boundaries was obtained
in the papers [1-5]. Here we obtain the unique solvability of the problem in the
Sobolev function spaces in the case p > n + 2. Condition (20) in Theorem 5 is a
usual assumption on the combination of signs in the boundary condition. In the
case of another combination the problem is ill-posed, it was shown in [6].

In §2 we consider the model problem for the heat equation in a half-space
and obtain L,-estimates for its solution using some results on Fourier multipliers
[7,8]. This allows us to prove the solvability of the problem in a domain with
smooth boundary by the construction of a regularizer in the same way as in [9, 3].

In §3 we make this for a periodic case. Periodic problem (19) arose in studying
the periodic one-phase Stefan problem [10].

In §4 we reduce the assumptions on the smoothness of the boundary which is
usually made in the construction of a regularizer. Assuming that the boundary
belongs to Wﬁ ~L/p , we prove the solvability of the problem with time derivative
in the boundary condition.

We also consider in §2 a model problem with time derivative in the conjugation
condition which is useful in studying the two-phase Stefan problem in the Sobolev
function spaces.
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2 — Model problems(*)

We introduce the following notations:
r=(2',2,) €eR",
RlzRZ:{xeRﬂ xn<0}, R2:R1:{meR"|xn>o},
F:{xeR"| xn:0}, Rir=R; x[0,T), i=1,2,
Fp=Tx][0,T) .

We consider the following model problem in the half-space:

Ut_AU:f> (xvt)ERQ,Ta

(1) v T ow ,
l:ﬂvt_al'n—i_gblamlil —QD($,t), U|t:0_07

I'r

where G > 0, b; € R.

The specific character of this problem consists in the fact that the bound-
ary condition contains both time and normal derivatives. Boundary operator in
problem (1) does not satisfy the complementing condition for n > 1, therefore
this problem can not be included into the general theory of parabolic problems
for second order equations constructed in [9].

Problem (1) arises in studying the one-phase Stefan problem and some prob-
lems of the heat conduction theory. If we consider the two-phase Stefan problem
then it is useful to investigate the following model problem with time derivative
in the conjugation condition:

Ovy,

E—aiAUkZO, (x,t)eRk,T,

) o,

¥ +b- Vv —c Vool = P t)

UI_UQ‘[‘T:07 'Uk‘t:O:O s
where k =1,2; b,c € R"™; ay,a2 € R; b, > 0, ¢, > 0.

Problems (1) and (2) were studied in Holder function spaces [1, 2, 13|, in
weighted Holder spaces [3, 14], and in Sobolev spaces with p = 2 [4, 15] (only

(*) This part of the paper has been published in Russian [11]; the Ly-estimates for such
model problems also has been obtained by H. Koch [12].
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problem (1)). Here we obtain L,-estimates of the solutions for problems (1) and
(2) in the case p > 1.

Let us put 7' = 400 and make the Fourier transform with respect to the space
variables ' and the Laplace transform with respect to t:

1 +oo -
3) Fuv(& xzn,8) =0(& xp,s :7/ dt/ (@, 2, t) e BT E gyl
) ol ans) =6 an5) = oy [t [ o
EeR"™, Res>0.

Then, from problem (1) with f = 0 and problem (2) we pass to the following
problems for ordinary differential equations

d*v ~
—@4'(524—8)’0:0, Ty >0,

(4)

dv = ~ _
{—E (Bs—zjz::lij bj) U] zn:():s@({,s)
and
2 d21~)k 2 2 . =0
—ag dﬁU% +(ak§ +S)'Uk— ’
(5) V1, —0 = V2ly, —0
. dvq dvy ~
— , —_— / . —_— —_— p—
SV Z(b & ) §+ by dz, Cn dz, _— w(€7 S) )

where b’ = (b, ...,b,_1)7, ¢ = (c1,..., cn1)T.

Solutions of problems (4) and (5) can be found in the explicit form:

1

n—1

T+ﬂ8-i2€jbj
j=1

(6) 6(57 Ln, 5) = e (ﬁ(fv 5) )

where r = /s + &2, Rer > 0, and

1
T R CRTIN:

(7)€ nys) = ol s) |

where 7, = /s + a3 &2, Rery >0, k =1,2.
To obtain the solutions of problems (1) with f = 0 and (2) we have to use the
integral transform inverse to (3).
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Let us begin the formulation of the results by reminding some definitions.
The norm in L,(Ry 1) is defined by the formula

T 1/p
I = (/ dt/ \u(a),t)|pdx> .
0 Ry

By W,T’mﬁ (Rk,r) (m/2 € N) we mean the closure of the set of smooth functions
in the norm

[

(9 2= > |DfDu
0<|al+2a<m

a= (1, ..an), laf=Y a, aeNU{0}.

‘]%Rk,T >

The norm in the space of traces ng_l/p’ m/Q_l/QP(FT) is defined by the for-
mula

m a 1e% m—1
TP = S IDEDS Ul + ()T

0<|ar|[+2a<m

where

(uhpry ™ =

p.I'r

r a [0} a (0% p dy l/p

|a|+2a=m—1

0Dy 0Dy P dtdr 1/p
1/p 2a—|a|<2

<<.>>,<;"> and ()™ P are the main parts of the norms | - [|i™ [im=1/p)

respectively.
The subspace of W;l’m/Q(Rk,T) (W;n_l/p’mm_lﬂp(f‘gp)) which consists of

functions satisfying zero initial conditions we denote by W;n’m/ 2(R;@’T)
e]

(ZVZL—I/]J, m/2—1/2p(1—\T))‘

and || -

Theorem 1. For any ¢ € I/VmJrl 1/p,m/2+1/2— 1/2p( I'p), fe W;n’m/Q(RQ,T),

there exists a unique solution of problem (1) v € Wer2 m/2+1(R27T), and there
holds the estimate

(8) (S < c(@ehym T + () 5 €NULO}
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Theorem 2. For any ¢ € me+171/p,m/2+1/271/2p there exists a unique
solution of problem (2) vy, € W?+2’m/2+1(Rk,T) and there holds the estimate
[}

> (o < e P

We prove theorems 1 and 2 by using the following results on Fourier multipliers
[7, 8, 16].

Definition. Function g is called Fourier multiplier of class (p,p) if for any
v € C§° the estimate

IF~ g Foll, < clloll,, 1<p<oo.

holds.
We set

F~lgFv
vECE® vl

Theorem 3. Let & € R™. Assume that function g(§) and all its mixed
derivatives

d'g(€)
Ok, -+ Oy,

are continuous for |;| > 0, j = 1,...,n, and that there exists a positive constant
M such that

where 1> 1, k;#k; fori#j, i,7=1,...1,

d'g(€)
9) fklfklm <M.

Then g is a Fourier multiplier of class (p,p) and Mb(g) < cM.

Theorem 4. Let functions H(2',xy,,t) and n(2',x,,t) be defined in R ,

n(x,t) € Lp(RY ), let FH(&,Tn,s) be a Fourier multiplier of class (p,p), and
ME(H (2, ) < = Let
400 _1
Hn= | F (H(& @nty, ) F(&,y, )] dy -

Then Hn € Ly(RY ) and there holds the estimate

[Hnllprn < cllnllprn -
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Proof of Theorem 1: We consider the following auxiliary problem:

’wt—A’LU:f(CU,t), ('T’t)ERQ,Ta

wlp, =0,  wl,_,=0.

There exists the unique solution w € qu+2,m/ o (Ra,7) of this problem [9],
[e]

and there holds the estimate
m+2 m
(10) ()T < (IR, L -

Looking for the solution of problem (1) in the form v = w + u, for the new
unknown function u we have problem (1) with f = 0:

w—Au=0, (z,t) € Ror,

(la) ou L ou
(8- e + 2 )

ow .
= go(x/,t) 87 =@ (.T/, t) , U|t:0 =0.

I'r
At first we find ¢ € WZHl*l/p’ m/2+1/271/2p(1100) such that

(Pl‘th:SO*, (pl‘tZTJrE:O’ €>0’

11
) () ™V < el Y < (oS T P (S, )

f2 S p,l'r plI'r p,Ra, 1

and, making the Fourier-Laplace transform (3), we arrive at problem (4).
Then we extend the function ¢; into the half-space Rg o, finding w &

W?H’m/ﬂlﬂ(Rz’o@) such that w[rm = 1 and the estimate
m+1 m+1—1
(12) (@) <o)t

holds. With the help of the Newton-Leibnitz formula we obtain from (6) the
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following integral representation for the solution u of problem (4) with ¢ = ¢

~ +OO a 1 7" X
() = | 5 T (e, y,s) | dy
T+ ﬁS —1 Z bj fj
j=1
+oo
:~/0 - n—1 e - anry (€ Y,s )
r+0s—1i Z & bj
j=1
+oo 1
_ —r(Tn+y)
/ . ay F(E,y,5)dy

r+Bs—iy &b
j=1

Hence, for j =2,....m + 2,

F_l(Tj FU) =
13 +oo o=
( ) :/0 F1|:H(€7xn+y78)< (5 Y, 8 )_Tj 2%>:| dy7
where 2
H(E ) = e
r+p8s—i Z éj b]
j=1

Let us show that H (&, z,,s) is a Fourier multiplier of class (p,p) and

c
ME(H(\an,) <
n
It is obvious that the function H and its mixed derivatives are continuous for
Res >0, [§] >0, j =1,..,n— 1. Let us check that for H and its derivatives
the estimate (9) holds with M = =
It is easy to see that

(14) Re L <ec.

r+Bs—iy &p

=1
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So,

’T|2 —Rerzy

‘H(gvxTHS) S m ?

(15)
OH (€, 2, s) 28 —wn GG Er—ibjgr*
{j 85] = n—1 € o n—1 9 €
rBs—iY &b (r+8s—i> ah)
=1 =1

IN

c(|7’\ + :cn|r2|) e~ Reran
Using the inequality
(16) yje_yzg%., Vy>0, z>0, jeN,
z

with 7 = 1,2, we obtain

(17) Rere™ Reran < i, (Rer)?x, e Reran < <
In Tn
So, (15) and (17) imply
7| 1 c
H ny S — S —
‘ (&2 8)‘ (Rer)? m, ~ x,
2
M ra) (L, N1
& Rer = (Rer)?)x, ~ zp

Here we take into account the fact that the function r = /€2 + s with
||

Rer > 0, Re(£2 + s) > 0 satisfies the inequality Rer S e
Further, we have

‘S 8H(§: T, S) _ s(1— %rwn) e TTn 8(%T +4r) e~ TTn
Os B n-l B nd 2
rBs—id b (r+8s—iY bi&)
=1 =1
5] !

<c|l+ — — .
‘T—F,BS—Z'Z&I)[‘
=1
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Let us prove that
sl

’T—i—ﬁs—inz_:l&bl’
=1

(18) P = <ec.

If | St b < (8| Im s|+|Imr|) then, taking into account that 8 > 0, Res > 0

and sign(Im s) = sign(Imr), we have

P < 5]
\/(Rer + BRes)? + %Z(Ims)Q

<ec.

If | S by > $(B|Ims| + | Imr|) then |Im s| < ¢|¢| and

Res + [€]
P<ec Re /e 1 5 <c

So, for the all possible values of ¢ and s, the inequality (18) holds and
|SW\ can be estimated by _=.

Thus, we obtain the required estimates (9) for the function H and its deriva-
tives of the first order. The estimates (9) for the higher order derivatives of the
function H are obtained in a similar way.

Taking into account (14) and (18), we have

8IH(§’$TL75)

L éﬂH(f,xn,s)
"0y, - Oy,

Exy - &y Der, - 0, L D5

+ ‘Sﬁkl .

< c(|r| + $n|7“|2 4+ ...+ z;wl-&-l) e~ Rerzn ,

and, with the help of inequality (16) with 7 = 1,2,...,14+1, we arrive at the
required estimates.

Hence, due to Theorem 3, we make a conclusion that H (&, z,, s) is a Fourier
multiplier of class (p,p).

According to Theorem 4, it follows from the representation formula (13) that

@ty <o [ e P, [ g Ee) )
’ =2, m+2.

Making the integral transform inverse to (3), we find the solution of problem
(1a) u = F~1(a).
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From the explicit form (6), for this solution we obtain

y] J o
O _ Fl(i Fu> = FH (-1 @) .
ox), ox),

am+2u

<<u>>(m+2) < <<u>>;§;,r1b%—~2_,2o)o < c(HF_l’I“m—’_2 Fu”p,RQ,oo Hamnm+2

p7R2,OO>

_ _ 0
(Jrromirm) i ere)| L )

e s\ (m+1
< clfw et Res) D

IN

From here, taking into account estimates (11) and (12), we obtain the desired
estimate

(DS < (oM Sme ™ + (05, . ) -

Together with estimate (10) this estimate implies (8) for the solution of prob-
lem (1) v=w+u.n

Remark. There holds also the estimate

+2 +1-1
ol < e(llellSie! = + 115, ) -

The uniqueness of the solution follows from the fact that if we consider ho-
mogeneous problem corresponding to problem (1) and make the Laplace-Fourier
transform (3) we arrive at the homogeneous problem (4) which has only zero
solution.

Proof of Theorem 2: At first we extend the function ¢ from I'r into Ry, o,
constructing

+17m+l
wkevol/;n 2 2(Rk,00)7 k:1727
such that
wkxn:O:w7 wk =0 :07 €>07
t<T t>T+e
and

+1 +1-1
(WD < cqupimet=w.
For vy, which is given by formula (7) we use an integral representation similar
o (13). As in the proof of Theorem 1, we should check that the function

r,% e~ lonlTe

Hk(évxna 5) =

st 42y —i(b — )&
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is a Fourier multiplier of class (p,p) and that
c
p . . _—
M (Hy (20, )) < -

Calculating the derivatives of the function Hy and using the same arguments
as in the proof of the estimates for the mixed derivatives of the function H, we
make sure that estimates (9) with M = ;= hold true.

For example,

‘ OH,,
y Js

2 b on
_ s_%rk|xn|3 Srk<1+2a1kr1 +2a2r2) ’6
o bn Cn Ve NERPYAN B ] 2|
staritagre—ib—c)-¢ (8+Z—jr1+f1—gr2—z(b’—c’)‘§)

—7%|Zn|

|5 71 2] B

. 2
‘s—l—g—’l‘m—i-z—z—l(b'—cl)'f‘ ‘s—ki—’l‘rl—l—fl—grg—i(b’—c’)-f‘

e~ Rerk |zn |

IN

¢ |rgl c

~ |on] Rery = |zn|

Then, we use Theorem 4 and complete the proof of Theorem 2 in the same
way as it has been done above in the proof of Theorem 1. u

3 — Periodic problem

In this section we assume that all the given functions and surfaces are periodic
with respect to the space variables x; (i = 1,...,n — 1) with the period 1 and call
such functions simply periodic.

Let 2 C R™ be a domain which lies between two mutually disjoint smooth
periodic surfaces S7 and Ss.

We denote by Bj(a), a € R""! the cube in the space R"~!

1
Bi(a) = {3: R | frs —ail < o, izl,...,n—l} .
By [, we denote the strip Bi(a) x R = {x € R" | 2’ € Bi(a)}.
For an arbitrary set £ C R™ we set E'(a) = EN] ,-

By EP(QT) we mean the space of periodic functions with a finite norm in
L,(Q%(a)), Va € R* 1.



430 E. FROLOVA

We denote by Wg’l(QT) the space of periodic functions which are defined in
Qr = Qx[0,7T), have generalized derivatives DSu(x,t), |a| <2, a = (a1, ..., an),
Dyu(x,t) and a finite norm

2 —
[0y = Tl 2 0p = Nilly2i gy @y Yo € R
Wﬁ‘l/”’l‘l/Qp(ST) is the space of traces of functions from Wg’l(QT) on the

periodic surface S € Q. The norm in this space is determined by the formula

2—-1 —
el = el gz-vima-1vmm 5,y = lllygzsimr-vm g oy o Yo €RT.

Wz’l(QT) (WQ_l/p’l_l/Zp(ST)) is a subspace of the space Wg’l(QT)
°p

°p

(Wﬁ —U/p1-1/2p (St)) containing the functions satisfying zero initial conditions:
ulyg =0

By WE_V (R™=1), v € (0,1), we denote the space of periodic functions having
first order generalized derivatives and a finite norm

_ -1
HUH{}[V/E*’Y(Rn—I) — ||UHW5_’Y(B1(G)) 5 Va S Rn .
We consider the following problem
n n—1
Lu=u; — Z @i (T, ) Uy, — Z a;(x,t) ugy, —a(z,t)u = f,
ij=1 i=1

(a:,t) c QT s

n
Bu = puy + Zbi(xat) U |:c€S1 DR
(19) =

n
Cu = Z c,-(m, t) Uy, + C(x7 t) u ‘165’2 = %2,
i=1
Ul =0,
where

Y1 &% < ay(r,t) &€ <72E, y,72 >0, YEER™, t€[0,T).

We assume that the coefficients a;;, a;, a, b;, ¢;, ¢ and the given functions f,
1, 2 are periodic.
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The surfaces S; and S, are supposed from the class C?. It means that there
exists such a positive number d that in the ball K; with the radius d and with
the center in any xo € S; (j = 1,2), the equation of the surface S; N Ky in local
coordinates with the center in the point x¢ has the form vy, = F(y1,..., Yn—1),
where the function F' belongs to C?(R"™1).

Theorem 5. Let in problem (19) aiy € C(Qr), aia € Ly(Qr),
b; € W;—l/p,l/Q—l/Qp(SLT)7 ¢ € Wpl_l/p’l/Q_l/zp(SZT) with a certain p > n+2,
and there hold the inequalities:
n

(20) >0, ij(x,t)yj25>0, (z,t) € Qp ,
j=1

where v = (v1,...,v,) 7 is the outward normal to the surface S.
Then, for any f € L,(Dr),

o1 € Wlfl/p,1/271/2p(517T)’ 09 € Wlfl/p,1/2fl/2p(5,27T) 7
°p °p

problem (19) has a unique solution u € f/Iv/'Q’l(QT), this solution has the additional

P
—~1-1/p,1/2-1/2
smoothness on the surface S1: ut|,cg € W /o2

°p

(S1,7) and the estimate

1-1
U2 1 llen

21)  full$, + S 2 < el lpor + e

QT p,S1T  —

(1*1/10))

p,S2,1
holds.
Proof: We are going to prove this result with the help of constructing a

regularizer in the same way as it is usually done in a nonperiodic case [9, 17].
We rewrite problem (19) in the form

(22) Au=h,
where
T
Au = [Lu, Bu, Cu} ,
h = [fﬂ/?hﬁﬂz]T .

For any small A > 0 we construct the systems of subdomains w®) c Q*) ¢ Q
with the following properties:

1) Upw® =, Q" = Q.
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2) For any point x € Q there can be found such w® that z € w® and
dist(z, Q\w®)
>d\, d> 0.
3) There exists Ny € N such that ﬂévzofl Qi) = ( for any ki, ..., kng+1, ki # kj
for i £ j.
4) The systems of subdomains w*), Q) (k € N) are periodic with respect to
the space variables x;, i = 1,...,n — 1, with the period 1, diam Q* < %
We identify the domains w®*), Q) which can be obtained from each other by
displacement by the period. Then, we obtain a finite system of periodic sets @)
and QU (j =1,...,M).
Let £€U)(x) (j = 1,..., M) be smooth periodic functions such that

Gy — L xe&(jl,
&) {0, z e MQU)

ng(j)gl, |D;§(j)|§ |C8|

A
By virtue of property 3 of the domains Q)

M
1< Z§k(a;) <Ny forany =€,
k=1

and, consequently, the periodic functions

Gy~ S@)
n(x) Zg(m@)

have the following properties:

(@) =0, +e D, Dy @) <
and
M . .
ZU(J)(@ ¢9(z)=1 forany z€ Q.
j=1

We fix in every @®) the set of points Z, which can be obtained from each
other by displacement by the period. Without loss of generality we can assume
=(k) = . . .~ =
that if @ N.S; # 0 then 5" n S; # 0, in this case we fix points Zj, on 5% n S;.

If we freeze the coefficients in problem (19) at the point xj € Ty, take the
principal part of the operator A, and multiply the given functions on £*), then,
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by virtue of the periodicity of the coefficients and the given functions, we arrive
at one of the following periodic problems:

=(k)
1) in the case when Q@  C Q:

(23) Lu™=wu—>" aij(2r,0) ug,a; = FEX) = f8 | wu|,_g=0, k=1,.., M ;
i,j=1

=(k
2) in the case when Q( : NSy # 0:

(24) L®y = f(k), Ok = Z Cl(l'lm 0) uu\xeSQ = 2 §(k) = 90§k) )
=1

u\t:():(), k=Mi+1,..., My ;

—(k
3) in the case when Q( : NSy # 0:

L®)y — f®)

)

(25) BWy = wus + Z bi(xk, 0) uml‘xesl =1 f(k) = @ﬁk) )
=1

ug =0, k=DM+1,.. M.

Let us choose the domain QF from the periodic set Q* (k =1,...,M;) and
consider problem (23) in this domain. Making the zero extension of the given
functions from QF to R™ we arrive at the Cauchy problem in R™. The unique
solvability of the Cauchy problem for second order parabolic equations with con-
stant coefficients in Sobolev function spaces was established in [9]. We multiply
the solution by the function n(k)|Qk and do the periodic extension from QF to
Q) By virtue of the periodicity of the given functions and uniqueness of the
solution of the Cauchy problem, the obtained periodic function does not depend
on the choice of the domain Q*) from the set QF.

If %) is closed to the boundary and in neighbourhoods of the points z*)
the boundary surface can be given in a local coordinate system by the equation
yp = FH) (v'), we make in every Q® € QM) the coordinate transformation Z®*):

=1y, i=1,..,n—1, zn:yn—F(k)(y’),

which straightens the boundary. After this transformation we arrive at a periodic
problem of type (24) or (25) in a half-space in which the operators Z ®) C*) and
B are recalculated in the new coordinates and take the form Z*, C*, Bk.
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If 3®) is closed to So we have

ZWyk) = &)y e R, te[0,T),
CF)y (k)| Q(k) U(k)|t:0 =0,

zn=0 — ¥2 >

(26)

where
fO=pf® . G =Pl

Py is an operator which makes correspond to a function in local coordinates the
same function in the original coordinates.

We consider problem (26) in the image of the domain QF € QF (k = M;+1,
.., M) under the transform Z*) and do the zero extension of the given functions
into R’}. We obtain the second boundary value problem in a half-space, the
unique solvability of which in Sobolev function spaces is known [9]. We do the
transform inverse to Z®), multiply the solution by n(k)|Qk, and do the periodic
extension to QF.

If ®®) is closed to S; then, after the transformation Z®*), we arrive at the
problem

ZWyk) = B g e R, te[0,T),
(27) E(k)u(k)|x -0 = @gk) ) u(k)|t:0 =0,

n

AP = Pl .

Let us consider the problem in a half-space for the second order parabolic
equation with constant coefficients:

n
ut_zaijumifl?j:g7 reRY, tE[O,T),

i,j=1
(28) =
Hug + Zbiumiymnzo =¥,
i=1
ulymg =0,
where

aij,biER, b, <0, u>0.

We make the orthogonal coordinate transform which brings the matrix of
the coefficients in the equation to a diagonal form. Under this transform the
boundary condition in problem (28) transforms to the boundary condition of the
same type. After additional linear change of variables we obtain the problem
for the heat equation. Making once more orthogonal coordinate transform we
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have in the new variables z; the boundary condition on the plane z, = 0. So, we
can reduce problem (28) to the corresponding problem for the heat equation, the
unique solvability for this problem in the Sobolev function spaces is established
by Theorem 1.

We consider problem (27) in the image of the domain Q¥ € Q®) (k = My+1,
..., M) under the transform Z*) and do the zero extension of the given functions
into R"}, then we arrive at the problem of type (28). We do the transform inverse
to Z(*) multiply the solution of the obtained problem by n(k)|Qk, and do the
periodic extension to Q)

Note, that by virtue of the periodicity of the given functions and uniqueness
of the solution of the second boundary value problem and of problem (28), the
obtained periodic functions are independent on the choice of the domain Q¥ from
the set Q®*).

We put

+ > (@) BRE(PEW f, Pe™ )

M
+ > ™) BRNPE® f, PR )
k=Mo+1

where by RF we mean the operator which assigns to the given functions the
solution of

1) problem (23) for k =1, ..., My,

2) problem (26) for k = My + 1, ..., Mo,

3) problem (27) for k = My +1,..., M.

in the domain QF € Qk, by M we mean the operator which makes the periodic
extension.

In just the same way as it was done in [9] for nonperiodic case, making all
the estimates in the norms of periodic Sobolev spaces, it can be shown that for a
sufficiently small 7 > 0

|JAR—1I|| <1 and |RA-I|<1.

The term p us in the boundary condition on the surface S1 does not complicate
the estimates because it is presented also in problems (25), p is a constant, and
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the functions £®), n*) and F*) do not depend on the variable ¢. So in the
operators AR — I and RA — I there is no additional terms in comparison with
the case of the second boundary condition.

Consequently, the operator R is a regularizer and, for the sufficiently small
7 the operator A in problem (22) has a bounded inverse operator. It means
that problem (19) has a unique solution u € f/[:/2’1((27), which has the additional

P
smoothness on S1; and for which there holds estimate (21). To prove the existence
of the solution on the whole time interval [0,7") we use the same reasoning as in
[15]. Namely, we choose t € (22, 7) and extend Uloxo40) B0 2% [0, 2¢0] using the
Hestence—Whitney method:

u(l’,t% te [O’to]’

N
~ _ 2t — t
u(w,t) = Zu x, 0 )Ap t € [to, 2to] ,

=1 J
N 1\%
ZAa(_—.) =1, s=01,.,N-1

J

For a sufficiently large N we have
=21 ~ ~1-1/p,1/2—1/2
ue W’ (o), Ul €W (DA () o1y
°p °p

We find a solution w(z,t) of the problem
Lw=f-Lu=f, z€Q, te/to2t),

Cw‘:pGSQ = P2 — Cﬂ‘mESQ = @2 9
(29)

n
Bwl,cg, = 01— piy — Y bi(,t) Ua,|peg, = 1
=1

w’tzto =0.

Note that by construction a regularizer one can prove the existence of the
solution of problem (29) on the small time interval [to, tp + 7) in the same way as
for problem (19). Because of uniform parabolicity of the operator L and condition
(20) for the operator B, T can be chosen one and the same for any ¢y € [0,7).

Thus, we find w € W}?J(Q x [to,to + 7)) such that wil,cg xp 1047 €

Wpl_l/p’l/Q_l/Qp(Sl x [to,to + 7)), wli—y, =0, wi|zes, =0. We make the zero
t=to
extension w of the function w to Q. Obviously,
=21 _ —~1-1/p,1/2-1/2p
w e I{JV (Qt0+T)7 wt|a:€S1,t0+-r € I{)V (Sl,toJrT) :
P P
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For t € [0, 2tg) we put u = U+ W, it is a solution of problem (19) with the all
required properties.

In this way we can construct the solution of problem (19) in a finite number
of steps. m

4 — Boundary from Wg_l/p(Rnfl)

In this section we reduce the assumptions on the smoothness of the boundary
and consider the case when the boundary belongs to the space Wﬁ A (R=1).
First we consider the periodic case, as in section 3.

Assume that the surface S; can be given by the equation x,, = £(z’), where £
is a periodic function which belongs to the space Wﬁ‘””(R”*l), p>n+2 In
this case Theorem 5 is also valid. To prove it we transform Q7 to the domain
which lies between two smooth surfaces and then apply the corresponding result
(Theorem 5) to the obtained problem.

First we construct o € Wg (R™) possessing the following properties:

1

O'(y/,O) = g(y/)v |Uyn| < 5 ;

||O‘HIX/}?(R”) S cHé”f/f/}?*l/P(Rnfl) :

We put for example

osym) = | EEEW +2 Ayn)de
where the kernel K € CO(R™™Y), [pn—1 K(2')dz’ = 1, A > 0 is a sufficiently small
number.
We make the coordinate transformation y =Y () the inverse of which —Y~!(y)
is given by the formulas

(30) o' = y/) Tpn = Yn + U(y/7 yn) .

The transform Y () maps the domain Q onto the domain © located between
the plane y,, = 0 and the surface S which is the image of Ss. o(y) is a smooth
function for y, > 0, so the surface S is smooth.

Note that if a function v(x,t) is a periodic function with respect to the space
variables x; (i = 1,...,n—1) with period 1 then the function ¥(y, t) = v(Y ~"1(y),t)
is also periodic with respect to the space variables y; (i = 1,...,n — 1) with the
same period.
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In order to obtain the problem in the domain Q corresponding to the problem
(19) we use the following formulas:
0 0 ,
T
Oxr; 0Oy 140y, Oyn
o __1 98
Or, 140y, Oyn

As a result Lu takes the form
n n
Z az] y,t uyiyj - Z ai(y7 t) ayi - a(y7 t) ﬂ(y, t) ,
j=1 i=1

where

iy, t) =u(Y ' (y),1),

a;j(y,t) = a;;(y,t) for 4,5=1,...,n—1,

~ 1 !l Oy, ]
ain(y,t) = ani(y,t) = ain(y, t) o, — 2; aij(y,t) ngyn fori=1,..,n—1,
1 n—1 n
Oénn(y7 ) ﬁ( Z 6lj(y7t) in Uy]- - QZﬁzn(yat) in +Einn(3/,t)) )
yn i,j=1 =1
a;(y,t) zﬁi(y,t) for i=1,...,n—1,
Oy, O,
o= Fnna(-(:35), 125 (85,
n(y,t) = P 1 z]y < <1+0yn)yj T+oy, \1+ay,/y,
Oy, - 1 ( 1 )
ST
1+ay Z} (1+ayn>yn nn(y )1+ayn 140y, /4.
1 ol
(y,t) oy, + ——— an(y,1)
1+0y7L i=1 Y 1 Oyn "

a(y,t) =a(y,?) .

Aso € Wﬁ(R”) p > n+ 2, by the embedding theorem [18], O'yl, i=1,...,n,
satisfy the Holder condition. It has been assumed also that |0y, | < 2, therefore
the function ﬁ is continuous. The functions a;;(y,t) = a;;(Y ~1(y),t) are con-
tinuous as compositions of the continuous functions. Hence, the coefficients a;;
(i,j = 1,...,n) at the second order derivatives in the operator L are continuous.



SOLVABILITY IN SOBOLEV SPACES 439

As ai(z,t), a(z,t) € f)p(Q), and the Jacobean of transformation (30) is positive,
we conclude that

ai(y, 1) = ai(Y ' (y),0),  aly,t) = a(Y ' (y),1) € Ly(Q) .

The coefficient «v, is a sum of products of the type fi(y,t) fo(y,t), where f1(y,t) €
Ly(Q), fa(y,t) € C(Q) and, consequently, also belongs to L, (Q).

Thus a;(y,t), i = 1,...,n, a(y,t) € Ly(Q).

The boundary condition on the surface .57 is transformed into the boundary
condition on the plane y, = 0 and takes the form

n—1 n—1
~ ~ . 1 ~ ~ . -
(81)  pi— D by )iy, + ——— (buly,t) = 3 by, 1) 0y, ) Ty, = B -
i=1 1+oy, i=1

We consider the case when the surface S is given by the equation x,, = £(z/),
so the outward normal to the surface Sy is v = (=&, —€uyy -y —Eu,_1, 1)T and

condition (20) reads
n—1

bu(z,t) — > bi(w,1) &2, >0 .
i=1
Thus, the coefficient at the derivative u,, in the boundary condition (31) is
positive and, because of the fact that unit vector e, is the outward normal vector
to the plane y, = 0, we see that condition (20) for (31) holds.
Taking into account that oy, satisfies the Holder condition, we see that

n—1
Ei ) En - Z b; oy, € W;_l/P71/2—1/2p(Rn—1) '

=1

So, we obtain in the domain Q the problem for which all the assumptions of
Theorem 5 hold. We apply this theorem and find the solution u € Wg’l(ﬁT).
Then, we do the inverse transform (30). As the Jacobean of transform (30) is
positive and o € WS(R"), p > n+ 2, we conclude that

u(z,t) = u(Y(z),t) € Wr'(Qr) .

u(z,t) is a solution of problem (19). Estimate (21) for u(z,t) follows from the
corresponding estimate for u(y,t).

Now we consider the problem in a bounded domain. Let  C R™ be a bounded
domain with the boundary 02 = 5. We assume that there exists d > 0 such that
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in the ball of radius d with the center at any point x¢ € S the surface S can be
given in local coordinates by the equation y, = F(y1, ..., Yyn—1), where
FewVrmrty

Lu=f, (x,t)€Qp,

Bu’xes = SO )
ulyg=0,

(32)

where L and B are the operators defined in problem (19).

Theorem 6. Let a;; € C(Qr), aj,a € L,(Qr), b € W;,lfl/p’l/%l/Qp(ST)
with a certain p > n + 2, and boundary operator B satisfies condition (20).
Then, for any f € L,(Qr), ¢ € W;lfl/p’l/zfl/zp(ST), problem (32) has a
unique solution u € Wg’l(QT), this soolution has the additional smoothness on
the surface S: ’
Ut| g € Iﬂ/zl;il/p’l/Qil/Qp(ST) ;

and the estimate

HUHWPQJ(QT) + ”utHWT}_l/p’1/2_1/2P(ST) < C(Hf pQr T H(‘D”Wz}_”p’1/2_1/2”(ST))

holds.

This result can be proved by construction a regularizer. If in consideration
of problems with frosen coefficients in subdomains closed to the boundary S we
use the coordinate transform similar to (30), we reduce these problems to the
problems of the same type in a half-space.
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