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Abstract: We consider a stationary free boundary problem for the Navier—Stokes
equations governing effluence of a viscous incompressible liquid out of unbounded non-
expanding at infinity, in general, non-symmetric strip-like domain €2_ outside which the
liquid forms a sector-like jet with free (unknown) boundary and with the limiting opening
angle 0 € (0,7/2). Conditions at the free boundary take account of the capillary forces
but external forces are absent. The total flux of the liquid through arbitrary cross-section
of Q_ is prescribed and assumed to be small. Under this condition, we prove the existence
of an isolated solution of the problem which is found in a certain weighted Hélder space
of functions.

1 — Introduction

In the paper [1] there was considered a symmetric viscous flow through an
aperture in an infinite straight line. In the present paper we remove the condition
of symmetry. We assume that the domain Q C R? filled with the liquid consists
of two parts, 2_ and Q4 , where Q2_ is an infinite domain bounded by two semi-
infinite curves, ¥ and X_, with endpoints x4+ = (+dp,0), and by an aperture
S = {|z1] < do, z2 = 0}, whereas Q4 C R% = {x3 > 0} is a domain bounded by
S and by a free surface I' which consists of two infinite curves, I'_ and 'y, given
by the equations

(1.1) r1 = hi(xQ), x9 >0 s

with the functions hy(x2) satisfying the condition hy(0) = +dy, dy > 0. The
problem consists in the determination of I'_ and 'y, i.e., of the functions h4 (z2),
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and of the velocity vector field ¥(z) = (v1,v2) and the pressure p(z) satisfying in
Q) the Navier—Stokes equations

(1.2) —v V2 4+ (-V)T+Vp =0, V-7=0,

no-slip conditions on ¥ and kinematic and dynamic boundary conditions on I'
with the account of capillary forces:

St

(1.4) -T(W,p)i —ocH|r =0 .

In addition, we prescribe conditions at infinity
(1.5) () =0, pz) =0, (lo|—o0, z€Qy),

(@) + [Vp(z)| < oo, (2] =00, z€Q),

the total flux through the aperture S and conditions at the contact points

do
(1.6) / va(21,0)dar = F |
—do

(1.7) R (0)=k_, R (0)=k; .

Here v and o are positive constants: coefficient of viscosity and of the surface
tension, respectively, 77 is a unit exterior normal to I', T is a unit tangential vector
to I' such that 71 = —ng, 7o = ny, (z € T'4) and 71 = ng, 79 = —ny, (x € T'2),
S(v)= (g;? +g? ) . _isthe doubled rate-of-strain tensor, T'(p, ¥) =—p [+v S(V)

J v/ 4,5=1,2

)

is the stress tensor, [ is the unit matrix, and H is the curvature of I' which is

negative at the points of convexity of I' towards the exterior of €.

We assume that k4 > k_ and that k_ and k4 coincide with the values of the
derivatives of the functions ﬁi(xg) which determine the curves X4 near contact
points x4+ by equations x1= fzi(acg): ﬁgc(O) = k4. Hence, the lines I'y are tan-
gential to X1 at the points x4, and the contact angle, i.e. the angle between >
and '+ at x4, is equal to m. This assumption seems to be more natural than
the prescription of arbitrary contact angles at x4 and x_, although this is also
possible and this leads only to some inessential technical complications. In simi-
lar problems for inviscid fluid (see [2]) this assumption guarantees the continuity
of the velocity vector field at the contact points, but in the case of viscous fluid
the velocity vanishes at x4 and it is continuous for arbitrary value of the contact
angle.
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We assume also that the curves X, and ¥_ are smooth and that the function
dist(z,¥X_), = € X4, takes values between two positive constants. Further, we
assume that an infinite domain 2_ can be cut into an infinite number of bounded
subdomains wy, by smooth curves Si, k=0,1,.., So =95, joining ¥>_ and ¥ in
such a way that

(i) the boundary of wy consists of Sy, Spy1 and of the finite curves 3, C
>_ and Z;: C X4, so every wg, k> 0, has a common boundary only
with wi_1 and wg41, and wg has a common boundary with 4 and wy;
Qg{ )= UjLow; are bounded domains having common boundary with €
and wn,+1 and exhausting _ as m — oo.

(ii) every w; can be mapped onto a square 0<y; <1, i=1,2, by C"*2-smooth

Oyi

Oz, )i,k:1,2
uniformly bounded (I is an arbitrary fixed positive non-integral number).

mapping y=Yj(x); C'"M1_norms of the Jacobi matrices J = ( are

It is easy to show that there exist smooth functions (,,(z), = € Q, such that
Cm(z) =1 for 2 € D = QLUQL, Gn =0 for 2 € Q\Qnt1, Gu(z) € (0,1) and
|Vi¢m| < ¢, cis independent of m.

The domain Q_ is “strip-like”, and it is natural to require that the velocity
and the gradient of the pressure should be bounded at infinity (but the pressure
can grow without limits), as it is the case for the Poiseuille flow in an infinite
strip.

Problem (1.2)—(1.7) will be considered in weighted Holder spaces whose ele-
ments have a specified behavior at infinity (both in Q4 and in ©Q_) and near
contact points. Let [ be a positive non-integral number and s € [0,1]. By CL(Q,b)
we mean a Banach space of functions given in € with a finite norm

uleran = . sup o(w, b+jl, 17l—s) [Diu(x)
(18) 0<ljI<! re
0 (s)

+ supo(w, 0+ 1=s) gy + W5 ey umy aten)

Herepj:%, 7] = ji+7je, Br(zs) = {2€Q: |z—as|<r}, K(z) = {yeQ:
ly — x| < 3 o(x,1,1)}, o(x,b,m) is the weight function given by the equation
Eak , if x| > 4dy, x € Q4
o(z,b,m) = ¢ |z — zo|™xOm)  if |z —xi| < do/2,
1 , if 2o <—dp ;
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at all the other points g(z, b, m) is a strictly positive function; finally,

WG =3 sup o~y Diu(@) - Diu(y)l,  A> 0, non-integral ,

= PVEC
[u](G)‘) = Z sup |[D’u(z)|, A a non-negative integer .
Z,]:A IB,yEG

It is easily seen that the elements of the space CL(Q2,b) belong to C*(Bgy/2(7+))
and have a higher regularity, i.e. belong to C'(Q'), in every subdomain Q' C Q
bounded away from z4. As |z| — oo, z € 4, they decay like |x|~%; on the
contrary, in ©Q_ they are only bounded and need not decay, as |z| — co. The
spaces CL(Q,b) will also be used in the case when s < 0; then the norm is given
by the same equation (1.8) without the last term.

For the description of properties of the free boundary we use the spaces
CL(R,,b) of functions given on the line R, = {z>0}. The norm in C!(R,,b),
s >0, is given by

U

o dIu(z
\U|cg(R+,b) = Z sup 01 (Z, b+7, J—S) d;j )
(1.9) j=0 ft+
O] (s)
+ su z, b+, l—s)|u + |u
RFQI( )[ ]Kl(z) [u]}

where I = (0,1), Ki(z) ={y € Ry: |z —vy| < 01(2,1,1)/2},

|Z’b , lf z > 1)
Lmax(Om) if 2 oe (0,1) .

01(z,b,m) = {

In the case s < 0 the last term in (1.9) should be omitted.
The main result of the paper is as follows.

Theorem 1. Assume that Y1 belong to the class C**2 and that
(1.10) 0 < arctank; —arctank_ < /2.

If F is sufficiently small, then problem (1.2)-(1.7) has an isolated solution
(h—,hy,v,p) with the following properties:

h (29) = —do+ k_ x2+/ (s — )W (1) dt |
0
T2

ho(2s) = +do+k+x2+/0 (w2 — ) B (1) dt

L eCHi(Ry,2), TeC(Q1), Vpeli,4(2,3),
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and

"

o "
(L11) - Pl + VPl ) + W= lomt(r, o) + W0t (r, 9) = €I F]

Here [ is a positive non-integer, s € (0,1/2).

The proof of Theorem 1.1 is based on the theory of the Stokes and Navier—
Stokes equations in domains with noncompact and irregular boundaries. As men-
tioned above, one could prescribe arbitrary ky and k_ (i.e. arbitrary contact
angles 64 at x4) satisfying (1.10). In this case one had to work in the Holder
spaces C’iis L (9,b) with different types of singularities at z, and z_, where
s_<RA_, s <RAy, Ay are roots of the equations sin 260+ Ay = A1 sin 26, with
a minimal positive real part different from 1. In the case 6, = 6_ = 7m we have
A=A =1/2.

Since h'{(z2)=O(|z2|~2) for large x2, the domain 24 has a limiting opening
angle ¢ = arctan b/, (+00) — arctan h’_(+oc0), although I'y may deviate from the
straight lines like clogxs. For sufficiently small F', 6 € (0,7/2). This condition
is important for the analysis of the behavior of the solution for large |z|, x € Q4
(see [1], §2). We show that

- 2
a) = § o @) @) = —grm e, ref..

and that for large |z| @(x) = O(|z|~'7), q(x) = O(|z|~27%) with a certain
g€ (0,1). If Q_ is a semi-infinite strip {|x1|<do, v2 <0} (this case was briefly
discussed in [1], §6), then it is possible to clarify the asymptotical behavior of the
solution also for z9 — —o0, namely, to prove that it tends exponentially to the
Poiseuille flow in the strip {|z1| <dp, —00 < z3 < +o0} with the flux F. Under
our more general hypotheses concerning )_, this is hardly possible, and we are
constrained to seek the solution in a class of vector fields which are only bounded
in Q_ and have there an infinite Dirichlet integral.
The paper is organized as follows. In §2 we consider a linear problem

(1.12) —v V20 +Vp = flx),
(1.13) V-i=g(z), ze€Q,
(1.14) Ty =0, T-ip=0,

(1.15) 7 S(@)iilp =0,
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(1.16) B) = 0n pla) =0, (jr] oo, € 0) |
(1.17) 9(2)| + |Vp(z)] <00, (Jz]—o0, z€Q),
(1.18) / v-ndS — 0 (r— o)

Sq(r)

in a given domain Q of the type described above; Sy (r) = {z € Q4 : |z|=7r}.
We assume that suppg C Qy, f(z) = O(|z|=3P), g(z) = O(|z|~2P) for large
|z|, z€Q4, and that f(:v) is bounded in Q_, and we prove that problem (1.12)—
(1.18) possesses a unique generalized solution (¥, p) such that Dv,p € Lo(Q), for
arbitrary k=0, 1, ..., that the Dirichlet integrals of ¥/ in 23 do not exceed ck, and
that they are uniformly bounded in every wg. In §3 we show that a generalized
solution is classical and that o € CL¥2(Q, 1+3), Vp € C!_, (2, 3+03); in addition,
we consider linear problem with non-homogeneous boundary conditions on I':

v-flp=b, T-S@Wilp=d.
In §4 we study a nonlinear problem

vV + (¥-V)T+Vp =0, V-7=0,

(1.19) /Ug dxy = F
S

17(.1E) - Oa p(.’E) — 0, (|$|—>OO, T e Q+) )

|0(z)| + |Vp(z)] <00, (Jx]—o0, €0 ),

in the same given 2 and we prove that in the case of small F' it has a unique
small solution (7, p) satisfying the inequality

(1.20) 3@tz + 1VP@)er oz < elF];

moreover, we control the variation of the solution under the variation of I.
Finally, in §5 we study equation (1.4) for the free boundary, i.e., for the functions
hi(z2), and we prove the solvability of the free boundary problem (1.2)—(1.8) by
using the contraction mapping principle.
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2 — Auxiliary linear problem (a weak solution)

In this section we consider a linear problem (1.12)—(1.18) in a given domain
Q of the type described in §1 and we prove that this problem possesses a unique
weak (generalized) solution. By a weak solution we mean a couple (¢(x),p(x)),
x € Q, with the following properties:

(i) U possesses the first generalized (in the sense of S.L. Sobolev) derivatives
%7 and g—i,p € Ly(), in every Qp, k=0,1,....
(i) o satisfies equation (1.13), conditions (1.14) and (1.18),

iii) ¥, p satisfy the integral identity
p

@) 5[ S@:S@do— [ pV-gde = [(F5+vgV-Pds

for arbitrary ¢, with supp @ C Q, kK = 0,1, ... also satisfying boundary
conditions (1.14).

Clearly, this identity substitutes the equations (1.12) and boundary condition
(1.15).
We prove the following theorem.

Theorem 2. Assume that hy(xy) have continuous first derivatives which
are sufficiently close to the constants k4, that f,g have finite norms

—

Ifll2 = sup o(x,3+8,2—s5) [ ()] ,
€

lglli = Sugp(:v,2+ﬁ,1—8) lg(x)], Be(0,1),
TE

(o is the weight function defined in §1), and that g(x) = 0 in Q\Q1. Then problem
(1.12)—(1.18) has a unique weak solution and this solution satisfies the estimates

— 2

(2.2) /Q\Ddea: < ak(Ifll+lglh)". k=01,

k

9 - 2

@3 [ @R < o) (1l +lgl) k=01,

k

—12 rl 2

(2.4) [ 1pids < e(1f1+ lglh) s k=12

W

where c¢; and c3 are independent of k.
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Remark. The theorem holds under weaker assumptions concerning I'4,
namely, it is enough to assume that for a certain M > 0 the domain QM) =
{z € Qi: z9 > M} is a special Lipschitz domain, i.e., it can be defined by the
equation zo > F(z1), 21 € R in a certain Cartesian coordinate system (z1, 22),
and the function F satisfies the Lipschitz condition

[F(z1) = F(1)] < elz— 2] -

It is easily seen that under the hypotheses of the theorem €2, is a special
Lipschitz domain in the coordinate system with zo-axis directed along the line
T = (k?++ kL):UQ/Q, zo > 0.0

In the proof of Theorem 2, we make use of the following auxiliary propositions.

Proposition 1. Consider the following problem: find a vector field (x),
T € wpy, with a bounded Dirichlet integral in wy,, satisfying the relations

(2.5) Veid(z) = f(z), = €wm, (z)low, =0,

where f is a given function. For arbitrary f € Lo(w,,) satisfying the condition

(2.6) f(z)dx =0

Wm

there exits a vector field satisfying equations (2.5) and the inequality

(2.7) 1D Loy < €l FllLatwm)

with the constant independent of m.

The same problem is solvable in Qi, k = 0,1, ..., for arbitrary f € Lo(Qy),
without additional condition of the type (2.6) (but the constant in the estimate
(2.7) tends to infinity as k — 00). m

The first statement of the proposition follows from Lemma 2.4 in [3]; the con-
stants in (2.7) are independent of m because arbitrary w,, may be mapped onto
the unit square 0 < y; < 1, 4 = 1,2, and the Jacobi matrices of the correspond-
ing transformations are uniformly bounded (in this connection see, for instance,
[4], §2, in particular, Lemma 2.2). The second statement follows from the fact
that €, is a sum of a finite number of domains w; for which problem (2.5),(2.6)
is solvable, and of the Lipschitz domain 4 for which this problem is solvable
without condition (2.6).
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Proposition 2. For arbitrary vector field v(x), x € §,,, which has a bounded
Dirichlet integral in §; and satisfies the boundary conditions (1.14) there holds
the Korn inequality

(2.8) 1D Ly (0,) < cIS@)lLo(02m)
with the constant independent of m. n

This result follows from the fact that the Korn inequality holds in every w,,
(which can be proved exactly as in [5], Proposition 2.3) and in the Lipschitz
domain .

Proof of Theorem 2: First of all, we reduce problem (1.12)-(1.18) to an
analogous problem with g(x) = 0 by construction of an auxiliary vector field V' (x)
satisfying the conditions

V-V=g, lim V.-ndS=0

=0 Js, (r)

— —

and vanishing at 9Q = X UT. We define V() as the sum V(z) = Vi (z) + Va(x)
where

Vi(z) = ~Gé_(2) Az) |

G = [q,9(x)dz, §(x) is a smooth function given in { which is equal to 1 in

O\Qq and to zero in Q4; A(z), = € Q_, is a smooth solenoidal vector field such
that [¢ A-7idS =1 for arbitrary cross-section S” of Q_. We set

)= (5 o)

where 1 (z) is a smooth bounded function defined in 2_ and equal to 1 in the
neighbourhood of ¥} and to zero in the neighbourhood of ¥_. Clearly,

g1(z) = V-Vi(z) = ~GVE_(2) - A(z)
is a smooth function with supp g1 C wg and with
/ gi(x)dx = G/ V(1 —¢ (z) - Alz) de = G/Agdxl =G.
wo wo S
We extend g1(x) by zero into Q4 and set

92(z) = g(x) — g1 () .
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We have
lg2lli < llgllh + |G| < cllgll,

and, as a consequence,
1921l o) < cllgll s

in addition,

/ggd:c:/gd:c—G:().
0 91

By Proposition 1, there exists the vector field Va(z) such that
V%(m):gg(x), (EEQL ‘72‘391 =0 )

and
1DVall o) < cllgilli.) < cllgll -

We extend it by zero into Q2\Q; and set V = Vi + Va. Clearly, DV € Ly (Q),

(2.9) 1DV o) < cllgll2
and
V.itdS = Vé-ﬁdSz—/ gedx — 0 (r — o0)
S4(r) S4(r) Q)

where Q) = {z € Q1 : |z| > r}. A new unknown vector field @ = ¥ — V should
be divergence free: V- = 0, satisfy boundary conditions (1.14), condition (1.18),
have a finite Dirichlet integral in every € and satisfy the integral identity

(2.10) %/QS(ﬁ):S(ﬁ) dr — /Qf. fde — %/QS(V):S(ﬁ) dx

with an arbitrary solenoidal 77 having a bounded Dirichlet integral, vanishing
outside a certain 2; and also satisfying (1.14).

To prove the existence of such u(x), we fix arbitrary m > 0, introduce the
space J(§,) of solenoidal vector fields with | Dijl|1,q,) < oo satisfying the
boundary conditions

7-7ilr =0, lag,\r =0

and consider the auxiliary problem of the determination of @, € J({,,) such
that

14

(2.11) gAS(ﬁm):S(ﬁ)dx:/Q f-ﬁdx—§AS(V);S(ﬁ)dz, Vi€ J(Qm).
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The existence of i, can be proved in a standard way. Due to the Korn inequality
(2.8) which holds for arbitrary 7 € J(Q,,), the bilinear form in the left-hand
side of (2.11) can be considered as a new scalar product in J(€2,,), whereas the
right-hand side is a linear continuous functional in J(€2,,). Indeed, for arbitrary
7 € J(2,) we have

/ fijda
Qm

IN

17l [ 0@, 3+ 8.2 = 8) @) do

||f||1< / o 22 )] do

le—z4|<do/2

+ o a2 )] do
le—z_|<do/2

+f o~ i) da + ¢ [ i) d:c>
|z|>2do,z2>0 Q

IN

m

where Q] = Qg;) U{z € Q4 |z| < 2dp}, and ¢ = max(1, Supq 0). Clearly,

1/2
[ i@l ds < 19,2 ([ i) de) < evim Dl

by virtue of the Friedrichs inequality.
Evaluating other integrals in the right-hand side with the aid of the Hardy
inequality we prove that it is less than

eV || fll2 1Dll o,y < eV Fl2 1S o) -
In addition, we have, by (2.9),

—

< ISW)lla(@m) 1S Loy < cllgll 1S z2(@m) -

/ S(V):S(7) dz
97

hence,

(2.12) ’/meﬁdx— ;/QmS(V):S(ﬁ) do

< e/ (I1fll2 + llglh) 1S 2o -

and the existence of i, follows from the Riesz representation theorem. Setting
7= U in (2.11) we get

(2.13) | Ditl| oy < 1S @)@y < ev/m ([ Fll2+llglh) -
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It is also easily seen that

/ ﬁm-ﬁdS:/ @ -idS = 0
S4(r) Sm—+1

for arbitrary large r > 0.
Our next step is the prove of the estimate

(2.14) Dl a0y < eVE (12 + llglly) -

for arbitrary k < m. We reproduce the proof from [4], Theorem 3.1. We choose
the test function 7j(x) in (2.11) in a special way, namely, we require that 7j(z)
should be equal to @, (z) in Q, to zero in Q,,\Qk+1 and that it should be
solenoidal everywhere in €2,,. We set

f(z) = (@) Tn(z) + Ugm(x), 2 € Wiy

where (;(z) is a smooth function which is equal to 1 in Q, to zero in Q\Qxy1,
ICe ()] + |V k()] < ¢ (see §1), and Uy, () is a solution of the problem of type
(2.5) in wg1, namely

V- ﬁkm(x) - _ka(I) . ﬁm(a:) 3 HAS Wk41, ﬁkm’awk+1 =0 )

(2.15) IDTim| < cl|VGk(@) - (@) < cl|Didnl| Ly

Wkt1) *

Since

V() - U () dx :/ U (x) -1dS = 0,

Wet1 Sk

such a vector field Uy, (z) exists, and it is easy to verify that () defined above
is an element of J(€2,,). We denote it by k().
The identity (2.11) with 77 = i, takes the form

v 14

2 Qi1 2 Qi1

(2.16) + [ ftgmde
Qpq1
14

_Y / S(V): S () dz .
2 Jopn

When we evaluate the left-hand side from below by the Korn inequality, and the
right-hand side from above by (2.12), we obtain

— 2

< c(HD(ﬁkm_ﬁm)HLz(wk.,.l) | D || Ly (wi1) +\/%(Hﬂ\2+\|g||1> ||DﬁkaL2(Qk+1)>a
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and in virtue of (2.15) and of the Cauchy inequality,

— 2

— 2 g — 2 k 1 2
< | IDEnT oy + 5 1Dm 0y + 52 (171 +llgll) ). Ve>0
Choosing now ¢ small enough we easily arrive at

ur < (Y1 — yk) + Mk

or

(2.17) "

IN

M
b —k
yk+1+1+c )

where g = [ Datinll2, 00,10 M = c(lFl + lgl2)%, b = % € (0,1). Since
(2.17) holds for all £k =1,...,m—1, we have

Mk M(k+1)

b2
yk_l—i—c 14+¢ O Yk
< ..
M m—k—2 m—k—1
< (k+blk+1) + -+ b (m=2)) +b Ym—1 -
1+c¢

Making use of the estimate (2.13), we finally obtain

w2 aM(kY 0+ Y ) < eaflF+ lgll) k

=0 j=0

and (2.14) is proved.

The final estimate is that of [ |Diiy,|? dz, k < %, To obtain it, we set in
(2.11)

Uptj,m () 5 T € Whtjt1,

U (), T € wp—j U+ Uwpg,

7= Ut jm () = Up—j2,m(r) = q o
U (T) — Up—j—2m, T EWk—j1,

0, z € Qp—j2 ,

where j < k — 2.
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Instead of (2.16), we now have

v 2
5 Sty jm — Ug—j—2,m)| dr =
2 1\ Q2 " e ‘
v N - N
=2 (ks (@) — (@) S jon) d
Whtj+1
v - N -
-3 S(tg—j—2,m):S(Um — Ug—j—2,m) dx
Wg—j—1
+ Fo (et jm (@) = j2m() ) da

Qo1 \ Q- j—2
v

- = / S(V): S (s jm — U—j—2.m) d .
2 J Q1 \ Q2

Using the Korn inequality and (2.15), we arrive at

zj < c(zjp1 —2) + MG +1),

or
M .
(2.18) Zj < sz—i—l‘i‘m(j-i-l) R
where
zj = |Dity|?dz,  j=0,1,....k—2.

Qpjr1\Q—j_2
We have already seen that (2.18) implies

M k—3 k—2

0 < T (1+2b+---+(kz—2)b )+b Zho
and since zi_o < ¢ M(k — 1), (by virtue of (2.14)), we obtain
— 2 rl 2

(2.19) Dii [ d < 20 < c([IFll2+ llgll)

Wk

q.e.d..

Now, we prove the existence of the vector field 4 satisfying the identity (2.10)
by passing to a limit in (2.11). By virtue of (2.14), there exists a subsequence

U,

s

such that D, are weakly convergent in Lo(€) for arbitrary k > 0, as

s — 00, to Di(z) where @ € J(Q), k = 1,.... Clearly, the derivatives D satisfy

inequalities (2.14) and (2.19), i.e.,

1D 1y < eVE(IF]l2+ lglh) »

N

1D 1y < e (112 + llglh) -
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Further, if we fix arbitrary solenoidal 77 with || D7, ) < oo satisfying (1.14)
whose support is contained in a certain €; and pass in (2.11) to the limit as
m = mg — 0o, we arrive at (2.10). Hence, 7 = @ 4+ V satisfies inequalities
(2.2),(2.4), conditions (1.14),(1.18) and the integral identity

g/QS(ﬁ):S(ﬁ)dx :Af-ﬁdx :/Q(f-mugvﬁ)d:r,

with the same 77 as in (2.11). It is well known (see, for instance, [3]) that there
exists a function p(x) square integrable in every €2 and satisfying (2.3) and the
integral identity (2.1). So, (¥, p) is a weak solution of problem (1.12)—(1.18). The
uniqueness of the solution follows from the fact that the difference @ = v — ¥’ of
two weak solutions satisfies the integral identity

5/95(@):5(77)011: _ 0.

Then, as we saw, y; = ka+1 |Dii|? dz satisfy the inequalities yx < bypy1 which
implies yr = 0 and & = 0. The theorem is proved. n

3 — Auxiliary linear problem (a classical solution)

In this section we consider the nonhomogeneous linear problem:

— vV 4+ Vp=flz), V-T=g(x), zeQ,

(3.1)
17(1')%07 p(a?)—>0, (‘.%"—M)O, er-ﬁ-) )

|0(@)] + [Vp(z)| <00, (2] > o0, z€Q),

/ F.i7dS —0 (r— o0),
S+ (r)

and prove the following theorem.

Theorem 3. Assume that Yo € C"*2 T+ are defined by equations (1.1)
with

€2

ha(22) = +do + ke 29 +/O (wa — ) WL()dE, WL e CHL(RL,2)
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and the limits h!y (00) = k+ + [y h!L(t) dt satisfy the condition
(3.2) 0 < arctanh/, (00) — arctanh’_(00) < 7/2.

For arbitrary f € Cl 5(0,3+08), ge CHHQ,248), be CHXD, 1+ p),
de CTY(I',2 4+ 3) such that

S
suppg C 1, blxy) =0,
problem (3.1) has a unique solution ¥ € CH1(Q, 1+ ), Vp € CL_5(Q, 3+ 3) and

(3.3) [Tete2 140 T 1VPlo_ @348 <

S <|f ot _y@a+) Tl9lct @) + Ploreaig + |d‘c§+i<r,2+ﬁ>) :
The condition b € C'*%(T, 1 + 3) means that

bi(2) = bloymhy(ze) € CLP2(Ry, 148)

and
Bletrzmaig) = Ibrlotm, 14 T Ib=lctrz(r, 14p) -

The condition d € Céﬂ(Fﬂ—l—ﬁ) has an analogous meaning. The number [ is
arbitrary positive and non-integral, s € (0,1/2), f € (0, min(1,7/0 — 2)).

Proof: We prove the theorem in two steps. First of all, we consider the
particular case b = 0, d = 0. In this case, we have a weak solution of problem
(3.1), and we show that it possesses regularity properties indicated in the state-
ment of the theorem and satisfies inequality (3.3), i.e., we prove Theorem 3 for
b=0,d=0. Then we reduce problem (3.1) to the problem with homogeneous
boundary conditions by construction of a special auxiliary vector field.

Thus, we assume that b = 0, d = 0. It follows from the regularity theorem
proved in [6] that a weak solution belongs to C'*2?(w)x C'*!(w) in arbitrary
bounded domain w such that dist(w,z4) > 0. Moreover, for the solution the
following “local estimate” holds. Let g € Q, B,(zo) = {z € Q: |z — x¢| < p}.
If the domain B,(zg) is bounded away from x4: dist(B,(x¢),z+) > p1 > 0 and
fe CY(B,(x0)), g € C"Y(B,(x0)), then for arbitrary p’ < p

Otz (B, (o)) T IVPle(By(20)) <

< ¢p,p') <|ﬂcl(3p(xo)) +9ler1 (B, @) + 10l La(B,@0)) + ||pHL2(BP(mO))) :
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The pressure is defined up to an additive constant, and we can normalize it
by the condition || By(wo) P dr = 0. It is then well known (see [3]) that

1Pl 25, w00y < € (105 Lasywon) + 11| LaBytaon))
hence,
|Olctve ) (ro)) T IVPle1(B, (20)) <
< c(p,p') (|f’Cl(Bp(a:0)) +19lcrr1(B, (@o)) + 1Pl La(B, (20)) + \|17HL2(BP(xo))> :

It follows from this inequality that
|02y T IVPlotwy) < € (!f|cl(w;;) +lglcri ) + 1D Ly wp) + |\17||L2(w;;)) :
where W} = wiUwg_1Uwgy1, k> 1. As 9]y, = 0, the Friedrichs inequality implies

”UHLQ(UJZ) < CHDﬁHLQ(wZ) )

so, taking into account estimate (2.4), we obtain

(3:4)  [Tlcir2(wy) + [VDlot) < ¢ (‘ﬂ0§,1(9,3+ﬁ) + ’910271(9,%5)) k=2,

with the constant independent of k.

The properties of the solution near contact points x4+ can be easily investigated
with the help of results of [7]. Local analysis of a weak solution near contact points
was carried out in Theorem 4.3 in [7] from which it follows that

B Pleves,wan VPG 5,00y = c(Ifler_y@arm +lolct021s)

where p is a certain sufficiently small (but fixed) number and the norms in the
left-hand side are defined by

— _ - l7]—s j - l—s l
Ul o = E sup |t — x4+ D’u(x)| + sup |x — x4 Uu ,
| |Cls+2(Bp(ri)) 0 B | ’ ‘ ( )‘ p(xj:)| | [ ]Ki(x)

Ki(z) ={y € By(ws): |z —y| <[z —z+]/2}.

It remains to analyze ¥, p for large |z|, x € Q4, in particular, to establish
necessary decay properties. We shall work in the domain Q) = {reQ: zo>R}.
Let Dy be an infinite sector

2dy

B —do <y < D gatdo,  pp>
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where -
K = 1y (00) = ke + /0 WL(E) dt

The opening of this sector is equal to

0 = arctan k) — arctan (=) € (0,7/2) .

Further, let ( € C*°(R), ¢(t) =1 for t > 2/3, {(t) = 0 for ¢t < 1/3, and consider
the mapping = = Z(y), y € Dy, defined by the formulas

r1=y1+PYy), z2=v2, y€EDg,
(3.6)

P(y) =

A+<y>(h+<yz>—-n“*y2——do)4—A_«y>(h_<y2>—-m“ﬁy2+-do)}<R<y2>,

241 — (k) (=)
where Cr(y2)=C(y2/R), Ai(y):§<i2z(1) - E: (ﬂtz(_);i

that this mapping possesses the following properties:

). It is easy to verify

(i) if yo < R/3, then ® =0 and Z is an identical transformation;
(i) if y1 = wPyz +do, then @(y) = (hs(y2) — £y — do) (r(y2) and

21 = h(22) Crlza) + (K g + do) (1 = Ca(x2)) = h{P (22) ;
if y1 = n(*)yg —dp, then ®(y) = (h_(y2) — n(*)yg + do) Cr(y2) and
21 = h (@) Crl@a) + (K )ag — do) (1 — Cr(x2)) = BP9 (x2) ;

clearly, hf) (x2) = hi(x2) for 2o > 2R/3 and hf) (z9) = kg 4+ dy
for zo < R/3.
Since

ha(y2) — kFys F do = _/0 min(y, t) b (t) dt

we have for yo > R/3

dt
‘hi(w)—ff(i)yz?do’ < supp(z,2,1-s) | (2 ]/ min(ys,t)
z>0 t,2,1—8)
< c(1+logys) sup p(z,2,1—s) |K'L(2)] ,
2>0

- (hi(ZJQ) —kFys ¥ do)

‘ d
dys

o0
g/mwﬂggwmm&mmm
y2 Z>0
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and, as a consequence,
Vo(y)| < CR?V(’h/J/r’Ckitll(RJﬁz) + |hz‘Cﬁf11(R+,2)> , Vv€(0,1), ye Dy,

which shows that the mapping Z is invertible, if R is large enough. Moreover,

2 142

V& belongs to the space C' Z'(Dp) and satisfies the inequality

(3.7) ’VQQD%H%DMfchhlbﬁﬂR%m+th%iHRhﬁ>'

-

The norm in this space is defined by

|l @

= > suply —wolV 7 [DIu(y)| + sup |y — yol * [u]y,

Ol D
Cs( 9) 0§‘]‘<l Dy

(+) =) 2d
where 1o = (—do :(+) i_ :(_), e _Oﬂ(_)> is the vertex of the sector Dy and

K(y) = {Z S Dg: |z—y| < LQZJM}
Thus, Z is an invertible mapping of Dy onto the domain

DgR) = {h(_R)(xg) <x < hS_R)(wg), To > —W%doﬁ()} ;
whose intersection with the half-plane 25 > R coincides with Q). We denote
by I‘f) the curves = = hf) (z2), o > —ﬁ.
Let us make the change of variables z = Z(y) in (3.1) assuming that zo > R.
It is easy to see that equations and boundary conditions in (3.1) (with b = 0,
d = 0) take the form

vV +Vp=fly), V-o=4g(y) yeDy (y2>R),
(3.8) b filpee) =0, 7+ 8(0) i pe =0,
- . 2 o
where 3(u) = S(2()), 0ly) = pEW), V=TV = (X g )
m=1 Ym /) k=12
Ik = (ay—m) are elements of the Jacobi matrix

1 ®,,
1+, 1+,

J:
0 1
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of the transformation Z~1,

2

5 (o 22)
Ym i,j=1,2

m=1 m

S(w) = (

()

and thoo) are straight lines y; = k'™ yy +dy. By 7 and 7 in the boundary condi-

tions we mean normal and tangential vectors to I'1 given by standard formulas:

. 1 Ry (y2)
(3.9) i o) = E , ———
r (Jl +h2(g) /1 +hﬁ(yz))

nt .,

Tl ptee) = e 32) ! = Th.
= VI+R2() 1+ ()

Now, we multiply (3.8) by (2r(y2) and introduce new functions @ = ?Con,
q = p(ar. It is easy to see that these functions satisfy the equations

Vi +Vq=fGr+ fi+h(dq), V-i=gGr+g+Id), yeDy,
- (oo +), o (o0 — —(00o + +),
(310) i o =157 E) A S@) Ao = i+ 1 (@)

) =(e0) (c0)

where ﬁ(ioo , T ~ are normal and tangential vectors to I'y 7, i.e.,

ﬁ(oo) + 1 K‘(i) —(00) K/(i) 1

= s ) T. = ) )
* VI+e®2 /1 @2 * VIt e@2 /1 pE2
and

Iy(@) = (V=V) -,
159 (@) = @i - (70— iz
@) = 72 s(@ale — 7 - S(a) e + 72 (S(@) - 8(@) ) s
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Clearly, fo=fCor+fi € Cl (D), g2=§Cor+a1 € CLTL(Dy), df € CLHTEY)
with arbitrary b > —1 — . Further, since V-V-= (JT— 1)V, and the elements

f th tri
of the matrix o

_ Y1 0
_ Dy, 0
1 + (I)yz

are proportional to the derivatives ®,. for which estimate (3.7) holds, we have

(%, )| o + |l <
11 @D 1 Plegs 0o
< CRi(’y @) <|h ’Cl‘H(R 2) + ’h// |C’H'1 Ry 2)> <|ﬁ|é'lb+2(D |q’C’lb+11( 0))

for arbitrary 0<a<vy<1, uGC’Hl( 9)s qECl+2( 9)- Expresswnslg )( i) and
—(00) (00)

l( )( i) contain also terms with @ or D ;@ multiplied by (7Y ~—iy); or (7L —74);
where 774+ and 7y are normal and tangential vector to I’i ), respectively, given by

formulas (3.9) with h(iR) instead of h4. Since

M (o) = k&) = (Ba(ya) = k&) Cr+ Crly2) (ha(y2) — xEy 7 do)

— / HL(E) dt — Chwe) | “min(yn, t) HL(t) dt

we have
—(00) N "
|71 ni’Cl_+z(F(oo)) < C‘hﬂ:’cijll(RJr,Q)

so l3(@) and l4(%@) also satisfy inequality similar to (3.11):

(£)/~ +) <
|l3 (u)‘ééti(r(ioo)) + |l4 (u)‘co,étt_l(rioo)) >

(3.12)

S CR—V—I—a‘ "

" H2(p
i|Cif11(R+,2> |u|8’é+2(D9)’ Vi EC (Dy) -

We consider (3.10) as a boundary value problem for @, ¢ in Dy with given

fo=fCGr+f1, 92 = §Cr+g1, di. By virtue of (3.11), (3.12), we can prove the
solvability of this problem in the case of large R, using the contraction mapping

principle in the space Cl+2(D ) X Cl+1 (D@) with small positive b. From (3.11),
(3.12) we may conclude that fg + ll(u q) € Cb1 5(Dg), g2+ la2(0) € C’gfil( 0),
l5(@) € C2TEY), diY + (@) e ¢ TEY) with by = b — a < 0; hence, in
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virtue of general results of V.G. Maz’ya and B.A. Plamenevskii [8,9] (see also [7],
§2), we have

ie (D )mcl“(Dg), ge ot (D(,)mcl“ (Dy) .

Since b > 0 and b; < 0, D@ and ¢ belong to La(Dy).
In the original coordinates (x1,z2) problem (3.10) takes the form

V¥4 Vi=fo, V-i=g, =zeDi?,

(313) ﬁ : ﬁ|F(R) = 07 T S(ﬁ) ﬁ‘F(R) = dl )
+ +

where f = f o Z~1, and we have shown that it has two solutions with a finite
Dirichlet integral: #'(agr, p(or where U, p is a weak solution of problem (3.1) and
i, § obtained as a solution of problem (3.10). The difference of these functions is
a weak solution of a homogeneous problem (3.13), hence they coincide. Thus, we
have shown that @ =@ Cop € C'§72(Dy), q = pCor € O, (Dy) with by < 0. We
can apply again estimates (3.11), (3.12) with b = by and the same result of V.G.
Maz’ya and B.A. Plamenevskii to prove that o € Cl+2 o(Da), q € C’é‘fla 1(Dp)

and repeat these arguments until we show that fo + I1(@,q) € C 737ﬂ(D9),
g +1a(@) € 1 4(Dy), 157 € 12 ,@EY), di+1{") € OHL ,(TEY). Then we
can make use of Propositions 2.1 and 2.2 in [1] to conclude that @ € Co’l_+12_B(D9),

qe 5,1_451_5(139), due to conditions (3.2) and lim, . [, () ¥+ 7 dS = 0, and that

|q’ z+1 <

u
| ‘ l+2 L B(DG)

_15

< °
> (’f2| L (D) + |gZ|le21,ﬁ(De) + ‘d | l+1 ﬁ(F(oo) + |d | l+1 B(F(_oo)))

(Do)

<c (’f|cl (2,343) + |g|cl+1 Q2+ﬁ))

This estimate in combination with (3.5) and (3.4) yields a desired inequality

(3.14)  |tlgtr2q 4 TIVPla @318 < C(|f|cl ©@3+8) T l9lci+1 mw))

S0, in the case b = 0, d = 0 the theorem is proved.
The general case reduces to the case of homogeneous boundary conditions by
construction of a vector field V € C12(Q, 14-3) such that

% oV :<d—ﬁ aﬂ)fzz?l

1 Vs, = =bi, —
(3.15) Vig=0, Vl]g=0b7, o | 5
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and

IN

Vlcte@urs < ¢ (1Flor2mys + Blott 0arg)

(3.16)

IN

c (|b|cﬁ+2(r,1+,8) + \d’ci_tll(r,%ﬁ)) )

The construction of such a vector field is possible, because s < 1/2 and b(z)
satisfies the compatibility conditions b(x+) = 0. It is a standard problem of the
theory of functions; for weighted spaces the methods of construction of functions
satisfying boundary conditions of the type (3.15) are given, for instance, in [10],
Theorem 4.1 and in [7], Lemmas 2.2,4.3. It is easy to see that (3.15) implies
ov

n-—| =d.
+n or |y

ov

V-ile = 2. 9V iy = 7. 22
nlr=c, 7T-S(V)r T o

For @ = #—V, p we obtain problem (3.1) with homogeneous boundary conditions
and with f and g replaced by
F+vVvWV el ,(,348) and g¢-—V-V et (Q,2+48),

respectively. We have already shown that this problem in uniquely solvable.
Estimate (3.3) follows from (3.14) and (3.16). This proves Theorem 3 in the
general case. n

4 — Auxiliary nonlinear problem

This section is devoted to a nonlinear problem (1.19) in a given domain € of
the same type as in §3. We prove the following theorem.

Theorem 4.
1. Let ¥4 belong to C'*2, let 'y be given by equations (1.1) with

x2
(4.1) hi(a?g) = *do + k+xo +/O (wg — t) hi(t) dt, /jI[ S Cét%(R.;., 2) ,

and assume that the norms of h'[, as well as the number F, are sufficiently small.
Then problem (1.19) has a solution (7, p), 7€ C1T2(Q,1), Vpe Cl_,(2,3), s<1/2,
satisfying the inequality

(4.2) 0tz + VPl s < clF],

and the solution is unique.
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2. Let Q1 and Q9 be two domains corresponding to the functions hil) and

hf ) satisfying the above conditions, and let

Q) = 71 - TE PO il 0,

where 7i; is a normal to I‘g) and (79, p) is a solution of problem (1.19) in €;.
There holds the inequality

1 2 n 2\ n 2)1
(43) 169 = 2 s §c<|h(_) — 02| e g, )+ IR =R ycitll(RM)).

Proof: We reduce problem (1.19) to a problem of the type (3.1) with addi-
tional small linear and nonlinear terms in the equations which can be solved in
the case of small F' with the aid of the contraction mapping principle. To this
end, we introduce an auxiliary vector field

(4.4) W(z) = & (@) TP (@) + & () T (@)
where £, (x) and £_(z) are smooth cut-off functions such that
E(z)=1 forx e Q. \wy and ¢ (x)=0 forzeQy,

x)=1 for |z| >4dy, x€Qy, and
&4 () +
€+(x) =0 forx € Q_ and for |z| < 2dy, €y ;

further, #(t) = — - where 6 is a limiting opening angle of the domain

x|?
(see §3), and 7(7)(z) = F(— agij), agm(f)
function given in 2_ and equal to 1 in the neighbourhood of ¥ and to 0 in the
neighbourhood of > _. It is easily seen that

F oz
0

where 1 (z) is a bounded smooth

/ 7. iqdS - F (r— o), /17(7)~ﬁdS:F

Sy (r) '

for arbitrary cross-section S’ of Q_. The vector field w(z) is as smooth as
£y, &, ¢ are (ie., W(z) € C*2(Q)), moreover, it behaves like |z|~! for large

|z|, € Q, and it is bounded together with its derivatives in Q_, hence,
@€ CH2(0,1) and

(4.5) |2y < ClF -
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In addition, @ possesses the following properties:

1. w-ndS =F for arbitrary cross-section S’ of Q_\wp and
Sl

/ @ AdS — F
Sy (r) T

2. V- = —g(x) is a smooth function with a compact support and
|g|oij21(g,2+g) < cl|F|, Be€(0,1);
F_ -7
3. W-filr, ==& +——| =—by, and, as
- 0 |z|? i
1 h
filr, = + » =
JI+hE 142
we have:
Z-it| _wemptmim| e —asll(z2)
|z I, 2> Iry |2 /1 + 2

+d, —/ ch;’t(t) dt
0

|z|2 /1 + K2

from which it is clear that by € C?*(R,,1+3) and

==+

bxlcz+n, 11p) < €l
4.
. L F(7-20& 1@ 08, (fF)(fﬁ))
) - — e, AT
T S(w)n‘ri 9 <|I’2 on + |$|2 or g-‘r ’CC|4 r. y
hence, dy = —7- S(W) - 7|3, —py (20) € CY(Ry,2+40), and
ldel et (g, 20 < ClFL
5. By the Gauss formula,
/gdw— bodS—[ bdS = — lim @-7idS + [ @-7ds
0 Ty r_ r—00 Jg, (1) 1
= — lim w-ndS + F = 0;

eSSy (r)



406 L.P. RIVKIND and V.A. SOLONNIKOV

6. Let s(z) = & pt(x), pH)(x) = —F2/(26%|z|?). Since (71, p(t)(x)) sat-
isfy the Navier—Stokes equations, we have

f(x) =y Vi — (W - V)W — Vs
=& () (1 - &) (@D v) o) — o ¢ (55 . v) ¢
— (g V) () = (el V) (g 7)) — (@l V) (- )
T 2u VI Ve, + (77 ) V2, + V(e i )) — pPve, .

It is easily seen that f (z) is a smooth vector field whose support is contained
in Q_ Usupp V&4, and
|f|ci72(g,3+,3) < c|F|.

For & = 4 — W, g = p — s we obtain the problem
—vV%i+Vqg=F []—I—f, V-i=g, (xe),
Uy =0, w-dp,=0br, 7T -S@)7Ar.=d+,
u(z) =0, q(z) =0, (Jz[—o00, z€Qy),
i(x)] + [Vg(z)| <00, (2] =00, 2z€02),
with the function
Fla] = —(W-V)u — («- V)W — (&-V)u

satisfying the inequalities

IN

F W”Céﬂ(ﬂ,zw) ¢ (W’cﬁ“(an + W'Cé*"’(m)) W|cg+2(9,1+@>

IN

cldlgir2,14) (’F| + W‘Oﬁ”(ﬂ,uﬁ)) ’

et @3+
< el — ol gy (1F1 4 81l g2 i) +2lor2014)) -

Therefore, for small |F|, the solvability of problem (4.6) follows from Theorem 3
and the contraction mapping principle, and for the solution there can be obtained
the estimate

(4.7) |U|Cz+2(Q 148) + |VS|Cl ,(2,3+8) < C|F|
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Such a solution is certainly unique. Clearly, v = W + 4, p = g + s is a solution of
problem (1.19). Estimate (4.2) follows from (4.5) and (4.7). The first statement
of the theorem is proved.

To prove the second statement, we should construct a mapping X of €27 onto
s, in order to evaluate the differences @ — s 0 X1, g1 — g2 0 X~1. We define
it as follows:

(4.8) v =y +®(y), 12=y2, yYEQ.

The mapping X should transform F$ ) into Ff ) and leave ¥ invariant, therefore
®(y) should satisfy the conditions

(4.9) D=0, S, 0, = 1)~ 1)
We set
y—zi\ g
o(y) = (A7 () = hP (W) x. <|y — x;) A(y)
N
+ (h(f) (y2) — hg)(QZ)) X- (M) A(y), yey,

P(y) =0, ye_,

) - 2y1 — (kp+k_) yo
At(y) = C<i 2d0+(k+—k3—)y2>

¢(t) is the same function as in (3.6) and x4 (&) are smooth functions defined on

y—xi) = 1 when
ly — x4

> = 0 when y2 < 0 (this is the case if xy+(§) =1 in

the unit circle |£| = 1 and chosen in such a way that Xi(

y € 'y and X:I:< Yy
ly — ]

a large enough neighbourhood of the point & = kit &2, {&o > 0, and x+(§) = 0

in the neighbourhood of the points (F1,0)). Since A+ (y) = 1, A_(y) = 0, when

y1 > 2do/3 + (5ky + k_)y2/6, and A1 (y) =0, A_(y) = 1, when y; < —2dp/3 +

(5k_ + k4)y2/6, our function ®(y) satisfies (4.9). In addition, as

Y2
W ) = 1) = [ = 1) (2" (0) - 1)

we have

Y: Y
Vel < o [" "0 - n @] + [

<ec <’hf)” _

W2 (1)~ n 1) dt)

| + ‘h(f)// . h(l)//

CY(Ry 2 Citi(m,z))
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(@)

(this guarantees the invertibility of X, if A}’ are close to each other) and, more-
over,

2 1
(4.10) [VO()| o200 < € (‘hpu_ p

| + ‘h(_z)//_ h(_l)//

CH(Ry 2 CIH(Ry 2 )) '

The proof of this inequality relies on the estimates

¢

(1 + |y2)ll
From (4.10) it follows that the elements Jj,, of the Jacobi matrix

IDixy| < DI Ay| <

ly — [V

1 Dy,
J=|1+%y 1+ @y,
0 1

of the transformation X! satisfy the inequality

[km = Okml o2 ,0) <

(4.11)
< c(;hfw_h@"

+ ‘h(f)// . h(l)//

CH (R 2) Ciﬂ(mz)) '

Consider problems (4.6) for @ = @;, ¢ = q;, 1 = 1,2:
—v V2 + Vg = Fi[i;] + fi, V- = gi(x) (xeQy),
(412) Uils =0, U filpe = bﬁi) , T S(U) | pey = d(ji) ;
Ui(z) = 0, ¢(x) =0, (|Jz] =00, xE€y),
|ti(z)] + [Vai(z)| < oo, (|z] = 00, z€Q;_) .

Here ii;, 7; are normal and tangential vectors to I'},, and fz, Gis b( ) dQ are ex-

pressed, as indicated above, in terms of #(*)(z) = _’§+)( ) = F#/0;|z|*> where

0; = arctan <k‘+ —l—/ hﬁf)”(t) dt> — arctan(k; _|_/ hgﬁ)//(t) dt) .
0 0
It is clear that

(4.13) 10, — o] < ¢ ( /O B B2 at + /0 RO _ @) dt> .

We make the change of varlables (4.8) in the problem (4. 12) for o, g9, denote
the transformed functions by « U2, g etc. (in general, f foX~1) and observe that
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2
the gradient V = (i) is transformed into V = <Z Jem i) .
Oz ) k=12 ST Oym k=12

Therefore after this change of variables we obtain

—V¢262+$Q2:F2[62]+_]E2, Vﬁg gg(.fv) ($€Ql) ,

):dgf)a

= g - 2 - AR\ =

UQ’Z :0, u2'7”L2|F(1) :bg:), TQ-S(uz)n2|F(1
+ +

a2(y) - Oa QQ(y) - 07 (’y‘ — 00, yGQl+) s

[ia(y)| + [Véa(y)| < oo, (ly| = o0, yei-),

2—(62~@)’(}’]2—(’52'$)62 and

>y

with Fz[ag] = —(1?]2 . @)

$() = iQ10@+J@@)
- mj 8ym ma 8ym P .

m=1

We rewrite this problem in the form

—vV2hg 4+ Vi = Fallio] + fo + L1(ti2,G2),  V-iiz = go(a) + Lo(da) (xe),

fols =0,  dig-itt| ) = b + Ly(ia), 7 - S(da) 1| ) = dP) + La(fia) ,

(4.14)

F$ rg[l
uz(y) =0, Ga(y) =0, (lyl — o0, yeiy),

[ia(y)| + [Véa(y)| < oo, (ly| = o0, ye-),

Ly(iig) = g - (m1— o)l
+

L4(62) = Fl . (S(ﬁg) — S(ﬁz)) ﬁl + 7_"1 . 5(62) ﬁl - 7_:2 : 5(62) ﬁ2|F$) ’

and we subtract relations (4.14) from the corresponding relations (4.12) for
(t1,q1). This leads to the following problem for the differences U = @; — 12,

Q= q1 — Gz
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— VU +VQ = fi1 — fo+ F[ih] — Fylia) + L1 (2, 2) ,

VU= g1—gy+Lalin), U ﬁl’r‘gtl) = b4 — b + Ls(dn) |
7 S(O) il = di) —d2) + La(@) |

Uly) =0, Qy) =0 (y— o0, yeQy),
T(y)|+|VQ(y)| < oo (y — o0, yeQ_) .

Now, we make use of the estimate (3.3):
(4.15) Ulcra, 140+ IVQlet @, 210 <

< C<|f1 f2|cl 5(Q1,3+8) +|g1 92|C§f11(9172+ﬂ)

+ b1 = b2| oy ) + 11— dQ‘Ci“l(F,HB))

e (Rili] - Blller_ 0,500+ ety ou09

+ |L2(ﬂ27QQ)’CiJ:11(Ql72+5) + |L3(ﬁ27 Q2)ycé+2(r71+5) + ‘L4(ﬂ27 Q2)|(ji+11(112+,3)> :

We evaluate the differences fl— f2, g1— g2, bi—ba, d1— d2 using the above explicit
formulas and estimate (4.13). After straightforward calculations we find that the
sum of the norms of these differences does not exceed

L 2)//

1)1
¢|F| (|h<+ D s g + IR |Cl+1(R+72)>.

The expressions Ly contain ﬁg, their derivatives and derivatives of ¢» multiplied
by the coefficients Jy,, — 0k, which satisfy the inequality (4.11) or by
Y2

71 (y2) — 7i2(y2) :/O Z

(71(&2) — 7ia(&2) ) d
satisfying inequality of the same kind:

‘ﬁl—ﬁgycuz(R 0) <

4.16
( ) < h(l) h (2)m h(l)// h(2)//
< e\ = hi et g, o)+ 1B = W2 g g, 9 ) -
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Using these inequalities and the estimate (4.7) for @2, we find that the sum of all
the other terms in (4.15) can be evaluated by

7 1 2 1 2
C|F| (|U‘Cé+2(91,1+ﬂ) + |hs’_)”— hg_)lllcl R+ + ‘h(_)//_ h(_)lllcéQ(R+72)> .

Hence, if F is small, we have

‘U|cl+2 @18 T WQ’CZ 2(Q1,3+5) <
(4.17)

h(l)//_

< cl|F| <|h(1 —h2)”|Cl+1 Ry2) T ‘

"
it 2)
and, as a consequence,
(Lyn 2)m Iy (2)n
(4.18) |Qlct+1(r o1 p) < | F] <|h+ —hi et gy )t 12T - R |Cl+1(R+,2>>'
The last two estimates imply (4.3). Indeed,

D () = ns - T(as, i) i)

y1= =h! )(Z/2)
~(+)
+ ( P 2 >§++2V(ﬁz g+ %+
i ’ 8nz (4)
1=h’ (y2)
and
~(+) 2 2
(+) T F F(1—n3)
_p\ Qv - S S F e S
b evne 0 207122 T T 6 a?

so the differences til) - tg) are easily estimated with the help of (4.13),(4.16)—
(4.18). The theorem is proved. m

5 — Proof of Theorem 1

According to a standard scheme, the proof of Theorem 1 reduces to the proof
of the solvability of equation (1.4) for the free boundary where (7, p) is a solution
of auxiliary problem (4.1). Since

h/
Hlp, = ii £(72)

2\ 1+ 12 (22)
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this equation is equivalent to the system

i M — —t+(x2)
Ao 14 B2(x0) O
d h/,(xg)

completed with the conditions
h(0) = +do, H (0) = ks .
It is easy to show (see [1]) that h (x2) is expressed in terms of ¢4 by the formula

2 kg —1i(y)

h =d d
o) =t A e
where
k 1 [ 1 [
ke = b [Ty, L) = [ d
V1+k2 9J0 g Jy
Similar formula holds for h_:
L ()
h_ = —d / ,
N Y RO
k_ 1 [ 1 foo
Fe = ——— — — t_(y)dy, I- :—/ t_(§)d§ .
Yo S rwa = [T
These formulas imply
1 ti(x
(1 — (k4 — I+(9C2))2)
1 t_ xI9
h/i(wg) = —— ( ) 32 -

(1 G T @2)?)

We consider this system as an equation for b’ = (h/,, h"") in the space (CL7] (R, 2))?
which we write in the form

(5.1) n" = Y(n") .
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The right-hand side Y(h") = (Y1(h"),Y2(h")) where

t+($2) t_(xg)
‘7(1 — (k4 — I+($2))2) 0(1 — (k- + L(mz))z)

can be indeed considered as an quantity depending on h”, because h(z2) are
expressed in terms of A/. by the formula (4.1), and hy(x2) determine ¥, p and
ti(xg).

Let us show that equation (5.1) is uniquely solvable, if F' is small. By (4.2),

le(h//) — YQ(hH) — _

3/27 3/2

we have

’y(h”)|(cl+11(R+,2))2 = |Y1(h”)’c§t11(R+,2) + ‘YZ(h”)’Ciﬂ(RJn?) < alF|

s—

and, in virtue of (4.3),

1 2
|y(h( )”) - y(h( )N)|(Cl+11(R+,2))2 <

s—

IN

(1)n 2)n (L) 2)m
c|F| (’h+ S P Sl [l ’Ciﬂ(ﬂhﬁ))

IN

o [FI RO = | ot g, o2 -
Hence, the operator Y maps the ball |h”|(0’i11(%+,2))2 < ¢1 |F| of the space

(CY(R,,2))? into itself and it is a contraction operator in this ball, if |F| so

small that ¢y |F| < 1.
It remains to apply the contraction mapping principle. Once the free boundary
is bound, (¥, p) are defined from the problem (1.19). The proof is completed. u
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