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ON SECOND GRADE FLUIDS
WITH VANISHING VISCOSITY

V. Busuloc

Abstract: We consider the equation of a second grade fluid with vanishing viscosity,
also known as Camassa—Holm equation, and we prove local existence and uniqueness of
solutions for smooth initial data. We also give a blow-up condition which implies that
the solution is global in dimension 2. Finally, we prove the convergence of the solutions
of second grade fluid equation to the solution of the Camassa—Holm equation as the

viscosity tends to zero.

Introduction

This paper is devoted to the study of a family of incompressible, non new-
tonian fluids of grade two with vanishing viscosity whose flow is given by the
equation

(1) O(u—aAu) —vAu+ (u—alAu);Vuj+uV(u—alAu) = VP +

where u is the velocity field, P is the pressure and the constant « is positive.
We suppose that we are in the incompressible case, i.e.,

(2) divu=20.

The domain under consideration is R™.
We are here interested in equation (1) when v = 0, that is to say

(3) Of(u —aAu) + (u—alAu)j Vuj+uV(u—alAu) = VP + f .
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In the one-dimensional case, this equation is the shallow water Camassa—Holm
equation (see, for instance, Camassa and Holm [4] and Camassa, Holm and Hy-
man [5]). There is a wide literature on this equation, we refer the reader, for
instance, to Constantin [9], Constantin and Escher [10]. Equation (3) can be
considered as the generalization to higher dimensions of the space of the shallow
water equation. In the sequel, we will refer to (3) as the Camassa—Holm equation.

On the other hand, observe that for a = 0, equation (3) is nothing else than
the classical Euler equation. It is known that the Euler equation describes the
geodesics on the volume-preserving diffeomorphism group for the L?-norm as
shown in Ebin and Marsden [12], see also Chemin [6]. Let us mention that (3)
also describes the geodesics on the volume-preserving diffeomorphism group but
for the H}-norm defined by

1/2
lulmy = (lule + ol Vull?:)

This was proved by Holm, Marsden and Ratiu in [15] and [16]. It is why (3) is
also called the a-Euler equation (see for further details Shkoller [20]).

Fluids of second grade (or grade-two fluids) are a particular class of the non
newtonian Rivlin-Ericksen fluids of differential type (see Noll and Truesdell [18]).
Their general constitutive law is

(4) o = —pl+vA + oAy +ay AT,
where o is the stress tensor, the scalar function p represents the pressure and A1,

Ay are defined by

(5) Ay =L+ I, Ly=2u

- b
8xj

(6) AQ = Al + AlL + LTAl )

where the dot denotes the derivative 0; + u - V. The constant v is the kinematic
viscosity, a1 and ao are normal stress moduli. Hence, the equation of motion of
incompressible fluids of second grade is

o { div(—pI +vA; + a1 A + o A%) +f=a,

divu = 0,

whose unknowns are u and p. One has to add of course, initial conditions and
boundary conditions if one has to solve this problem in a bounded domain ).
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In 1974, Dunn and Fosdick [11] (see also Fosdick and Rajagopal [13]) studied
the thermodynamics and stability of this type of special fluids. Their analysis
established that v, a1 and as have to verify

(8) v>0, ar+ay=0,
as a consequence of Clausius—Duhem inequality, and
aq Z 0 )

if the Helmholtz free energy is minimum at the equilibrium. We will actually
assume that a; > 0 as if @; = 0 we obtain the Navier—Stokes equations which
are extensively studied. Consequently, using (5), (6), (7) and (8) one can further
write div o in the form

9) dive = =Vp+rvAu+ adAu+ a curl Au X u ,

where o = o3 = —ag. Replacing (9) into (7), leads to the system

(10)

(u—aAu) —vAu+curllu —aAu) xu = VP + f |
divu = 0,

where 1 N
P :p—§|u|2—§|Vu|2—ozu-Au.

An easy computation shows that the equation in (10) is of the form (1) with
a modified pressure P (see, for instance, [3]).

The existence and uniqueness of solutions of (1) for a bounded domain with
Dirichlet condition on the boundary 9€2, was proved by Cioranescu and Ouazar
[8]. This solution was obtained as an element of H3(f2). Moreover, in [8] it
is also proved that in the two-dimensional case the solution is global in time,
and local for small data in the three-dimensional case. This last result was im-
proved by Cioranescu and Girault in [7], which showed that the solution in the
three-dimensional case is global under some appropriate assumptions on the data.
A fixed point method is used by Galdi and Sequeira [14] to obtain similar results
and global existence for small 3D initial data. The proof of a priori estimates in
the three-dimensional case relies on the “damping term” —v Awu. Consequently,
one cannot take directly v = 0 in (1). The situation is simpler in the two-
dimensional case. Indeed, the a priori estimates from [8] are independent of v.
Following the method from [8], one gets without any difficulty the existence and
uniqueness of the solution of (3), belonging to L>(0, oo; H3(Q)).
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As mentioned before, we are here concerned by equation (3) in the case where
Q is the entire space R™. We will prove that for smooth enough data, there
exists a local in time unique strong solution of (3). This solution is global in
the two-dimensional case. Finally, we prove that the solution of Camassa—Holm
equation (3) is the limit, when v — 0, of the solution of (1). Let us mention that
for a two-dimensional bounded domain, a convergence result in L>(0, oo; H3(12))
is straightforward by using the estimates from [8].

The paper is organized as follows. In Section 1 we prove some a priori esti-
mates satisfied by the solutions of problem (3). These estimates imply the local
existence of strong solutions; the uniqueness of the solution is also proved.

In Section 2 it is shown that if the solution fails to exist over a certain interval
of time, then the supremum of the ||curl(u—a Au)|| L~ has to blow up. This result
is similar to that proved by Beale, Kato and Majda [1] for the Euler equations
(see also [19]) and relies on a logarithmic estimate. In Section 3, we show that in
the two-dimensional case the blow-up can never occur in finite time. Hence, in
this case, the solution is global in time.

Finally, in Section 4, we prove the strong convergence of the solution u” of
equation (1) to the solution u of the equation (3) when v — 0. The convergence
holds on the time interval where the local solution of the Camassa—Holm equation
exists and in dimension two, on any bounded interval of time. To do so, we are
first led to give existence and uniqueness theorems for equation (1) in the whole
space. The existence is global in time in R? and local in R” for any n > 2.

To prove the convergence of u” to u in the two-dimensional case, we establish
a bound for the H?*-norm of the solution v” that is independent of v.

These results can be summarized in the following theorem:

Theorem. Let s> §+1,ug € H**2 f € L1(0,00; H®). Then, there exists
a unique solution u of system (3) such that

u € L0, T; H?) |

where

(11) ¢

 luolls+2 + [ £1 21 0,00 1%)

)

where C' is a constant independent of s and the data ug and f.
If T*, the maximal time for which one has the existence of u, is finite, then
necessarily

T*
/ lcurl(u — o Au)||pe = 400 .
0
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In the two-dimensional case, the solution is global in time, i.e.,
u € L*(0, +o0; HSH) .

Consider now a family of initial data u¥ belonging to H*V?, such that
lim uf = ug in H**2. Then, when v — 0, the solution u” of (1) exists at least

v—0

on (0,T) with T given in (11) and converges strongly to u in L>(0,T; H¥%27¢),
Ve > 0. In the two-dimensional case, the solutions to both systems are global in
time and the result of convergence holds for all T < co. n

1 — A local existence and uniqueness theorem

We place ourselves in R™, we denote by H* the usual Sobolev space and by |||
the corresponding H® norm. The following classical properties will be frequently
used:

e If s > 7 then the following embedding holds: H*® C L°°.
o If s > 5 then H?® is an algebra and we have the following tame estimates

(see Chemin [6]):

(12) lu-vlls < C(llullzee folls + llulls ol ) -

e If s > 0 and D is a partial derivative of order less or equal to s, then we
have the following commutator type estimate (see Klainermann and Majda
[17)):

(13) \ [ Vo) De| < Clolls (lulls 190l + [Vl ol

Let us consider the system

ow+vjVuj+uVov = Vp+ f
v=u—aldu,
divu = 0,

u(0,z) = wup(x) .

(14)
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Theorem 1.1. Let s > 5+ 1, ug € H*+2, f € LY(0,00; H®). Then, there
exist a constant C' and an unique local solution of system (14) such that

u € L0, T; H2) |

where

(15) T ¢

 luolls+e L1(0,003H")
l[uolls+2 + [Lf1l

Proof of the existence: Let D be a partial derivative of order not greater
than s, D = DB, || < s. Applying D to the equation of v and multiplying by
Dv yields

Dol < | [ Do, Vuy) Do

+ ‘/D(qu) Do

+‘/Dva

(16)

IN

‘/D(ujvuj)m

+ ‘a/D(AujVuj) Dv

+ ‘/D(uvv)m

+‘/Dva

We now estimate each of the integrals from the right-hand side. An integration
by parts shows that the first term vanishes:

(17) L = ‘/D(ujVuj)Dv

_ % )/DV(W)DU

1
=5 ‘/D(|u\2)Ddivv =0,

since v is divergence free.
The second integral

)

I = ’/D(Auqul)Dv

can be written as a sum of terms of the type

’/D(@iul Ojup) DOy

Indeed, integrating by parts we have

I, =

Z /D(@ful 8j’u,l) va

1,9,

Z /D(@Zul 8jul) Dﬁivj + Z /D(@zul 8]' &ul) va .

i,5,0 4,5,
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The first term is now of the required form. The second one vanishes, since the

equality .
(%ul 8]' @'ul = 5 aj (aiul)Q

implies that

22/ (O 05 Ouy) Dy = —Z/ (Dyup)? )= Dojv;

1,5, 1,3,0

. /D(@iul)zD(divv) —0.
4,0

Observe further that, using (12), one has the estimate

’/D(@iul Oju) Doyv| = ‘/&D(@iul djuy) Dv
a8) < Ok D (05w Ojwp) | 12 || Dvl| 12
< [|0sug Ojug |1 [|uls+2

IN

Cllullys IVull =

so the same inequality holds for Is.

The third integral is estimated with the commutator inequality (13). One has

Is = ’/D(qu)Dv

< Clolls (llulls V0]l + [1Vull 2o [lo]ls)
(19)

< CllulZes (IV0]lz + [Vullze) -

Finally, one can write the following estimate for the last term in (16):

< [ flls lulls+2 -

(20) ’/Dva

Using now relations (17), (18), (19) and (20) in (16) one obtains
DV < ClulZes (V0 + [Vullzo) + 1 £lls [ullssa -
Summing over all partial derivatives D yields
HllullZys < CllulZes (IV0lle + 1Vullz=) + C 1 flls fullsra
which implies the following a priori estimate

(21) Aillullsre < Cllullsra (IV0]lze + [1Vulzs ) + C [I£]]s -
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We now prove that one can remove ||Vul||~ from the above inequality. Since
v = u — a Au, we infer that Vu can be obtained from Vv via a Bessel potential:

Vu =T —-aA) V.

On the other hand, according to Proposition 2, page 132 of Stein [21], the Bessel
potential (I —a A)~! is an operator of convolution with a L' function. Therefore,
Young’s inequality implies that

(22) [Vl < C[Vvl|ze

So, we obtain from (21) that

(23) Allulls+2 < Cllulls2[[Vollze +C [ f]s -
Using that H°~! C L*™ we finally get

(24) Oellulls+2 < CillullZye +Crllfls .
for some constant C'.

At this stage of the proof we are going to estimate the maximal time existence
of the solution. Let

T = sup{t such that [|u(r)|ss2 < K]fuollsr2, YO <7 <t}

where
— 44 8C1h ||fHL1(O,oo;HS) '
[[uo | s+2
We want to show that
1

T > .
16 C1 [|uo||s+2 + 64 CF || £l L1.(0,005%)

We will show it by contradiction. Assume that

1

T < .
16 C1 [luol|s+2 + 64 CF || 1l 10,0057

Consequently,
1

< —— .
8C1 K [Juol[s42
Then, for t € [0,T], the a priori estimate (24) and the definition of 7" imply

T

Olulls+2 < C1K? |lug|l2a + Co || f]ls -
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Integrating from 0 to T gives

[w(T)ls+2 < Nuollsra + C1E? [JuolZ 1o T + Crll £l 1 0,00:1)
2 1 K [Jug||s+2
T2 8C1K [Juollst2 8

< luolls+2 + CLE? [|uo

K K
= lluolls+2 + 5 lluolls+2 + - [luolls+2

K
S lollssz

IN

which contradicts the definition of T". The existence now follows from a “modi-
fied Galerkin method”, also known as Friedrichs method, which will be sketched
later. m

Proof of the uniqueness: Let u! and u? be two solutions with the same

initial data
ut(0) = u%(0) .
Subtracting the equations verified by u! and u? gives
o(w — aAw) + Ujl- Vw; + (wj — o Awy) Vu?
+ u?V(w — aAw) + wVol = V(p'—p?),

where w = u! — u?. Multiplying by w — o Aw and integrating in space yields,
after some classical estimates,

Orllwll3 < Cllotlls llwjlly [lwllz + C llwllzz lwllz [l ]ls + Cllwl3 Vs |ls-1

< Cllwl (I flspa + lu*lo42)

from which, by Gronwall’s inequality, one has

t
lwl3 < flwol exp<c [ (et + Hu2lls+2)> .

This implies the result since wg = 0. m

Sketch of the “Galerkin method”: We follow the proof of the short-time
existence of strong solutions for quasi-linear symmetric hyperbolic systems given
in Taylor [22]. We denote by a Friedrichs mollifier the operator J. given by the
convolution:

Jeu = jexu,

where
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and j is a function whose Fourier transform is a compactly supported smooth
function equal to 1 in a neighborhood of 0. We now consider the system

By + JE(JEU;T VJeus + Jeu, VJEUE) — Vpf 4+ J.f

v° = Ut —aAut,
(S¢)

divu® =0,

u®(0,z) = Jeup(x) .

One can apply the divergence to the equation of v¢ to find Ap® in terms of uf,
that is p® in terms of u® without time derivatives. In this way, as in [22], or
simply by applying the projection on the divergence-free vector fields to (S.),
system (S¢) can be regarded as a system of ODEs for u*. By Cauchy’s theorem,
we know that this sytem has a unique smooth solution. The a prior: estimates
previously proved implies that u® exists up to the time given in the statement of
the theorem and that

|| oo (0,75 15+2)
is bounded independently of €. It is classical that this is enough to pass to the

limit (see [22]). m

Remark 1.1. It is easy to prove, as in [22], that relation (24) and the
equation imply a stronger regularity result for the solution u:

u e C([0,T]; H**?) nCY([0, T); H*Y) |

provided that f is regular enough (continous in time). o

2 — A necessary condition for blow-up

Let us first notice that if T*, the maximal time-existence of the solution given
in Theorem 1.1 is finite, then we must necessarily have

i t = .
Tim [Ju(t)s42 = +oo

Indeed, suppose that there exists ¢, — T™* such that ||u(tg)]|s+2 is bounded inde-
pendently of k. Theorem 1.1 gives a local solution starting at each ¢ whose time
existence may be chosed independent of k (see (15)). Since t — T*, it follows
that the solution may be extended over T but this contradicts the maximality
of T™.
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In fact, a stronger blow-up condition holds:

Proposition 2.1. Assume that T, the maximal time-existence of the solu-
tion given in Theorem 1.1, is finite. Then the following relation:

T*

(25) / |lcurlv||pe = +o0
0

holds.

Proof: Applying Gronwall’s lemma in (23), we get

t
Ju(®)lssz < Juollere exp(c / rwm)

+ t
. cexp(c I uwum> st

The blow-up condition (25) will be proved by contradiction. To do so, let us

(26)

introduce the function .
1) o(t) = [ 190l

The divergence-free condition on v enables us to express v in terms of curlwv,
so one has (see [6])

(28) ¢'(t) = [IVo)|re < D 110:0;47 curlvf| oo -

1,J
In the sequel, in order to simplify the computations, we introduce the notation
w = curlw.

We will now make use of the following logarithmic inequality (see, for instance,
Chemin [6]):

]l
[l Lo

(29) ||8i8jA’1w||Loo < C HwHLoo log(e—}- > + C ||wHL2 ,

where r > 3.
It is easy to bound ||w||;2. The equation of w is

Ow+uVw+wVu = curl f |

if the dimension is 3. In dimension 2, the last term of the left-hand side dissapears
(see [7], [8]). In both cases, multiplying by w, integrating in space and using that
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divu = 0 yields

IN

1
§3tHWII%2 w2 lwllzee [Vullze + llwll2 [leurl £ 2

< wllze llwllze [Vollz + llwllzz leurl £ 2

IN

CllwlZe lwlzoe + llwllz2 I1f1s

where we have used that [|[Vv||z2 < C||curlv||z2; this can be immediately deduced
by using Plancherel’s theorem or simply by using the more general relation for
L* V1 < a < oo, which is proved in [6]. Gronwall’s lemma now gives

(30) otz < (loolzz + | tHst) exp(C [ tuwum) .

We now go back to (29) and we use the fact that for all « > 0, the function

@
r — T log<e+)
x

is increasing to obtain

008 wllie < C(1+ [l Tog (e 7o ) + C e

C(1+ Il ) Tog(e+ lwllr) + Cllwllza -

IN

Choosing r = s — 1 and recalling (28) and (26) yields

¢'(t) < 1+l ) tog(e+ wll,_r) + C ]z
< O(1+ wlze) (1410 [lolls) + C llwllz2
<

t
(14 ) (1 10 ol +-00) + o ([ 151)) + O
where log = max(log, 0). Therefore, by using (30), we get
(1) < C(1+ [lwle=) (6() +9(®) ,

where

t t t
a(t) = 1-+10g, Juollesa-+1og ([ 171 )+ (lolla + [ 151.) exp(€ [ lwlli)

is a function which is bounded as long as [ ||lw||z= is bounded. Gronwall’s lemma
gives

B) o) <0 [(1+ =) gar e (C [ (14 wli))
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Suppose that (25) does not hold, i.e.,

T*
| el < o0

o(t) < oo, Vt<T*.
Consequently, from (26) and (27) we have

This would imply that

[u()||sy2 < Cv,  VE<T*,

where C is a constant depending on |uo|[s+2, || || £1(0,00;#7+) and fOT* |wl|| . But,
as noticed at the begining of the section, this contradicts the maximality of 7. m

3 — The global existence in dimension 2

The equation of the curl in dimension two implies that the blow-up condition
proved in the previous section can not occur in finite time.

Theorem 3.1. In dimension two, the solution given in Theorem 1.1 is global
in time.

Proof: In order to prove the global existence, it is sufficient to prove that

¢
(32) [w(®)llzoe < flwol e +/0 leurl f[[ze-
since it would imply that
t
[l < o0, V<o,
0

which contradicts the blow-up condition (25). To this end, we start by giving the
equation satisfied by w,
(33) Ow +uVw = curl f .

It is obtained by applying the curl in (14). Let us note that the equation of the
curl has this form only in dimension two.
We now define the flow of w.

Definition 3.1. The flow of u, denoted by %, is a continuous application
from RxR? to R? such that

oY = u(tﬂ/}) )
Y(0,z) =z .0
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It is well-known that the divergence-free condition on u implies that, for each ¢,
the flow is a diffeomorphism which preserves the measure (see [6]). The definition
of the flow and relation (33) shows that curlv is transported by the flow

O(w(t, ) = Ow + 01w Op)1 + Dow Oype = Ow + uVw = curl f(t,v) .

Consequently,

w(t,P(t,x)) = wo(x) +/Otcur1f(7,¢(7,x))d7 ,

and we obtain (32) by taking the L° norm in space. n

4 — Limit of second grade fluids as the viscosity tends to zero

In absence of boundaries, it is easy to prove a convergence theorem for the
solutions of (1) to the solution of Camassa—Holm equation (3), when the viscosity
goes to 0.

Theorem 4.1. Consider a family of initial data uy belonging to Hs+2,
s > 5 + 1, such that

hH(l) uf =wug  strongly in H*T2 .

Let u” be the solution of the second grade equation

O(u —aAu) —vAu+ (u —aAu);Vuj +uV(u—alAu) — VP = f |
(34) divu =0,

u(z,0) = ug .

Then, when v — 0, u” exists at least on the time interval given in Theorem 1.1
and moreover,

u’ —u  strongly in L®(0,T; H"27%), Ve >0,

where u is the solution of system (13), given in Theorem 1.1 and T is given in
(15).

In R?, the solutions of both systems are global in time and the convergence
result holds for all T < cc.
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Proof: The assertion on the short-time existence of u” follows trivially from
the convergence of the initial data and from the remark that when making energy
estimates, the viscosity term has the good sign, so it can be neglected to obtain
the same estimates on the short-time existence as in the zero-viscosity case.

In dimension two, further uniform estimate for curlv, namely (32), has been
used to deduce the global existence of the solution of the Camassa—Holm equation.
Lemma 4.1 below proves that such an estimate holds also for the second grade
fluid. This a priori estimate will imply the global existence of the solution of
system (34), since they can be used in the same way in the Galerkin method as
we did in the proof of Theorem 2.1. Note that the additional viscosity term is
linear, so it does not count in the limiting process. The uniqueness also holds true
since it was proved via energy estimates. Therefore, we obtain a global existence
and uniqueness theorem for solutions of system (34) in R2.

From the estimates in the proof of Theorem 1.1 one can deduce that the
solution u” is bounded in L>(0,7T; H**?) independently of v, where T is given
in Theorem 1.1. In dimension two, Lemma 4.1 as well as relations (26), (27) and
(31) show that the same holds for all T' < cc.

We now prove that if 7" is such that u” is bounded in L (0, T; H**?), then u”
converges to u, strongly in L°(0,T; H**27¢), Y& > 0. To do so, it is sufficient
to prove that u” converges to u in L>(0,T; H?). The result will follow from the
following well-known interpolation inequality:

[ullsto—e < [lulla® [Juflss2' "5

Therefore, it is sufficient to prove that v¥ — v in L>([0,7T]; L?). In order to
estimate v¥ — v we subtract the equations satisfied by v¥ and v to obtain:

O (v"=v) —v Au” + (v = ;) Vui +v;V(uf —uj) +u” V(v¥—=0v) + (u’—u) Vv =
= V(@p'-p) .

Multiplying by v¥ — v and integrating in space gives

Al —vll7. < v

/Au”(v”—v) + ’/(v}’—vj) Vaul (vf — vj)
+ ’/vj V(uj —ujz) (v"—v)| + ‘/(u”—u)Vv(v”—v)

Let us bound the right-hand side. One has

‘/Au” (0" — v)

< ullse2 1o = vl -
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Clearly

< Cllullss2 0" = vllZ- -

[ e v - vy)

We also have that

[ i V=) (0= 0)

IN

Cllullsta llv” = vllZ- -

and that
< Clulflsyz [[v”—vl17 -

’/(u”—u)Vv(v”—v)

Putting together the above inequalities yields

(35) Al —vl7: < Cwlluflsra 0" = vllz2 + Cllullsta 0" = o]l .
Let K be such that
|| oo (0,1 42y + [[wll oo (0,7, 5+2) < K
It follows from (35) that
Ol = vllpe < CE(v+ 0" vllpz) |

or, equivalently,
8t<log(l/+ ||v”—v||L2>> < CK .
Integrating in time yields

v__
Ogu—i-Hvy vl 2 < CKt,

1

SO [v" = 0|2 < V(exp(C’Kt) — 1) < y(exp(CKT) — 1) .

Taking the upper bound in ¢ implies
[0 = vl o o,102) < v(exp(CKT) = 1),

which gives
v — v in L*®(0,T;L?%),

and this ends the proof of Theorem 4.1. n

It remains to prove a priori estimates in R? for the solutions of (1). These
are given by the following lemma:
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Lemma 4.1. Consider a two-dimensional solution of the second grade equa-
tion (34) with ug € H*"2. There exists a constant C independent of the viscosity
v such that

t
feutv(®)] = < (JeurtoO)lp= + [ fleurl fl ) /2
0

Proof: Applying the curl to relation (34), one finds the following equation
for curlwv:
Orcurlv +uVeurlv —vAcurlu = curl f .

As in (32), we deduce that

t
(36) |lcurlv(t)|| e < ||curlv(0)]| L —|—/ lv A curlu + curl fl|p .
0

We know that v = u — a Au. Taking the curl we get
curlv = curlu — aAcurlu ,
which implies

1
Acurlu = — (curlu — curlv) .
a

Using this in (36), one obtains
|lcurlv(t)|| e < ||curlv(0)]| Lo
o[t t
+ */(HCUI‘I’UHLO@ +HCUI‘1UHLO¢) +/ ||curl fl|ze .

o Jo 0

Since curl u is obtained from curlv via a Bessel potential,
curlu = (I —aA) curlv,

we have as in (22) that
|lcurlu||fee < C'||curlv||peo .

Therefore
uot t
(37) llcurlv(t)|| e < |lcurlv(0)|| L~ + C&/ lcurl vz —1—/ ||curl f||pe -
0 0

Let .
h(t) = J|eurl v(0)| 1= +/O lleurl f||zo -
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We have from (37) that

¢ t
8t<e_ctu/a/ chrlv”Loo) - (chm”Lw _cﬂ/ chrlvHLoo) o Citv/a
0 (8% 0

< h(t) e—CtI//a )
Integrating in time yields

t t
/ leurl o] g < / h(r) STl g <y (S — 1) L
0 0 vC
Using this in (37) gives

t
[eurlv(t)]| L < (chrlv(O)HLm +/ chrlfHLoo> Ctvla
0

which is the desired inequality. n
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