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A GENERAL EXISTENCE THEOREM FOR
DIFFERENTIAL INCLUSIONS IN THE VECTOR VALUED CASE

B. DACOROGNA and G. PISANTE

Abstract: We discuss the existence of solutions, u € ¢ + WO1 29 (Q; R™), for differ-
ential inclusions of the form

Du(x) € E, ae.in Q.

1 — Introduction

In this article we discuss the existence of solutions, u € W1>°(Q; R™), for the
Dirichlet problem involving differential inclusions of the form

{ Du(x) e E, a.e.in Q
u(z) =@(x), x€d

where ¢ is a given function and E C R™*" is a given set.
In the scalar case (n = 1 or m = 1) a sufficient condition for solving the
problem is
Dy(x) € EUintcoE, a.e. in

where intco E/ stands for the interior of the convex hull of E. This fact was
observed by several authors, with different proofs and different levels of generality;
notably in [1], [2], [5], [6], [8], [12] or [13]. It should be noted that this sufficient
condition is very close from the necessary one.

When turning to the vectorial case (n,m > 2) the problem becomes con-
siderably harder and no result with such a degree of elegancy and generality is
available. The first general results were obtained by Dacorogna and Marcellini

Received: December 3, 2004; Revised: January 5, 2005.



422 B. DACOROGNA and G. PISANTE

(see the bibliography, in particular [8]). At the same time Miiller and Sverak
[16] introduced the method of convex integration of Gromov in this framework,
obtaining comparable results.

The present paper is, in part, a review article of results by Dacorogna—
Marcellini [8]. It however provides a sharp theorem generalizing their results.
The main theorem below was first proved by Dacorogna—Marcellini in [7] (cf. also
[8]) under a further hypothesis (see below for details). This hypothesis was later
removed by Sychev in [20] (see also Miiller and Sychev [17]), using the theory of
convex integration. Kirchheim in [14] pointed out that using a classical result in
function theory (Theorem 17) then the proof of Dacorogna—Marcellini was still
valid without the extra hypothesis on F.

2 — Preliminaries

We recall the main notations that we will use throughout the article and we
refer, if necessary, for more details to Dacorogna—Marcellini [8].

In the sequel we will always assume that 2 C R™ is a bounded open set,
however the boundedness is not a real restriction, since all the constructions are
local.

Notation 1. We will denote by
o Whoo(Q;R™) the space of maps u:  C R" — R™ such that

Hui \1Sism
ue€ L>®(;R™)  and Du = ( )

Lj

€ L®°(Q;R™™) ;
1<j<n

o Wy (Q;R™) = Whoo(Q; R™) N Wt (4 R™);

o Affiec(;R™) will stand for the subset of W°°(Q; R™) consisting of piece-
wise affine maps;

e CL_(Q;R™) will denote the subset of W1°°(Q; R™) consisting of piecewise

p
C! maps. o

For higher derivatives we will adopt the following notations.
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Notation 2.

Let N,n,m > 1 be integers. For u : R® — R we write

Nyt 1<i<m N
N, . X
D"y = ( € RZL L

Oz, 0Tjx J1<jy jn<n

(The index s stands here for all the natural symmetries implied by the
interchange of the order of differentiation). When N = 1 we have

R — RMXT
while if m =1 and N = 2 we obtain
RY = RM"
i.e., the usual set of symmetric matrices.
For uw : R" — R™ we let
DIVl = (u, Du, ..., DNu)

stand for the matrix of all partial derivatives of u up to the order V.
Note that

(N-1)
5

DW=ly e RIMY = R™ 5 R™X™ 5 RV x . x RTX"

where

My=14n+..+n""1= o

Hence

DWWy = (DIV=Yy, DVu) € RPMN RN g

We therefore have the following

Notation 3. We will denote by

WN:22(Q:; R™) the space of maps u : 2 C R” — R™ such that DWly e L°°;
W (R = W (@ R™) AW (O R™);

Aﬂif-l\éc(ﬁ; R™) will stand for the subset of WN:>°(; R™) so that DNu is
piecewise constant;

Cé\ifec(ﬁ; R™) will denote the subset of W (Q; R™) so that DV u is piece-
wise continuous. o
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We finally recall the notations for various convex hulls of sets.

Notation 4. We let, for £ C R™*",
Fe={f R R =RU{+o0}: fl, <0}

We then have respectively, the convex, polyconvex, rank one convex and (closure
of the) quasiconvex hull defined by

co B = {¢ € R"™" : f(€) <0, for every convex f € Fi} |
f(
(
(

Pco E = {5 € R™X"
Rco E = {5 e R™ ™ : f(&) <0, for every rank one convex f € ?E} ,

&) <0, for every polyconvex f € ?E} ,

QcoE = {f e R™ ™ . f(&) <0, for every quasiconvex f € .7'"}3} .0

We should point out that by replacing Fr by Fg in the definitions of co E
and Pco E we get their closures denoted by coF and PcoE. However if we do so
in the definition of Rco E we get a larger set than the closure of Rco E.

3 — The main theorem

We start with the following definition introduced by Dacorogna—Marcellini in
[7] (cf. also [8]), which is the key condition to get existence of solutions.

Definition 5 (Relaxation property). Let E, K C R™*". We say that K has
the relaxation property with respect to F if for every bounded open set 2 C R",
for every affine function u¢ satisfying

Dug(r) =€ € K,
there exist a sequence u, € Affyiec (Q;R™)

uy, € ug + Wol’oo(Q;]Rm) , Duy(r) e FUK, a.e.in Q,

Uy = ug in WHe /dist(Dul,(m);E) dr — 0 as v —o00.0
Q
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Remark 6.

(i) It is interesting to note that in the scalar case (n = 1 or m = 1) then
K = int co E has the relaxation property with respect to F.

(ii) In the vectorial case we have that, if K has the relaxation property with
respect to F/, then necessarily

K C QcoE .

Indeed first recall that the definition of quasiconvexity implies that, for
every quasiconvex f € Fg,

£(€) measQ < /Q f(Duy(2) da .

Combining this last result with the fact that { Du, } is uniformly bounded,
the fact that any quasiconvex function is continuous and the last property

in the definition of the relaxation property, we get the inclusion K C
QcoFE. o

The main theorem is then.

Theorem 7. Let Q C R™ be open. Let E,K C R™*" be such that E is
compact and K is bounded. Assume that K has the relaxation property with
respect to E. Let ¢ € Aff;..(Q;R™) be such that

Dy(zx) e EUK, ae. in Q.
Then there exists (a dense set of) u € ¢ + Wol’OO(Q; R™) such that

Du(z) e E, ae in .

Remark 8.

(i) According to Chapter 10 in [8], the boundary datum ¢ can be more

general if we make the following extra hypotheses:

e in the scalar case, if K is open, ¢ can be even taken in W1 (Q; R™),

with Dy(x) € EU K (cf. Corollary 10.11 in [8]);

e in the vectorial case, if the set K is open, ¢ can be taken in Céiec (;R™)
(cf. Corollary 10.15 or Theorem 10.16 in [8]), with Dy(z) € EU K.
While if K is open and convex, ¢ can be taken in W1 (; R™) pro-
vided

Dy(x) e C, ae.in Q,
where C' C K is compact (cf. Corollary 10.21 in [8]).
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(ii)
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As already mentioned this theorem was first proved by Dacorogna—
Marcellini in [7] (cf. also Theorem 6.3 in [8]) under the further hypothesis
that

E-= {g e R™M . Fi(€) =0, i = 1,2, I}

where F;: R™*™ — R, i=1,2,...,I, are quasiconvex. This hypothesis
was later removed by Sychev in [20] using the theory of convex integra-
tion (see also Miiller and Sychev [17]). Kirchheim in [14] and [15] also
showed, using a classical result (Theorem 17) applied to the gradient
operator (Corollary 19), that the extra hypothesis on E of Dacorogna—
Marcellini [8] can be removed. The proof that we provide here is a
combination of the original one of Dacorogna—Marcellini with the one
of Kirchheim. More precisely we replace the density argument in [8],
which was based on weak lower semicontinuity and quasiconvexity, by
Corollary 19.

It should be pointed out that in the scalar case the theorem is in fact
more general, since then no restriction on F has to be imposed and we
can choose the largest possible K namely int co F.

For recent applications of this theorem see Croce [3], Dacorogna—Pisante—
Ribeiro [9] or Dacorogna-Ribeiro [10]. o

Proof: We let V be the closure in L>(Q; R™) of

V= {ue Affsiec (CBER™) - w= ¢ on 9Q and Du(z) EEUK} .

V' is non empty since ¢ € V. Let, for k € N,

— 1
vk = int{u eV: /dist(Du(ac);E) dx < k}
Q

where int stands for the interior of the set. We claim that V¥, in addition to be

open, is dense in the complete metric space V. Postponing the proof of the last

fact for the end of the proof, we conclude by Baire category theorem that

ﬂVk C {u € V: dist(Du(z),E) =0, a.e. in Q} cVv
k=1

is dense, and hence non empty, in V. The result then follows, since FE is compact.
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We now show that V¥ is dense in V. So let u € V and € > 0 be arbitrary.
We wish to find v € V¥ so that

lu— ||~ <e.
We recall (cf. Appendix) that

wp(a) = lim sup  [|Dv — Dw|| (g
6—0 v,wWEBoo (,6)

where

By (a,d) = {u eV:|u—alpe< (5} .

e We start by finding o € V' a point of continuity of the operator D so that
lu — al|pe < €.
-3
This is always possible by virtue of Corollary 19. In particular we have that the
oscillation wp(a) of the gradient operator at « is zero.

e We next approximate a € V by 3 € V so that

- 1
2k -
This is possible since by Proposition 16 we know that for every € > 0 the set

5= {u € V:wp(u) < 8}

16 —all~ <3 and wp(s)

is open in V.
e Finally we use the relaxation property on every piece where Dj is constant
and we then construct v € V, by patching all the pieces together, such that

1

€
_ o < — —
6= vlz= <5, wp() < o

1
3 and /dist (Dv(z); E) do < —
Q

2k

Moreover since wp(v) < 55 we can find § = §(k,v) > 0 so that

1
lv =%l <6 = [|Dv =Dyl < 5

and hence

/diSt(DT/](x);E) dx < /dist(Dv(a:);E) dx + ||[Dv — D1 < =
Q Q k

for every 1) € Boo(v,0); which implies that v € V*.

Combining these three facts we have indeed obtained the desired density
result. m
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To conclude this section we give a sufficient condition that ensures the re-
laxation property. In concrete examples this condition is usually much easier to
check than the relaxation property. We start with a definition.

Definition 9 (Approximation property). Let E C K(E) C R™*™. The sets
E and K (F) are said to have the approximation property if there exists a family
of closed sets Es and K (Ejs), 6 > 0, such that

(1) Es C K(Es) C int K(F) for every 6 > 0;

(2) for every € > 0 there exists dp = do(e) > 0 such that dist(n; E) < e for
every n € Es and § € [0, d;

(3) if n € int K(F) then n € K(FEs) for every § > 0 sufficiently small. o

We therefore have the following theorem (cf. Theorem 6.14 in [8] and for a
slightly more flexible one see Theorem 6.15).

Theorem 10. Let E C R™*" be compact and Rco E has the approximation
property with K(Es) = Rco Ej, then int Rco E has the relaxation property with
respect to E. n

4 — Some extensions

In the present section we will extend the results of the preceding section.
We first define the relaxation property in a more general context.

N

Definition 11 (Relaxation property). Let E, K C R" x RT>*Mn » Rmxn™,
We say that K has the relaxation property with respect to E if for every bounded
open set 0 C R", for every ug € AN (Q; R™) with DNug(x) = &, satisfying

(z, D[Nfl}US(a:), DNUE(J?)) € K,
there exists a sequence u, € A ﬁp]i\éc (; R™) such that
uV€u5+WéV’°O(Q;Rm) Uy =g in WV
(z, DNy, (), DNu,(z)) €e EUK, ae.in Q,

/dist((:z:,D[N_l]u,,(a:),DNuV(a:));E>dx — 0 as v—o00.O
Q

In the sequel we will denote points of F by (z,s,&) with x € R?, s € R?>*Mn
and £ € R;”X"N.
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The following theorem is the main abstract existence theorem. The proof
will be done essentially following the same argument of the proof of Theorem 7
and using the standard procedure of freezing the lower order terms as in [8]
Theorem 6.3.

Theorem 12. Let Q C R" be open. Let B, K C R" x R™*M~ x R;”X"N be
such that E is closed, and both E and K are bounded uniformly for x € ) and
whenever s vary on a bounded set of R™*M~N - Assume that K has the relaxation
property with respect to E. Let ¢ € A p]i\éc (©; R™) be such that

(z, DNl (x), DVy(z)) e EUK, ae. in Q;
then there exists (a dense set of) u € ¢ + Wév’oo(ﬂ; R™) such that

(x,D[N_”u(ac),DNu(x)) eFE, aein Q.

Remark 13.

(i) The boundedness of E (or of K) stated in the theorem should be un-
derstood as follows. For every R > 0, there exists v = y(R) so that

(r,8,§) € E, ©€Q and |z|+|s|<R = [¢|<~.

(i) In this theorem if K is open (in the relative topology of R™ x RT**Mn~ x
RQ”X”N) we can also take ¢ € CYY (€;R™) according to Corollary 10.18

piec

in [8] (for a detailed proof of this statement see [19]).

(iii) Asin the previous section, a theorem such as Theorem 10 is also available
in the present context, but we do not discuss the details and we refer to
Theorem 6.14 and Theorem 6.15 in [8]. o

Proof: Since p € WY >*°(Q;R") we can find R > 0 so that
|D[N*1]<p(a:)‘ <R.
We let V be the closure in CV=1(€; R™) of
V = {u €A pﬁc(ﬁ;ﬂ%m) U € g0+WéV’°O(Q;Rm), ‘D[N_l]u(x)|<R

and (x,D[N_l]u(x),DNu(a:)) € EUK} .

V is non empty since ¢ € V and V is a complete metric space when endowed
with the CN~1 norm.
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Let, for k € N,
_ 1
vk = int{u ev: / dist((a:,D[N*”u(a;),DNu(x));E)da; < k}
Q

The result will follow as in the proof of Theorem 7 once we have proved that
V* is dense in the complete metric space V.
So let w € V and € > 0 be arbitrary. We wish to find v € V¥ so that

[ = vf[N-100 < €.
We recall (cf. the Appendix) that

wpn (u) = lim sup IDNp — DNep|| 11,
020 e B 1,00 (u,8)

where By _100(u,6) ={v € V: ||u—v||N-1.00 < 6}
e We start by finding o € V a point of continuity of the operator DV

(in particular wpn () = 0) so that

€
o= allv-100 < 5 -

e We next approximate ae € V by 8 € V so that,

1
18— allv-100< 5 and  wpy(B) < o
Since |[DIN-Ug(z)| < R, from now on all the approximations can be supposed,
without loss of generality, sufficiently small in order to work always under the
hypothesis
IDIN=Uy(z)| < R

e By working on each piece where DV 3 is constant, without loss of gener-
ality, we can assume that 3 € CV(Q;R™) with DV 3(x) = constant in Q and
(z, DIN-UB(x), DN B(x)) € EU K. Therefore let

Qo = {x eN: (a:,D[Nfuﬂ(x),DNﬂ(x)) € E} ,
Q1 =0\ Q.

It is clear that g is closed, since E' is compact, hence €2 is open.
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e We can now use the relaxation property on € to find v; € ALY

piec (Ql ) Rm)
such that

vy € B+ W, ’OO(Ql;Rm)
€
[v1 = Blln-1,00 < 3
(ZL',D[N_I]Ul(l‘),DN’Ul(IL‘)) e FUK ae. z€

1
\ /Qldist<(x,D[Nl]vl(m),DNvl(x)) )dx < %

‘We can now define
Blx) if ze€Q
v(z) =

vi(x) if xey.
Q;R™) and

Observe that v is A plec(

vE o+ WP R™)
€
[v = BlN-1,00 < 3

(w,D[N*”v(m),DNv(:v)) ceFUK ae z€Q

\ /Qdist((x,D[N_l]v(:r),DNU(:U)) )dw < i

Moreover by taking a smaller ¢ if needed we can ensure also that

E
3k’

WpN (U) <
then we can find h = h(k,v) so that

1
v —¥[|n—100 b = [[DVp = DNo|jp1 < — %

Hence choosing h < 1/3k|Q2|, where || = meas €, and writing for simplicity of
notations

() = (x,D[N*”v(a;),DNU(a:)) . mylx) = (m,D[N*Hw(x),DNw(x))

we have

/dlSt(nw( ); E)dr < /dist(nv(a:);E) dx
Q
+ |92 HD[N_”W@ — DIV y(z N 100
+ |4 (x) — DNo(x)
1 1 1
< gp TR
for every 1 € By_1,00(v, h); which implies that v € V*.

I
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Combining these three facts we have indeed obtained the desired density
result. =

5 — Appendix

In this appendix we recall some well known facts about the so called functions
of first class in the sense of Baire, with particular interest in their application to
the gradient operator.

We start recalling some definitions.

Definition 14. Let X, Y be metric spaces and f : X — Y. We define the
oscillation of f at zg € X as

wi(zg) = %irrtl) sup dy (f(l/)y f(x))
—U z,y €B(x0,)

where B(zg,0) :={z € X : dx(z,x0) < d} is the open ball centered at zy and
dx, dy are the metric on the spaces X and Y respectively. o

Definition 15. A function f is said to be of first class (in the sense of Baire)
if it can be represented as the pointwise limit of an everywhere convergent se-
quence of continuous functions. o

In the next proposition we recall some elementary properties of the oscillation
function wy.

Proposition 16. Let X, Y be metric spaces, and f : X — Y.

(i) f is continuous at xg € X if and only if w¢(zg) = 0.
(ii) The set Qf := {z € X :wy(z) < €} is an open set in X. u

Using the notion of oscillation and Proposition 16 we can write the set Dy of
all points at which a given function f is discontinuous as an F}, set as follows

o0
1

1 = : > — 5.
0 o= Ufeex: o= 1}

n=1

We therefore have the following Baire theorem for functions of first class.

For the convenience of the reader we will give a proof of this theorem (see also
Theorem 7.3 in Oxtoby [18] or Yosida [21] page 12).
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Theorem 17. Let X, Y be metric spaces let X be completeand f : X — Y.
If f is a function of first class, then Dy is a set of first category.

Proof: Using the representation (1) of Dy it suffices to show that, for each
€ >0 theset = {x € X : ws(x) > 5¢} is nowhere dense.
Let f(x) = limy—o0 fn(z), with f, continuous and define the sets

E, = () {x € X: dy (fi(z), fi(z)) < e} , VneN.
i,j>n
Then E,is closed in X, by continuity of f,,, and £,C Ej, 1. Moreover |J,,cnEn =X,
since for every x € X the sequence {f,(x)} is convergent and thus a Cauchy
sequence in Y.

Consider any closed set with non-empty interior I C X. Since I = |J(E,NI),
the sets E,, NI cannot all be nowhere dense, since (cf. Yosida [21] page 12) in
this case the complement of I in X, I¢, should be a dense set as a complement of
a set of first category by Baire theorem and this is a contradiction with the fact
that I has non empty interior. Hence for some positive integer n, E,, NI contains
an open subset .J, by definition (cf. Yosida [21] page 11) of a nowhere dense set.

We have dy (fj(x), fi(x)) < e for all x € J and for all ¢, > n. Putting j =n
and letting 7 tend to oo, we find that dy(fn(x), f(z)) < € for all z € J. By
continuity of f,, for any xzo € J there exists a neighborhood I(xg) C J such that
dy (fn(z), fn(z0)) < € for all x € I(xg) and hence

dy (f(z), f(z0)) <26, V€ lI(x).

Therefore

dy (f(2), f(y)) < dy (f(2), fa(@0)) +dy (f(y), falwo)) < de,  Va,y € I(zo),

then wy(xg) < 4e, and so no point of J belongs to F'. Thus for every closed set I
with non-empty interior there is an open set J C I N F°. This shows that F' is
nowhere dense and therefore Dy is of first category. m

Remark 18. From Theorem 17 and the Baire category theorem follows in
particular that the set of points of continuity of a function of first class from
a complete metric space X to any metric space Y, i.e. the set D; complement
of Dy, is a dense G set. Indeed for any € > 0, the set

;::{xeX:wf(a:)<e}

is open and dense in X. o
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In the proof of our main theorem we have used Theorem 17 applied to the
following, quite surprising, special case of function of first class. This result
was observed by Kirchheim in [14] (see also [15]) for complete sets of Lipschitz
functions and the same argument gives in fact the result for general complete
subsets W1%°(Q) functions.

Corollary 19. Let Q C R" be a bounded open set and let V.C W1°(Q) be
a non empty complete space with respect to the L*° metric. Then the gradient
operator D: V — LP(Q;R"™) is a function of first class for any 1 < p < oo.

Proof: For h # 0, we let
DM = (D}, ...,DMy: V— LP(Q;R")
be defined, for every u € V and z € Q, by
uw(x + he;) — u(x)
Dlu(z) = h

0 elsewhere

if dist(z, Q) > |h|

for i = 1,...,n, where ey, ..., e, stand for the vectors from the Euclidean basis.
The claim will follow once we will have proved that for any fixed h the operator
D" is continuous and that, for any sequence h — 0,

lim | D}'w — Diu|| oy = 0

forany i =1,...n,ueV.
The continuity of D follows easily by observing that for every i = 1,...,n,
€ >0 and u,v € V we have that

1
D?U—Dlh’l) QO — (/
H HLP( ) ’h‘ ,

2(measQ)%
< T lu = vl Loy 5

1

4 P
dw)

IN

w(@) —v(z) + u(z + he;) — v(z + he;)

where Q) = {z € Q: dist(x, Q) > |hl}.
For the second claim we start observing that for any A and for any u € V we
have

u(z + he;) — u(x)
h

| Dl oo () < < [[Diul| ooy < 400 .
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Moreover by Rademacher theorem, for any sequence h — 0,

}llirr[l) DMu(x) = Diu(z) ae ze€Q.

The result follows by Lebesgue dominated convergence theorem. m

ACKNOWLEDGEMENTS — We have benefitiated from the financial support of the
Fonds National Suisse (grant 21-61390.00). The work of Giovanni Pisante was partially
supported by the University of Naples “Federico II”, by GNAMPA and was completed
during his stay at the Section of Mathematics of EPFL. We would like to thank Kewei

Zhang for pointing us a mistake in an earlier version of the article.

REFERENCES

[1] BRESSAN, A. and FLORES, F. — On total differential inclusions, Rend. Sem. Mat.
Univ. Padova, 92 (1994), 9-16.

[2] CELLINA, A. — On minima of a functional of the gradient: sufficient conditions,
Nonlinear Anal. Theory Methods Appl., 20 (1993), 343-347.

[3] CrocE, G. — A differential inclusion: the case of an isotropic set, to appear in
Control, Optimisation and Calculus of Variations.

[4] DACOROGNA, B. — Direct methods in the calculus of variations, Applied Math.
Sciences, 78, Springer, Berlin, 1989.
[5] DACOROGNA, B. and MARCELLINI, P. — Théorémes d’existence dans le cas scalaire

et vectoriel pour les équations de Hamilton-Jacobi, C. R. Acad. Sci. Paris, 322
(1996), 237-240.

[6] DACOROGNA, B. and MARCELLINI, P. — General existence theorems for Hamilton-
Jacobi equations in the scalar and vectorial case, Acta Mathematica, 178 (1997),
1-37.

[7] DACOROGNA, B. and MARCELLINI, P. — On the solvability of implicit nonlinear

systems in the wvectorial case, in “AMS Series of Contemporary Mathematics”
(G.Q. Chen and E. DiBenedetto, Eds.), 1999, pp. 89-113.

[8] DAcoroGNA, B. and MARCELLINI, P. — Implicit Partial Differential Equations,
Birkhauser, Boston, 1999.

[9] DACOROGNA, B.; PISANTE, G. and RIBEIRO, A.M. — On non quasiconvex prob-

lems of the calculus of variations, Discrete and Continuous Dynamical Systems,
13(4) (2005), 961-983.



436

B. DACOROGNA and G. PISANTE

DACOROGNA, B. and RIBEIRO, A.M. — Existence of solutions for some implicit
pdes and applications to variational integrals involving quasiaffine functions, Proc.
Royal Soc. Edinburgh, 134 A (2004), 907-921.

DACOROGNA, B. and TANTERI, C. — Implicit partial differential equations and
the constraints of nonlinear elasticity, J. Math. Pures Appl., 81 (2002), 311-341.
DE BrLasi, F.S. and P1ANIGIANI, G. — On the Dirichlet problem for Hamilton-
Jacobi equations. A Baire category approach, Nonlinear Differential Equations
Appl., 6 (1999), 13-34.

FRIESECKE, G. — A necessary and sufficient condition for non attainment and
formation of microstructure almost everywhere in scalar variational problems, Proc.

Royal Soc. Edinburgh, 124 A (1994), 437-471.

KIRCHHEIM, B. — Deformations with finitely many gradients and stability of qua-
siconvex hulls, C. R. Acad. Sci. Paris, 332 (2001), 289-294.

KIRCHHEIM, B. — Rigidity and Geometry of microstructures, Lecture Notes Nr. 16,
MPI for Mathematics in the Sciences, 2003.

MULLER, S. and SVERAK, V. — Attainment Results for the Two-Well Problem by
Convez Integration (J. Jost, Ed.), International Press, 1996, pp. 239-251.
MULLER, S. and SYCHEV, M. — Optimal existence theorems for nonhomogeneous
differential inclusions, J. Funct. Anal., 181 (2001), 447-475.

OxTOBY, J.C. — Measure and Category, Springer, Berlin, 1971.

PISANTE, G. — Implicit partial differential equations: different approaching meth-
ods, PhD Thesis, 2004.

SycHEV, M. — Comparing two methods of resolving homogeneous differential in-
clusions, Calc. Var. Partial Differential Equations, 13 (2001), 213-229.

Yosipa, K. — Functional Analysis, sixth edition, Springer, Berlin, 1980.

B. Dacorogna,
Section de Mathématiques,
EPFL, 1015 Lausanne — SWITZERLAND
E-mail: bernard.dacorogna@epfl.ch

and

G. Pisante,
School of Mathematics, Georgia Institute of Technology,
Atlanta, GA 30332 — USA
E-mail: pisante®@math.gatech.edu



