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ON THE CONCENTRATION OF SOLUTIONS OF SINGULARLY
PERTURBED HAMILTONIAN SYSTEMS IN RV

MIGUEL RaMOS and SERGIO H.M. SOARES

Abstract: We consider a system of the form —e2Au + a(z)u = g(v), —?Av +
a(z)v = f(u) nRY, N>3 and f and g are power-type nonlinearities having superlinear
and subcritical growth at infinity. We establish that the least energy solutions to such a
system concentrate at global minimum points of a as € — 0.

1 — Introduction

We consider
(1.1) —2Au+ta(@)u = glv), —*Av+a(z)v = f(u), wuve HYRY),
where a(x) € C(RY) is such that

(1.2) 0 < a(0) = min a(zr) < liminfa(z) € ]0,400] .

zeRN |z|—o00

Concerning f and g, we will assume the following.

(H) f(0)=0=/"(0), g(0)=0=¢'(0) and there exist real numbers ¢1,¢3 > 0
and p,q > 2 such that %—l—% > % and
! /
(1.3) L) i 28y,

|s[—o0 |s[P=2 |s[—o0 |s[972
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Moreover, for some ¢ > 0 and every s € R, s #£ 0,

(1.4) f(s)s > (2+6) F(s) >0 and  f*(s) <2 f'(s) F(s)
and
(1.5) g(8)s = (24+6)G(s) >0 and g¢*(s) <29'(s)G(s) ,

where F(s) := [; f(c)do and G(s) := [; g(o)do. We look for positive solutions
of (1.1), and therefore we let f(s) = g(s) =0 for s < 0.

Our motivation for the study of such a problem goes back to the works of
Rabinowitz [10] and Wang [13] concerning the single equation

(1.6) —?Au+a(z)u = flu) in RY.

In [10], Rabinowitz uses a mountain-pass type argument to find a ground state
for € > 0 sufficiently small, when a satisfies the global assumption

liminfa(z) > inf a(x) > 0.

|z|—o0 zERN
In [13], Wang proves that the mountain-pass solutions found in [10] concentrate
around a global minimum of a as € tends to 0. A local version of these results
was proved by Del Pino and Felmer in [6, 7].

It is known that the extension of these results to systems such as (1.1) presents

some difficulties. Roughly, they are due to the strongly indefinite character of
the energy functional associated to the system, that is

/]RN <52<Vu, Vo) + a(x) uv — F(u) — G@)) de .

Other difficulties have to do with the assumption that & + % > % (which is
more general than to assume that p,q < 2N/(N—2)) and to the unclear picture
of the “limit problem” associated to (1.1) (nonexistence and uniqueness results).
We refer the reader to the Introduction in [3, 8] for more details on this.

To the best of our knowledge, a first approach to the singularly perturbed
system in a bounded domain, with Neumann boundary, and a(x) =1 appeared
in [3] by means of a dual variational formulation of the problem (restricted to the
case where f(s) = sP71 g(s) = 5971, 2 < p, ¢ < 2N/(N—2)). In [1], the authors
employ a similar variational setting to the system (1.1) in RY which allows
to consider two different functions a(x) and b(z) in the equations of (1.1).
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Related results for Hamiltonian systems can be found in [2]. A more direct
approach was proposed in [11] and was subsequently developed in [8, 9]; in these
papers the authors extend to system (1.1) (in a bounded domain, with Dirichlet
or Neumann boundary conditions, and a(z) = 1) the elementary point of view of
the paper [6] for the single equation (1.6).

In the present paper our goal is to prove the following.

Theorem 1.1. Under assumptions (1.2) and (H) and for any sufficiently small
e >0, the system admits a ground-state solution (u.,v:) € C?(RN) N HY(RYN),
Ue, e > 0 with the following properties: both functions u. and v. attain their
maximum value at some unique and common point x. € RY; the sequence (x.).
is bounded and, whenever it converges to xo € RY along a subsequence, we have
that a(zo) = a(0) = min gy a(x).

The proof of Theorem 1.1 is postponed to Section 4. Before we prove it
we study some auxiliary problems involving appropriate truncated functions in
the place of a(x); in particular, Section 3 contains the core of the proof of
our main result, where we deal with the indefinite sign of the quadratic term
Jen ((Vu, Vo) + a(z) uv). We point out that this is in contrast with the single
equation case, where no such problem arises.

2 — Preliminaries

In this section we establish some preliminary results needed for the proof of
Theorem 1.1. Given f,g € C?(R;R) satisfying condition (H), we consider the
system

(2.1) —Au+ta(z)u = gv), —Avtalz)v=f(u), uveHRY).

Let X be the Hilbert space defined by X = H'(RY) N {u: [a(z)u? < co} with
the inner product

(u,v) = /((Vu, Vo) + a(z) w) ,

whose associated norm we denote by || -||. Under the hypothesis (1.2), X is
continuously embedded in H'(RY).
For (u,v) € E = X xX we define the energy functional

(2.2) I(u,v) = / (Vu, Vo) + / alz) wv — / Flu) — / G) |
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where F(s) = [J f(t)dt and G(s) = [ g(t)dt. Under our assumptions, it can
happen that, for instance, ¢ > 2N/(N—2) > p and so I may not be well defined
for (u,v) € E. In order to overcome this problem, as explained in [8] and [11],
we may assume without loss of generality that the numbers p, ¢ in (H) are such
that 2 < p = ¢ < 2N/(N—2). This is due to the fact that in our case we will
always work with ground-states having a bounded Morse index; these solutions
are a priori bounded for the L* norm and this bound is unchanged whenever
we truncate f and g in a neighborhood of infinity in such a way that (H) is still
satisfied for the modified functions with 2 < p = ¢ < 2N/(N—2) in condition (1.3)
(see Theorem 1.1 in [11] for details). Taking this remark into account, the energy
functional I is well defined and belongs to C?(E,R). Furthermore,

I'(u,0)(¢,9) = (u,¥) + (v, ) —/(f(u)¢+g(v)¢) , VoY) eE.

Thus, every critical point of I corresponds to a solution of problem (2.1).
We start by proving a lemma which will play a significant role in the sequel.

Lemma 2.1. Let (up,v,) be a Palais-Smale sequence for the functional I,
namely
I(up,v,) — c€RT

and

pin = sup{ | (un, 0a) (& 8)], 6,0 € X, 6]l + vl <1} — 0.

Then (uy,vy,) is bounded and

sup{I(s(un, vn) + (9, —9)): seRY, p € X} = I(tn,vn) +O(u2) .

Proof: 1. Since
2 1 (tin, 0n) = I (ttn, V) (1t ) + / (f (tn )t — 2 F 1)) + / (g(vn)vn —2G(vy))
we have from (1.4) and (1.5) that
23) [ (Fn)un + 9(02)0n) < €+ (] + )

From (1.4) and (1.5) again, for any § > 0 we have

(2.4) / (Junl? + fnl?) < 6 / (unl? + oal?) + Cs + ptn (ltall + l0l]) -
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Now, since

(2.5) ||unH2 + HUnH2 = I,(umvn)(vm Up,) +/(f(un)vn + g(vn)un)

we have by (H) that, for any given §' > 0,

| + |val? < 5’/(!un|2 + val?) + C(;//(unlp_1 Vn| + [on P71 )
(2.6) + i ([funll + llvall) -

Combining (2.4) and (2.6) yields that

lwn|* + [vn]* < 5/(|Un|2 +1onl?) + Cs + pn([lunll + llvall) -
For a sufficiently small §, this implies that [|u,|| + |Jv.|| < C

2. Let s, >0, t, € R and ¢,, € X be such that ||¢,| =1 and

sup{ I (s(un,vn) + (6, =9)): s €RF, 6 € X} = I(50(un, va) +tn(6, —00)) -

We show next that the sequences (sy,) and (t,) are bounded. In view of a con-
tradiction, assume first that both sequences are unbounded along a subsequence.
We observe that

I, = I(Sn(un7 Un) + tn(¢n> _¢n))
(2.7) = 520(1) — t2 + t,5,0(1) —/F(snun + tndn) —/G(snvn —tndn) -

Case a). Suppose |t,,|/s, — o0. Then we see from (2.7) that I,, < t2(o(1)-1) —
—oo and this contradicts the fact that liminf I,, > 0.

Case b). Suppose |t,|/sn,— 0. From (2.7) we have that

0<l, < (0(1) _/F(snun:tnqﬁn))_

Sn

This implies that [ M — 0. We decompose [ = [, + fRN\ 4, Where
Ap ={z: [spun(x )+tn¢>n( )| > 1}. From (1.3),

/ F(Snun+ tn¢n C/
An

Un, + ¢n

Y
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for some positive constant. Thus, [ o un + z—z¢n|p — 0. Consequently,

(2.8) / |un|P — 0.
An

On the other hand, over R\ 4,, we have that |u,| < i + % |¢pr| and so

(2.9) / lunl? — 0.
RN\ A,

Hence, from (2.8) and (2.9) we have [ |u,[P — 0. In a similar way we deduce that
J lon P — 0. It then follows from (2.5) that |juy|| + ||vn|| — 0 and this contradicts
the fact that liminf I(u,,v,) > 0.

Case ¢). Suppose |t,|/sp,— ¢ € RT. Similarly to case b) we deduce that

P
/ o
and so [ |un 4+ v,|P — 0. As a consequence, since [(u2 + v2) is bounded,

[ 150 o 0]+ [ o) Gon-+)] = 0.

Since I' (un, vy ) (un~+ vUp, up+ vy) — 0 this implies that ||u,+ v,| — 0. But then

tn P
Un — ¢n — 0
s

n

t
Un + — Pn
Sn

2 Ity 0n) = [fin + v 2 (nunw HloalP+2 [ (Plun) +G<vn>)) < o(1)
and this contradicts the fact that liminf I(uy,,v,) > 0.

In any of the cases a), b) and ¢) we arrive at a contradiction and so either
(tn) or (sy) is bounded. Now, assume that one (and only one) of these sequences
is unbounded. In case [t,|/s, — oo we must have that |t,| — oo and we arrive
at a contradiction as in case a) above; while if |¢,|/s, is bounded then s, — oo,
tn/sn— 0 and again we get a contradiction arguing as in case b). In conclusion,
both sequences (t,,) and (s,) are bounded.

3. Once we know that (¢,) and (s,) are bounded sequences, the rest of the
proof follows as in [11] and [8]. Indeed, since pi, — 0 and since liminf [ (f(un)un+
g(vy)vp) > 0, it follows from Theorem 3.5 in [11] or Lemma 3.3 in [8] that s, — 1.
Then, as explained in [8] (cf. Lemma 3.3), we have in fact that |s, — 1| + |t,,| =
O(pn). It remains to observe that, by Taylor’s formula,

Iy = I(up,vn) + (80— 1) I'(un, vp) (U, vn) + tn I (n, v0) (n, —bn)
+0((sn—1)* +12))
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yielding that
‘In — I(un,vn)‘ < Cui .

This completes the proof of Lemma 2.1. n

3 — Continuous dependence of the ground-state critical levels

For any constant A > 0 we denote by ¢(\) > 0 the ground-state critical level
associated to the problem

—Au+Au=g(v), —Av+Iv=f(u), u,v € HY(RY) .

Lemma 3.1. The map A — c¢()) is continuous and increasing, and we have
that limy_,o c¢(A\) = 0.

Proof: 1. Let I, denote the energy functional associated to the above sys-
tem. By Theorem 3 in [12], I admits indeed a least positive critical level ¢(\).
By the maximum principle, any nonzero solutions u, v of the system are positive
in RY. Moreover, according to Theorem 2 in [5], u and v are radially symmetric
with respect to some (common) point of RY. We also recall that, as a conse-
quence of Benci-Rabinowitz’s linking theorem [4], ¢()) is positive, uniformly in A,
as long as A remains bounded away from the origin, and that

(3.1) c(\) < sup{b\(s(uo,vo) +(¢,—0)): sERY, € Hl(RN)} ,

for any given functions wug,vg € H'(RY) such that vy # —up; the required
compactness property of the problem is obtained by using the invariance by
translation.

2. For a given A\ > 0, suppose A\, — A. Let (up,v,) be ground-state solu-
tions for I, with u, >0, v, > 0. Fix any functions ug, vy € H'(R") such that
vo # —up. According to (3.1) we have that

C()‘n) < I>\n (Sn(u(]v UO) + tn(¢na _d)n))

for some s, € RY, t, € R, ¢, € HY(RY) with ||¢,| = 1. By using an argument
similar (in fact, easier, since ug and vy are fixed) to the one in step 2 of the proof
of Lemma 2.1, this implies that (s,) and (¢,) are bounded sequences, and thus
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so is (¢(An)). Then, as in step 1 of the proof of Lemma 2.1, this implies that (u,)
and (v,) are bounded. In particular, we have that

L(up,vn) = c(An) + (A=) /unvn = c(An) +0(1)
and, for any ¢, € H'Y(RN),

[+ )| < ol0) (el + 1)

Thus, it follows from (3.1) (with up = u,, and vy = v,) and Lemma 2.1 that
c(N) < Iy(un,vn) +C (A=) = c¢(A\) +0(1)

yielding that

(3.2) c¢(A) < liminfe(Ay,) .

Concerning now the reversed inequality, let (u,v) be the ground-state solution
associated to I, with u > 0, v > 0. Then

I, (u,v) = I\(u,v) + (An— ) /uv
and, for any ¢,¢ € H'(RY),

I () (6, 8) = (n— N) / (o + v6) .

Then (3.1) (with up = u and vy = v) and a minor modification of the proof of
Lemma 2.1 implies that

c(Mn) < In, (u,v) + C(A— N2 .
As a consequence,
(3.3) cOn) < e(A) + (n— A) (C\)\n—)\ + / uv> .
In particular,
(3.4) limsup c¢(A,) < ¢(A) .

By combining (3.2) and (3.4) we conclude that c¢(\,) — ¢(X).
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3. The inequality in (3.3) also shows that c(A\,) < ¢(\) whenever A, < A and
A is close enough to A, that is, the map A — ¢(\) is locally increasing. Since this
map is continuous, we conclude that this map is increasing in RT.

4. Finally, assume by contradiction that c¢(A\,) = I,(un, vy) remains bounded
for some sequence A\, — co. The argument in the first step of the proof of
Lemma 2.1 shows that [|Vu,|?+ X\, [u? is bounded and similarly for wv,.
Thus [(u2 +v2) =0 and [(Jun|* + |vn]|?") is bounded. By interpolation,
J (lun|P + |vn|P) — 0. Thus

21, (unsvn) = [ (Fln)u = 2F(@n)) + [ (g(en)en — 2G(w) — 0,
and this contradicts the fact that liminf I(uy,vy,) > 0. »

We would like to state a result similar to Lemma 3.1 in the case where A
is no longer a constant function. To that purpose, we consider first the case where
we deal with functions having a finite limit at infinity. Namely, let b € C(RY)
be such that
(3.5) b(z) =b>0 Vr and by := lim b(x) € R.

|z|—o0

Iy(u,v) = / (Vu, Vo) + / b() uv — / Flu) — / Gv)

and we denote by I the corresponding functional with b, in place of b(x).
Of course, here we work in the space X = H'(R™) N {u: [b(z)u? < co}.

We let

Lemma 3.2. Under assumptions (3.5), the Palais-Smale condition holds
for I, at any level 0 < ¢ < ¢(bso).

Proof: This follows from standard arguments. Indeed, let (uy,,v,) be such
that Ip(un, v,) — ¢ € ]0,¢(boo)| and I} (upn,v,) — 0. Arguing as in the first step
of the proof of Lemma 2.1 we see that, up to a subsequence, u,, = u, v, — v
weakly in X. Clearly, I} (u,v) = 0. In particular,

2 Iy(u, v) :/(f(u)u—QF(u)) —i—/(g(v)v—ZG(v)) > 0.
Next we observe that

(3.6) /F(un ) = /F(un) - /F(u) + o(1)
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and similarly for [ G(v, — v). Indeed, we have strong convergence u, — u in
H! (RN), while, for any given R > 0,

loc

/ |F(up—u) — F(uy)| < C (Junu| + u? + |un [P~ Hu| + [u’) = o(1)
lz| >R lz|>R

as R — oo. Similarly, since | f(un—u) — f(un) + f(u)}p/(p_l) — 0in L] (RY),
we have that, for any ¢ € X,

(3.7) j [tn=y6 - [semro+ [ f<u>¢' < o) l4]

and similarly for

\/gwn—vw - st +/g<v>w‘.

(A similar argument can be found for instance in [14], Lemma 8.1.)
Now, let @, = u,— u and v,, = v, — v. It follows from (3.6) that

Iy (U, 0p) = Iy(up,vn) — Ip(u,v) +0(1) < c+o(1),
while (3.7) implies that

Ié(ﬂnyﬁn)(¢7w) - Ié(unyvn)(¢aw> - Iz/)(%@)(ébyw +O(1) = 0(1) )

uniformly for bounded ¢ and . Since moreover u, — 0, 7, — 0 weakly in X
and since be = limp, o b(), a similar conclusion holds for I (un,,v,) and
I' (un,v,). Thus, in case liminf Ioo (%, vy) > 0, Lemma 2.1 and (3.1) imply
that

c(boo) < Loo(Un,Dp) +0(1) < c+o(1) .

This contradicts the assumption that ¢ < ¢(by). Thus liminf I (@, 7,) < 0
and then the argument in the first step of the proof of Lemma 2.1 shows that
lim inf(||@y,|| + ||Tn]]) = 0. =

Lemma 3.3. Under assumptions (3.5), suppose there exist u# —v such that

(3.8) sup{Ib(s(u, V) + (¢, —@)): sER], ¢ EX} < ¢(bso) -

Then I, admits a ground-state critical level ¢, and ¢(b) < ¢p.
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Proof: It follows from Lemma 3.2 and [4] that I, admits a critical point
(u1,v1) such that

0 < Ip(ur,v1) < sup{Ib(s(u,v) —|—(<;5—<z§)): se R, ¢ GX} .

In particular,
(3.9) ¢ = inf{]b(u,v): (u,v) # (0,0), I(u,v) :o} < c(bso) -

But then, again by Lemma 3.2 and Theorem 3 in [12] (namely, its argument in
page 1460), the infimum in (3.9) is actually a minimum, and it follows that I,
admits a ground-state critical level c.

Assume by contradiction that ¢(b) > cp. For t €0, 1], let by(x) := (1—t) b(x)+1tb
and denote by ¢; the corresponding ground-state level. As in Lemma 3.1, for ¢
close to zero, ¢; is well-defined and ¢; < ¢((1—t)bs + tb); moreover, c; decreases
with ¢t. As a consequence, using Lemma 3.1, if ¢ is close to zero,

a < o < c(b) < e((1—t)boo + tb) .

Using a continuation argument we conclude that ¢; < ¢((1—t) b + tb) for every
t € [0,1]. This is a contradiction for ¢t = 1, since ¢; = ¢(b). m

Lemma 3.4. Let b(z) >b>0 and suppose (un,v,) is a Palais-Smale

sequence for I, with liminf I(up,v,) > 0. Then ¢(b) < Iy(uy, vy) + o(1).

Proof: Denote
I = sup{ Ty(s(un, va) + (6,—0)): s €RY, peX ).

We know from Lemma 2.1 that I,, = Ij(uy, v,)+0(1) and that (uy, vy,) is bounded.
Moreover, according to Lemma 3.1, we can fix M so large that I, < ¢(M) for
every n. For a given sequence R, — o0, let b,(z) be a continuous function such
that by, (z) = b(x) if |z| < R, and b,(z) = M if |z| > R, + 1; we can take R, so
large that Iy, (un, vn) = Iy(un, vy) +o(1) and Iy (un,vn)(#,%) = o(1) uniformly
for all bounded functions ¢ and . It follows then as in Lemma 2.1 that

I, = Sup{Ibn (S(Umvn) + (¢7 —<Z>))1 s € R+7 ¢ EX} = Ibn (unavn) + 0(1) :
On the other hand, we see from Lemma 3.3 (applied to b,(x)) that

cb) < o, < I,

and the conclusion follows. n
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4 — Existence and concentration of ground state solutions

Now we come back to our original problem. According to (1.2), we fix @ € R
such that
0 < a(0) = min a(x) < @ < liminfa(z) .
RN |z|—o00
Lemma 4.1. Suppose (uy,, v,,) is a Palais—Smale sequence for the functional I
such that liminf I(uy,v,) > 0. If u, — 0 and v, — 0 weakly in X then ¢(a) <
I(up, vy) +o(1).

Proof: Fix Ry such that a(x) > @ for every |x| > Ry and let b(x) be any
continuous function such that b(z) = a(z) for every |z| > Ry and b(x) > @ for
every x € RY. Since u,, — 0 and v, — 0, we see that I(un, vy) = I(tn,vy) +0(1)
and (up, vy,) is a Palais—-Smale sequence for [. The conclusion follows then from
Lemma 3.4. n

Lemma 4.2. The Palais-Smale condition holds for I at any level 0<c<c(a).

Proof: The proof follows as in Lemma 3.2, by using also Lemma 4.1. n

For any small € > 0, we denote by I. (resp. Ip) the energy functional defined
in (2.2) with a(ezx) (resp. a(0)) in place of a(z).

Lemma 4.3. The functional I. admits a ground-state critical level ¢. and
ce —cg as € — 0.

Proof: Let (u,v) be a ground-state solution for Iy. Since I.(u,v) = Iy(u,v)+
o(1) as e — 0 and also I.(u,v)(¢,v) = Ij(u, v)(¢,1)+0(1) uniformly for bounded
¢ and v, a minor modification of the proof of Lemma 2.1 shows that

d. = Sup{Ia(s(u, v) + (¢, —d))) : seR{, g€ X} = I.(u,v) +0(1) ;
in particular,
(4.1) d:=co+o0(l) as e¢—0.

Moreover, according to Lemma 3.1, we know that ¢y < ¢(a@); in particular, it fol-
lows from Lemma 4.2 that I. satisfies the Palais—Smale condition at any positive
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level not larger than d.. It follows then as in Theorem 3 in [12] that . admits
a ground-state critical level ¢, < d.. Clearly, (4.1) shows that limsupc. < cp.
Similarly we can show that cg < liminfc.. n

According to the above lemma, for any sufficiently small € > 0 we can find
least energy positive solutions u. and v, for the system

(4.2) —*Au+a(z)u=gW), —e’Av+a(z)v=f(u), u,vecHRY),

By elliptic estimates, u.,v. € C*(R™) and they decay at infinity. Moreover, using
standard elliptic estimates we have that ||uc||p~ + ||ve||re < C uniformly in e.

Lemma 4.4. Both functions u. and v. can be chosen in such a way that
they attain their maximum value at some unique and common point z. € RY;
the sequence (x.). is bounded and, whenever it converges to xo € RN along a
subsequence, we have that a(zg) = min, g~ a(z).

Proof: As explained in Theorem 4.1 in [11], u. and v. can be chosen with
the further property that their relative Morse index is less or equal than 1.
Now, suppose that for some sequence e; — 0 we have that ||uc;|[z~ = u(z;)
with [z;| — co. By letting u;j(x) := ue, (g5 + z;) and v;(z) = ve, (g5 + 75),
by usual arguments we have that, up to a subsequence, u; — u, v; = v weakly
in X, for some nonzero functions u,v € X. We also recall that

(4.3) 0 < liminf I;(uj,v;) < limsup [;(uj,v;) < c(a)

where
(4.4) I(uj,vj) = /(V%VW +/aj($) ujvj — /F(Uj) - /G(Uj)

and a;(z) := a(ejx + ;). Moreover, as proved in Proposition 1.6 in [11], the
information on the relative Morse index of (u;,v;) yields that

(45) ¥6>0 3JjoeN, IR>0: /| aj(x) (2 +02) <8, Vi>do.
z| >R

So, let bj := max{a,a;} and denote by I; the corresponding energy functional,
defined as in (4.4) with a;(x) replaced by b;(x). Then (4.5) and our assumption
that |zj| — oo imply that (u;,v;) is a Palais-Smale sequence for I; and that

Ii(uj,v5) = Ij(uj,vj) +o(1). Since bj(xz) > @ for every z, it follows then from
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(a minor modification of) Lemma 3.4 that c(a) < Ij(u;,v;) + o(1). This is in
contradiction with (4.3).

In conclusion, any maximum points x. of u. (and of v, as well) must remain
bounded. Moreover, whenever . — zo € RY, by the preceding argument and
since a(ex+x.) — A\:i=a(xo) pointwise, we have that cc— ¢(\). Thus, according
to Lemma 4.3 and Lemma 3.1 we have that A = a(0).

The uniqueness of the maximum points of u. and v, can be deduced exactly
as in Theorem 2.1 in [11]. m

Proof of Theorem 1.1: For a given sequence R, — oo, let f, and g, be
C! functions satisfying our general assumption (H), with the further property
that (H) holds with 2 < p=¢ < 2N/(N—2) and moreover f,(s)= f(s) and
gn(s) = g(s) for every |s| < R,. For large n, the ground-state critical levels of
the problems

—Au+au=g,(v), —Av+av= f,(u), u,v € HY(RY) |

are bounded above independently of n. On the other hand, we have proved that
for every n there exists €, such that the conclusions of Theorem 1.1 hold for the
modified problems

—?Au+a(x)u=g,(v), —*Av+a(z)v= fu(u), u,v € HY(RY) |

provided 0 < € < €,. Since the corresponding ground-state critical levels remain
bounded independently of ¢ and n, it follows as in [12], page 1457, that the
H'-norms of the corresponding (rescaled) ground-state solutions are also bounded
independently of ¢ and n. Thus, by regularity arguments (see Theorem 1 (a) in
[12]), the same holds true for their L>°-norms and the conclusion follows. u
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