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PERTURBATIVE METHODS IN SCALES OF BANACH
SPACES: APPLICATIONSFOR GEVREY REGULARITY OF
SOLUTIONSTO SEMILINEAR PARTIAL DIFFERENTIAL
EQUATIONS

Abstract. We outline perturbative methods in scales of Banach spaces of
Gevrey functions for dealing with problems of the uniform Gevrey regu-
larity of solutions to partial differential equations and nonlocal equations
related to stationary and evolution problems. The key of our approach is
to use suitably chosen Gevrey norms expressed as the limit for N — oo
of partial sums of the type
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for solutions to semilinear elliptic equations in R". We also show
(sub)exponential decay in the framework of Gevrey functions from
Gelfand-Shilov spaces S/ (R") using sequences of norms depending on
two parameters
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For solutions u(t, -) of evolution equations we employ norms of the type

oyl
Z oi?ET(W“DXU(t")”Lp(Rn))

aeZl Ja|<N
forsomef® > 0,1 < p < oo, p(t) \yOast \ 0.

The use of such norms allows us to implement a Picard type scheme for
seemingly different problems of uniform Gevrey regularity and to reduce
the question to the boundedness of an iteration sequence zn (T) (which is
one of the N-th partial sums above) satisfying inequalities of the type

ZN+1(T) =80+ CoTzn(T) +9(T; zn(T))
*Partially supported by INDAM-GNAMPA, Italy and by NATO grant PST.CLG.979347.
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102 T. Granchev

with T being a small parameter, and g being at least quadratic in u near
u=0.

We propose examples showing that the hypotheses involved in our ab-
stract perturbative approach are optimal for the uniform Gevrey regularity.

1. Introduction

The main aim of the present work is to develop a unified approach for investigating
problems related to the uniform G Gevrey regularity of solutions to PDE on the whole
space R" and the uniform Gevrey regularity with respect to the space variables of
solutions to the Cauchy problem for semilinear parabolic systems with polynomial
nonlinearities and singular initial data. Our approach works also for demonstrating
exponential decay of solutions to elliptic equations provided we know a priori that the
decay for |x| — oo is of the type o(|x| ") forsome 0 < 7 <« 1.

The present article proposes generalizations of the body of iterative techniques for
showing Gevrey regularity of solutions to nonlinear PDEs in Mathematical Physics in
papers of H.A. Biagioni* and the author.

We start by recalling some basic facts about the Gevrey spaces. We refer to [50]
for more details. Let o > 1, 2 c R" be an open domain. We denote by G° (R") (the
Gevrey class of index o) the set of all f € C°(£2) such that for every compact subset
K cc Qthere exists C = C¢ k > 0 such that

Clel
sup < sup |3§‘f(x)|> < +o00,
aelll ()7 xek
wherea! =gl onl, o = (a1, ..., an) € Z1, la| = a1+ ...+ an.

Throughout the present paper we will investigate the regularity of solutions of sta-

tionary PDEs in R" in the frame of the L2 based uniformly Gevrey G functions on
R" foro > 1. Here f € GJ,(R") means that forsome T > 0ands > 0

O ( T lel o s
sup | —— 1oy fll ) < +09,
wezn \(@h? X
where | f|ls = || f||nsny stands for a HS(R") = H3(R") norm for some's > 0. In

particular, if o = 1, we obtain that every f € GL (R") is extended to a holomorphic
functionin {z € C"; |[Imz| < T}. Note that given f € GJ,(R") we can define

2 oo (f) =sup{T > 0: such that (1) holds}.

One checks easily by the Sobolev embedding theorem and the Stirling formula that the
definition (2) is invariant with respect to the choice of s > 0. One may call p, (f) the
uniform G” Gevrey radius of f € GJ,(R").

*She has passed away on June 18, 2003 after struggling with a grave illness. The present paper is a
continuation following the ideas and methods contained in [6], [7] and especially [8] and the author dedicates
it to her memory.
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We will use scales of Banach spaces of G functions with norms of the following
type
T IKI

00 n
k -

kE (k1) E IDjulls, Dj = Dy;.

0 i—0

For global LP based Gevrey norms of the type (1) we refer to [8], cf. [27] for local
L P based norms of such type, [26] for | f | := supg | f | based Gevrey norms for the
study of degenerate Kirchhoff type equations, see also [28] for similar scales of Ba-
nach spaces of periodic G® functions. We stress that the use 2?21 l Dﬁ-‘ulls instead
of 3,4 =« DX ulls allows us to generalize with simpler proofs hard analysis type esti-
mates for GJ,(R") functions in [8].

We point out that exponential G? norms of the type

||U||J,T;exp = \/'/l;n eZT‘S‘l/g“j(S)'sz

have been widely (and still are) used in the study of initial value problems for weakly
hyperbolic systems, local solvability of semilinear PDEs with multiple characteristics,
semilinear parabolic equations, (cf. [23], [6], [30] for o = 1 and [12], [20], [27], [28]
when o > 1 for applications to some problems of PDEs and Dynamical Systems).

The abstract perturbative methods which will be exposed in the paper aim at dealing
with 3 seemingly different problems. We write down three model cases.

1. First, given an elliptic linear constant coefficients partial differential operator P in
R" and an entire function f we ask whether one can find s¢r > 0 such that

Pu+ f(u)=0, ue H3R"),s > sg
(P1) implies
UueO{zeC": |3z < T)forsomeT >0

while for (some) s < s¢r the implication is false.
Recall the celebrated KdV equation

(3) Ut — Uxxx —auuyx =0 xeR, t>0,a>0
or more generally the generalized KdV equation
(4) Ut—Uxxx+aUpUx=0 xeR, t>0a>0

where p is an odd integer (e.g., see [34] and the references therein). We recall that a
solution u in the form u(x, t) = v(X + ct), v # 0, ¢ € R, is called solitary (traveling)
wave solution. It is well known that v satisfies the second order Newton equation (after
plugging v(x + ct) in (4) and integrating)

a
5 v —cv+ — Pl =,
®) p+1
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and if ¢ > 0 we have a family of explicit solutions

Cpa

= Cosh((p= Doz X<k

(6) ve(X)

for explicit positive constant Cp a.
Incidentally, uc(t, x) = e'wvc(x), ¢ > 0 solves the nonlinear Schrédinger equation

(7 iut — uyyx +aju|Pu=0 xeR, t>0a=>0

and is called also stationary wave solution cf. [11], [34] and the references therein.

Clearly the solitary wave v above is uniformly analytic in the strip |3x| < T for
all0 < T < 7/((p — 1)/C). One can show that the uniform G? radius is given by
pafvs] = 7/(((p — 1)/0).

In the recent paper of H. A. Biagioni and the author [8] an abstract approach for
attacking the problem of uniform Gevrey regularity of solutions to semilinear PDEs
has been proposed. One of the key ingredients was the introduction of L P based norms
of GJ,(R") functions which contain infinite sums of fractional derivatives in the non-
analytic case ¢ > 1. Here we restrict our attention to simpler L2 based norms and
generalize the results in [8] with simpler proofs. The hard analysis part is focused
on fractional calculus (or generalized Leibnitz rule) for nonlinear maps in the frame-
work of L2(R™) based Banach spaces of uniformly Gevrey functions G (RM, o > 1.
In particular, we develop functional analytic approaches in suitable scales of Banach
spaces of Gevrey functions in order to investigate the G¢,,(R") regularity of solutions
to semilinear equations with Gevrey nonlinearity on the whole space R":

(8) Pu+ f(u) = wX), x € R"

where P is a Gevrey G? pseudodifferential operator or a Fourier multiplier of order
m, and f € G? with 1 < 6 < o. The crucial hypothesis is some G¢, estimates of
commutators of P with DY := Dy,

If n = 1 we capture large classes of dispersive equations for solitary waves (cf. [4],
[21], [34], [42], for more details, see also [1], [2], [10] and the references therein).

Our hypotheses are satisfied for: P = —A 4V (x), where the real potential V (x) €
G, (RM) is real valued, bounded from below and lim|x|— oo V (X) = +o00; P being an
arbitrary linear elliptic differential operator with constant coefficients. We allow also
the order m of P to be less than one (cf. [9] for the so called fractal Burgers equations,
see also [42, Theorem 10, p.51], where G, o > 1, classes are used for the Whitham
equation with antidissipative terms) and in that case the Gevrey index o will be given
by o > 1/m > 1. We show G, (R") regularity of every solution u € HSR") with
s > s¢r, depending on n, the order of P and the type of nonlinearity. For general
analytic nonlinearities, s¢r > n/p. However, if f (u) is polynomial, s¢r might be taken
less than n/2, and in that case s¢r turns out to be related to the critical index of the
singularity of the initial data for semilinear parabolic equations, cf. [15], [5] [49] (see
also [25] for HS(R") := HZ(R"), 0 < s < n/2 solutions in R", n > 3, to semilinear
elliptic equations).
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The proof relies on the nonlinear Gevrey calculus and iteration inequalities of the
type zn+2(T) < 2o(T) +9(T,zn(T)), N € Z4, T > O where g(T,0) = 0and

N Tk n
9) zN(T>=ZWZnD‘;uHS.
k=0 * 7 j=1

Evidently the boundedness of {zn (T)}{_, forsome T > O impliesthat z o (T) =
lullg.T:s < 00, i.e., u € GG,(R™). We recover the results of uniform analytic reg-
ularity of dispersive solitary waves (cf. J. Bona and Y. Li, [11], [40]), and we obtain
G{n(RM) regularity foru € HS(R"), s > n/2 being a solution of equations of the type
—AU 4+ V(X)u = f(u), where f(u) is polynomial, VV (x) satisfies (1) and for some
w € C the operator (—A + V (x) — )~ 1 acts continuously from L2(R™) to H1(R").
An example of such V (x) is given by V (X) = Vs(X) =< X > exp(—‘xwﬁ) for

o>1andV(x)=<x >Pifo =1,for0 < p <1, where < x >= +/1+ x2. In fact,
we can capture also cases where p > 1 (like the harmonic oscillator), for more details
we send to Section 3.

We point out that our results imply also uniform analytic regularity G1 (R) of the
HZ2(R) solitary wave solutions r (x — ct) to the fifth order evolution PDE studied by M.
Groves [29] (see Remark 2 for more details).

Next, modifying the iterative approach we obtain also new results for the analytic
regularity of stationary type solutions which are bounded but not in HS(R"™). As an
example we consider Burgers’ equation (cf. [32])

(10) Ut — vUyx + Uuyx =0, XxXeR, t>0
which admits the solitary wave solution ¢¢(X + ct) given by

2c
(11) c(X) = 2% 11 1 x € R.
fora > 0, c € R\ 0. Clearly ¢c extends to a holomorphic function in the strip
I3x] < 7r/Ic| while limy_, sgn(c)00 ¥c(X) = 2¢ and therefore ¢¢ ¢ L2(R). On the other
hand

2cae~ %
12 X)) = ——, X € R.
( ) (pC( ) (ae_CX+1)2 €

One can show that g € G (R"). It was shown in [8], Section 5, that if a bounded
traveling wave satisfies in addition v € HX(R) then v’ € Gﬁn(R”). We propose gen-
eralizations of this result. We emphasize that we capture as particular cases the bore-
like solutions to dissipative evolution PDEs (Burgers’ equation, the Fisher-Kolmogorov
equation and its generalizations cf. [32], [37], [31], see also the survey [55] and the
references therein).

We exhibit an explicit recipe for constructing strongly singular solutions to higher
order semilinear elliptic equations with polynomial nonlinear terms, provided they have
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suitable homogeneity properties involving the nonlinear terms (see Section 6). In such
a way we generalize the results in [8], Section 7, where strongly singular solutions of
—Au + cu¥ = 0 have been constructed. We give other examples of weak nonsmooth
solutions to semilinear elliptic equations with polynomial nonlinearity which are in
HS@®R"), 0 < s < n/2 but with s < sg cf. [25] for the particular case of —Au +
cu%*tl = 0in R", n > 3. The existence of such classes of singular solutions are
examples which suggest that our requirements for initial regularity of the solution are
essential in order to deduce uniform Gevrey regularity. This leads to, roughly speaking,
a kind of dichotomy for classes of elliptic semilinear PDE’s in R" with polynomial
nonlinear term, namely, that any solution is either extendible to a holomorphic function
inastrip{z e C": |Imz| < T}, forsome T > 0, or for some specific nonlinear terms
the equation admits solutions with singularities (at least locally) in H g(R”), S < Sgr.

2. The second aim is motivated by the problem of the type of decay - polynomial or
exponential - of solitary (traveling) waves (e.g., cf. [40] and the references therein),
which satisfy frequently nonlocal equations. We mention also the recent work by P.
Rabier and C. Stuart [48], where a detailed study of the pointwise decay of solutions to
second order quasilinear elliptic equations is carried out (cf also [47]).

The example of the solitary wave (6) shows that we have both uniform analyticity
and exponential decay. In fact, by the results in [8], Section 6, one readily obtains that
ve defined in (6) belongs to the Gelfand-Shilov class S1(R") = S%(R”). We recall
that given u > 0, v > 0 the Gelfand-Shilov class SZ(R”) is defined as the set of all
f € G#(R™) such that there exist positive constants C1 and C» satisfying

X)| < al)’e” w, xeRaeZ".
(13) 9% £ 001 = Cy (et ve 2 n
We will use a characterization of S, (R") by scales of Banach spaces with norms
Tk
€ k
e = ——|Ix) Dfuls.
o jén (Ghrkne T xS
’ +

In particular, S, (R") contains nonzero functions iff u+v > 1 (for more details on these
spaces we refer to [24], [46], see also [17], [18] for study of linear PDE in Sg(R") :=
9 (RM).

We require three essential conditions guaranteeing that every solutionu € HS(R"),
s > s¢g of (8) for which it is known that it decays polynomially for [x| — oo neces-
sarily belongs to S (R") (i.e., it satisfies (13) or equivalently [|[u]||,.v.e.T < +oo for
some e > 0, T > 0). Namely: the operator P is supposed to be invertible; f has no
linear term, i.e., f is at least quadratic near the origin; and finally, we require that the
HS(R") based norms of commutators of P~ with operators of the type x# D¢ satisfy
certain analytic-Gevrey estimates for all o, 8 € Z'}. The key is again an iterative ap-
proach, but this time one has to derive more subtle estimates involving partial sums for
the Gevrey norms ||| f |||, v;¢, 7 Of the type

Z Tk | ok
ZN(H’? V] SaT) = ﬁ”x Dxu”s
i fen DGk
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The (at least) quadratic behaviour is crucial for the aforementioned gain of the rate of
decay for |x] — 0 and the technical arguments resemble some ideas involved in the
Newton iterative method. If ©x = v = 1 we get the decay estimates in [8], and as par-
ticular cases of our general results we recover the well known facts about polynomial
and exponential decay of solitary waves, and obtain estimates for new classes of sta-
tionary solutions of semilinear PDEs. We point out that different type of G, Gevrey
estimates have been used for getting better large time decay estimates of solutions to
Navier-Stokes equations in R" under the assumption of initial algebraic decay (cf. M.
Oliver and E. Titi [44]).

As it concerns the sharpness of the three hypotheses, examples of traveling waves
for some nonlocal equations in Physics having polynomial (but not exponential) decay
for |x| — 0 produce counterexamples when (at least some of the conditions) fail.

3. The third aim is to outline iterative methods for the study of the Gevrey smoothing
effect of semilinear parabolic systems for positive time with singular initial data. More
precisely, we consider the Cauchy problem of the type

(14) dU+ (—A)Mu+ f(u) =0, uio=u’, t>0, x €,

where @ = R" or @ = T". We investigate the influence of the elliptic dissipative
terms of evolution equations in R™ and T" on the critical LP, 1 < p < oo, index of
the singularity of the initial data u®, the analytic regularity with respect to x €  for
positive time and the existence of self-similar solutions. The approach is based again
on the choice of suitable L P based Banach spaces with timedepending Gevrey norms
with respect to the space variables x and then fixed point type iteration scheme.

The paper is organized as follows. Section 2 contains several nonlinear calculus
estimates for Gevrey norms. Section 3 presents an abstract approach and it is dedicated
to the proof of uniform Gevrey regularity of a priori HS(R™) solutions u to semilinear
PDEs, while Section 4 deals with solutions u which are bounded on R" such that Vu €
HS(R"). We prove Gevrey type exponential decay results in the frame of the Gelfand-
Shilov spaces S (R") in Section 5. Strongly singular solutions to semilinear elliptic
equations are constructed in Section 6. The last two sections deal with the analytic-
Gevrey regularizing effect in the space variables for solutions to Cauchy problems for
semilinear parabolic systems with polynomial nonlinearities and singular initial data.

2. Nonlinear Estimates in Gevrey Spaces

Givens > n, T > 0 we define

TR
iy 105 vlls < +ool.

o n
(15) Go(T; H® ={v: [vllo,T:s = ZZ (k

k=0 j=1
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and
400 n Tk

(16) GL(T; HY) ={v:llvllloTis =Vl + D) w0 ID¥ Vs < +oo}.
k=0 j=0

We have

LEMMA 1. Lets > n/2. Thenthe spaces G°(T; H®) and GZ (T ; H?®) are Banach
algebras.

We omit the proof since the statement for G° (T ; HS) is a particular case of more
general nonlinear Gevrey estimates in [27]) while the proof for GZ_(T; HS) is essen-
tially the same.

We need also a technical assertion which will play a crucial role in deriving some
nonlinear Gevrey estimates in the next section.

LEMMA 2. Given p € (0, 1), we have

- p\1/1=p) _
(17) Il <D > Dkulls < e|DYulls + (L — p) (;) ID*Lujls
forallk e N,s > 0,u € HS*K@®"), j =1,...,n, & > 0. Here < D > stands for the

constant p.d.o. with symbol < & >= (1 + |§|2)V/2

Proof. We observe that < & > |&|K < |g| for j = 1,...,n, & € R". Set
g-(t) = et —t”, t > 0. Straightforward calculations imply

. _ 1/(1-p)
ming(®) = g(5)¥+) = 1 - p) (£)
geR & &
which concludes the proof. O

We show some combinatorial inequalities which turn out to be useful in for deriving
nonlinear Gevrey estimates (cf [8]).

LEMMA 3. Let o > 1. Then there exists C > 0 such that

Loty +r1)! ]—[V#M(aﬁv)! -

cl
L1l Lol +1)!

’

(18)

forall je NNe=0+---+¢, {ieNpef{l...,jland0 <r < o, with
k! :=T'(k 4+ 1), I'(z) being the Gamma function.

Proof. By the Stirling formula, we can find two constants C2 > C1 > 0 such that

kk+% kk+§

C1
ok
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for all k € N. Then the left-hand side in (18) can be estimated by:

C%+lzf+%(o_g _I_r)UZH+I‘+% Hu;&;},(‘jzl})gzv—i_%

43 ¢+3 1
CJ+1£1 2., ZJJ Z(O_E_I_r)aé-l—l‘-l—z

<c2>1+1 (0l + 1), L, (0 0)7 [z(azﬂ + r):|% i
- o
C1 J _ 0 (oA r)otsr Lol +r)

CJ EK(O-ZM + r)Ue;rH'O.O'(l e#)[]—[]}#u l) U
3 IJ,:]_EV‘) (ol + r)UZ—H’
- Lyyo—
1ot 00T T,
Efj‘ (0t +r)°t
o Lt 7 [T,z 8]
14

(e + Lyot
o—1

ot YT+ D [T 6]

€+ Dt + Dye-begy
o—1

- G+ D)o, € .

jor| Gty v Y ol

e [ (€ + Do+ =Cser. Nel
(o2

IA

IA

o—1

which implies (18) since0 <r < o.

Givens > n/2 we associate two N-th partial sums for the norm in (15)

(19) Qv Ts] = Z(k|)aZIID olls
~ Tk
(20) R T8l = Z (k!)aZnD;vns.
k=1 j=1
Clearly (19) and (20) yield
(21) QlviT,sl = vlls + S{[vs T.s].

LEMMA 4. Let f € G?(Q) for some & > 1, where Q c RP is an open neigh-
bourhood of the origin in RP, p € N satisfying f(0) = 0, Vf(0) = 0. Then for
v € H®(R" : RP) there exists a positive constant Ag depending on [[v]|s, pg (B, )
where BRr stands for the ball with radius R, such that
(22)

SULF: T, 8] < IVEISKIv: Tos1+ D
jezf,2<|jI=N

Al .
(j!)%(sﬁ_l[vé T.sD!,
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forT >0,NeN,N > 2.

Proof. Without loss of generality, in view of the choice of the HS norm, we will carry
out the proof for p = n = 1. First, we recall that

k j k
(DI f)(v(x)) DXuy(x)
Dty = Y DM s -~
j=1 ky+tkj=k  p=1 H
k=1, kj=>1
= f/(v(x))D*v(x)
k j Ky,
(23) n Z(D f)(v(X)) Z 1—[ D v(X)'
j=2 kq+- +kJ =k pu=1
kp>1,- kj=1
Thus

N Kk : .
g P~ Dif i
nLfF();T,s] wsl f'()IsS{ [v; T, 5] +§ :E: 1€ .)(U)”s) s

IA

16 lo—6
et =R RIS
I Tk 1Dk
' T D% vs
a,]
(24) X z : Mkl ..... ki l_[ (k,l,L!)U
kg +-+kj =k n=1
ki>1,-- kj=1

where ws is the best constant in the Schauder Lemma for HS(R"), s > n/2, and

kql---kitjl \° 1t _ _
..... = (kl—|———1|—kj)'> s J,kMEN,kMZ].,/LZl,...,J.

We get, thanks to the fact that k,, > 1 forevery u =1, ..., j, that

(26) Mol o = 1L keeNki=lp=1..]

.....

(see [27]). Combining (26) with nonlinear superposition Gevrey estimates in [27] we
obtain that there exists Ag = Ag(f, |lv]ls) > 0 such that

i (DI ()l

27) oy = A jeN
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We estimate (24) by

ws| /(W) lIsSg [v; T, ]

N Kk i i
(DI H(w)lls) @l
+ ZZ HA i\lo—0
o Y (!
T |IDKvlls
< ) H .
k1+ +kJ =k n= 1 (kM')
klzl,m,kal
wsl /(W) lIsSg [v; T, ]
N i

A -~ .
(28) + Z(j)'ﬁ(Sﬁ_l[v;T,s])J.
j=2 17

SALf(v); T,s]

IA

IA

The proof is complete.
O

We also propose an abstract lemma which will be useful for estimating Gevrey
norms by means of classical iterative Picard type arguments.

LEMMA 5. Leta(T), b(T), c(T) be continuous nonnegative functions on [0, +oo[
satisfying a(0) = 0, b(0) < 1, and let g(z) be a nonzero real-valued nonnegative
Cl[O, +00) function, such that g’(z) is nonnegative increasing function on (0, 4+00)
and

9(0) =g'(0) =0.

Then there exists Tg > 0 such that

a) forevery T €]0, To]Jtheset Fr = {z > 0;z = a(T) + b(T)z +¢(T)g(z)} is hot
empty.

b) Let {zk(T)}iroo be a sequence of continuous functions on [0, +oo[ satisfying
(29) Zk+1(T) = a(T) +b(M)zi(T) + g2k (T)), 2o(T) < a(T),
for all k € Z,.. Then necessarily zx(T) is bounded sequence for all T €]0, To].

The proof is standard and we omit it (see [8], Section 3 for a similar abstract
lemma).

3. Uniform Gevrey regularity of HS(R") solutions

We shall study semilinear equations of the following type

(30) Pu(x) = fu](X) + w(x), X €R"
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where w € G7(T; HS) for some fixed o > 1, Tg > 0, s > 0 to be fixed later, P
is a linear operator on R" of order m > 0, i.e. acting continuously from HS+tM(R")
to HS(R") for every s € R, and f[v] = f(v,..., D"v,...)}y|<mg, Mo € Z4, With
0 <mg < mand

(31) f e G/(Ch, f(0)=0

where L =3, zn 1.

We suppose that there exists m €]mg, fi] such that P admits a left inverse P—1
acting continuously

(32) P7LiHS®RM) — HS™MR"),  seR.

We note that since f[v] may contain linear terms we have the freedom to replace P by
P + A, 2 € C. By (32) the operator P becomes hypoelliptic (resp., elliptic if m = m)
globally in R" with m — m being called the loss of regularity (derivatives) of P. We
define the critical Gevrey index, associated to (30) and (32) as follows

ocrit = max{1, (m —mg)~1, 6}.

Our second condition requires Gevrey estimates on the commutators of P with DX,
namely, there exists > n/2 + mg, C > 0 such that

—1 K 17 ﬂ - ¢
(33) IP'[P.Dylulls = ()7 D =7mo= > IDjvlls
b7 &

O<t¢<k-1

forallk e N, p=1,...,n,ve H IR,

We note that all constant p.d.o. and multipliers satisfy (33). Moreover, if P is
analytic p.d.o. (e.g., cf. [13], [50]), then (33) holds as well for the L2 based Sobolev
spaces HS(RM).

If v € H3(R"), s > mo + 3, solves (30), standard regularity results imply that
ve HOMRM =)o H'®RM.

We can start by v € H®(R") with sp < mg + g provided f is polynomial. More
precisely, we have

LEMMA 6. Let f[u] satisfy the following condition: there exist 0 < sop < mo + 5
and a continuous nonincreasing function

n
k(S), S € [So, = + Mo[, «(Sp) <m —my, lim «(s)=0
2 s— §+mo
such that
n
(34) f € C(HS@R") : HS Mo« (RM) s € [s0, 5 *mol.

Then every v € H%(R™) solution of (30) belongs to H>*(R").
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Proof. Applying P~ to (30) we get v = P~1(f[v] + w). Therefore, (34) and (32)
lead to v € H® with s1 = sop — Mg — k(Sp) + M > Sp. Since the gain of regularity
m — mg — x(S) > 0 increases with s, after a finite number of steps we surpass % and
then we get v € H®R").

O

REMARK 1. Let f[u] = (Dy°w)¥, d € N, d > 2. In this case x(s) = (d —

1)(% — (s — mg)), for s e [so, % + mo[, with x(sg) < m — mg being equivalent to
Sg > mg + % - ”é__”l‘o. This is a consequence of the multiplication rule in HS(R"),
0<s < %, namely: ifuj € HSI(R"), s; >0, % >§1 > --- > Sq, then

d
l_[ uj € H31+~~~+Sd—(d—1)%(Rn)’
j=1

provided
S1+---+54—(d —1)2 > 0.

Suppose now that f[u] = u4=1Dy u (linear in Dx°u), mo € N. In this case, by
the rules of multiplication, we choose « (s) as follows: sg > n/2 (resp., So > mMo/2),
k(s) = 0 fors €]so,n/2 + mg[ provided n > mg (resp., N < mo); So €Jn/2 —
(m —mg)/d —1),n/2[, k(s) = (d — 1)(n/2 —s) fors € [so,n/2[, k(s) = O if
s € [n/2,n/2 + mo[ provided § — T2 > 0and dso — (d — 2)n/2 —mg > 0.

We state the main result on the uniform G? regularity of solutions to (30).

THEOREM 1. Let w € G (Tp; H®),s > n/2+mg, To > 0, 0 > ogit. Suppose
that v € H*°(R") is a solution of (30). Then there exists T, €]0, To] such that

(35) ve GI(Tg HS), T €]0, Tl

In particular, if m — mg > 1, which is equivalent to o¢it = 1, and o = 1, v can be
extended to a holomorphic function in the strip {z € C" : [Im z| < Tg}. If m < 1 or
6 > 1, then o¢rit > 1 and v belongs to GJ,(R").

Proof. First, by standard arguments we reduce to (mg + 1) x (mg + 1) system by
introducing vj =< D >l v, j=0,...,mp (e.g., see [33], [50]) with the order of the
inverse of the transformed matrix valued—operator P ~1 becoming mg — m, while o¢rit
remains invariant. So we deal with a semilinear system of mg + 1 equations

Pu(x) = f(xo(D)uvo, ..., km(D)vmg) + w(X), x € R"
where «;’s are zero order constant p.d.o., f(z) being a GY function in C™Mot1

CmMot1l f(0) = 0. Since kj(D), j = 0,...,mo, are continuous in H3R"), s €
R, and the nonlinear estimates for f (xg(D)vo, ..., kmy(D)vm,) are the same as for
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f(vo, ..., umy) (only the constants change), we consider «j (D) = 1. Hence, without

loss of generality we may assume that we are reduced to
(36) Pu(x) = f(v) + w(x), x € R"

Let v € H*®(R") be a solution to (36). Equation (36) is equivalent to

(37) P(D¥v) = —[P, D¥Jv + DX(f (v)) + D¥w.
which yields
(38) DXv = —P~*[P, DXJv + P~*DX(f (v)) + P~*Dkw.

J

In view of (33), we readily obtain the following estimates with some constant Co > 0

k k-1 T

(39) G

forallk e N, j =1,...,n. Therefore

n
IPI[P. Dflulls = CoT D (CoM* s D liDguls
£=0 Yog=1

N n Kk
Tk
SV T] = ) ) Gy IP P DfTells
k=1j=1"
N k-1 Tl n
= )2 (CoD A ) IDgulls
k=1 ¢=0 Yog=1
N-1 ;¢ 0 N
= nCoT Y oG Y IDGulls Y (CoT)* 1
=1 gq=1 k=¢+1
nCoT o
< ;T,HS
= Tocoronal ]
nCoT nCoT ~
40 < —— =P go T, HS
(40) = 1—CoT||v”S+1—C0T N_1lv ]

forall N e Nprovided0 < T < Cy.

Now, since the case & = 1 is easier to deal with, we shall treat the case 6 > 1,

hence o > 1.
Next, by Lemma 2, one gets that for Ng := ||P 2| HS—L/ocrit s 1S

A

Nsl|Dj "7 (f () s
eI DX(f ) lIs + C@ DS (@) ls,

IPEDX(f ()l
(41)

IA

where \
Cle)=(1— p)(%")ﬂl—f’.

e>0
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Set
Lo=If'(v)|ec-
Therefore, if N > 3, in view of (22) we can write
~ ~ nCoT nCoT ~
SAlv Tos] = Slw: T sl + —c llvlls + 77— SXalvs T. 17
N Al _
(42) +eLoSY[v:T.s]+¢ X; (j!)ﬁ(sﬁ_l[v; T,s]!
J:

N-1 j

co AO <o j
+CET [ 1T @ls+eLoSy_q[v: T.s]+e G CRalvi 75D
j=2 7"

for0<T < min{Cgl, To}. Now we fix ¢ > 0 to satisfy
(43) elo<1
Then by (42) we obtain that

(44) Sq[v; T,s] <a(T) 4+ b(T)S_4[v; T,8]+9(S_4[v; T,s1, T)

where

45 aT) = Ilela,T,s—Ilels+nCoTl(1_—8sz)—1||v||s+ch||f(v)”S
@ -

@ncMg@ = g(ng_C;i)OLOT)é(jSé_Hzi

for0 < T < min{Co_l, To}. Now we are able to apply Lemma 3 for0 < T < T,
by choosing T small enough , T4 < min{To, Cy} so that the sequence S¢ [v; T, s]
is bounded . This implies the convergence since S{ [v; Ty, s] is nondecreasing for
N — oo.

O

REMARK 2. The operator P appearing in the ODEs giving rise to traveling wave
solutions for dispersive equations is usually a constant p.d.o. or a Fourier multiplier
(cf. [11], [40], [29]), and in that case the commutators in the LHS of (33) are zero. Let
nowV (x) € G°(R" : R), inﬂ{ V (x) > 0. Thenitis well known (e.g., cf. [52]) that the

xeR"

operator P = —A + V (x) admits an inverse satisfying P~1 : HS(R") — HStL(R").
One checks via straightforward calculations that the Gevrey commutator hypothesis is
satisfied if there exists C > 0 such that

(48) IP~1(DEV DLu)|ls < CPIFL(BH7IDLuls,
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forall 8,y € Z", B # 0.

We point out that, as a corollary of our theorem, we obtainfore = 1and f[v] =0a
seemingly new result, namely that every eigenfunction ¢ (x) of —A+V (x) is extended
to a holomorphic function in {z € C" : |Jz| < To} for some Tg > 0. Next, we have
a corollary from our abstract result on uniform G? regularity for the H?(R) solitary
wave solutions r (x + ct), ¢ > 0 in [29] satisfying

(49) Pu=r"+pur"+cr=fwr,r' r"y= for,r)+ f2(r,tHr"”, neR

with f; being homogeneous polynomial of degreed — j, j = 0,1,d > 3and |u| <
2/—c. Actually, by Lemma 6, we find that every solution r to (49) belonging to
HS(R), s > 3/2, is extended to a holomorphic functionin {z € C: |Imz| < T} for
someT > 0.

4. Uniform Gevrey regularity of L stationary solutions

It is well known that the traveling waves to dissipative equations like Burgers, Fisher—
Kolmogorov, Kuramoto-Sivashinsky equations have typically two different nonzero
limits for x — oo (see the example (6)). Now we investigate the G, (R") regularity
of such type of solutions for semilinear elliptic equations.

We shall generalize Theorem 4.1 in [8] for G? nonlinear terms f. We restrict our
attention to (30) forn = 1, mg = 0, P = P(D) being a constant coefficients elliptic
p.d.o. or Fourier multiplier of order m.

THEOREM 2. Letd > 1,0 >0, m—mg > 1, f € G/(CL), f(0) =0, w €
G7,(To; H®) for some To > 0. Suppose that v € L*°(R) is a weak solution of (30)
satisfying Vv € HS(R). Then there exists T, depending on To, P(D), f, [lv]le and
[Vulls such that v € GZ (HS(R); T)). In particular, if ¢ = 6 = 1 then v can be
extended to a holomorphic functionin {z € C : [Imz|] < Tg}.

Without loss of generality we suppose that n = 1, mg = 0. It is enough to show
that v/ = Dyv € G°(HS, T) forsome T > 0.

We need an important auxiliary assertion, whose proof is essentially contained in
[27].

LEMMA 7. Letg € G?(RP : R), 1 < 6 < o, g(0) = 0. Then there exists a
positive continuous nondecreasing function G(t), t > 0 such that

(50) (DG @wls < [(D*Q)(W)|nsllwlls + G ([vloo)® @H’ (lwlls-1 + | VVIIZ_y)

forall v e (L®(R" : R)P, v' € (HSR" : R)P, w € (HSR))P, & € ZP, provided
s>n/2+1.

Proof of Theorem 2. Write u = v’. We observe that (f (v))’ = f/(v)u and the hy-
potheses imply that g(v) := f’(v) € L®°(R) and u € HS3(R). Thus differentiating k
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times we obtain that u satisfies
PDku = DX(g()u)+ DXw’
which leads to
Du = P~ 1DXgu) + P 1D*w'.

Hence, sincem > 1 and P 1D is bounded in HS(R) we get the following estimates

IDkulls = CID*tg@u)lls + ID* 'l
k=l g . _
= Z( j )||DJ<g(v>>Dk—1—Ju||s+||Dk—1w’||s
j=0
k-1 I e
k-1 C
= < J )Z 7!
j=0 (=0
S IDPe g, ede ko1
(51) x > ]_[TII(D 9) () DX ulls +  D* L |ls.
"

pr+-+pe=i pu=1
p1>1,-,pe>1

Now, by Lemma 7 and (51) we get, with another positive constant C,

Tk k-1 k—1 —o+1 | ce-1
D¥u CTk™® : —
(k!)g ” ”S = ”U”SJX_;J( j ) ;J (z!)a—@

A

TPu|DPu—1y|g , Tl DTyl
G o0 n
2 “ (e eIl =G e

X
Pyt +Pz j =
p1>1,- pz>1
(52) + ”w/”(T,T;S'

Next, we conclude as in [8].
([l

REMARK 3. As a corollary from our abstract theorem we obtain apparently
new results on the analytic Gﬁn(R) regularity of traveling waves of the Kuramoto—
Sivashinsky equation cf. [41], and the Fisher—Kolmogorov equation and its generaliza-
tions (cf. [37], [31]).

5. Decay estimates in Gelfand-Shilov spaces

In the paper [8] new functional spaces of Gevrey functions were introduced which
turned out to be suitable for characterizing both the uniform analyticity and the expo-
nential decay for |[x| — oo. Here we will show regularity results in the framework of
the Gelfand-Shilov spaces S, (R") with

(53) w>1v>1.
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Letus fixs > n/2, u,v > 1. Then forevery e > 0, T > 0 we set
D,(e.T)={ve SR : [vl, v < 400}

where
°° 11T IKI
8 .
_ i pk
L.+ = Gk X! Dol
j.keZ?

We stress that (53) implies that S, (R") becomes a ring with respect to the pointwise
multiplication and the spaces D, (e, T) become Banach algebras.

Using the embedding of HS(R") in L°°(R") and standard combinatorial argu-
ments, we get that one can find ¢ > 0 such that

54 D% < cT Mk e M), 1, x e R"k € Z], v € D(e, T).

Clearly SZ(R“) is inductive limit of D;'i(& T)forT \(0,e\ 0.
We set e
ST .
v . _ i pk
Epnle Tl= ) o/ Dol

_j,ksZnJr
[j1+IkI<N

We will study the semilinear equation (30), with w € D), (g0, To). The linear operator
P is supposed to be of order M = m, to be elliptic and invertible, i.e. (32) holds. The
crucial hypothesis on the nonlinearity f (u) in order to get decay estimates is the lack
of linear part in the nonlinear term. For the sake of simplicity we assume that f is
entire function and quadratic near 0, i.e.,

(55) fo= > fjz]

jeZ 1j1=2
and for every § > 0 there exists Cs > 0 such that
Ifil<csslll,  jezt.

Next, we introduce the hypotheses on commutators of P 1.
We suppose that there exist Ag > 0, and By > 0 such that

-1 B o n v Agx_p‘ng_el A aYd
I L e L D D T L
p=a,0<p p: ’
p+0F£a+p

forall o, g € Z1.

The next lemma, combined with well known LP estimates for Fourier multipliers
and L2 estimates for pseudodifferential operators, indicates that our hypotheses on the
commutators are true for a large class of pseudodifferential operators.
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LEMMA 8. Let P be defined by an oscillatory integral
Pu(x) = /eiXSP(x,aa(s)&s

(57) = [[ e pocsrayds,
where P(x, &) is global analytic symbol of order m, i.e. for some C > 0

< & >—MHBI Clal+IBl
( alp!

(58) sup < sup

D§DLP (. ) ) < .
o, BEL \(x,§)eR2

Then the following relations hold

o (DD )
(59) [P, x’D¢u(x) = a!ﬁ!p(%j( PR e

lo+0]<|a+Bl

(x, D)(x? DLv)

forall o, g € Z1, where P((f))(x,é) = Dfa;ﬁ‘P(x,S).

Proof. We need to estimate the commutator [P, x# D¢]v = P (x# D%v) — x#D%P (v).
We have

P(x’Dgv) = / / e YVEP(x, £)y’ Dyu(y)dyde;
xPDYP (v) = / f xP D (e V5P (x, £)v(y)dyds
://Z< Z )Xﬂei(x_y’sé"DZ“’P(x,E)v(y)dydé
p=<a

xP(=Dy)? (€' V) Dg PP (x, £)v(y)dyds

xPel X VEDEP P (x, £)DEu(y)dyds

&6 (—Dg)P (e ¥6)DZ P P (x, §)) DY u(y)dyds

://Z z )Dg(eixs)(e—iyé Dg_PP(X,E))ng(y)dyas

= // Z Z)( g )ei(x—y)syﬁ(_l)ﬂ—elDf—eDg—ﬂ P (x, §)Du(y)dyds

( g )// ei(x—y)é(—l)\ﬂ—eleﬂ—B DY PP(X, £)y’ D§v(y)dyo’|g
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which concludes the proof of the lemma.
([l

REMARK 4. We point out that if P(D) has nonzero symbol, under the additional
assumption of analyticity, namely P (&) # 0, & € R" and there exists C > 0 such that

DE(PEN| _
P&l ~

the condition (56) holds. More generally, (56) holds if P(x, &) satisfies the following
global Gevrey S/ (R") type estimates: there exists C > 0 such that

(60) Cllal1+gp7, a ez, £ eR",

sup (<& >l @hr g agal P(x £)) < ClHAL g p e,
(x,§)eRN

The latter assertion is a consequence from the results on L2(R") estimates for p.d.o.-s
(e.g., cf. [19]).

Let now P(D) be a Fourier multiplier with the symbol P(¢) = 1 + i sign(£)&2
(such symbol appears in the Benjamin-Ono equation). Then (56) fails.

Since our aim is to show (sub)exponential type decay in the framework of the
Gelfand-Shilov spaces, in view of the preliminary results polynomial decay in [8], we
will assume that

(61) <x>Nye H®RM, NeZ,.

Now we extend the main result on exponential decay in [8].

THEOREM 3. Let f satisfy (55) and w € SZ(R”) with u, v satisfying (53), i.e.,
w € Dj, (o, To) for some g0 > 0, To > 0. Suppose that the hypothesis (56) is true.
Let now v € H*(R") satisfy (61) and solve (30) with the RHS w as above. Fix ¢ €
10, min{eo, By *}[. Then we can find Tj(e) €10, min{To, Ay *}[ suchthatv € DY (e, T)
for T €]0, To(e)[. In particular, v € S, (R").

Proof. For the sake of simplicity we will carry out the argument in the one dimensional
case. We write for 8 > 1

Px#D%) = xPD%w —[P,x#D%v + xPD¥(f(v))
x#D¢w — [P, x# D¢ v
(62) + Dx(x’DZY(f(v)) — pXPTIDE L (F (v)).
Thus
x#D% = P xfD%w — PP, xfDv

(63) + PIDPDEL(f () — BPTExPTIDE (1 (v)))
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which implies, for some constant depending only on the norms of P~1 and P~1D in
HS, the following estimates

efTe ePTe
- /S o Ty ﬂ Y
(ahH(BHY X" D%v]s =< C(a!)ﬂ(lg!)v X D%wl|s
Ag_pBoﬂ—Q .
t X oy KOs
Pi@%oﬁ-ﬂ
T EISTUl—l
—_*  yxfDY Lt
T (e — DHr(BHY Ix (f)lls
eT ef-1Ta-1
(64) + ”X/S—lDa_]_(f(v))”S

B~ (@ = DH((B = DY

foralla,B€eZy, =1, a > 1.
On the other hand, if « = 0 we have

B B
(;!)Unxﬂvns < c(;!)vnxﬂwns
B! eh
65 9 x? C Bt
(65) + 04% oy X vls +C s IXP (Fw)ls

forall e Z4, B > 1.
Now use the (at least) quadratic order of f (u) at u = 0, namely, there existC1 > 0
depending on's and f, and a positive nondecreasing function G(t), t > 0, such that

(C/‘ﬂ

(©0) (BHY

B—1
IXff)lls < CielxvlsG(lv]s) (mj_wnxﬁ‘lv)ns)

This, combined with (64), allows us to gain an extra ve > 0 and after summation with
respectto «, 8, @ + B < N + 1, to obtain the following iteration inequalities for some
Co>0

6N E)Nyalvse, T] < lvlls + CoslxvllsEL \[vs &, T1+ TG(E] y[v; 6, T

forall N e Z,. We can apply the iteration lemma taking 0 < T < Tj(e) with
0 < Tyle) < 1.
([l

REMARK 5. We recall that the traveling waves for the Benjamin-Ono equation
decay as O(x~2) for |x| — o0, Where P(£) = ¢ + i sign(£)&2 for some ¢ > 0.
Clearly (Hz) holds with . = 2 but it fails for © > 3. Next, if a traveling wave solution
@(x) € H2(R) in [29] decays like x| ¢ as x — oo for some 0 < ¢ < 1, then by
Theorem 2 it should decay exponentially and will belong to the Gelfand-Shilov class
S1(R). Finally, we recall that u, (x) = —4vx(x? 4+ v?)~1, x € R, solves the stationary
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Sivashinsky equation |Dy|u + vd2u = udyxu, v > 0 (cf. [51]). Clearly u,(x) extends
to a holomorphic function in the strip |[Im z| < v and decays (exactly) like O (x| 1)
for x — oo. Although the full symbol —|£| 4+ v&2 is not invertible in L2(R), we can
invert P in suitable subspaces of odd functions and check that (56) holds iff u = 1.

6. Strongly singular solutions

First we consider a class of semilinear ODE with polynomial nonlinear terms on the
real line

d
PIyIcO :=D"yo0+> > p{DIty)D2yx)---DImy(x) =0,
€=2je(0,1,...,m=1}¢

(68) pjeC

where m,d € N,m > 2,d > 2, Dy(x) = (1/i)y’(x). We require the following
homogeneity type condition: there exists T > 0 such that

(69) —t—M=—lt—j1——je ifpd#£0.
J

Thus, by the homogeneity we obtain after substitution in (68) and straightforward cal-
culations that y(x) = ¢+ (£x)~" solves (68) for +x > 0 provided ¢ # 0 is zero of
the polynomial P (1), where

d
(10 PE.M =it —D--@-m+DED"+Y Y A
=2 je(0,1,...,m-1}¢

where
(71) pim) = pl (Dt~ jp - (@ — jo.

If T < 1 the singularity of the type |x|~" near x = 0 is in LI%C(IR{), p > 1,
provided pr < 1. In this case we deduce that one can glue together y and y_ into
oney e LI%C(R) function. However, the products in (68) are in general not in Llloc(R)
near the origin, so we have no real counterexample of singular solutions to (68) on
R. We shall construct such solutions following the approach in [8], namely, using
homogeneous distributions on the line (for more details on homogeneous distributions
see L. Hormander [33], vol. ). We recall that if u € S’(R) is homogeneous distribution
of order r, then u(x) = ux|x|" for £x > 0, ux € C, and G(&) is a homogeneous
distribution of order —1 —rr.

Given u > —1 we set
(72) hEy,, (0 = F L (HE®),
where

(73) HL®E) = H &)1,
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with H (t) standing for the Heaviside function. Sincet > 0if u = -1+ 1 > —1
we get that |&]~1# is L1 near & = 0, therefore H (£)|£|~ 1" belongs to S'(R)

loc
and hf, are homogeneous of degree —z. Moreover, since supp(h®,) = [0, +-o0[

(resp. supp(h—,)(&) =] — o0, 0[), hT, (resp. h_,) satisfies a well known condition,
guaranteeing that the product (h™,)™ (resp. (h=,)™), or equivalently the convolutions

Dth—‘[ kooee %k Dth_T

(resp.

—_—

Djlh:r Kk o.. ok Dth:t)

are well defined in S'(R) for any m € N (cf. [43], see also [33]). In view of the
equivalence between (68) and (74), the order of homogeneity —t of y., and (72), we
will look for solutions to

d
7)) PYI®=£"9@&+>. > plehygs. sy gimg =0
€=2je{0,1,...,m—1}¢

proportional to H (££)|£]~1+* homogeneous of order —1 + ¢ with support in & > 0.
Following [8], we set

(75) hE2(E) = apH (££)[g] 17,

with a1 € C to be determined later on.

Using the homogeneity of hf;a, the definition of ¢ in (69) and the convolutions

identities derived in [8], Section 7, we readily obtain that

(76) arFy 5, (W) = ca(— £ x)°

where ¢4 is a complex constant and by substituting ¥ (&) = hf;a(g) in (74)
(77) PIyI®) = awH (£6)|e ™ PE () =0

where Fﬂﬁ, (1) is a polynomial such that ay is zero of Fﬂﬁ, () iff c1 in (76) is zero of
Pi . (1) (defined in (70)).
Therefore we have constructed explicit homogeneous solutions to (68)

(78) Ua, (X) = a:Fix(HZ7 (§))
Consider now a semilinear PDE with polynomial nonlinearities

where Py(D) is constant linear partial differential operator homogeneous of order m
and where F is polynomial of degree d > 2.
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Given 6 e S"~1 we shall define the ODE Py (D) in the following way: let Q be an
orthogonal matrix such that Q*6 = (1,0, ..., 0). Then for x = y1 we have

(80) Po(D)u(y1) = (Pm(Dy)Us + F(Ug, ..., DyUp, .. )lja|zm-1)

with Ug(y) = u(< Q, (¥1,0,...,0) >).

Letnow # € S"1 n > 2andlet L = Ly be the hyperplane orthogonal to 6. We
define, as in [8], U = asép ® h*_, € S'(R), j = 1,...,d — 1, by the action on
$(x) € SRM) ’

(81) UL} ¢) :=/ _1/ ¢( QY)Y Uz x(yn)dyndy’
R Ry,

where Q is an orthogonal matrix transforming 6 into (0, ..., 0, 1). We have proved

PROPOSITION 1. Suppose that Py satisfies the homogeneity property (69) for some
6 e S"~1 and denote by L the hyperplane orthogonal to 6. Then every homogeneous
distribution defined by (81) solves (79).

We propose examples of semilinear elliptic PDEs with singular solutions as above:
1) Pu=Au+ud=0deNd>217=-2/d—-1),9 e S"

2) P = (=A)™u+ DRuDgu+u =0, withm,d, p,q € N, d > 2 satisfying
2m = 2m — p —q)(d — 1). In that case

2m
t:_ﬁ=_2m+p+q, 6 =(,0,...,0).

7. Analytic Regularization for Semilinear Parabolic Systems

We consider the initial value problem for systems of parabolic equations

L
(82) uj + Pj(D)Uj + > kje(D)(Fj (@) =0,
=1
lli—o=u%t>0, xeQ, j=1,...,N,
where i = (ug,...,un);  =R"orQ =T" = R"/(27Z)". P;(D) is differential op-
erator of order m € 2N, Re(P; (D)) is positive elliptic of orderm forall j =1, ..., m.
The nonlinear terms Fj ¢ € clcN:0),j=1,...,N,are homogeneous of order

s¢ > 1. We write ord;F (z) = s for F (positively) homogeneous of order s.
In the case we study the analytic regularity of the solutions for positive time we

will assume that Fj ¢, j = 1,..., N, are homogeneous polynomials of degree s, > 2,
namely
(83) Foo= Y. Fl2f FfiecizecV,

BeZ |B1=s¢
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forj=1,...,N,¢=1,..., L.
The operators «j, satisfy

(84) kj.e(D) € U (Q),0 <d; <m

forj=1,...,N,¢=1,..., L. Here W)(R")) (resp. W} (T")) stands for the space
of all smooth homogeneous p.d.o. on R" (resp. restricted on T") of order v > 0. We
suppose that

(85) eitherd, > 0orkje(§)=const, £=1,...L,j=1,...,N ifQ=T"

The initial data u® e S’(2) will be prescribed later on. Such systems contain as
particular cases semilinear parabolic equations, the Navier-Stokes equations for an in-
compressible fluid, Burgers type equations, the Cahn-Hilliard equation, the Kuramoto-
Sivashinsky type equations and so on.

Forgivenq € [1,400],y = 0,60 € R, u > 1and T €]0, +oc] we define
the analytic-Gevrey type Banach space Ag’q(T; w) as the set of all G € C(]0, T[:
(L9(2))N) such that the norm

Jee]
_ y la| _
(86) Wy o = 2o o7 supT(t#”na“u(t)nLq)
, o

is finite. The Sobolev embedding theorems and the Cauchy formula for the radius of
convergence of power series imply, for y > 0, that, if i € Ag’q(T; w) then G(t, -) €
or t%),t €]0, T]where ', := {x € C" : |[Im(x)| < p}, p > 0and O(T") stands
for the space of all holomorphic functions in T', T" being an open set in C", while for
y = 0, with the convention 0° = 1, we obtain that Ag (T; ) coincides with the usual
Kato-Fujita weighted type space Cy(L9; T) and p is Irrelevant. Givenu € C(]0, T[:
Li.(€2)) and t €]0, T[, we define

pru) (1) = sup{p > 0 :u(t, ) € O(Typ)}

with ppy (t) := 0 if it cannot be extended to a function in O(I",,) for any p > 0.
Clearly for each u Ag’q(T; w) we have ppy(t) > yt%, t €]0,T]. We define
Ag (Tiw) = CAO,TE (S @M NAL (T ), CF (LG T) = AT (T; ).

One motivation for the introduction of A;’”(‘f/(T; w) is that (LP(@)YN > f —
(_A)EEg[f] e AV L, (Tim)foralll < p<gq<+o0,y=0kz0
i (k+5—-3).d
where N

ER[f1) :=e PO f = 772 @PO f (),

f e @)N.
We denote by B> (R") (resp. B4 *°(R™)) the Besov (resp. homogeneous Besov)
spaces, cf. [54]. Typically for perturbative methods dealing with (82), given y > 0,
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6 >0, q > 1, we want to find the space of all f € (S'(22))N such that

(87) Ep[f] e AL (T:m)

for some (all) T €]0, 4+oo[ (respectively

(88) Eplf]e A, (+o0im)

if P is homogeneous). These spaces depend on 2, 8,9 and m but noton y > 0
and P and we denote them by Bq_a"’o(Q) = Bq_a"’o(Q; m) (resp. Bq_e’OO(Q) =
Bg?(2;m)). It is well known, for instance, that Bq”°(R") = Bq®°(R") if
P=—A, N=1, 6>0,cf. [54]. However B (R") # B$*(R"). One shows that
Blm®(Q) < By 2™ (), (resp. B (Q) = Bi2®(Q)) if 62 > (resp. 62 =)

61+ f — &, 1 <1 < A2 Bg" (T € ST = {f € S'(T") st. fon f =0} for

all > 0,1 <q <ocandifb(D) € ¥ (T"), r > 0, then

b(D) : LP(TY) — By » ¢ "™,  gzp>1

and
—n+0—r,00 .
b(D) : M(T") — By * (T, qg>1q>1lifr=0.
Set Hg, (RM), p € R, to be the space of all Schwartz distributions homogeneous of

order p.
We put

S
S = max{sy, ..., S¢}, P =N maxL

and define Cp,>(n) as the set of all (g, 6) s.t. g > max{1, per}, @ > 0,50 < m, 0+3 =<
e With g > per if 6 = 0; 9CE; () = {(@,6(@) € Cpy"(M}, 6@) = 5= — gk
po (M) = Cps®(M\Cpy(N); Gmax = SUP{ > q : $(6(A)+7—2) < m). Throughout
the section we will tacitly assume that F; ¢’s are polynomials as in (83) when we state
analytic regularity results for (82) in the framework of the Gevrey spaces Ag q(T ;m),

y > 0.

THEOREM 4. There exists an absolute constant a > 0 such that:

i) if (q,0) e Cpr(n) and w e Bq“)’“’(sz) then 3T* > 0s.t. (82) admits a solution

. 8 m_1
(89) e A’r’%’q(T*exp(—ay m); m).

y=0

The solution is unique in C‘E(Lq; T*) provided q > s;
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ii) if (q. 6(q)) € ICTS(n) then IC’ > 0 s.t. if U0 € By " (<) satisfies

(90) I|m IIEp[UO]Ilc o (LE:T) = cp<C’

then 3T’ > 0 s.t. (82) admits a solution i € CM)(Lq T') satisfying 0 €
9@ o(Tysm) for some T €]0.T'], ¥ € [0, (1Inc ym-1]. The solution is

unlque in Ce(q) (L9; T") provided g > s.

For the next two theorems we require that the operator P (D) is homogeneous and

m—dl_ _m—dg n

Sl—l =...= Sz—l —E

THEOREM 5. Let (q, 6(q)) € aCp.>(n). We claim that there exists C” > 0 s.t. if
ud e Bg"(q”""(sz) satisfies

(91) IIEp[UO]Ilc g (L%+00) = ¢y < Cq

then (82) admits a global solution

Furthermore, the solution is unique if q > s.

_n X
THEOREM 6. Let G0 € (H per (RN ﬁB‘e(q)’oo(R”) for some q €
]I max{per, S}, dmax[, and let ||E]R [u0]||c o (L9i400) = = ¢; < C”. Then the unique

m

solution in the previous theorem satisfies

" 0 X ~ .
92) G0 =™ G, 1>0  §@) e LIRD[L*®RD o,

93) i = EF' [0 - § € LIRD (O, T =maxiper, 1)
forall y € [0, (% In S—g)%]. Assume now that F; ,’s are polynomials and
(94) S¢ < Por < 2S¢, S < Per, 2dg = m, ¢t=1,...,L.
Then there exists ¢ > 0 s.t. for all

w e (Hg, P (RN ) Bae @)

with R
U0 go.00 = €0 < €
Per
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the IVP (82) has a unique solution

i € BCy ([0, +oof: (B R™M)HN)

satisfying (92) and w e LPe(R") (M L®(R"). Furthermore, § € (O(T,)N for
y € [0,¥]. Here the subscript w in BC,, means that we have continuity in the weak
topology o (B °(RM), (Bg;f(R“))) and pl, = P

Por—1°
8. Sketch of the proofs of the Gevrey regularity for parabolic systems

The main idea is to reduce (82) to the system of integral equations

L
(95) uj(t) = E%[u?](t)JrX;Kﬁl[ﬁ](t), ji=1,...,N
{=

where .
K2, [a] () =/0 E,(t — 1)« Fj o (l(0))dr,

Efg(t) = KL@(D)E% . We assume that Pj is homogeneous.
We write a Picard type iterative scheme

L
(96) Ukt = Ef [U§10) + D KUk, ji=1,...,N
=1

fork =0,1,...with o = 0.
We need two crucial estimates, namely for some absolute constanta > 0

m—1
97 n;aean&uA@ (toom = C18Xp@y m),  Vy =0
’ mrmd=r)r

Qo Q
©8) KRy i < CalET el

4
mTomg g5y +1

neq 1

(T;m)(”U”qu(T;m))S“TpZ

wherer e [1, +o00] (resp. r €]1, +oc]) ifdy > 0ord, = 0and «j ¢(§) = const (resp.
de =0, kj,e(§) # const, Q =R"),

m—de— @+ D) —1)
@0 eacpsm,  p=—

C1=Ca(r) > 0,C2 = Co({Fj,¢}, r) > 0. We note that in the case €2 = R" we have
(99)
n . _ _ dptlal+n X _
HERC K0 = [0 @ B =t ooy B = @m o,

with Foj ¢(§) = e Pi®k; ((&)E%. If r > 2 we estimate [|pj ¢|lLr by means of the
Fourier transformation, the Young theorem and the Stirling formula. For the case 1 <
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r < 2 we deduce the same result using integration by parts, the properties of the Fourier
transform of homogeneous functions and the Stirling formula again. The case @ = T"
andr € [2, +oc] is evident while (85), (97) for 2 = R", r = 1 and the representation

(100) aET . x) =Y WEF (t.x +278),  xeT"~[-m 7]
EeZn

yield the L1(T") estimate (97) (see [39] for similar arguments). The Riesz-Thorin
theorem concludes the proof of (97) for @ = T". The key argument in showing (98) is
a series of nonlinear superposition estimates in the framework of Ag’q (T; m). We note
that m > 1 is essential for the validity of such estimates. Next, for given R > 0 we
define

B{(R:T)={le Al (T;m): [U], T:m < R}.
m-d La

At the end we are reduced to find R > 0Oand T > 0 such that

L
(101) ||Eg[u0]||Ay9 T:m) -|-C1exp(ayT Z TPRY < R,
m-4 -1

L
(102) Coexpay'm) Z TrRS1 1.

The estimates (102) allows us to show the convergence of the scheme above which
leads to the existence—uniqueness statements for local and global solutions.

The self-similar solutions in the first part of Theorem 6 are obtained by the unique-
ness and the homogeneity, while (92) and (93) are deduced by a suitable generalization
of arguments used in [49] and [5].

Concerning the last part of Theorem 6, we follow the idea in [16], namely setting
g =v+w,v=Ep[u](1) (we consider the scalar case g = G, L = 1) we obtain for
w, an equation modeled by
(103)

l ns
w = H5[(w + w)l, ’E,[f]:/ / K(D)ER (1 — 7, y)r ™ (L )dyde
o Jrn Ut

where (D) € \Ifh (R"). The condition (94) allows us to generalize Lemma 6, p. 187

in [16], namely we show that 7{ acts continuously from LS (RM to LPer (RM) using
the Littlewood-Paley analysis and the characterization of the L P spaces.

We point out, that if uﬁ0 € (H (SZ))N and p > 1 we show that
limt_o0 ||Ep[u ]||Ay (T = = 0 forall 6 = + - — o, @ = max{p, n }

y > 0. Thus we recover and/or generalize the known Iocal and global results for
the semilinear heat equations when r > r¢ (p) (see [38], [3], [5], [21] and [49] and
the references therein). In particular, we extend the result of THEOREM 2.1 in [39]
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on the complex Ginzburg-Landau equation in T", since THEOREM 2 ii) allows ini-
n_1
tial data u® e HX*@(T") = H2 *(Q), provided max{%, —24—}. Fur-
2 (1 2 TP 7= th n+ n2+16n}

thermore, our local results on the analytic regularity yield ppy(t) = O(t%), t\.0
which improves the corresponding results for the Navier-Stokes equation for an in-
compressible fluid in @ = T", n = 2, 3 while for the Ginzburg-Landau equation we
get pu(t) = O(t%),t . 0, the same rate as in [53], where the initial data are L>°(R").
If m = 4 Theorem 4 and Theorem 5 yield new results for the Cahn-Hilliard equation
U + A%+ A(uS) = 0. Here per = 22 and re (per) € 1p iff s > 5 which
is always fulfilled since s > 2. Hence if u® = g|D|""*Pw, w € LP(RM if p > 1,
w € M@RM, p € [max{l, pce}, Pmax[, B € R, (82) admits unique global solution

u(t, x) which belongs to O(I" t%) forallt > O provided ||w|Lr < cexp(—ay%). We

¥
could consider fractional derivatives of measures as initial data iff per < 1 which is
equivalentto s €] 310, 2],

Our estimates on the analytic regularity globally int > 0 seem to be completely
new. We have examples for & = R" showing that our estimates on p (t) are sharp at
least within certain classes of solutions. If & = T" we could give in some cases better
estimates of ppy(t) ast — +oo.

Comparing Theorem 6 with the results in [16] for self-similar solutions, we point
out that we allow initial data R

u® e (Hg'@®R"HN
such that uﬁ0|5n_1 ¢ (L°°(S"1)N. We construct also self-similar solutions for the
1
Cahn-Hilliard equation of the form u(t, x) = t_2<s—1>g(4it). As it concerns the last
part of Theorem 6, it is an extension of Theorem 2, p. 181 in [16].
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