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1 Introduction

After Elie Cartan, who in 1922 introduced differential geometric methods into the calculus of
variations using the celebrated Cartan form to formulate the variational principle [10], Théophile
Lepage in his pioneer work [73, 74] initiated the study of the calculus of variations for field theo-
ries (multiple integrals) as a theory of differential forms and their exterior differential modulo
contact forms (congruences). The main advantage of such an approach evidently is a possi-
bility of framing the calculus of variations within the de Rham sequence of differential forms
on a manifold and thus using the de Rham cohomology as an effective tool to study relations
between the image and kernel of various differential operators appearing in the calculus of
variations.

The attempt to understand global structures of the calculus variations motivated the use of C-
spectral sequences, and gave rise to the constructions of variational sequences and bicomplexes.
This direction was initiated in 1950’s by Dedecker [14, 15, 16, 17, 18], and continued in the work of
Horndeski [41], Gelfand and Dikii [31], Olver and Shakiban [79], Dedecker and Tulczyjew [19],
Tulczyjew [96, 97, 98], Takens [93], Anderson [2], Anderson and Duchamp [3], Dickey [20],
Vinogradov [99, 100, 101], and others. A main motivation for this research was

e to find solution of the inverse problem of the calculus of variations which means to find
local and global constraints for a system of ordinary or partial differential equations to
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come from a variational principle as Euler—-Lagrange equations, and to construct a Lag-
rangian,

e to determine the local and global structure of variationally trivial Lagrangians, i.e., Lag-
rangians giving rise to identically zero Euler-Lagrange expressions (the kernel of the Euler—
Lagrange operator),

e to understand the form and origin of different “canonically looking” expressions appearing
in the calculus of variations, as for example
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e to understand local and global phenomena typical for variational problems given by lo-
cal data, as, for instance examples of global Euler-Lagrange forms which do not ad-
mit a global Lagrangian; the best known examples are the Galilean relativistic mecha-
nics, or Chern—-Simons field theories (where a global Lagrangian exists but is not gauge-
invariant).

The theory was first formulated on infinite order jets. After several attempts to obtain an
alternative construction using finite order structures (see, e.g., [3]), the finite order variational
sequence was discovered by Krupka 25 years ago [49]. The inspiration originated from the
Lepage’s idea of a ‘congruence’, indicating that there should be a close relationship between the
Euler—Lagrange operator and the exterior derivative of differential forms, and resulted in the
concept of a finite order (cohomological) exact sequence of forms, in which the Euler-Lagrange
mapping is included as one arrow.

Compared with the other approaches, the concept of Krupka’s variational sequence is con-
ceptually very simple due to the following reasons:

e it uses only finite order jets,

e it appears as a quotient sequence of the de Rham sequence.

This makes it quite easily accessible to potential users, since factorization is a natural,
straightforward, commonly understood, and well-mastered technique. Moreover, the factori-
zation procedure can be incorporated into intrinsic operators which allow to avoid tedious and
technically difficult calculations.

It should be stressed, however, that here is an additional benefit of the setting on finite order
jets: Namely, it provides precise results on the order of the local and global objects of interest.

The aim of this paper is to provide the reader a comprehensive source of the current theory
of the finite order variational sequences as it stands 25 years after its beginnings. While for the
variational bicomplex theory there is a standard reference the (unpublished) book by Ander-
son [2], the results on the finite order variational sequence up to now have not been collected,
revised and completed in a self-contained article. However, our aim is not merely to provide
a revised exposition of known results. Apart from putting known results into a unified treat-
ment, we add a number of original results in order to develop the theory and make it complete.
Our aim is also to stimulate the use and applications of the variational sequence in physics. As
a motivation we mention a few applications, some of which are interesting and not widely known
or even are original here.

The paper is organized as follows: Section 2 introduces the variational sequence as a quotient
sequence of the de Rham sequence, developed by Krupka [49, 51, 52, 53] (see also [36, 37, 54, 55]).
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Section 3 is the core of the paper, and deals with the problem of representation of the va-
riational sequence by differential forms. In the variational sequence, the objects are classes of
local differential forms. However (as pointed out already by Krupka) the classes can be repre-
sented by (global) differential forms: Lagrangians or Lepage n-forms (where n is the number
of independent variables in the variational problem), Euler-Lagrange forms, Helmholtz forms.
This property initiated the search of representation operators and representations with help of
differential forms. We present two different representation sequences: the Takens representa-
tion sequence based on the so-called interior Euler operator [2] which assigns to every class in
the g-th column of the variational sequence a source form of degree ¢ (a Lagrangian if ¢ = n,
a dynamical form if ¢ = n+1, a Helmholtz-like form if ¢ = n+2), and the Lepage representation
sequence. The latter is a sequence of Lepage forms (Lepage equivalents of source forms), such
that the morphisms are just the exterior derivatives. The existence of such a sequence clarifies
the relationship of the variational morphisms to the exterior derivative operator. Moreover,
it transfers the questions on the structure of the kernel and image of all the variational mor-
phisms just to application of the Poincaré lemma. A complete representation of the variational
sequence by source forms (of any degree) was given by Musilovd and Krbek [43, 44, 45] and
independently by Krupka and his collaborators [61, 63, 103]. Next, in Section 3 we recall the
concept of Lepage form ([46, 61, 64, 72] and introduce the Lepage representation of the varia-
tional sequence. As a new result concerning Lepage n-forms, we present an intrinsic formula
for the Cartan form (Theorem 3.8, formula (3.6)). Remarkably, our formula explicitly shows
that (and explains why) the higher-order Cartan form generically is not global (this fact was
a surprise when discovered and demonstrated by a counterexample in 1980’s [40], and up to
now has not been well understood). In the subsection on Lepage forms of higher degrees (and
any order) we present for the first time properties of general Lepage forms, and namely we
give a general intrinsic formula for a Lepage (n + k)-form of any order. We also find a higher
degree generalization of the famous Cartan form. The techniques based on the use of the in-
terior Euler operator and the residual operator not only lead to elegant formulas and easy
proofs; they also enable to avoid lengthy, tedious, and sometimes even impossible calculations
in coordinates. The results then help us to find a complete correct Lepage representation of
the variational sequence. The last remark in Section 3 concerns the variational order of ob-
jects in the variational sequence. We explain how due to the finite order setting it is possible
to make (local and global) conclusions on a precise order of Lagrangians and other objects
in the variational sequence, distinguishing it from alternative constructions on infinite order
jets.

In Section 4 we are concerned with the Lie derivative in the variational sequence. We explore
the important property that the Lie derivative of differential forms with respect to prolongations
of projectable vector fields preserves the contact structure. This suggests that a Lie derivative
of classes of forms, a variational Lie derivative, can be correctly defined as the equivalence class
of the standard Lie derivative of forms and represented by forms. New results in this section are
then contained in subsequent theorems generalizing the first variation formula to forms of any
degree.

The last section of the paper is devoted to selected applications of the variational sequence
theory. We recall the fundamental well-known applications to the inverse variational problem
and to variationally trivial Lagrangians. Apart from that we emphasize some other possible
applications which have not yet been fully explored — like, for instance, properties of Helmholtz
forms. We include also examples of variational problems defined by local data, and on sym-
metries and conservation laws, emphasizing cohomological questions and local and global phe-
nomena.

For a reader interested in a wider context of the theory of variational sequences, we refer to
the survey works [54, 102], and to the book [55].
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2 The variational sequence

2.1 Jet bundles and contact forms

Fibred manifolds and their jet prolongations represent a convenient mathematical framework
for mechanics and field theories, suitable for investigation of Lagrangian systems of different
orders, and one or many independent variables within a sufficiently general and unified geometric
framework. For an excellent exposition of the jet bundle geometry we refer to the book [91].

In what follows, we shall consider a smooth fibred manifold 7: Y — X, with dim X = n and
dimY = n + m, and its r-jet prolongations 7,: J"Y — X, where » > 1. For n = 1 the mani-
fold Y is a space of events for mechanical systems of m degrees of freedom, and local sections
of 7 are graphs of curves, so usually X = R (meaning time, or just a parameter for the curves).
If n > 1 then X has the meaning of a physical space or spacetime, and local sections of 7 are
physical fields over the manifold X. Then J"Y is a manifold of points jv, the equivalence
classes of local sections v of m with the same value at x and the same partial derivatives at z
up to the order r. Thus J"Y serves as a domain for functions, differential forms, vector fields,
and other objects depending on higher derivatives (up to the r-th order).

Due to the affine bundle structure of w41, : JHY — J'Y, we have a natural splitting
JY Xy T 7Y = JY X jr1y (T*X @ V*J"1Y) which induces natural splittings into
horizontal and vertical parts of projectable vector fields, forms, and of the exterior differential
on J'Y.

A differential g-form w on J"Y is called contact if J"y*w = 0 for every local section -~y
of m. Contact forms on J"Y form an ideal in the exterior algebra, called the contact ideal of
order r. The contact ideal is generated by contact 1-forms and their exterior derivatives [50].
A differential g-form w on J"Y is called horizontal, or 0-contact, if {|w = 0 for every vector
field £ on J"Y, vertical with respect to the projection onto X.

From the definitions it follows that every g-form for ¢ > n is contact, and that every form w
on J"Y , if lifted to J"t1Y, is a sum of a unique horizontal and contact form. This splitting can
be further refined if the concept of a k-contact form for k > 1 is introduced. A contact form w
is called k-contact if for every vertical £ the contraction & |w is (k — 1)-contact. Then, as proved
in [48], every ¢g-form w on J"Y, ¢ > 1, admits the unique decomposition

q
T, W = Y Piw (2.1)
k=0

into a sum of k-contact forms, 0 < k < ¢. For the horizontal (0-contact) operator often the
notation A = pg is used. The form ppw is called the k-contact component of w. Note that if
g > n+ 1 then w is contact, and it is at least (¢ — n)-contact, i.e., the contact components
P0sP1; - - -, Pg—n—1 Of w are equal to zero. If, moreover, p,_,w = 0, we speak about a strongly
contact form [49].

An important special case of the decomposition (2.1) concerns closed forms and their local
primitives, obtained due to the Poincaré lemma, by means of the Poincaré homotopy opera-
tor P. Since every form w can be locally expressed as w = Pdw + dPw, equation w = dp has
a local solution p = Pw. Applying, however, the decomposition into contact components we
can see that there arises a modified homotopy operator, denoted by A, and called the contact
homotopy operator [48], which is adapted to the decomposition (2.1) and defined by Apow = 0,
Aprw = pr—1Pw, k > 1. It satisfies 77, w = Ad(m), ,w) + dA(m ., ,w), and moreover, if
(locally) w = dp, then

q
* *
Tpry1,rP = “4<7TT+1,TW) = § 'Akarlwa
k=0
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hence prp = Apgriw. Compared to P, the operator A concerns vertical curves (curves in the
fibres over X)) only.

Notice that the decomposition (2.1) applied to w = dp induces a splitting of the exterior
derivative d to ;4 ,d = dy + dy where the horizontal derivative dg = hd, and the vertical
derivative dy is the contact part of 7y ,.d.

The splitting of vector fields then arises with help of the total derivative operator. If we
denote (z*,y?) local fibred coordinates on Y, and (z*,y%) where J is a multiindex, 0 < [.J| < r,
the associated coordinates on J"Y', then the i-th total (formal) derivative takes the form

) 0
di= o5+ > Yigya:

Considered as a vector field along the projection 7,41, the total derivative induces a splitting
of vector fields to a horizontal and vertical part as follows: Letting

E=¢

0 d 0
i + Z 5370
ox 20 0y9

be a vector field on J"Y, in order to obtain the splitting £ = £ + &y, we put
% - o T ¢t 9
En=E8d, Cy=C—Cu= ) (§—y5¢ )—ayg.
J

|J]=0

Note that both £ and &y are vector fields along the projection 7,41, rather than ‘ordinary’
vector fields on J"Y. If Z is a projectable vector field on Y, we write J"Ey = (J"E)y (this can
be viewed as a definition of prolongation of Zy which is a vector field along the projection 7 ).

Recall that C(m,), the contact distribution or Cartan distribution of order r, is locally anni-
hilated by contact 1-forms

wf}:dyf}—ygjdmj, 1<o<m,

or, equivalently, locally generated by the vector fields d; along 7, ,_; and 0/0yS where |J| = r.
The Cartan distribution on J"Y is not completely integrable, hence the ideal generated by
contact 1-forms of order r is not closed. Its closure is then the contact ideal of order r (the ideal
of all contact forms on J"Y').

In what follows, we shall need on J"Y the ideal generated by lifts of contact 1-forms of
order 1, whose elements take the form 7 ;w A 7 where w € C%(m1) (the annihilator of C(m))
and n is of order r. Since locally they are expressed as w? A 1n,, where w? = dy° — ;dwj ,
1 < 0 < m, are the basic local contact 1-forms of order 1, we say that forms belonging to this
ideal are w?-generated.

In the calculus of variations and the theory of differential equations on fibred manifolds, the
fundamental role is played by the sheaf A} 4 of horizontal (O-contact) n-forms on J"Y, the
elements of which are called Lagrangians of order r, and the sheaf A7 , ;3 of 1-contact (n+1)-
forms on J"Y, horizontal with respect to the projection onto Y, the elements of which are called
dynamical forms of order r. By means of variation of the action defined by a Lagrangian A
one obtains a distinguished dynamical form FE), called the Euler—Lagrange form of A [46]; the
components of ) in every fibred chart are the Euler—Lagrange expressions of the Lagrangian .
Remarkably, if A is of order r then E) is of order < 2r.

The mapping assigning to every Lagrangian its Fuler-Lagrange form is called the FEuler—
Lagrange mapping.
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A dynamical form FE is called globally variational if there exists a Lagrangian A such that
(possibly up to a jet projection) E = E\. E is called locally variational if every point in the
domain of E has a neighbourhood U where E is variational [48].

Dynamical forms are often called source forms, as originally introduced by Takens [93]. How-
ever, we shall follow Krupkové and Prince [70] who extended the concept of source form to forms
of all degrees ¢ = n + k where k > 1:

Definition 2.1. Let £ > 1. By a source form of degree n 4+ k& we shall mean a w?-generated
k-contact (n + k)-form.

For k = 1, dynamical forms are w?-generated 1-contact (n + 1)-forms, hence, indeed, source
forms of degree n + 1. Source forms of degree n + 2 are called Helmholtz-like forms [69]. For
the calculus of variations the most important examples of source forms of degree n 4+ 1 are
FEuler—Lagrange forms, and of source forms of degree n + 2 the Helmholtz forms.

2.2 The variational sequence

Now we recall the finite order variational sequence as introduced by Krupka in [49]. The concept
uses the sheaf theory (standard references are, e.g., [8, 104]). However, for a first understanding,
a concrete use of the variational sequence, and calculations it is not necessary to be familiar with
all the rather difficult mathematical theory. In place of a ‘sheaf’ of forms in this context one
can roughly imagine a family of modules of local differential forms defined on the open subsets
of the corresponding manifold.

In what follows, we denote by Ry the constant sheaf over R, and by Aj the sheaf of g-forms
on J"Y. We let Aj . = {0}, and Aj . be the sheaf of contact g-forms, if ¢ < n, or the sheaf of
strongly contact g-forms, if ¢ > n, on J'Y. We set

O, =A, .+ (dAr ),

q—1,c

where dAj_; . is the image of Aj_; . by the exterior derivative d, and (dAj_, .) denotes the sheaf
generated by the presheaf dAj_, .. We note that ©f = 0 for ¢ > corank C(m;).

The subsequence
0—-0]—-605—-065—---
of the de Rham sequence
0—=Ry - Ay = Al > Ay = Ay — -
is an exact sequence of soft sheaves. The quotient sequence
0— Ry — Ay — A]/O] = A5/05 — A5 /05 — - (2.2)

is called the variational sequence of order r. The main theorem due to Krupka [49] then states
that the variational sequence is an acyclic resolution of the constant sheaf Ry (meaning that
the sequence is locally exact with the exception of Ry ). Hence, due to the abstract de Rham
theorem, the cohomology groups of the cochain complex of global sections of the wvariational
sequence are identified with the de Rham cohomology groups HgRY of the manifold Y .

It should be stressed that objects in the variational sequence are elements of the quotient
sheaves A} /Oy, i.e., they are equivalence classes of local r-th order differential q-forms. We
denote by [p] € A,/©y the class of p € Aj. Morphisms in the variational sequence are then by
construction quotients of the exterior derivative d. We denote

E4: ATJOT = AT /0T,
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so that

Eq(lp]) = ldpl,

and &([p]) = [dp] = 0 means that there exists [n] € Ay_,/07_; such that [p] = &1([n]) = [dn].
If, moreover, Hjp Y = {0} then the class [n] has a global representative.

The meaning of this abstract construction for the calculus of variations becomes clear in view
of the following theorem:

Theorem 2.2 (Krupka [49, 54]). The sheaf A}, /O] is isomorphic with a subsheaf of the sheaf
of Lagrangians A:ﬁ}l(, the sheaf A}, /Oy, 1 is isomorphic with a subsheaf of the sheaf of source
forms Ai:’fl’y, and the quotient mapping E,: A, /O, — A} /O is the Euler-Lagrange

mapping.

By this theorem, the elements of the quotient sheaf A} /O7 have the meaning of Lagrangians.
The kernel of &, then consists of null-Lagrangians (variationally trivial Lagrangians), and its
image, which, by exactness is the kernel of the next morphism,

. AT r r r
gn-f—l . An+1/®n+1 — An+2/®n+27

represents variational equations. Therefore &, is called Helmholtz mapping. The name refers
to the famous “Helmholtz conditions” [39], necessary and sufficient conditions for differential
equations to be variational (as they stand). Remarkably, the Helmholtz morphism, discovered
within the variational sequence theory, has not been known in the classical calculus of variations.

The above theorem also suggests the idea that all classes in the variational sequence could be
representable by differential forms with a clear place in the calculus of variations. So far there
have been noticed two such representation sequences: the “source form representation” which we
call Takens representation, and the “Lepage form representation”. In the former the sheaves con-
tain familiar differential forms which appear in the calculus of variations, like Lagrangians and
Euler-Lagrange forms, and their generalizations, like, for example, Helmholtz forms. The mor-
phisms are then the corresponding variational mappings, like, e.g., the Euler-Lagrange mapping
sending Lagrangians to Euler—Lagrange forms, or the Helmholtz mapping, sending dynamical
forms to Helmholtz forms. The latter representation has as objects Lepage forms, which are
extensions of the “familiar forms” mentioned above by higher contact components in such a way
that the morphisms are the exterior derivatives, so that in the Lepage form representation the
variational sequence “morally” (up to the orders of individual subsheaves) becomes a subse-
quence of the de Rham sequence. We shall deal with the representation sequences below.

In what follows, we shall denote

Vy = Ap, V, = A, /0y,
and the variational sequence of order r will be shortly written in the form

0— Ry — V.

3 Representation sequences

3.1 The interior Euler operator

Let us introduce an operator which plays an essential role in the representation theory for
the variational sequence. It was introduced to the calculus of variations within the variational
bicomplex theory in [2, 4], and adapted to the finite order situation of the variational sequence
in [43, 44, 45, 61]. This operator, called interior Euler operator, and denoted by Z, reflects in
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an intrinsic way the procedure of getting a distinguished representative of a class [p] € A} /Oy
forg>n by applying to p the operator p,_, and a factorizatiqn by ©g.

Let (2',y?) denote local fibred coordinates on Y, and (z',y%) the associated coordinates
on J'Y, where J is a multiindex, 0 < |J| <r, J = (ji,...,Jp) with 1 < j; <jo <--- <jp<n
and p < r.

Let k > 1 and ¢ = n + k. Recall that if p € A7, we have

etk
Ty 100 = DkP + Pht1P + - - + Phgnp.

Following [45] we set

Z(p fw A Z 1)ld; (0/0y prp), (3.1)
17]=0

where dj = dj, ...d;, for |J| = p. It can be shown by means of the partition of unity arguments
that this formula defines a global form Z(p).

The operator Z: A} , — Afb’:%l has the following properties:

1) for every p € A}, Z(p) is a source form of degree n + k,

2) Z(prp) = Z(p),

(1)
(2)
(3) ( ) belongs to the same class as 73, ,.p, i.e., 75,4 ,.p —Z(p) € S
4) T
()

n+k
4

5

=T, up to a canonical projection; precisely, Z?(p) = 7, 13.2001Z(p),
KerZ=0;

By construction, I(p) is a k-contact form, so there is a question about the difference bet-
ween Z(p) and pgp. It turns out that the difference can be expressed intrinsically by means of
an operator R which we shall call residual operator, as follows

prp = Z(p) + prdpiR(p) (3.2)

(up to appropriate canonical projections). By the properties (2) and (4) of Z we can see that

Z(prdprR(p)) = 0. (3.3)

R(p) is by definition a local strongly contact (n+ k — 1)-form. Note that, contrary to Z(p), the
form R(p) need not be unique and need not be global.

Moreover, Z(p) is a source form, so there is a question about its relationship with other source
forms in the same class [p]. To clarify this it is useful to introduce the concept of a canonical
source form as a source form p such that (up to projection) p = Z(p) [70].

Proposition 3.1. Every source form is equivalent with a canonical source form (of possibly
higher order). More precisely, letting p = w® A ne be a source (n + k)-form it holds (up to
projection)

p=kL(p) — (k— 1w’ NI(no)
and
E—-1
p = I(p) = prdpiR(p) = ——w" A pr—rdpe—1R (o).
As a consequence, for k > 2,

Z(w” A o) = Z(w” NZ(n5))
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Proof. The first assertion is just the property (3) of Z. Next two formulas easily follow from
the definitions of Z and R and the fact that p is the source form, i.e., m ; .p = prp. Indeed,
for p = w? A1, we have

Z(w’ Anp) = —w A Z Dld;(8/0y5 ] (W An))
17|=0

1 1, k-1
= v /\<naw /\Z DMl ( 3/(9ij77,,)> = /\naJrTw ANLZ(Ng).
|7]=0
This formula then yields
k-1 , k-1 ,
prdpeR(p) = p = Z(p) = ——w A (e —Z(ne)) = — " Ape1dpe R(no),

as desired.

Finally, applying Z to the first formula we get (k — 1)Z(p) = (k — 1)Z(w’ A Z(ns)), which
provides the last formula for £ > 2. [ |

For dynamical forms Proposition 3.1 gives the following important uniqueness result [70].

Corollary 3.2. For k =1, every source form is a canonical source form.

Note that this can be seen also directly from the definition of Z: Indeed, if k = 1 and p is
a w-generated 1-contact (n+1)-form then in (3.1) the contractions give horizontal n-forms with
the same components as those of p, and the summation over |J| reduces to one term, |J| = 0.
Hence, Z(p) = w? A (0/0y7 |p) = p.

For the description of the image of Z we refer also to [63].
Example 3.3. We shall show the computations of Z(p) and R(p) for a second-order 1-contact
2-form p in mechanics (n =1, k=1, r =2).

Consider local fibred coordinates (¢,¢°) on Y and the corresponding associated coordinates
(t, q",q]q), 1<ji<r,1<o0<m,onJ"Y, and denote d; the total derivative operator and
w}’ = dqj(»’ — q}’Hdt the local basic contact 1-forms, and put w? = wf. The calculation of the
image of p by the interior Euler operator is direct, using (3.1). We have

pip = AW Adt + AL A dt 4 A2wS A dt,

hence
o 0 ,
=@ A Z (a UJPlﬂ) (A9 — d, A} + d? A2)w” A dt.

The residual term is then
p1dp1R(p) = 75 3p1p — L(p) = (de AL — d7 AZ)w” Adt + ALw] A dt + AZwS A dt.

Let us compute R(p). Since R(p) is a contact 1-form of order two, it holds R(p) = Cow’ +
Clwy + C2wg = p1R(p). The l-contact part of the exterior derivative is p1dR(p) = —d;COw° A
dt — (diCL + COwg A dt — (dC% + CL)w§ A dt — C2wg A dt. Comparing this with the formula
above yields

C2=0, dC?+Cl=-4%2  qCl+C0=-Al,  —d,C%=dAl —d?A2.
From here we immediately see that C} = —A2 and CY = — AL + d; A2, and that the equation
—d;CY = dy AL — d? A2 is satisfied identically. So finally,

R(p) = (A2 — AY)w” — A2u.

We can easily verify that 73 3p1p = Z(p) + prdp1R(p).
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3.2 Takens representation of the variational sequence

Once we have the interior Euler operator, we can obtain a sequence of sheaves of differential
forms (rather than of classes of differential forms), such that both the objects and the morphisms
have a straightforward interpretation in the calculus of variations. Such a representation of the
variational sequence, introduced by Krbek and Musilova (see [43, 44, 45]) basically concerns
source forms (of all degrees), therefore we call it in honour of Takens the Takens representation.
The motivation for the representation comes from the following observations:
e If ¢ < n then for every ¢g-form p of order r, the contact decomposition (2.1) takes the form

Tri1,00 = hp+Dp1p+ -+ pyp,

and ©g = Ay . + (dA;_; ), where we have sheaves of contact forms. This means that given
a class [p] € V; = A} /O}, one has p1 ~ pg iff p1 — p2 = ¥ +dn where 9 is a contact g-form and 7

is a contact (¢ — 1)-form, i.e.,
hp1 = hpa.

Hence, every class [p] is completely determined by a unique horizontal form, and, in particular,
if ¢ = n, by a Lagrangian.
Summarizing, for ¢ < n the operator of horizontalization,

. +1 +1
h: A2—>AZ’XCA2 , p — hp,
induces a representation mapping,
T r+1
Ry: Vq - Aq+ ) Rq([p]) = hp.

o If g =n+k for k > 1 then for every g-form p of order r, the contact decomposition (2.1)
takes the form

T 1P = PP+ Phy1p + -+ + Dgp,

and ©p = Ay .+ (dAj_; .), where we have sheaves of strongly contact forms (with the only
exception of A} . which is a sheaf of contact forms). This means that given a class [p] € V] | =
AL 1/©5 4, one has p1 ~ p iff p1 — po = ¥ + dn where ¥ is a strongly contact (n + k)-form
(i.e., such that pypd = 0) and 7 is a strongly contact (n + k& — 1)-form (px_1n = 0). Thus

PkP1 = Prp2 + Prdpgn # prp2. However, p1 — pa € O] 1, so that

Z(p1) = Z(p2)-

Hence, every class [p] € V], is completely determined by a unique canonical source form.

If we denote by ZA] ;. the image of A} , by Z, we can see that the interior Euler operator

T: Appe = IA 4, C AR p — L(p),

induces a representation mapping,
Rn-ﬁ-k: V;—&-kz - Ai:jgl7 Rn+k([,0]) = I(:O)

For k = 1 there is no other source form representing a class [p] € V], |, so that every class is
completely determined by a unique dynamical form. If [p] = &, (u) = [dp] then Z(dp) = Z(dhp) is
the Euler-Lagrange form of the Lagrangian hu. Note that this argument proves the uniqueness
of the Euler—Lagrange form. At the same time Proposition 3.1 shows us that for & > 2 the
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representing canonical source form is no longer a unique source form in the class [p]. An explicit
important example of nonuniquness for £ = 2 is realized by Helmholtz forms, and will be
discussed below in Section 5.1.

e If ¢ = 0 we define Ry be the identity mapping.

Now, by means of the representation mappings R, we construct to the variational sequence
0 — Ry — V] a representation sequence

0 — Ry — Ro(Vy) = R1(V]) = Ra2(V5) — -

shortly denoted by 0 — Ry — R.(VY), and called the Takens representation of 0 — Ry — V1.
We also denote by

Eq: Ry(Vy) = Rgy1(Vgpa)s q=>1,

the morphisms in the representation sequence. Hence, the definition of the E,;’s follows from
the commutativity of the diagrams

Eq—1 " &q . Eq+1
Vy —— Vat1
qu Rqﬂl (3.4)
Eqt1

B, _ E
—% Ry(V)) — Re1(Viyy)

and we can immediately see that the following theorem holds true:
Theorem 3.4. The representation sequence 0 — Ry — R, (V) is exact.

Indeed, by definition of E, and &,

Eq o Ry([p]) = Rg+1 0 & ([p]) = Ryt1([dp)),

and for every n € Ry(V;) we have n = Ry([p]) for some [p] € V;. Hence

(Eqt10 Eq)(n) = (Eg1 0 Eq o Ry)([p]) = (Egq1 © Rypa 0 &)([p])
= (Eqv1 0 Ryp1)([dp]) = (Rgr2 © Eg11([dp]) = Ryr2([ddp]) = 0.

The representation sequence can be easily understood, and explicit formulas for the mor-
phisms F; and the forms Fy(n) € Rg1(Vy, ;) can be easily obtained, if we write the diag-
ram (3.4) in the explicit form

En—1 En gn+1 Sn+2
— AL/O, —— AL /Oh g —— AL/Oh ., —

R, l Ryi1 l Rpq2 l

r+1 En 1 Ent1 41
An,X An+1,1,Y IAn—l—Q e

En—l

where R4, 1 < ¢ <n, has the meaning of horizontalization h on classes of order r, and R, is
the operator Z acting on pgp where p is of order r. Then since elements of the sheaves Rq(VZI" )
are functions for ¢ = 0, horizontal forms for 1 < ¢ < n, and canonical source forms for ¢ > n+1,
we have

Eo(f) = hdf,  Ey(hp) =hdhp, 1<q<n-1,
Bulhp) =Z(dhp),  Ewar(Z(p)) = Z(d(Z(p))), k> 1.
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In particular, for ¢ = n we can write in coordinates hp = Lwg, where wy = dz! A --- A da™,

and then

Bo(hp) = Ry (dp]) = Tdp) = T(dhp) = 3 (~1)Vld, (SL) W7 Ao,
|7]=0 Y1

Hence, Ey: Ry(V),) — Rn1(V),1) is the Euler-Lagrange mapping, assigning to every Lag-
rangian A = hp its Euler-Lagrange form E) = Z(d\). The next morphism, Ey11: Ry11(Vy, 1) —
R, 2(V), o) is the Helmholtz mapping, assigning to every dynamical form ¢ its canonical Helm-
holtz form H. = Z(de). Note that the preceding morphism to the Euler-Lagrange morphism,
En_1: Ry1(V)_1) = Rn(V)), assigns to every horizontal (n—1)-form ¢ (resp., if dim X =n =1,
to a function f) a Lagrangian A = hdy (resp. A = hdf). This is so-called null-Lagrangian (also
called wariationally trivial Lagrangian), due to the fact that its Euler—Lagrange form is by
exactness of the sequence equal to zero.

More generally, for ¢ > 1, elements of R,;(V;) belonging to the kernel of the variational
morphism E, are called variationally trivial.

We say that two elements 71, no of Ry(Vy) are (variationally) equivalent if their difference
is variationally trivial, i.e., mo — 11 € Ker F;. Thus, two Lagrangians are equivalent iff they
differ by a null Lagrangian, hdp, two dynamical forms are equivalent iff they differ by a locally
variational form, and two Helmholtz-like forms are equivalent iff they differ by a Helmholtz
form. Generally, two canonical source forms are equivalent iff they differ by Z(d(Zp)).

Example 3.5. As an illustration of the use of the Takens representation of the variational
sequence let us compute the Euler-Lagrange operator with help of the operator Z. Indeed, given
a Lagrangian A, the Euler-Lagrange form of \ arises either as the image of A by the morphism FE,,,
or, by application of Z to the exterior derivative of A (remind the formula E,, (\) = Z(d\) coming
from the commutativity relation E, oZ =7 o d).

Consider the Lagrangian of a free quantum particle moving in one dimension. The quantum
mechanical state of such a system is, in the coordinate representation, described by a wave
function ¢(t,z): R x R — C, and the Lagrangian is

K2 . ih, ., «
A= <—4m(¢x¢$)+4(¢ ¢t—¢¢t)> wo, wo = dt A dx.
Denoting v(t,z) = Re ¢(t, z) and w(t, x) = Im ¢(¢, x) we obtain
n s 2
A= —E(vm +wy) — = (vwy — wuy) | wo, (3.5)
which is a first-order Lagrangian for the fibred manifold 7: R? x R? — R? (hence n = 2, m = 2,
r = 1) where 7 is the canonical projection, with fibred coordinates (z!, 22, y', y?, yi, vd, v3,y3) =
(t,2,v,w, v, vz, W, ). In this notation, the generating contact 1-forms on J?(R? x R?) read
as follows: w! = dv — vdt — vzdx, W? = dw — widt — wedz, wtl = dvy — vpdt — vedr, w}: =

dvy — Vgpdt — Vyppda, wt2 = dw; — wyrdt — wepdx, wfc = dwy — Wyrdt — wydr. Now, pidA is the
following 1-contact 3-form on J?(R? x R?):

h h h h K2 K2
prdX\ = <—2wtdv + §vtdw + §wdvt — ivdwt — %vxdvx — 2mwmdwm> wp.

Calculating Z(d\) using formula (3.1) we obtain

h h K2
Z(dX) = wh A [—2wt —d; <2w> —d, (—mvmﬂ wo
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h h K2
+ w2 A |:2’Ut — dt <—2U> — dz <—27nwx>:| wo
K2 K2
= [(—hwt + vm> w! + (hvt + wm> wQ] A wg.
2m 2m

The dynamical 3-form Z(d\) is the Euler-Lagrange form of (3.5). This means that

h? h?
€1 = o Vzq — hwy, €2 = —Wgg + Iy,
2m 2m
are the Euler-Lagrange expressions of the Lagrangian (3.5), and equations ¢; o J2y = 0,

g9 0 J?y =0 are the Euler-Lagrange equations for extremals 7 of (3.5). Denoting & = &1 + iz
we obtain the Euler-Lagrange equation

ﬁ2
(% + ihcbt) o J*y =0,
2m
which, indeed, is the Schrédinger equation.

3.3 Lepage n-forms and the first variation formula

Lepage n-forms were introduced by Krupka in 1973 [46] (see also [48]) in order to establish
foundations of the higher-order calculus of variations in jet bundles. They are fundamental for
a geometric formulation of the intrinsic first variation formula, and of coordinate free, global
Lagrangian and Hamiltonian mechanics and field theory. Combined with the concepts of inva-
riant variational functionals they provide geometric formulations of Noether theorems, as well
as geometric integration methods based on symmetries.

Here we remind only some basic properties of Lepage n-forms, explored in the variational
sequence theory. For more details and applications we refer the reader to the survey papers
[54, 59, 60, 67, 76], and the book [55].

As above, m: Y — X is a fibred manifold, n = dim X, and m = dimY — n.

Definition 3.6. Let 7 > 0. A n-form p on J"Y is called a Lepage n-form of order r if for every
mr0-vertical vector field £ on J"Y

h(€]dp) = 0.

Since p is an n-form on J"Y its horizontal component hp is a Lagrangian on J" Y.
Notice that

e cvery n-form on Y is a Lepage n-form. The corresponding Lagrangian is then defined
on J'Y, and it is a polynomial of degree n in the first derivatives',

e cvery closed n-form on J"Y is a Lepage n-form. The corresponding Lagrangian is a null-
Lagrangian (giving rise to the zero Euler-Lagrange form).

The structure of Lepage n-forms is characterized as follows:
Theorem 3.7 (Krupka [46]). The following conditions are equivalent:

(1) p is a Lepage n-form of order r,
(2) pidp is a dynamical form, i.e., prdp = Z(dp),

! This fact is of particular importance in Hamiltonian mechanics and field theory, or in dealing with variational
forces and energy-momentum tensors [38, 54, 68].
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(3) mrp1,dp=E+ F, where E is a dynamical form, and F is at least 2-contact,

(4) 771 ,.p = Onp+dv+p = Ohy+pi1dv+mn, where Oy, is the Cartan form of the Lagrangian hp,
v is a contact (n — 1)-form, and p, resp. n is at least 2-contact.

It should be stressed that for n > 2 and r > 3 the Cartan form is generically not global.
However, the above theorem states that it can be “globalized” by adding p;dv. Indeed, in the
decomposition of 7, ,.p in (4), Op, + p1dv and 7 are global (being the at most 1-contact and
the at least 2-contact part of p, respectively), while, in general, the decomposition 6y, + p1dv is
not invariant under changes of fibred coordinates.

The name ‘Cartan form’ refers to E. Cartan, who introduced the form to the classical calculus
of variations [10]. Concerning different aspects of generalization to many independent variables
we refer, e.g., to [6, 9, 12, 18, 29, 33, 34, 46, 47, 78, 90]. Higher-order Cartan forms have been
introduced and studied by many authors; see, e.g., [12, 13, 21, 22, 30, 40, 48] to name just a few.

Accounting the definition and properties of the operators Z and R we are able to find an
intrinsic formula for the Cartan form:

Theorem 3.8. Let r > 0, and p € A},. Then the Cartan form of the Lagrangian A\ = hp takes
the form

9)\ =\— le(d)\). (3.6)

Notice that, indeed, 6j,, is a Lepage n-form, equivalent with p (and hp), since by formulas (3.2)
and (3.3)

pldehp = I(dghp) + pldp1R<d9hP) = I(d&hp) + pldpln(dhp) — pldle(dle(dhp))
= Z(dby,) + prdpi1R(dhp) — prdp1R(dhp) + Z(dpiR(dhp)) = Z(dbh,),

and, writing 7, .p = hp + B we can see that (for a proper s)
ﬂ-;,rp - th =p —l—le(dhp) € @'fL

The meaning of Lepage n-forms for the calculus of variations comes from the fact that if p
is a Lepage n-form then the dynamical form pidp = Ej, is the Euler-Lagrange form of the
Lagrangian hp. Indeed, the components of pidp are the Euler—Lagrange expressions of the
Lagrangian A = hp.

We stress that even though 60}, need not be global, the local forms do give rise to the global
form p1dBy,. Indeed, formula (3.6) yields

p1dly = p1d\ — p1dp1R(dN) = Z(dN),

which, indeed, is a global form. (Note that we recovered the formula for the Euler-Lagrange
form of \ in Takens representation of the variational sequence.) Moreover, since for every Lepage
form p, 7y ,prdp = p1dbh,, we get another proof of uniqueness of the Euler-Lagrange form.

As the horizontal parts of Lepage n-forms are Lagrangians, we can view a Lepage n-form as
an extension of a Lagrangian by a contact form, and we come to the concept of Lepage equivalent
of a Lagrangian [46]. Given a Lagrangian A, a Lepage equivalent of \ is a Lepage form p such
that A = hp.

Remarkably, if A is of order r, then its Lepage equivalents are generically of order 2r — 1, and
the Euler-Lagrange form is of order 2r.

Local existence of Lepage equivalents of A and their structure follows immediately from the
above theorem. Moreover, it is well known that every Lagrangian admits a global Lepage
equivalent. For n = 1 and any 7, or for any n and r < 2 a global Lepage equivalent of A
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is the Cartan form. If n = 1 (mechanics and higher-order mechanics) the Cartan form 6y is
the unique Lepage equivalent of A\. For m > 1, Lepage equivalent of A is no longer unique.
Remarkably, apart from the (globalized) Cartan form, there are also other distinguished global
Lepage equivalents of A, as, e.g., the celebrated Carathéodory form ([9, 78] for r = 1, and [92]
for » = 2), which is invariant with respect to all (not only fibred) coordinate transformations,
and the Krupka—Betounes form (for r = 1) [6, 47], which has the property that dp = 0 if and
only if E}, =0 (i.e., the Lagrangian belongs to Ker E,,).

Example 3.9. Let us illustrate the use of the Lepage representation of the variational sequence
on an example. Consider the quantum particle Lagrangian (3.5) in Example 3.5 (including
notations). Its Cartan form reads

oL oL oL oL
0y = L W ANde + —w?Ad YA dt — ZAdt
wo + EN tw + ow tw xr — 8%(41 &www
K2 h
= <—4m(v325 +w?) — §(th - wvt)> wo

n? 1 h? 2 ho ho
+2—wa /\dt—|—2—wmw /\dt+§ww /\da:—ng A dx.
m m

As we have seen, being a Lepage equivalent of the Lagrangian (3.5), the form 6, quickly gives
us the Euler-Lagrange form F), and hence the Euler-Lagrange equations:

h? h2
Ey =pdf)y = <2mvm — hwt) wl Awg + <2mwm + hvt> w? A wp.

We can see that, indeed, E) equals to Z(d\) obtained in Example 3.5; this follows from the
commutativity relation LepyoFs = d o Lep;.

We note that the form 6, (or any other Lepage equivalent of the Lagrangian) also gives
local Noetherian conserved currents related with symmetries of the Lagrangian and the Euler—
Lagrange form (see the discussion below).

With help of a Lepage equivalent of a Lagrangian the non-intrinsic procedure of integration
by parts in the first variation of the action function is substituted by a geometric splitting
with help of the Cartan formula for decomposition of the Lie derivative. As a consequence, the
integral first variation formula appears also in the following intrinsic differential form [46] (for
more details see, e.g., [54]). Given a Lagrangian X of order r, and a m-projectable vector field =
on Y (a “variation”), it holds

Lyr=A = Lyarshp = h(J*7'Z]dp) + hd(J* 'Z]p) = hL y2r-1=p, (3.7)

where L jrz denotes the Lie derivative along the r-jet prolongation of =, and p is (any) Lepage
equivalent of A\. Let us show that the first term in the sum of (3.7) is the Euler-Lagrange term
(carrying information about extremals), and the second term is the Noether term, carrying
information about conservations laws.

We have A\ = hp, and the Euler-Lagrange form is defined by E\ = pido. For the first
differential form on the right-hand side of (3.7) we obtain

h(J*71E)dp) = h(J* Z |5, 5 1dp) = h(J¥E](prdp + ) = h(JE](En)),

where 1 is at least 2-contact, hence J*'Z|u is contact and h(J2’_j pu) = 0. Denote EA =
E,w? Awy (i.e., E, are the Euler—Lagrange expressions of \), w; azzjwo, and E = ¢'-2
Then

h(J* 7 12]dp) = h(JPE](Eqw” Awp)) = h(E;E7wy — Ex&'w’ Aw;) = E;Ewy,

oz +=7 By

showing that, indeed, h(J?"~'Z]|dp) provides Euler-Lagrange equations.
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Let us turn to the second differential form in the sum of (3.7). Assume that = is a Noether
symmetry of the Lagrangian A, meaning that L j»=A = 0. Then in the infinitesimal first variation
formula (3.7) the left-hand side vanishes, and along every extremal v of the Lagrangian A the
n-form h(J?"~1Z]dp) vanishes, because the Euler-Lagrange equations E,0.J%y =0, 1 < o < m,
hold true. Consequently, the n-form hd(J* ~!Z]p) vanishes along extremals, which is the cele-
brated Noether theorem. The (n — 1)-form

B(2) = 15y

is then the corresponding Noether current.
In the simplest case of first-order mechanics when p = 0, = Ldt + a%,w", we recover the
well-known formulas

_ 0L d AL\ _,

- oL _, . -
O(2) = L + (27 — 7€°) = —~HE" + p,=".
0q¢°
If = is a Noether symmetry of A, then the function ®(Z) is constant along extremals.
We shall return to the variational splitting of the Lie derivative in a more general context in

Section 4.

3.4 Lepage forms of higher degrees, and the Lepage representation
of the variational sequence

A motivation for introducing Lepage forms of higher degrees is the following observation: If
dim X = 1 then every Lagrangian A has a unique Lepage equivalent, the Cartan form ).
The mapping Lep;: Al x 2 A — 0, € A%T_l thus relates the Euler-Lagrange mapping to the
exterior derivative throﬁgh the relationship Ey = p1dfy. This suggests the idea to extend Lep,
to dynamical forms, i.e., to Lepy: A;Y 3> € = a. € A3, so that we would have

)\_EL_>E>\

Lep, J{ lLepz

0 —4 s do,

The concept of a Lepage equivalent of a dynamical form was introduced in [64] for locally
variational forms. In that situation one obtains an extension of the Euler-Lagrange form to
a closed form which (similarly as in the case of a Lepage equivalent of a Lagrangian) is unique for
n = 1 and nonunique otherwise (see [37, 38, 64, 66, 72]). Lepage equivalents of Euler-Lagrange
forms became important particularly in study of the inverse variational problem, Hamiltonian
theory, and geometric integration based on symmetries of the equations [34, 55, 65, 66, 68, 71].

Having the variational sequence and its Takens representation allows to define the concept
of Lepage equivalent for any source form, and, in this way, to link all the variational operators
to the exterior derivative. Remarkably, with Lepage forms one gets another representation
of the variational sequence where variational morphisms simplify to exterior derivatives. The
immediate benefit is the reformulation and solution of the problem of existence of Lagrangians
for given differential equations “as they stand”, the problem of the structure of null Lagrangians,
and the other inverse problems in the variational sequence: by using Lepage forms these problems
are reduced to application of the Poincaré lemma.

The idea how to generalize the concept of Lepage form to higher degrees is suggested by
property (2) (or (3)) in Theorem 3.7, that the lowest contact component of the exterior derivative
of a Lepage form p is the canonical source form for dp:
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Definition 3.10 ([45, 61]). Let £ > 0. A (n + k)-form p on J"Y is called Lepage form if

pr+1dp = Z(dp). (3.8)
Lepage (n + k)-forms for & > 0 have many similar properties as have Lepage n-forms. First,

e cvery g-form on Y, ¢ > n, is a Lepage form,

o cvery closed g-form on J"Y, ¢ > n, is a Lepage form.

Structure of Lepage forms can be derived by direct calculations in coordinates from the
definition. However, this procedure is quite lengthy and tedious. Much more advantageously,
we again explore the operator R to solve the equation (3.8) with respect to p in an intrinsic
way. Then we obtain:

Theorem 3.11. Equation (3.8) has the solution
Trgp1,0P = Oppp + AV + 0 = Oy p + prirdv + 1, (3.9)

where

Oprp = Pkp — Pr+1R(dprp), (3.10)

v is an arbitrary at least (k+1)-contact (n+k—1)-form, and p (resp. n) is an arbitrary at least
(k + 2)-contact form.

For every choice of v and p (resp. n) the Lepage forms (3.9) belong to the same variational
class [p] € V;, . (for a proper s), i.e., w5 .p—0p, € O; 1.

Proof. First we show that 6,,, given by (3.10) is a Lepage form, i.e., satisfies pyy1df,,, =
Z(dby,,). Using the same procedure as above for k = 0, we obtain:

Pt 1d0p,p = L(dbyp, ) + Prr1dpry1R(dOy, )
= Z(dbpp) + Pre+1dpr1R(dprp) — Prt1dpe+1R(dpr11R(dprp)) = Z(dbp,p),

since

Pk+1APk+1R(dpr1R(dprp)) = prr1dpr1R(dprp) — Z(dpr1R(dprp))
= Pr1dpr+1 R(dprp),

in view of Z(dpy+1R(dprp)) = Z(pr+1(dpr+1R(dprp))) = 0. Hence, 6,,, is a solution of (3.8).
Since the equation concerns dp, it is clear that if p is a solution then also p 4+ dv is a solution,
where v is an arbitrary (n + k — 1)-form. Moreover, equation (3.8) allows to determine only
the lowest, (k + 1)-contact component of dp. Thus, any solution p is determined up to dv + p,
where p is at least (k 4 2)-contact. In this way, so far we have obtained p = 0, , + dv + p,
where p is at least (k4 2)-contact. We observe that py0,, , = prp, hence ppdv must be equal to
zero, meaning that v is at least (k + 1)-contact.

Finally, we have to show that whatever the choice of v and p, p is equivalent with 6, ,. This
is, however, easily seen: if we denote by s the order of ), ,, and by j the at least (k + 1)-contact
component of p, we obtain 75 ,.p — 0., = prp+ B —0p,p = B+ prr1R(dpkp), which is a strongly
contact (n + k)-form, thus belonging to the kernel ©; _,. [ |

The (n+ k)-form 6,, , is the higher-degree generalization of the Cartan form. It is completely
determined by its lowest contact (k-contact) component. Similarly as the Cartan form of degree n
it is generically not global, since it is defined by means of the operator R. However, quite
similarly as in the case of Lepage n-forms, it can be “globalized” by adding a proper term pg1dv.
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And similarly as in the familiar & = 0 situation, py41df,,, is global, and it holds

Pr+1dbp,p = Z(dprp)-

Also in the higher degree situation, there is a distinguished case of n = 1 (and arbitrary r)
(mechanics). Then v is a k-form and p is a (k + 1)-form, hence they both are zero and we have:

Corollary 3.12. Let n =dim X =1, r > 0. Then for every k > 0, the higher degree Cartan
form 0y, , is unique and hence global.

The higher-degree generalization of Theorem 3.7 now reads as follows:
Theorem 3.13. Let k > 0. The following conditions are equivalent:

(1) p is a Lepage (n + k)-form of order r,

(2) 7y ,dp=1(dp) + F, where F is at least (k + 2)-contact,
(3) Prt1dR(pr+1dp) =0,
(4)

4) w1 p = Oppp + dv + p = Oy, p + pry1dv + 0, where Oy, = ppp — Prr1R(dprp), v is an at
least (k + 1)-contact (n + k — 1)-form, and p, resp. n is at least (k + 2)-contact.

Again, in the decomposition of 77, .p in (4), O, + prr1dv and 7 are global (being the at
most (k+1)-contact and the at least (k4 2)-contact part of p, respectively), while, in general, the
decomposition 6, , + pr41dv is not invariant under changes of fibred coordinates. And pj41dp
is unique (independent upon a choice of p).

Also the concept of Lepage equivalent of a Lagrangian extends to (n + k)-forms. Given
a k-contact form o, by a Lepage equivalent of o we mean a Lepage form p such that prp = o.
Theorem 3.13 then gives the structure of Lepage equivalents, and guarantees local existence.

There remains to answer a question about existence of global Lepage equivalents of higher
degrees. The result is affirmative, and its proof is a generalization of a proof for n-forms [48].
The idea is to show that there exists a Lepage equivalent which is a global form on a closed
submanifold of J?"*1Y. Then, since the (local) form defines a soft sheaf of forms it can be
extended to a global form on the whole space.

Let us consider the canonical injection 11,1 J* Y — JTTL(J"Y) defined by t,41 (5271
= Jja T (JT").

Theorem 3.14. Let ¢ be a (n+k)-form such that pyp = 0, 1 > k+1, e.g., ¢ is the p, component
defined on JY(J"Y) of a (n + k)-form on J'Y . There exists a (n + k)-form 7 on J*T1(J"Y)
such that

)

(1) 7 is (m)r41,0-horizontal and 7j is a (k + 1)-contact (n + k)-form on J* V1 (J"Y);

(2) for every (m)r41,0-vertical vector field Z on J"TY(J"Y) (i.e., such that the projection
of Z on J'Y is zero)

L:-‘rl,TLZ((ﬂ-T):-Fl,IQE +17)
is a (k + 1)-contact (n + k)-form on J"T1(J"Y);
(3) the form L;_,_Lr((ﬁr):_,'_l,lé + 1) is a Lepage (n + k)-form.
Proof. It is enough to prove uniqueness of 7 when restricted to the submanifold ¢y41,(.J rtly).
In fact, for p a (n+ k) form on J"Y, we can take 7 = —Z(pp) when ¢ = pgp. The result follows
by the uniqueness of Z(pgp) which implies that it is a globally defined form on a closed subset

of J?"1Y (defined by the injection above), therefore since the (local) form defines a soft sheaf
of forms on J?"T1Y, then 7 can be globalized. [ |
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The most important Lepage forms of degree > n are Lepage equivalents of canonical source
forms. By the above, if ¢ is a canonical source form of degree n + k, £ > 1, and order r, i.e.,
Z(o) is mor4+1 ~projectable, and pyo = 0 = Z(0), then all its local Lepage equivalents take the
form

p=0s+dv+pu="0s+ prr1dv+mn, (3.11)
where
90 =0 — pk+1R(dU),

v is an arbitrary at least (k4 1)-contact (n+k —1)-form, and p (resp. ) is an arbitrary at least
(k + 2)-contact form. Moreover,

Prs1dfy = I(do). (3.12)

In particular, if € is a dynamical form then podf. is the canonical Helmholtz form H, = Z(de).
Comparing Lepage forms of different degrees yields the following results:

Theorem 3.15. Let ¢ > n. If o is a Lepage equivalent of Ry([p]) then da is a Lepage equivalent
of Rgy1(ldp)).

Proof. Since « is a Lepage form, da is Lepage, as trivially follows from the definition. Denote
o = Ry([p]). If ¢ = n, o is a Lagrangian, hence R, ([p]) = hp, and R,11([dp]) = Z(dp) =
Z(dhp). Thus o = 0y, + dv + p, and da is a Lepage equivalent of pida. However, by (3.12),
prdo = p1dfy, = I(dhp) = Rp1(ldp]). If ¢ = n+k, k > 1, we have R, ([p]) = Z(p), and
Ry ik+1([dp]) = Z(dp) = Z(dZ(p)) = Z(do). The form da is a Lepage equivalent of pyi1da,
which by (3.12) is equal to pg11db, = Z(do) = Ry yk+1([dp]). [

Theorem 3.16. A closed Lepage equivalent of a canonical source form of degree n+k, k > 1, is
locally equal to da where v is a Lepage equivalent of a canonical source form of degree n+k — 1
if k > 2, resp. of a Lagrangian if k = 1.

Proof. If 3 is a closed Lepage equivalent of o = pi8 = Z(8), then locally 8 = da where (with
help of the contact homotopy operator), o = AS, and py_100 = Api = Ao.

If k = 1 then pga = ha is a Lagrangian, and p1da = p18 = Z(8), so that a = AS is a Lepage
equivalent of ha = Ao.

If £ > 2, set ¢ = Z(Ao). € is a canonical source form of degree n 4+ k — 1 representing the
class [Ac]. Therefore (by the preceding theorem), if o is a Lepage equivalent of Z(.Ac) then do/
is a Lepage equivalent of Z(de) = Z(dAo) = Z(dpg—1) = Z(da) = Z(B) = o. Now, both do/
and (8 are Lepage equivalents of o, hence we have 8 = do’ + dv + u, where v is at least (k + 1)-
contact and p is at least (k + 2)-contact, and since df = 0, we get du = 0, i.e., locally p = dr
and 7 = Au. Hence, 8 =d(o¢'+v+7), and « = AB = o’ +v+17 is a Lepage form (differing from
the Lepage (k — 1)-form o’ by an at least (k + 1)-contact form), and it is a Lepage equivalent
of pp_1a = pp_10/ = Z(Ac), as required. Moreover, we note that since py_1a = Api = Ao, it
holds Z(Aco) = Ao = A(Zo). [ |

Corollary 3.17.

(1) For every canonical source form o

I(Ao) = Ao = A(Zo).

(2) If 0 is a canonical source (n + k)-form then Ao is a canonical source (n + k — 1)-form.
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Corollary 3.18.

(1) If B is a closed Lepage equivalent of a dynamical form e then AP is a Lepage equivalent of
the Lagrangian A = Ae.

(2) If B is a closed Lepage equivalent of a canonical source form o then AP is a Lepage
equivalent of the canonical source form Ao.

The above properties of Lepage forms suggest a new representation of the variational se-
quence, based on Lepage equivalents of canonical source forms, as follows: For every k& > 0 we
have a mapping Lep,, , assigning to every Lagrangian A € AQ x if k=0, and every canonical
source form o € Z(A},_,) if k > 1, the family {p} of its Lepage equivalents (3.11).

With help of Lepage mappings Theorem 3.15 can be reformulated as follows:

Theorem 3.15". If Lep,(R,([p])) = {a} then Lep, (Rqr1([dp])) = {da}, or

{dLepy(Rq([p]))} = {Lepgs1(Rgra([dp]))}-

The Lepage maps then induce the following representation mappings:
Rq:Rq for 0<g<n-1 and Rq:Lepquq for ¢ >n.

Note that for ¢ > n the images by Rq of classes in V; are subsheaves of Ag.

With help of the representation mappings R, we construct to the variational sequence 0 —
Ry — VI a representation sequence

0—= Ry — Ro(Vg) = Ri(V}) = Ry(V5) — - -

shortly denoted by 0 — Ry — R, (V5), and called the Lepage representation of the variational
sequence 0 — Ry — V}.

Theorem 3.19. The representation sequence 0 — Ry — R*(VI) 1s exact, and every morphism
Ry(Vy) — Rq.H(VgH) for g > n, is the exterior derivative operator d (acting on classes of
Lepage forms).

Proof. Denote

E,: Rq(Vg) — Rq+1(vg+1), q>n.
With the representation mapping R, Theorem 3.15 states that ‘if R,([p]) = {a} then R, 1([dp])
= {da}’, in other words, the exterior derivative operator d extends in an obvious way to classes
of Lepage forms; denoting the exterior derivative of classes by the same symbol d, we can see
that

Ey({a}) = {da} = d{a}.

This proves that E’q =d, g > n.

In view of this result, and since Rq = R, for 0 < ¢ < n —1, and the Takens representation
sequence is exact, it remains to check the exactness in the arrow E,_1. To this end, let us write
the variational sequence and its Lepage representation in form of the following diagram:

g’n72 r 5n71 r gn r gn+1
} n—1 } Vn 5 n+1
R"—ll RnJ{ Rn-&-ll

E

n—2 r En_1 »
An—l,X

= Ba(V) — Run(V;

n

d
+1) = s ..
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Then for every n € R,—1(V,_;) = A"_, x we obtain

(do En_1)(n) = (do En1)(Rn-1([p])) = (d o Ey—10 Ry—1)([p])

(d
= (do Ry o &n1)([p)) = d(Ru([dp])) = dLep, (Rn([dp])
= Lep,, 1 (R n+1([ddﬂ]) 0. L

It is worth to write all the three sequences within one scheme as follows:

En—1 IO En r r Ent1 Ent2
An/@n An+1/®n+1 +2/@n+2
Rnl Rn+ll Rn«&»Ql
En_1 E Ent1 Ent2
AT’+1 n ATJrl + AT+1 +

n+1,1Y n+2

Lepn J/ Lopn+1 J/ LCpn+2 J/
E

i d d d
L Lep(A:j)l() - Lep(A;illly) —— Lep(Z A::é) —

As we have seen, for n = dim X = 1 (mechanics), Lepage equivalent is unique for every k > 0
(recall that this is the Cartan form of degree n + k). This means that for every k,

Lep, it Z(AG1k) = Aoik

i.e., Lep,x(Zp) is an element of the sheaf A¥_, (rather than a family of elements of the sheaf),
and d is the “true” exterior derivative of differential forms. Hence “morally” (up to orders of the
sheaves) the Lepage representation sequence becomes a subsequence of the de Rham sequence.

Finally we want to stress that in view of the two corollaries of Theorem 3.15 the contact
homotopy operator A restricts to canonical source forms. This means that one can obtain
primitives (inverse images) not only of closed Lepage forms in the Lepage representation, but
also of canonical source forms in the Takens representation. For a primitive of a variational
dynamical form ¢ (i.e., a Lagrangian) one has A = Ae which in coordinates is the celebrated
Tonti Lagrangian [94, 95]. An analogous formula holds then, indeed, also for forms of higher
degrees: if 0 = F,,1x(n) then Ao = 7.

Example 3.20. Let us write down explicit examples of Cartan forms of higher degrees in me-
chanics (n = 1). Denote local fibred coordinates on Y by (t,¢”) and the associated coordinates
on J3Y by (t,¢°,¢°,§°, %), and let

7 =d¢° —q¢%dt, W' =w{=d¢" —§¢dt, & =w§=dj - q%dt.

By Theorem 3.11, formula (3.10) we have:
e For p of degree n = 1 and such that hp = X\ = Ldt is of order r = 1: R(d\) = —gTLw
hence we obtain

oL

0y =X
A +ag ;

which is the classical Cartan 1-form.

e For p of degree n + 1 = 2 such that p;p is a second-order dynamical form, i.e., p1p =¢ =
E,w? A dt, the Cartan 2-form is 6. = ¢ — R(de). To compute R(de) we need the following
formula for the residual operator applied to a second-order 2-contact 3-form: denote

2
a:ZA”w Awi Adt, AY, = AT

ov¥i
1,j=0
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Then

1 . ) d . .
Rio) = 3 (43— Al - (42 - 42) ) 1

L2 j2 v L2 j2 v
(summation over j = 0,1,2). Taking a = de we obtain

1(8E0 daEc,)wU/\w,/ OE,

9€:€+§ —aq_ywa/\w”.

dqv  dt oG

For a locally variational form ¢ this is the Lepage equivalent of €, introduced in [64] (see also [65]).

e For p of degree n + 2 = 3 such that psp is a Helmholtz-like form denote pop = 1 =
HO wo Aw” Adt+ HY w? A" Adt + H2,w AOY A dt; the Cartan 3-form is 6, = n — R(dn).
The formula for the residual operator applied to a general second-order 3-contact 4-form

2
_ ijk o v p ijk jik _ pjki
o= g Aaypwi AW Awy A dt, Am,p = —Awp = Aypa,
i7j7k:0

reads
. d 4 .
Ljk 2jk 2jk
R(e) = - ({A¥h} — A% )" nof nof o+ 2{AZ5 )7 N Ao,
2jk
— { A JwT AWl AWy,

where {Ayfp} = %(A?fp + A];?;/ + A,@IZZ), and summation over j, k = 0,1, 2 applies. Now we take
a = dn, so that

000\ _ 6Hgl/ 001\ _ aHgV aHl}P 011 _ 8Hz}y
{AUV,D} - { aqp ’ {AO'V,D - 8qp + 8qa ’ {AUVﬂ} - 8qp ’
0021 _ 8ng/ aHEP 012\ _ 8H;V _ ang 0221 _ ang
{Ao—up} - { 8qp + aqg 9 {Aaup} - 8qp 8(]“ 9 {Ao'yp} - aqp ’

and {Af,jfp =0 for 4, j, k # 0, and obtain the Cartan 3-form of 5 as follows:

d
0y =n—R(dn) =n+ ({A;‘,l(;} - {450 ) W Aw” AwP
> (1AS) — (AR + S (AS) — AR} o ner v

2 ({A;gi} _{am jt{Agga,}) W7 N NG — 2{ A2V A A G

ovpS
2 (ALY — {AZO}) 07 AG¥ AP +2 ({A%2} — {AZ2 1) A G¥ AP

with the non-zero A’s as above (cf. [69] where a corresponding formula for the variationally
trivial case was obtained).

3.5 The variational order

A key issue of the Krupka variational sequence for the variational calculus, making the main
difference between his and other approaches (C-spectral sequences, the variational bicomplex
and infinite order variational sequences) is that the variational sequence (2.2) fizes (and thus
defines) the order of variational problems in the sense of the following definition:
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Definition 3.21. Let n € Aj be a source form, or a Lepage form of degree ¢ > 1 defined
on (an open subset of) J°Y. We say that n has the variational order r if it comes from the
variational sequence of order r (i.e., it is a Takens or Lepage representation of a variational class
ol € Ay

How to understand this concept? A variational class [p] € Aj/©] concerns local differential
forms of degree ¢ and order r. Takens representation (and thus also Lepage representation) is
based on the horizontalization operator h = pg and the interior Euler operator Z which provide
a differential form of generally higher order. For example, if r = 1 we have (for ¢ = n) the
Lagrangian A\ = R, ([p]) = hp, (for ¢ = n + 1) the dynamical form ¢ = R, 41([p]) = Z(p), (for
g = n + 2) the Helmholtz-like form H = R,12([p]) = Z(p), etc., all of order 2. As given by
the structure of Z, generically, the components of the differential (n + k)-forms (k > 1) arising
from Aj_ ,./©7 ., are polynomials in the derivatives starting from the order r + 1 up to the
order 27 in the linear term. Notice that such a polynomial behaviour is known to be typical
for functions known as “variational derivatives”. However the point is that the “variational
derivatives” are not just general polynomials: the analysis of Z shows that the coefficients of
these polynomials have a determined structure of derivatives of the components of p (which are
of order r), with prescribed symmetrization/skew-symmetrization rules in the indices, in other
words they have to satisfy certain symmetry and integrability conditions (“order reducibility
conditions”). For instance, a dynamical form ¢ of order 2 (which defines a system of second
order differential equations)? can be of variational order 1 or 2. In particular, if ¢ is locally
variational (comes locally from a Lagrangian, i.e., its image by the Helmholtz morphism in the
Takens representation sequence vanishes) we obtain that if the variational order of € is 1, we
have local Lagrangians arising as A = hp from first order p; thus A is of order 2, or of order 1
if hp is m 1-projectable. If the variational order of € is nontrivially 2, we have local 3rd order
Lagrangians arising as A = hp from second order p, or second order Lagrangians if hp is 73 -
projectable (which, indeed, cannot be reduced to the first order by extracting a variationally
trivial Lagrangian). The same order discussion concerns global Lagrangians if Hl; (Y') = {0}.

Example 3.22. Lagrangians, dynamical forms and Helmholtz-like forms of wvariational order
one:
e Let n =dim X = 1. Any p € A}/O1 takes the form

p = Adt + F,w’ + Cyd¢® ~ Adt + C,dq°,
so that
A= hp = Ldt, where L= A+ C,q¢°.

We can see that a generic Lagrangian of variational order one in mechanics is of second order,
affine in the second derivatives. Then, in particular, reducible second-order Lagrangians (and,
of course, first-order Lagrangians) correspond to those classes [p] which are generated by 71 ¢-
horizontal forms.

If n = dim X > 1, we denote w;, = 8/0z™ |wo, wi,i, = 0/02 |w;,, etc.; we have

01...0%

n
p ~ Awo + Z len-jk:ilmikdy;ll A A dy;,’kk A Wiy s
k=1

where the coefficients C’glljfk“% are totally antisymmetric in the indices 41 .. .1, and totally

symmetric in the pairs (o1,71) ... (0k, ji). Now, A = hp = Lwy, where

_ ~Jj1,81,,01 ~j1j2,41%2,,01 ,,02 L. ANJ1Jnstlein, 01 ., ,0n
L=A+ CUI Yjri +C, Y11 Y5200 + +C Yjri Yjnin

0102 01...0n,

2In the Takens representation ¢ is an element of the sheaf of differential forms AfH_l,
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(here the C’s are just corresponding multipliers of the C’s). Thus, in field theory, a generic
Lagrangian of variational order one is of second order, polynomial of degree n in the second
derivatives, with coefficients obeying the symmetry-antisymmetry relations described above. In
particular, reducible (and first-order) Lagrangians correspond to generating forms p that are
71,0-horizontal. The most famous Lagrangian of this kind is the scalar curvature, giving rise to
the Einstein equations.

e Let again n = dim X = 1. Any p € A}/O1} takes the form

p~ ALw Ndt + AZdw” + Bl w? Ad@” + Coudd® A dg”
~w? A (Agdt + By dd”) + Cypdd® A dg”,

where Cy, = —C),. In Takens representation we get the dynamical form Z(p) = ¢ = E,w? A dt,
where
. d . —_— 0Coy .., ..
Eo - Ao + Baqu - %(2001/(111) = AO’ + Baqu - Qqu)qup - 2001/ qu-

Thus a generic dynamical form of variational order one in mechanics is of order three, affine in
the third derivatives, and polynomial of degree two in the second derivatives (with a special form
of coefficients as above). Second-order dynamical forms of variational order one correspond
to generating forms p such that C,, = 0, meaning that the corresponding variational class
is represented by a w?-generated form p and the differential equations are affine in second
derivatives:

p~ Asw’ Ndt + Byyw® AdgY, ie., E, =A, + Bs,q".

In particular, if variational ([dp] = 0, i.e., [p] = [d])]), they come from second-order Lagrangians
of the form
oC, 0C,

L=A+C,q, — =,
+Cod Ioliid 0¢°

that, indeed, are reducible (equivalent with first-order Lagrangians).

Finally, all first-order dynamical forms are of variational order one and they arise from the
class [p] = [A,w? A dt].

e Any p € A}/O1 takes the form

pr~ AL WT AW AN dE+ A2 W7 A dw” + A2 Ld§° A dw”
+ BL, w’ Aw” AdgP + B2,,w° Add” AdgP + Cyypdd® Add” A dgP,

ovp ovp

where AL, = —Al A3 = —A3 B;Vp = —Bigp, Bgl,p = —ng,/, and the C’s are totally
antisymmetric. Then the corresponding Helmholtz-like form becomes Z(p) = n = H}, w’ Aw” A
dt + H2,w% N&Y Adt + H2,w’ AOY Adt, where, as expected, the components have a polynomial
structure in second and higher derivatives:

1d

.. .. 1 d? .
H;V = A(]J-'l/ + B;qup + Z%(A%ﬂ/ - Al%a - 2(Bgl/p - Bgdp)qp) - 5@(14311 - SCUVﬂqp)

3
= arlfy + agupqp =+ ag’up)\qqu + O‘fjl'lz,o)mqpq)\qfi + agup q P + ag’up)\qp q” + §CUVPQZ>

1
H}, = =5 (A5, + A%) + (B3, + Bloy) i Hj, = A3, = 3Cou,i"
The requirement that the class [p] is w’-generated gives A2, = 0 and Covp = 0, and simplifies
the Helmholtz-like forms to H2, = 0, and

1 1 2 .p 3 20 =X 5 p
Hm/ = Qg t+ Asppd + Covprd 4 + Qsup qr.



Variational Sequences, Representation Sequences and Applications in Physics 25

If, moreover, n is a Helmholtz form (i.e., [dp] = 0), related with a w?-generated class then it
corresponds to a second-order dynamical form ¢ = E,w? A dt, where E, = A, + Bs,¢”, and
BO’V - Buo-

The above discussion illustrates that the range of applications of the variational sequence is
wider than that of corresponding infinite order constructions or even of some other known finite
order constructions. Remarkably, it gives solution of the

Inverse order problem (order reduction problem): If a differential q-form n of order s is
(locally/globally) trivial, or (locally/globally) variational (its image under the corresponding mor-
phism E, vanishes) what is the ‘minimal order’ of the (local/global) preimage (g — 1)-form p
such that n = Eq_1(p)?

Note that this question is answered by the variational sequence, but is not answered, e.g., by
the variational bicomplex, or even by Takens representation(!), since 7 is an element of a sheaf
of differential forms of order s which contains forms of different variational orders.

Example 3.23. Consider a dynamical form & (nontrivially) of order three over a fibred manifold
with n = dim X = 1. € belongs to A3 and represents a system of 3rd order ordinary differential
equations. Takens sequence gives us that if locally variational, € comes from a local Lagrangian
of order 3. However, from the variational sequence we can get information about the variational
order of £, and hence a finer result about the order of the local Lagrangians. Namely, the
following cases may arise:

e The variational order of ¢ is (nontrivially) three. This means that in the variational
sequence ¢ is represented by a class [p] € A3/©3. If ¢ is locally variational, any minimal
order Lagrangian is of order three (not further reducible).

e The variational order of € is two. This means that in the variational sequence ¢ is rep-
resented by a class [p] € A2/03. If locally variational, it has a (local) second-order La-
grangian.

e The variational order of € is one. This means that in the variational sequence ¢ is rep-
resented by a class [p] € Al/©L. As follows from the previous example, if ¢ is locally
variational then the Tonti Lagrangian (which is of order three) is locally reducible to
a second-order Lagrangian affine in the second derivatives.

4 Lie derivative in the variational sequence

One of the most important features of the geometric formulation of the calculus of variations in
jet bundles is the fact that variations can be described by Lie derivatives of differential forms
with respect to prolongations of projectable vector fields. A famous example is the first variation
formula which takes the integral form [46] (cf. [32])

/JT,Y*LJTE)\:/JQT‘I,Y*(JQT'IEJdp)+/J2T1,y*d(J2TIEJp)’
Q Q 0

—

where p is a Lepage equivalent of A\, E is a projectable vector field on Y (“variation vector
field”), and 2 C X is a compact connected n-dimensional submanifold with boundary. It is,
however, even more interesting (and fundamental) that with use of the differential calculus in
jet bundles, this formula can be (as mentioned in Section 3.3), invariantly expressed in the
“infinitesimal form” as a formula for differential forms on the manifold J?"Y [46]

Lz = h(J*'E]dp) + hd(J* 'Z]p), (4.1)
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and (with the account of A = hp) it yields a remarkable property of the Lie derivative in the
calculus of variations:

Ljor=hp = AL j2r—12p. (4.2)

Moreover, as discovered in [62], the Lie derivative commutes with the Euler-Lagrange opera-
tor, as the Lie derivative of the FKuler—Lagrange form of A is the Euler-Lagrange form of the
transformed Lagrangian:

LJQT‘EE)\ == ELJTE)\. (43)

Such properties of the Lie derivative provide an elegant intrinsic formulation (and an easy proof)
of Noether theorem, Noether—Bessel-Hagen theorem [5, 77], conservation laws, and relationship
between symmetries of a Lagrangian and its Euler-Lagrange form (for any order and any number
of independent variables) [48, 55].

Having in mind the variational sequence and its representations, there arises a question about
generalization of these properties to variational forms of any degree.

First we recall results obtained in [56, 57, 58|. Let C, denote the contact ideal of order r.

Definition 4.1. A vector field Z on J'Y is called a contact symmetry if it is a symmetry of
the contact ideal C, (meaning that for every contact form w the Lie derivative Lzw is a contact
form.

Contact symmetries were characterized in [56]. It is worth notice that for any projectable
vector field Z on Y the r-jet prolongation Z = J"= is a contact symmetry, and conversely, if
a contact symmetry Z on J"Y is projectable onto X then Z = J"= for some =Z on Y.

Let £ > 0. As an immediate consequence of the definition it follows that the Lie derivative
of a k-contact form by a contact symmetry is an at least k-contact form. This means, however,
that the Lie derivatives by contact symmetries preserve the sheaves ©y.

Proposition 4.2. Let Z be a contact symmetry defined on J"Y . Then for allq > 1, Lz0; C ©y.

Equivalently we can claim that for any two forms p;, pa belonging to the same class [p] in
the variational sequence, the Lie derivatives Lzp1, Lzp2 by any contact symmetry Z are also
equivalent. Thus, following [57] we can define the Lie derivative Lz of a class

Lzlp] = [Lzp- (4.4)

Now one can easily prove that the property (4.3) extends for any contact symmetry, and
through the whole variational sequence, for any morphism & : Aj,/©; — AL, /©; | [57] (see
also [58]):

Theorem 4.3. Let a vector field Z on J'Y be a contact symmetry. Then the Lie derivative Ly
commutes with all morphisms in the variational sequence. More explicitly, for all k > 1

LzE(pl = Ex(Lz[p]) = E[Z]dp]. (4.5)

Proof. Since the Lie derivative commutes with the exterior derivative, we have for any k-form p
on J'Y

Lzldp| = [Lzdp] = [dLzp| = |dZ]dp].

Writing this formula in terms of the morphism &, we get (4.5). [
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From now on, we shall restrict to ms-projectable contact symmetries (recall that then we have
Z = J°Z for a projectable vector field = on Y'). From the definition it is clear that the Lie
derivative then preserves even individual contact components. Namely, if Z is a projectable
contact symmetry on J"7Y then Z = J"1'= and

L jrv1zprp = prLyr=p, k>0,

generalizing (4.2) to variational forms of any degree. Note that we may write

q q
LJ’"+1E7T:+1,TP = LJr+1E (Z pkp) = Zpk(LJrEp)
k=0

k=0

Let us turn back to formula (4.4). It means that the Lie derivative of classes of forms, i.e.,
variational Lie derivative, can be correctly defined as the equivalence class of the standard Lie
derivative of forms, and thus represented by forms. Such a point of view opens a possibility
to express the infinitesimal first variation formula (4.1) in terms of the variational morphisms,
and, in this way, to obtain a generalization of the first variation formula for any degree of forms
(with higher degree analogs of Noether theorems, indeed).

Some results in this direction have been already achieved, namely explicit formulae for the
quotient Lie derivative operators were provided, as well as corresponding versions of Noether
theorems interpreted in terms of conserved currents for Lagrangians and Euler—Lagrange mor-
phisms. However, only classes of forms up to degree n 4 2, were considered (the latter assumed
to be exact) [26]. The representation made use of intrinsic decomposition formulae for vertical
morphisms due to Kolaf [42], which express geometrically the integration by part procedure,
however, in a different way compared to that based on the splitting of the Cartan form [32, 46].
The decomposition formulae introduce local objects such as momenta which could be globali-
zed by means of connections, and besides the usual momentum associated with a Lagrangian,
a ‘generalized’ momentum is associated with an Euler-Lagrange type morphism. Its interpreta-
tion in the calculus of variations has not yet been exhaustively exploited; as conjectured in [80],
generalized momenta could play a role within the multisymplectic framework for field theories.

In the sequel of this section we propose an approach to the problem of representation of the Lie
derivative of classes of forms which encompasses previous results and generalizes to any degree
of forms. Actually, representation of (non exact) classes of forms of any degree appears relevant,
especially in degree n + 3, for the study of nonvariational differential equations arising from
Helmbholtz-like forms (related with the problem of the existence of closed n + 2 forms) [69, 75].
We shall exploit the relation between the interior Euler operator and the Cartan formula for
the Lie derivative of differential forms. The representation of the variational Lie derivative will
provide, in a quite simple and immediate way, ‘any degree’ generalizations of (4.1), together
with the generalized Noether theorems, as ‘quotient Cartan formulae’.

These results, which have an intrinsic importance from a theoretical point of view, as shown
in Section 5, have also various concrete applications; besides the ones presented here, it is worth
mentioning that applications of iterated variational Lie derivatives in variational problems on
gauge-natural bundles produced physically relevant results concerning existence and globality
of conserved quantities and on existence of Higgs fields on spinor bundles (see, e.g., [23, 24, 81,
82, 83, 86]).

Let = be a projectable vector field on Y. We define the interior product of a prolongation
of Z with the equivalence class of p by the formula

T'E|lp] = [J°E] Ry([p])] (4.6)

(the equivalence class of the interior product of the vector field with the representation of the
equivalence class of p). This definition is well posed since the representation R, is unique.
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Given a g¢-form p defined (locally) on J"Y, we have a commutative diagram defining an
operator R,

Ry(Lyrzlp]) = Re([Lyr=p)) = Lisz=Rq((p)).

This operator is uniquely defined and is equal, respectively, to the following expressions:

LJSEhpu qugna SZT+1)
LJSEI(p)’ n""lgquu S:2T+]—7
Ljs=p, qg>P+1, s=r,

where P denotes the corank of the Cartan distribution on J"Y .

This definition enables us to deal with ordinary Lie derivatives of forms on Ag, thus we can
apply the standard Cartan formula.

We recall a result in [43, Theorem III.11], see also [45].

Lemma 4.4. Let = be a m-vertical vector field on' Y and p a differential q-form on J"Y . Then
the following holds true fori=1,...,q

J P22 | pidpip = —pi—1d(J T E|pip),
and
Lyri2z(mrio,41) pip = J P22 piprdpip + pid(J T E ] pip).

As above, we denote wy = dz' A da® A --- Adx™. Next, let us denote
0 0

w; = 8$iJw0, wij = @le

It is well known that in order to obtain a representation of classes of degree n + 1 in the
variational sequence by dynamical forms the following integration formula is used [49]

Wy Nwo = —dw A wj,

and the corresponding representation is obtained by taking the p; component obtained by ite-
rated integrations by parts. In order to integrate by parts (p + k)-forms with p < n, we need to
generalize as

~ Iy, Wiy A wy) = —~ gy A Wi
This enables us to generalize results given in [45].

s
Lemma 4.5. Let p € A}, 1 < p < n. Let ppp = > w§ A nt, with n (k — 1)-contact

|J1=0
(p+ k —1)-forms. Then we have the decomposition

pep = 3(p) + prdprR(p),
where R(p) is a local k-contact (p + k — 1)-form such that

J(p) + prdpeR(p) = w* /\Z ! +Zd1w A¢l),
|J|=0 |T|=1

with

= Z( 1) <’I||‘;||J\>d JI
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Notice that djn/ are also (k — 1)-contact p-horizontal (i.e., containing the wedge of p of the
forms dx') (p + k — 1)-forms. It is therefore well defined a local splitting of pip, p € AL s
1<p<nandk>1.

Of course, 3 =7 and R = R in the case p = n.

Example 4.6. Let p = n — 1. We can write w® A ¢, = x!' A w;, where x!' are some local
k-contact k-forms on J?Y . Therefore

T T r—1 r—1
Z d]((/Ja A (é) = Z d[XH Awp = d; Z djxm Awp = d; Z dlxm Adzd A Wi
[7l=1 [7|=1 [7]=0 [7=0
r—1 r—1
= (=) S ()R A wy | Adat =dy | Y (=DFd T A wy
|[7]=0 [7|=0
r—1
We denote by R(p) = > (—1)%drx! A wy; so that
|[|=0

Z dr(w* A ¢l) = prdpR(p).
17]=1

In the following we shall use such a splitting in order to split the vertical differential of
a p-density and define a corresponding ‘momentum form’.

Theorem 4.7. Let 0 < ¢ < n, = a w-projectable vector field on' Y and p a differential g-form
on J'Y . We have

1. For0<q¢<n-—1

Ry(Lyrz[p]) = Lyraaghp
= J"2Zg)dghp + J"T2Ey |3(dp) + d (ST EV | Bayny + I 2l hp),
where a ‘generalized momentum’ is defined by
Ddyhp = —P1R(dp). (4.7)
2. Forg=n
Ry(Lyrzlp)) = Lyraizhp = JPEv | En(hp) + du (S Ev payne + I Eu | hp),
where
Pdyhp = —P1R(dp). (4.8)
Notice, that the latter formula, written as
Lz = J P22y | By +dpoy s,
where
drz =T = payhy + T | hp,

is obviously the infinitesimal first variation formula (4.1). We observe that pg, 1, are momentum
forms, and ¢) = is the Noether current related with = and A.
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Proof. For all cases by the Cartan formula
Lyrnzhp = J" T E]dhp + d(JTE]hp)
we have

Lyrazhp = (J¥2E5 + J22y) | (dyhp + dirhe) + (dy + dar) (77 E5 + T7F120) ko)
_ dH(J’I‘-l-l'—* Jhp) + J?"+2 HJdth+ JT+2:VJthp

This expression can be further characterized in more detail.
Let 0 < ¢ <n— 1. Since dyhp = p1dp = I(dp) + p1dp1R(dp), and since by Lemma 4.4,

J 28y |prdp1R(dp) = —pod(J" ' Ev |pR(dp)) = —du (T Ev | piR(dp)),
we can define a momentum form associated with a density of degree < n by (4.7) and obtain

Lyrazhp = du (J"'2g)hp) + J 22y |dghe + T2y | (3(dp) + prdpiR(dp))
= JT+QE\/Jj(dp) + JT+2EHJ dihp + dH(JT+1:VJﬁthp + JT—HEHJ hp).

Let ¢ = n. Then dghp = 0, hence J' 722y |dyhp = 0. Next, again since dyhp = pirdp =
Z(dp) + p1dp1R(dp) and since by Lemma 4.4, J™ 2=y |p1dp1R(dp) = —du(J" T2y |p1R(dp)),
we define a local momentum form by (4.8), and obtain

Lyraaghp = JPEv|(Z(dp) — du(J™HEv IpiR(dp)) + du(J ' Ex | hp)
= J" 2y | Z(dp) + du (S Ev [ payne + J T Bl | hp)
= J"P2Ey | Z(dp) + dudaz=-

However, ¢, = is a horizontal form, and in Takens representation, Z(dp) = Ey(hp) and dgoy = =
hdpx= = En—1(¢xz), proving the theorem. [ |

Theorem 4.8. Let g=n+k, k> 1. Let = be a w-vertical vector field on' Y. We have
Rk (Lyr=lp]) = JE prard(Z(p)) + prd(J°E)Z(p)).

Proof. For simplicity of notation, in what follows we omit the projections (so we write pgp
instead of 73, pkp, etc.).
Since Ry 1k([p]) = Z(p) = prp — pPrdpeR(p), we have

Ry x(Lyr=lp)) = Lys=Z(p) = Lyszprp — LszprdpiR(p)-
By applying Lemma 4.4 to dppR(p) we have

L joni=prdpiR(p) = J T E | p1dprdprR(p) + prd(J°Z | prdpiR(p)).
Simple manipulations show that

prd(J°E]prdprR(p)) = —J ' E | prsrdprdpr R (p),
so that

Ljst1=prdpeR(p) =
On the other hand

Lyszprp = J*E ] prirdprp + ped (J°Z ] prp),
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but, since prp = Z(p) + prdprR(p), by substituting we get

THE prrdprp = T E]prad(Z(p) + prdpyR(p))
_ JSJrlEkaJrld(I(p)) +Js+1Eka+1d(pkdka(p))
= J*E]pr11d(Z(p)) — pred (J°E ] prdpyR(p)).-

Again by the same substitution in prd(J*Z]|prp), we get
prd(J°E]Z(p)) + prd(J°E]prdprR(p)).
Summing up we finally obtain
Rk (Lrzlpl) = Lyszpep = T E]pead(Z(p)) + prd(JE|T(p)). =

By the above theorem we get a generalization of the famous Noether equation and Noether—
Bessel-Hagen equation (i.e., equation for symmetries of a Lagrangian and of the Euler-Lagrange
form) to a source form of any degree. Indeed, a projectable vector field = on Y is a symmetry
of Z(p), i.e., Lys=Z(p) = 0 if and only if L js115,Z(p) = 0, that is if and only if

By | prard(Z(p)) + ped(J°Ev | Z(p)) = 0.

Theorems 4.7 and 4.8 are the desired generalization of the infinitesimal first variation for-
mula (4.1) to forms of any degree. The ‘boundary term’ on the right-hand side in Theorem 4.7
contains ‘generalized momenta’, and provides a lower-degree analog of Noether theorem in the
same way as in the classical case ¢ =n (k = 0).

Lemma 4.9. Let q=n+k, k> 1, and let = be a w-projectable vector field on' Y. We have for
every class [p| of degree n + k

Lz, o] = 0.

Proof. In fact, J**'Zy |dyZ(p) = 0 because dyZ(p) is the horizontal differential of an n-
horizontal form. On the other hand since dyZ(p) = pr+1d(Z(p)) and pgr1dopry1d = 0, we have
JSTIE |dyI(p) = J* T2y | pry1d(Z(p)) (a (k+1)-contact and (n — 1)-horizontal (n + k)-form);

therefore R, (L ri1z,[p]) = T Eh | pei1d(Z(p))) + ped(J* 2R ] Z(p)) € @f{f‘_}C [ |

Since pr+1d(Z(p)) = Z(d(Z(p))) = Rg+1(E4([p])), taking into account Theorem 3.15, we
finally obtain a ‘quotient’ Cartan formula for the variational Lie derivative of n + k classes, with
k> 1.

Theorem 4.10. Let k > 1. Let = be a w-projectable vector field on Y. For every class
[pl € A}, /O] ;. we have (up to pull-backs)

Lyzlp) = JEv €k ([p) + Entr1 (T Ev] o).
Proof. Since = is assumed to be a w-projectable vector field on Y, up to projections,
Royi(Lyrzlp)) = Buir(L iz, [o]) + Rugr(Lyriiz, o))

holds true and the result follows from the above lemma and theorem (the latter applied for the
vertical part of J'=). [ |
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5 Some applications

5.1 Helmholtz forms in mechanics

As mentioned above, for k > 2, a class [p] € V], in the variational sequence can be represented
by different source forms. We shall illustrate this feature on the image &,41([e]) = [de] € V2,
where ¢ is a second-order dynamical form, in the case when n = 1 (mechanics).

Let n = dimX = 1; as above, denote local fibred coordinates on Y by (¢,¢°) and the
associated coordinates on J2Y by (¢,¢°,¢%,¢°, ¢7), and let

W’ =dq’ —¢°dt, &7 =d¢” —§7dt, &7 =di’ — q°dt.

Consider a dynamical form ¢ € A% ¢ = E,w® A dt. Then [de] is represented by the following
canonical source form (called canonical Helmholtz form), obtained by a straightforward calcula-

tion:
1 0E, OE, 1d (O0E, OE, 1d*> (OE, OF,
H.=7T — (= == 22 _ -4 _ v
e =1(de) 2<<aqV B 2dt<8qV 8q0’>+2dt2<8Q'V aqa))“

(0B, 0B, ,dOB)\ ., (0B, 0B\ .\ .
¢ | 0¢° T dt 9§° G 0§° '

By construction H. € Ag, however, it is projectable to J4Y .

From the exactness of the representation sequence we get that the condition Es(¢) = H. =0
is necessary and sufficient for existence of a local Lagrangian A such that ¢ = Ej(\) = E).
Expressed in terms of the components of H. the condition H, = 0 gives the celebrated Helmholtz
conditions of local variationality for dynamical forms, in the context of the variational sequence
called also source constraints.

The canonical Helmholtz form is not the unique source form providing Helmholtz conditions.
Another distinguished Helmholtz form is [53]

g L((0Fe OB, 14 (0B, OB,
c 2 d¢¥  0q° 2dt \ 0¢¥  0¢°

(0B, (0B, d (0E, 0B\ ., (0E, 0B\ .\ ., .
d¢" " 0¢°  dt \ 9g" | 9§ oG 0§° '

H. is of order 3, and is, indeed, equivalent with H.. Note that it provides Helmholtz conditions in
an equivalent and more simple form. The relationship between the canonical and the “reduced”
Helmholtz form is as follows [70]:

Ea = H. + padn,

where

_1d (9B, OB\,
T=Taa \ o T o '

It is worth note that in the most frequent case when the components of € are affine in the
second derivatives with symmetric coefficients, i.e.,

Ecr = AO’ + BUllq.Vv B = BT7

the canonical Helmholtz form H, is projectable to J2Y and coincides with the “reduced”
form H..
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Asking about Helmholtz forms of wvariational order 1, that is, coming from the variational
sequence of order 1, we get the following result: The Helmholtz form H. has variational order 1
if and only if it is projectable onto J*Y , and this is if and only if the following conditions are
satisfied:

0By, 0By,

B =BT = .
' dgP ol

(5.1)

Note that:
e Conditions (5.1) are a part of the Helmholtz conditions, i.e., they are necessary for ¢ be
locally variational.

e Conditions (5.1) are integrability conditions, guaranteeing existence of a function L such
that

0L
9G°OG”

BO‘V =

(the minus sign is chosen just for convenience). L is not generally a Lagrangian for
(indeed, the form € need not be variational, H. need not be equal to 0). However, with
help of the Euler-Lagrange form E) of A = Ldt we get ¢ = E — F, so that in coordinates
equations represented by € take the form

OL _d0dL _
oye dtoge 7

We can conclude that the requirement that H. has variational order one means that the
corresponding equations are so-called Lagrange equations of the second kind.

e [t can be easily shown that the above equations are variational, i.e., H. = 0 if and only
if the force F' has the form of a Lorentz-like force (as, e.g., Lorentz force, Coriolis force,
etc.).

5.2 Inverse problems in the variational sequence

Perhaps the best known problems which are solved with help of variational sequences and bi-
complexes are the local and global inverse problem of the calculus of variations, and the problem
of local and global triviality of Lagrangians. Let us show how these problems appear and are
solved with help of the variational sequence and the representation sequences.

o Variationally trivial Lagrangians, also called null-Lagrangians are Lagrangians which give
rise to identically zero Euler-Lagrange expressions (meaning that the Euler-Lagrange form E)
identically vanishes). This problem concerns the classes of degree n — 1, n and n + 1 and the
corresponding morphisms £,_1: V), _; — V;, and &,: V], — V| (the Euler-Lagrange mapping).

Consider the variational sequence 0 — Ry — V[, and assume that a class [p] € V}, satisfies
En([p]) = 0. Then by exactness of the variational sequence there exists a class [] € V) _; such
that £,-1([n]) = [p] = [dn]. The condition &,([p]) = 0 is the local variational triviality condition
and determines the structure of Lagrangians whose Euler-Lagrange forms vanish identically:
every variationally trivial Lagrangian locally is a closed n-form dn modulo contact forms, in
other words, A = hdn = dgn. In coordinates, if n = f'w; + --- then L = d;f*. If, in addition,
H,Y = {0} then n may be chosen globally defined on J"Y".

In Takens representation the same result follows by the following arguments: If [p] € V]
satisfies £, ([p]) = 0 then A = R,,([p]) = hp satisfies the constraint on local variational triviality
E,(hp) = 0, which means that locally hp = R,,—1[(dn]) = hdn. A corresponding local Lagrangian
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is then A = R, ([n]) = hn. Condition HJyY = {0} then guarantees existence of a global 7, hence
of a global Lagrangian hn.

In Lepage representation, the local triviality condition &, ([p]) = 0 means that (any) Lepage
n-form p € [p] (Lepage equivalent of A = hp) is closed. Hence locally p = dn, i.e., A\ = hdn =
(dgm =)hdhn = d; f'wg, and 7, resp. the relevant part hn, is constructed from p with help of the
Poincaré contact homotopy operator as = Ap, resp. hn = fiw; = A\

e By the inverse problem of the calculus of variations, here one understands the question
about local and global variationality of a dynamical form e. This means the problem to deter-
mine constraints on variationality (Helmholtz conditions), and for a locally variational form, to
construct a local Lagrangian. This problem concerns the classes of degree n, n+1 and n+ 2 in
the variational sequence, and the corresponding morphisms &, : V), = V), ; (the Euler-Lagrange
morphism) and &,41: V), | — V;, 5 (the Helmholtz morphism).

Consider the variational sequence 0 — Ry — V], and assume that a class [p] € V], | satisfies
Ent1([p]) = 0. Then by exactness of the variational sequence there exists a class [n] € V) such
that &£,([n]) = [p] = [dn]. The condition &,1+1([p]) = 0 is the local variationality condition
and determines the structure of locally variational forms (giving rise to variational equations):
Every locally variational form e of variational order r is a closed (n+1)-form dn modulo strongly
contact forms and exterior derivatives of contact forms of order r. Remarkably, this factorization
procedure determines the structure of locally variational forms of the wvariational order r, i.e.,
produces constraints for a locally variational form of order s to come from a local Lagrangian of
order r (order reduction constraints). If, in addition, H5 'Y = {0} then ¢ is globally variational.

In Takens representation, if [p] € V), satisfies &,11([p]) = O then the dynamical form
e = Ry+1([p]) = Ip satisfies E,y1(e) = 0 (Helmholtz conditions). Hence we can say:

A dynamical form e is locally variational if and only if its Helmholtz form He. = En11(¢)
vanishes.

Then locally € = R, [(dn]) = Zdn, providing a Lagrangian for €.

In Lepage representation, the local variationality condition &,41([p]) = 0 means that (any)
Lepage form p € [p] (Lepage equivalent of e = Zp = p1dp) is closed. Hence locally p = dn, i.e.,
€ = p1p = p1dn, and n, respectively, a Lagrangian A for € is constructed from p with help of the
Poincaré contact homotopy operator as n = Ap, respectively, A\ = Ae (Tonti Lagrangian).

In [69, 75] the same questions concerning (n + 2)-forms have been studied for the case of
mechanics (dim X = 1). Among others, explicit formulae for constraints on local ‘variational
triviality’ of Helmholtz-like forms, F,12(p) = 0, generalizing Helmholtz conditions to forms of
degree n + 2, as well as Tonti-like formulas for the corresponding (nonvariational) dynamical
forms, have been found.

In the same way, the inverse problems, the equivalence problems, and the corresponding
order reduction problems in the local and global form extend to each column of the variational
sequence, and are solved by the exactness of the sequence. A practical question, however, is to
find explicit formulae for source constraints, i.e., constraints on a source form (of any degree)
to be variationally trivial (i.e., to belong to the kernel of the corresponding morphism in the
variational sequence). The problem in its full generality is solved easily with help of the Lepage
representation of the variational sequence, where it is transformed to the Poincaré lemma:

Theorem 5.1 (general inverse variational problem). Let € be a source form of degree n + k,
k > 1. The following conditions are equivalent:

(1) € is locally variationally trivial, i.e., belongs to Ker E, y,

(2) € has a closed Lepage equivalent,

(3) every Lepage equivalent o of € satisfies py1da = 0.
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If € is locally variationally trivial then a corresponding local primitive source (n+k—1)-formn
(satisfying Enyrx—1(n) =€) is n = Ae.

If Hgg by — {0} then e is globally variationally trivial, with a global primitive of order
< 2r + 1, where r is the variational order of €.

Proof. Let ¢ € Ker E,, 1. This means that e = Z(p) where [p] € Ker &, 4. Hence [p] = [dv] =
Envi (), and we have {Lep,, (=)} = Rusk(p) = Rupi(dv) = {Lepy o Rusk(dr))} = {01,
proving (2).

Next, assume d{Lep,,,;(¢)} = {0}. This means that every Lepage equivalent o of ¢ satisfies
doa = dp where p is at least (k + 2)-contact. Hence pgi1da = 0, as desired.

Finally, assume (3). Since a = 6 + dv + p where 1 is at least (k 4 2)-contact, we can see that
prs1df = 0. Hence {a} = R([p]) where {da} = R([dp]) = {0}. This means that [dp] = [0], i.e.,
[p] € Ker&, 1k, and e =Z(p) € Ker E, 1.

The remaining assertions follow immediately from the properties of A, Z, and the variational
sequence. |

Condition (3) in Theorem 5.1 can be also expressed by means of the Cartan (n + k)-form 6.
of the source (n + k)-form ¢ as

pk+1d95 = 0.

It represents necessary and sufficient source constraints (constraints on a source form to be
locally variationally trivial) for source forms of any degree ¢ > n, and of any order. For ¢ = n+1
this is exactly an intrinsic form of the celebrated Helmholtz conditions mentioned above.

5.3 Bosonic string

A bosonic string is described as a minimal immersion of a 2-dimensional surface in a 4-dimen-
sional pseudo-Riemannian manifold (M, g). Hence the ‘motion equation’ is the minimal surface
equation arising from the area functional (known as Nambu-Goto action [35]).

The corresponding fibred manifold is 7: Y — X where X = R? and Y = R? x M, so that
dimY = 6. Base coordinates 70 and 7! represent the time evolution parameter and the position
on the string, respectively, fibred coordinates (z*), p = 0,1,2,3, are local coordinates on M.
We denote by (7%, 2%, z'), where i = 0,1 and pu = 0, 1,2, 3, associated local coordinates on J'Y,
and put w* = dz* — xde .Ife: R?2 » ¥ C M is an immersion of R? to M, and g = g drt @dz”
is a (symmetric regular pseudo-Riemannian) metric on M, we have the induced metric on

. i ; oxt dx”
g = hyjdr' @ dr? = (gquL)a T 9
and the area element
OxH OxVv
dy, = —mbtagﬁdH)Adfl——N/—det<QmVOL)aTi8Tj>dH)AdTR

hence the Nambu—Goto action reads (in units with light speed ¢ = 1)

S_—T/da
by

where T' is the (constant) string tension. In the fibred setting, we write the action as S =
fQ J'y* A, where Q is a domain in R?, v = (idge,¢) is a local section of 7, and the Lagrangian
(now considered as a horizontal form on J'Y) is

A= —T\/— det (guya:fwj’f)dTO A drt
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(note that the action is reparametrization invariant). Let us denote

L(Ti,:n“, xf) =-Tv-D = —T\/— det (gm,xf:rj”.) = —T\/(gaggw, — ga#gg,,)xgx‘o‘x'f:):{.

The Cartan form of the Lagrangian A is the 2-form

oL oL
0 1
9)\ = Ldr" NdT™ + ail'gw‘u A dTl - Txlfwu VAN dTO

T
=TV-Ddr’ Ndt' + ——=(9ap9ss — Gopguw)dz" A (acg‘ng’deO — xf‘mfxngl).

v—=D
We introduce momenta

OL T
o B
Ph = g =~ =5 99 — Goga )b,

. 0L T

_ _ B
Py = (‘ch’f = — m(gaﬂguu - gaugﬂv)x?:noxgv
and notice that pgwg = pbw’f = —-Tv—D, and nglf = p;lﬁg =0.
As we have seen, a projectable vector field Z on Y is a symmetry of A if Z satisfies the

Noether equation L jigA = 0. The corresponding Noether current is then the horizontal 1-form

U = h(J'Z]0)), and, by Noether theorem, it is closed along critical sections (on every extremal
surface X): d(¥ o Jlvy) = 0.
To make explicit computations, denote

, . J

(1]

ort T Oz’ - ort T Ozt 797t ) Ozt

Contracting 0y and taking the horizontal part we obtain
U =2+ (ppdr' — p,dr°).
This means that to every symmetry Z of A we have on shell a conservation law

=K 8p2+87pL =0
or% ot ’

Symmetries of our Lagrangian can be explicitly determined from the above Noether equation.
Since D does not depend on 7° and 7!, with help of momenta the Noether equation yields

TaV _DE“— L d,EHR = 0.
Oxt Pui

We can see that the equation does not contain the projection £ of = (which is a vector field on
the base X = R?). This means that every vector field on R? is a symmetry of A, in other words,
we recover the fact that the action is reparametrization invariant. Now se can take into account
only vertical symmetries (which are vector fields on the space-time (M, g)). If, moreover, (M, g)
is the Minkowski space-time, i.e., R* with the metric diagg = (1, —1, —1, —1), then D does not
depend on the z*’s, and we immediately obtain that the Poincaré group is a symmetry group
of A. The symmetries and the corresponding Noether currents are (s = 1,2,3, u=0,1,2,3)

= 9 1,0, .01
== U =—p,dr +p,dr,
- s 0 0 0 1,.s 1,.0 0 0,.s 0,.0 1
== +al 5 U = (—pgz® — pya’)dr’ + (pga® + pla’)dr’,

[1]
I

— X

¥ 920
2 0 1 0 1.2, 1,140 0.2 . 0.1\4.1
T 522 cycl, U = (—p1z° + pyz’)dr’ + (pla” — pyz’)dr'.
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5.4 Variational Lie derivative and cohomology

The variational Lie derivative can be seen as a local differential operator which acts on coho-
mology classes trivializing them [84]. This fact has important consequences for symmetries and
conservation laws associated with local variational problems generating global Euler—Lagrange
expressions; see, e.g., [7, 25, 28].

As an immediate example of that feature, let §(-) denote a cohomology class defined by
a closed class in the variational sequence, and let € be a dynamical form locally variational:
E,+1(e) = 0 (i.e., locally, on an open set U,, ¢ = E), = E,(\,)). In the case ¢ = n + 1,
Theorem 4.10 implies that for every projectable vector field Z on Y, Ljsze = E,(J*Ey |¢), that
is, the Euler—Lagrange form of the global Lagrangian A = J%Zy |e, which implies §(Ljs=E),) =
d(EL,r=»,) = 0 even if the cohomology class of E), is nontrivial. In particular, since Ey, ,,.), =
E.(Ljz),) = E,(J°Ey | E),) we see that Euler—Lagrange equations of the local problem defined
by Ljrz)\, are the same as the Euler-Lagrange equations of the global problem defined by
A = J°Ey |E),. Summarizing, a problem defined by a family of local Lagrangians Ljrz), is
variationally equivalent to a global one [84, 89].

Analogous results can be obtained at any higher degree in the variational sequence. Another
case of particular importance, the degree n + 2, will be discussed below.

5.5 Symmetries of Helmholtz forms and variational dynamical forms

Invariance properties of classes in the variational sequence suggested to Krupka et al. [56, 57, 58]
the idea that there should be a close relationship between the notions of local variational triviality
of a differential form and invariance of its exterior derivative. Namely, ‘translating’ Theorem 4.3
to the Takens representation, we get [57, 58]:

Theorem 5.2. The Lie derivative of a source (n+k)-form e by a contact symmetry Z is locally
variationally trivial if and only if the flow of Z leaves invariant the source (n + k + 1)-form

En+k (6)
Applying this fact to (n + 1)-forms we then get a rather surprising assertion:

Corollary 5.3 ([57, 58]). Contact symmetries of Helmholtz forms transfer nonvariational dy-
namical forms to locally variational ones.

This result has an interesting application: namely, to a system of equations which is not
variational as it stands, and even does not possess any variational multiplier one can find a va-
riational system related by a contact transformation Examples showing this interesting feature
are elaborated in the papers [57, 58].

Furthermore, one can obtain interesting results in study of global properties of variational
problems. Let us consider a variationally trivial Helmholtz-like form 7, i.e., let E,12(n) = 0,
and denote the corresponding local system of dynamical forms by ¢,, i.e., let n = E,41(g,). If
a projectable vector field =Z on Y is a symmetry of 7 then, by the above, each of the local dyna-
mical forms &, = Ljsz¢, is locally variational (meaning that locally it is the Euler-Lagrange form
of a Lagrangian). In fact, applying Theorem 4.10, case k = 2, using the Takens representation
with n = Ry42([p]), and formula (4.6), we obtain

0= Lyszn = LyszEny1(e,) = Eny1(Lysze,) = 04 Ry 2Eni1(J°Ev][p])
== n+1Rn+1<JsEVJ [P]) == En—&—an—‘rl([JSEVJ 77]) = ETH-II(JSEVJ 77)7

so that E,41(Lysze,) = En1Z(J°Ey |n) = 0, meaning that the system of local Euler-Lagrange
forms L jsze, is variationally equivalent (in the sense that they have the same Helmholtz form)
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with the global dynamical form e = Z(J%Zy |n). Moreover, ¢ is locally variational, and therefore
locally it is the Euler-Lagrange form of a local Lagrangian [85].

We conclude that the variational problem defined by a system of local Euler-Lagrange
forms £, is variationally equivalent to the global variational problem defined by the Euler—
Lagrange form . Remarkably, in mechanics this ‘globalization procedure’ means to add to the
local equations a variational force, ‘sewing the equations together’ on overlaps of their domains.

5.6 Generalized symmetries generating Noether currents

Representing the variational sequence by differential forms is of fundamental importance for
understanding the geometry of Noether theorems.

Let € = E), be a locally variational form on J°Y’, and let a projectable vector field = on Y
be a generalized symmetry, meaning that Ljs=e = 0. Recall that by the properties of the Lie
derivative this means that E, (L =\,) = 0, hence locally Ljr=\, = dg3,. On the other hand,
by Theorem 4.10, L jsze = En(J°2y |¢), hence E,(J*Zy|e) =0, and from here we have locally
J%2y e = dyv,, where v, are local currents which are conserved on-shell (i.e., along critical
sections). Denoting by €, the usual canonical Noether current defined by Proposition 4.7, case
q=mn,ie., e = JEy|pi,r+J°Ex |, and putting 5, = v,+€,, we can write J°Ey |e+dp(e,—5,)
= 0. We call the (local) current ¢, — 3, a Noether—Bessel-Hagen current. Thus Noether—Bessel-
Hagen currents ¢, — 3, are local currents associated with a generalized symmetry (conserved
along critical sections); in [28] it was proved that a Noether—Bessel-Hagen current is variationally
equivalent to a global current if and only if 0 = 6,1 (Zy |E,(N\;)) € HY(Y , kerdy).

It is of interest to investigate under which conditions a Noether—Bessel-Hagen current is
variationally equivalent to a Noether conserved current for a suitable Lagrangian. A Noether—
Bessel-Hagen current €y, — 3, associated with a generalized symmetry of € = E), is a Noether
conserved current if it is of the form ey, — L yszp,, with p, a current satisfying L jsz(A, —dgu,) = 0
(i.e., Z is a symmetry of the Lagrangian A, = \, — dgu, for €) [87]. The reader can check that
taking for an invariant Lagrangian instead of the canonical current J*=]6 a current, related to
a Lepage equivalent different than the Cartan form 6, we get a current which provides the same
conservation law, see [68]. We have the on shell conservation laws dg(e), — 8,) = 0. It can be
proved that ey, — Ljszpt, = €x,—dyp, is not only closed but also exact on shell (for a detailed
discussion see, e.g., [11]). In the following we shall give an example of application concerning
symmetries of Jacobi type equations for a Chern—Simons 3D gauge theory.

Example 5.4. Let us then consider the 3-dimensional Chern—Simons Lagrangian

2

Acs(4) = %eijm Tr (Aidem + 3

AiA]Am> wo,

where wy is a 3-dimensional volume density, x a constant, while A; = Aé‘ J,, are the coefficients
of the connection 1-form A = A;dz’ taking their values in any Lie algebra g with genera-
tors J,. By fixing g = sl(2,R) and choosing the generators J, = %UV, whith o, Pauli matrices,
we have [J,,J,] = n7PepuJ, and Tr(J,J,) = %nw,, with n = diag(—1,1,1) and €p2 = 1.
Hence, we can explicitly write Acs(A) = 5=€7" (nu FjAY — §€u, Al AYAL)ds, where F; =
diAé.‘ —d; Al + €, AY AJP is the so-called field strength. Note that, while Chern—Simons equations
of motion are covariant with respect to spacetime diffeomorphism and with respect to gauge
transformations, the Chern—Simons Lagrangian, instead, is not gauge invariant. Indeed for
a pure gauge tranformation generated by a vertical vector field £ — acting on the gauge potential
as Le Al' = V;&#, where V; is the covariant derivative with respect to a principal connection w
defined by A* in a usual way through the introduction of new variables [1] — we have L:Acs(A)

= di (& e Aldig”).
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Let v, +¢€, be a 0-cocycle of strong Noether currents for the Chern—-Simons Lagrangian (here ¢
refers to an open set U, in a good covering and in the following we shall use the identification
Acs(A) = Acs(¢) and use them indifferently); it is known [27] that if j°= is a symmetry of the
Chern—Simons dynamical form, the global conserved current

En)LzAcs, + I Ev]Pdy carcs, »

is associated with the invariance of the Chern—Simons equations and it is variationally equivalent
to the variation of the strong Noether currents v, 4+ ¢,. Generators of such a global current lie
in the kernel of the second variational derivative and are symmetries of the variationally trivial
Lagrangian Ljs=, Acs(t).

Let now require j°= to be a symmetry of the Euler-Lagrange class of the ‘deformed’ Lag-
rangian Ljs=Acs(¢), but not of the Chern-Simons class E,(Acs(¢)) (this means that j°= is not
a gauge-natural lift). Note that in this case £;szAcg(¢) needs not to be a local divergence, in
general. By naturality and by Theorem 4.10 this means that we require

Ljs=En(Bv]En(Acs(t)) =0, (5.2)

i.e., 7°E is a symmetry of a Jacobi type dynamical form (or Euler-Lagrange class of the deformed
Lagrangian). Let now j*Zy be the generator of a gauge transformation. Since we know that
Ljs=, Acs(t) = dry, it is clear that such a j°= is a Noether symmetry of the Lagrangian

Ev]En(Acs(v) — du (v = 5°Ev payacs)»

this comes from equation (5.2) and from
Lis=(LjzAes(t) = dueres) = Li==(dry — dn(Sv]payacs))-

By applying the above results concerning Noether—Bessel-Hagen currents to the ‘deformed’ Lag-
rangian we can then state that along sections pulling back to zero the Jacobi type dynamical
form (note that solutions of Chern-Simons equations are among such sections) we have that

dy [jEVdeV(LEV/\CSLdeEVdeVACS)] =0,

i.e., the corresponding Noether—Bessel-Hagen current must be exact on shell which implies a con-
straint for the connection 1-form A.

5.7 Sharp obstruction to the existence of global solutions
in 3D Chern—Simons theories

We now explore the relationship between the existence of global critical sections and the existence
of global Noether—Bessel-Hagen currents. We denote by [[-]]qr a class in de Rham cohomology.
As already recalled, the Noether—Bessel-Hagen current is variationally equivalent to a global
current if and only if 0 = §,,—1(Ev |e) ~ [[Ev |e]lar € HI(Y).

In the following we shall need to see certain cohomology classes in H)(Y') as the pull-back
of cohomology classes in Hf (X), i.e., defined by closed differential forms on the base manifold.

Let us then assume o be a global sectionof m: Y — X ; for any global section we have of course
o*om* =idgn . Let furthermore H?- (Y ) ~ n*(H} (X)), i.e., the pull-back 7*: H7n (X) —
H(Y) is cIL{ﬁRi(;;norphism of cohomoldo?]:(y gloups.( (). e g (%)

dRr

We need to compare the cohomology of the base manifold with the cohomology of the to-
tal space, and while HjR(Y) ~ H{;4(Y), in principle we do not have a similar isomorphism
for the cohomology groups Hjy(X). This is overcome by the peculiar structure of quotient
space in the variational sequence: since for all sections J"0*(0%) = 0, we can correctly define
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J"o*[[Ev |e]lar = [[/"0*(Ev |€)]]ar; in other words, since O], consists of contact n-forms the pull-
back o* factorizes through A /O] . Furthermore, there always exists a closed form a € A}, e.g.,
a Lepage equivalent, which represents the cohomology class [[Zy |¢]]qr and which projects onto
Ev]e € A} /O!. Thus, if 0 is a critical section, J"o*(a) = 0 and the corresponding class vanishes
in H};(X); therefore, by our assumption on the nth cohomology groups [[Zy |e]lar = 0 and
there exist global Noether—Bessel-Hagen conserved currents for all generalized symmetries = [28].

We can use the result above also conversely to define a cohomological obstruction to the
existence of global solutions for a given problem. Let then o be a section of Y over X. Let
a be a closed differential form which represents [[Zy |e]lar € H]i(Y), the obstruction to the
existence of global conserved quantities for conservation laws associated with the problem e and
its symmetry Z. Since o (as well as any other section) defines a projection o*: Hip(Y) —

Ir(X), if the class J"o*[[a]]ar € Hyr (X) does not vanish, then there are no global solutions.

In the case we drop the above condition on the isomorphism of cohomology groups, if the
pull-back with a given section of the cohomology class [[Ey |€]]4r is not zero, no other homotopic
section can be a critical section. Note that, in this case, the obstruction does depend on the
section; J"o*[[a]]ar may vanish for sections from one homotopy class, but not for those from
another [28].

It is also important to note that this obstruction is not identically zero, in general.

As an example, let us consider the classical 3-dimensional Chern—Simons theory. It is a classi-
cal field theory for principal connections on an arbitrary principal bundle P over a 3-dimensional
manifold M. It is well known that the equations can be written F' = 0 (F' the curvature); these
equations admit solutions if and only if the cohomology class [[tr Fl4]]qr (“first Chern class”)
vanishes for an arbitrary (and, thus, for every) connection A. Thus, we will consider only princi-
pal bundles P with group U(1) or C* (taking the trace of the curvature corresponds to “taking
the determinant of P”).

To apply our result, we have to formulate Chern—Simons theory in terms of the bundle of
connections: the bundle of connections is defined as

C:=J'P/G— P/G~ X,

the principal connections on P are in one to one correspondence with the (global) sections of the
bundle C — X; Chern-Simons theory can then be formulated as a variational theory on J'C. In
this case is it advantageous to lift the dynamical form of the problem to the de Rham complex:
we can find a differential form X on J'C such that a section o of C — X is critical if and only if

J'o*(Z]%) =0,

for all vector fields = on J'C.

We have that the contact structure of J'P defines a connection on the principal bundle
JLP s C; its curvature is given by F = dA; Ada? (structure group U(1) or C*). This connection
is universal in the sense that every principal connection on P — X is “induced” by it via a section
o: X +— C, in particular F, = o*F.

We can set now

Yi=migF ANF,

where X is, of course, the exterior differential of the Poincaré—Cartan form. Notice that a pro-
jectable vector field = is a symmetry of ¥ if and only if d(Z]X) = 0. The corresponding class
to [[Ev Je]lar for a generic € is now [[E]X]]qr = 277 o ((E]F) A F).

If the Euler-Lagrange equations admit global solutions, then F = dvy and, thus,

[E]XMar = 277 o((E]F) A dy) = 2d(71 o(E]F A 7).
If the equations do not admit global solutions then [[F]]qr # O.
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Now, if X is a closed manifold, then there is a closed cohomologically nontrivial 1-form «
such that a A F, and, hence, (7*(«)) A F are cohomologically non trivial (Poincaré duality).

Since X is parallelizable, we can easily find a vertical vector field ® such that ®|F = 7*(«)
and

([®]X]]ar = 277 (7" () A F).
Thus, for closed 3-manifolds Chern—Simons theories admit solutions if and only if
[®]X]lar = 0.

For non compact manifolds this is, of course, no longer true; thus, for non compact 3-manifolds
the question, whether the obstruction is sharp, depends on the existence of a suitable com-
pactification, see also [88].
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