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Abstract. In this paper we discuss maximal superintegrability of both classical and quan-
tum Stéckel systems. We prove a sufficient condition for a flat or constant curvature
Stéackel system to be maximally superintegrable. Further, we prove a sufficient condition
for a Stéckel transform to preserve maximal superintegrability and we apply this condition
to our class of Stackel systems, which yields new maximally superintegrable systems as
conformal deformations of the original systems. Further, we demonstrate how to perform
the procedure of minimal quantization to considered systems in order to produce quantum
superintegrable and quantum separable systems.
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1 Introduction

A real-valued function h; on a 2n-dimensional manifold (phase space) M = T%(Q is called
a classical maximally superintegrable Hamiltonian if it belongs to a set of n Poisson-commuting

functions hq, ..., h, (constants of motion, so that {h;,h;} = 0 for all 4,j = 1,...,n) and
for which there exist n — 1 additional functions hy41,...,hop—1 on M that Poisson-commute
with the Hamiltonian h; and such that all the functions hi, ..., ho,—1 constitute a functionally

independent set of functions. Analogously, a quantum maximally superintegrable Hamiltonian
is a self-adjoint differential operator h; acting in an appropriate Hilbert space of functions on
the configuration space @ (square integrable with respect to some metric) belonging to a set of n

commuting self-adjoint differential operators hq, ..., hy, acting in the same Hilbert space (so that
[hi, hj] =0 for alli,j =1,...,n) and such that it also commutes with an additional set of n —1
differential operators hy41, ..., hop—1 of finite order. Besides, in analogy with the classical case,

it is required that all the operators hq, ..., ho,_1 are algebraically independent [19]. Throughout
the paper it is tacitly assumed that n > 1 as the case n = 1 is not interesting from the point of
view of our theory.

This paper is devoted to n-dimensional maximally superintegrable classical and quantum
Stackel systems with all constants of motion quadratic in momenta. Although superintegrable
systems of second order, both classical and quantum, have been intensively studied (see for
example [1, 2, 11, 14, 16, 17] and the review paper [19]), nevertheless all the results about
superintegrable Stéckel systems (including the important classification results) were mainly
restricted to two or three dimensions or focused on the situation when the Hamiltonian is
a sum of one degree of freedom terms and therefore itself separates in the original coordinate
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system (see for example [3, 12] or [15]). Here we present some general results concerning n-
dimensional classical separable superintegrable systems in flat spaces, constant curvature spaces
and conformally flat spaces. We also present how to separately quantize all considered classical
systems. We stress, however, that we do not develop spectral theory of the obtained quantum
systems, as it requires a separate investigation.

The paper is organized as follows. In Section 2 we briefly describe — following previous refe-
rences, for example [18] and [5] — flat and constant curvature Stéckel systems that we consider

in this paper. In Section 3 we prove (Theorem 3.3) a sufficient condition for this class of Stéckel
n

system to be maximally superintegrable by finding a linear in momenta function P = > y°ps
s=1

on M such that {h1, P} = ¢ (it also means that the vector field Y = Z v’y —S in P is a Killing

vector for the metric generated by hj) which yields additional n — 1 functlons hnti = {hiy1, P}
commuting with h; and thus turning A; into a maximally superintegrable Hamiltonian. In Sec-
tion 4 we briefly remind the notion of Stéckel transform (a functional transform that preserves
integrability) and prove (Theorem 4.2) conditions that guarantee that a Stéckel transform trans-
forms maximally superintegrable system into another maximally superintegrable system (i.e.,
preserves maximal superintegrability). In Section 5 we apply this result to our class of maximally
superintegrable Stackel systems, obtaining Theorem 5.2 stating when the Stackel transform ap-
plied to the considered class of systems yields a Stéackel system that is flat, of constant curvature
or conformally flat. We also demonstrate (Theorem 5.4) that the additional integrals h,; of
systems after Stackel transform can be obtained in two equivalent ways. Section 6 is devoted
to the procedure of minimal quantization of considered Stéckel systems. As the procedure of
minimal quantization depends on the choice of the metric on the configurational space, we re-
mind first the result obtained in [5] explaining how to choose the metric in which a minimal
quantization is performed so that the integrability of the quantized system is preserved (Theo-
rem 6.1) and then apply Lemma 6.3 to obtain Corollary 6.4 stating under which conditions the
procedure of minimal quantization of a classical Stackel system, considered in previous sections,
yields a quantum superintegrable and quantum separable system. The paper is furnished with
several examples that continue throughout sections. The examples are all 3-dimensional in order
to make the formulas readable but our theory works in arbitrary dimension.

2 A class of flat and constant curvature Stackel systems

Let us first introduce the class of Hamiltonian systems that we will consider in this paper.
Consider a 2n-dimensional manifold M = T*@Q (we remind the reader that n > 1) equipped
with a set of (smooth) coordinates (A, p) = (A1,..., An, pi1, - - ., i) defined on an open dense set
of M and such that A\ are the coordinates on the base manifold ) while u are fibre coordinates.
Define the bivector

= Zax 6% (2.1)

Then the bivector II satisfies the Jacobi identity so it becomes a Poisson operator (Poisson
tensor), our manifold M becomes Poisson manifold and the coordinates (A, ) become Darboux
(canonical) coordinates for the Poisson tensor (2.1). Consider also a set of n algebraic equations
on M

- !
+ Z hj)\;y] = 5]‘()\1)/112, 1=1,...,n, v € N, (2.2)
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where we normalize v, = 0 and where o and f are arbitrary functions of one variable. The
relations (2.2) constitute a system of n equations linear in the unknowns h;. Solving these
equations with respect to h; we obtain n functions h; = h;(X, u) on M of the form

1 .
hj =Gt Ai(Np+U;(N), G=1....n, (2:3)

where we denote A = (A1,...,\,)” and g = (u1,. .., in)?. The functions hj can be interpreted
as n quadratic in momenta p Hamiltonians on the manifold M = T*(Q while the n x n sym-
metric matrices A;(\) can be interpreted as n twice contravariant symmetric tensors on (). The
Hamiltonians h; commute with respect to II

{hi,hj} = H(dhi,dhj) =0 for all i,j = 1, ceey Ny

since the right-hand sides of relations (2.2) commute. Thus, the Hamiltonians in (2.3) constitute
a Liouville integrable Hamiltonian system (as they are moreover functionally independent). The
Hamiltonians (2.3) constitute a wide class of the so called Stéckel systems [24] on M while the
relations (2.2) are called separation relations [23] of this system. This is the class we will
consider throughout our paper. Note that by the very construction of h; the variables (A, u)
are separation variables for all the Hamiltonians in (2.3) in the sense that the Hamilton-Jacobi
equations associated with h; admit a common additively separable solution.

Let us now treat the matrix A; as a contravariant form of a metric tensor on Q: A; = G,
which turns @ into a Riemannian space. The covariant form of G will be denoted by g (so that
g =G™1). Tt turns out that the (1,1)-tensors K, defined by

Kj:Ajg, jzl,...,n (24)

(so that A; = K;G and K; = I) are Killing tensors of the metric g.
In this article we will focus on a particular subclass of systems (2.2) that is given by the
separation relations

o !

o(\i) + Z;hjw = if()\i)u?, i=1,...,n, (2.5)

j:
(systems of the above class are known in literature as Benenti systems) where moreover

f()\):ijAj, b ER, me{0,....,n+1}, (2.6)
j=0

o(N) =Y ap, o €R, (2.7)
kel

where I C Z is some finite index set (i.e., o is a Laurent polynomial). Note that taking
k € {0,...,n — 1} will only yield trivial terms in solutions (2.3) of (2.5), see the end of this
section. Also, the parameters aj will play a crucial roll in the sequel, when we discuss the
Stéckel transform of the above systems. The metric tensor G attains in this case, due to (2.6),
the form

m m
G=> bG;=> bL'Gy, (2.8)
j=0 §=0
where L = diag(\1,...,A,) is a (1, 1)-tensor (the so called special conformal Killing tensor, see

for example [10]) on @, while

N X,
G]’ = diag (All,,A> R jEZ, A= ()\1_)\]) (29)
" i
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Remark 2.1. The metric (2.8) is flat for m < n and of constant curvature for m =n + 1 (see
for example [9, p. 788]). For higher m it would have a non-constant curvature.

Further, the Killing tensors K; in (2.4) are in this case given by

i—1
1 . Oq 9 :
K; = WL = —d , =1,...,n. 2.10
> g (gt )=t (2.10)
Here and below ¢; = ¢;(\) are Viete polynomials in the variables A1, ..., \p:
a(\) = (=1) > Aoy - sy, i=1,...,m, (2.11)

1<s1<82<:<s;<n

that can also be considered as new coordinates on our Riemannian manifold @ (we will call
them Viete coordinates on Q). Notice that g; are coefficients of the characteristic polynomial of
the tensor L. Notice also that the first form of K; in (2.10) is of course valid in any coordinate
system while the second form of K; is valid in separation coordinates A only.

Further, due to (2.7), the potentials U;j(\) in (2.3) are for the subclass (2.5) given by

U= av® = j=1..n (2.12)
kel

where the “basic” potentials V¥ (k € Z) satisfy the linear system
n .
ML VPN =0, i=1...n, ke,
j=1
and can be computed by the recursive formula [4, 8]

vk = phy© ke 1z, (2.13)

where V) = (Vl(k), ey Vn(k))T, V) =(0,0,...,0,—1)T and where F is an n x n matrix given
by

@A) 1
Fo —qz:(A) (2.14)
: 1
_Qn(A) 0 0

with g;(A) given by (2.11). Note that the formulas (2.13), (2.14) are non tensorial in that
they are the same in an arbitrary coordinate system, not only in the separation variables \;.
As we mentioned above, the first potentials, i.e., V(1 = (0,0,...,0,—1,0)T up to yn-1) —
(—=1,0,...,0)" are constant, V(™ = (qq,...,q,) is the first nonconstant positive potential while
VED = (1/¢n, 41/, - - @n-1/qn)"- The potentials V*) are for k < 0 rational functions of ¢
that quickly become complicated with decreasing k.

To summarize, the Hamiltonians h; generated by (2.5)—(2.7) can be explicitly written as

h () = — LS SO = o) 1§ Dar FOuE
' 2= 0N A, 240N A

+ U, (N), r=1,...,n.
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3 Maximally superintegrable flat and constant curvature
Stackel systems

Suppose that we have an integrable system, i.e., n functionally independent Hamiltonians on
a 2n-dimensional phase space M that pairwise commute: {h;,h;} =0 for all¢,j =1,...,n. If
there exists an additional function P commuting to a constant with one of the Hamiltonians,
say with hy (so that {hy, P} = ¢) and if the n — 1 functions

hn+i:{hi+17P}, ’L:].,,Tl—l

together with all h; are functionally independent, then the system becomes maximally superin-
tegrable (with respect to this particular Hamiltonian h;) since then by the Jacobi identity

{hn+i7h’1} = _{{Pa hl}a hi+1} - {{hlvhi+1}7p} = 07 = 17 RN [ 1.

If moreover the first n integrals of motion h; are quadratic in momenta and if P is linear in
momenta, then the resulting n — 1 extra integrals of motion h,; are also quadratic in momenta.
Thus, in order to distinguish those constant curvature Stéckel systems that are maximally
superintegrable and have quadratic in momenta extra integrals of motion we have to find P
that commutes with i1 up to a constant and that is linear in momenta. To do it in a systematic
way, we need the following well-known result.

Lemma 3.1. Suppose that (q¢,p) = (q1,--,Gn,P1,---,Pn) are Darbouzx (canonical) coordinates
on a 2n-dimensional phase space M =T*Q. Consider two functions on M :

]. " ij . T & 7
h=3 'Zl piA9(q)p; +U(q)  with A=A and P = 2; y' (q)pi-
i,j= i=

Then

1 & g
{hPh=5 3 pilLy A)p; + Y (U),
ij=1

n .

where Y is the vector field on Q given by Y = > yl(q)% and where Ly 1s the Lie derivative
i=1 !

(on Q) along Y.

One can thus say that h and P commute if the corresponding vector field Y is the Killing
vector for the metric defined by the (2,0)-tensor A (i.e., if Ly A = 0) and if moreover Y is
symmetry of U (i.e., if Y/(U) = 0).

Consider now the Stéckel system given by (2.5). The coordinates (A, ) are Darboux (so that
the above lemma applies to this situation) but the components of the metric (2.8) expressed in
A-coordinates are rational functions making computations very complicated. We will therefore
perform the search for the function P in the coordinates (¢,p) on M such that ¢; are Viete
coordinates (2.11) and such that

n

pi = —ZW (3.1)
k=1

are the conjugated momenta. Since the transformation from (A, u) to (¢, p) is a point transfor-
mation the coordinates (g,p) are also Darboux coordinates four our Poisson tensor. It can be
shown [7] that in the (g, p)-coordinates

n—1
(L); = _5]1'% + 6;'+17 (G0>U - Z Qk(s:@—:ﬂk+1v (3.2)
k=0
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and moreover

n—r—1 it o
kzo 0 ikt thj=1,...,n—m,
V= y o+ i =1,... .
(GT) _k Z+IQk5;_]T+k’+1’ (2 :n_T+17"'an7 " ’ 3 T (3 3)
=n—r
0 otherwise,
(Gn+1)ij = qiqj — Gi+j, ,7=1,...,n,

where we set g9 = 1 and ¢, = 0 for » > n. An advantage of these new coordinates is that the
geodesic parts of h; are polynomial in q.

Example 3.2. For n = 3 and in Viete coordinates (2.11) we have

—q 0 0 0 1
L= —q2 01 5 GO =0 1 q1 | (34)
-3 0 0 I a1 ¢

and hence the metric tensors GG; have the form

01 o0 1 0 0
Gi=|1 @« O |, Go=1(0 —q —g3], (3.5)
0 0 —q3 0 —q3 0
—q1 —q2 —g3 Q% —q2 4192 — 43 4143
Gi=|-¢@ —g¢ 0 [, Gi= |92 — g @ 7243 | - (3.6)
—q3 0 0 q143 4243 @
In accordance with Remark 2.1, the metric tensors Gy, ...,Gs are flat, while the metric G4 is

of constant curvature.

We are now in position to perform our search for P. We do this in the case when o is the
Laurent polynomial (2.7) and allow f to be polynomial as in (2.6); a particular case of f = A™
of the theorem below was formulated in [6].

Theorem 3.3. The Stdckel system

n
i 1 .
D oA+ Y hAY j=§f(>\i)mz, i=1,...,n,
kel Jj=1

(where I C Z is a finite index set) with f(\;) given by

m

f)=)"bX,  beR, me{0,...,n+1} (3.7)
j=0

is maximally superintegrable in the following cases:

(1) casem € {0,...,n—1}: if I C{n,....2n —m — 1} U{-1,...,—r — 1}, where r is such
that b; =0 for i =0,...,r <m —1 (if all b; # 0, then there is no such r and no second
component in I);

(i7) case m =n and by = by = 0: if I C {n,—1,...,—r + 1}, where r is such that b; = 0 for
1=2,....,r<n-—1;
(7i1) case m = n+ 1 (case of constant curvature) and by = by = 0: if I C {—1,...,—r + 1},

where r is such that b; =0 fort=2,...,7r <n.
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The additional integrals hy+, commuting with hy are given in (g, p)-coordinates by
n
h _ 1 : A U = —
n+r — 9 ZP’L(LY 7"+1) p]+Y(UT+1)v r= 1,...,n 17 (38)
ij=1
where Y is a vector field on @QQ given by
(i) forme{0,...,n—1}

“ 0
Y = b ——, 3.9
; aQn—m-‘ri ( )

(13) form=mn
= 0
Y = q, Z bn_i+28—q, (3.10)
i=2 t
(tit) form=n+1
= 0
Y = anbn_ma—q, (3.11)
i=1 !

and where Ly denotes the Lie derivative along Y .

Proof. We will search for a function P that commutes with h; and we will perform this search
in the (g, p)-coordinates (2.11), (3.1). The Hamiltonian h; has in these coordinates the form

1 &
=5 > G@pw+ V(@)

ij=1

with G given by (2.8) and further by (3.2), (3.3) and with the potential Vl(k) (q) defined by (2.13)
and (2.14).

(1) For m =0,...,n — 1, the Killing equation Ly G = 0 has a unique (up to a multiplicative
constant) constant solution (3.9) which also satisfies Y(Vl(k)) =0fork=mn,...,2n—m—2 and

Y(Vl(%*m*l)) = c. In consequence, due to Lemma 3.1, the function

P = bmpnfm + bmflpnferl + -+ bOpn

satisfies

{h1,P} =0 (3.12)
fork=mn,...,2n—m — 2 and

{h1,P} =c

for k = 2n —m — 1. Moreover, if b; =0 for i = 0,...,7 < m — 1, then (3.12) is satisfied also for
k=-1,...,—r—1.

(13) For m = n, there is no constant solution of Ly G = 0. This equation has a simple linear
in ¢ solution (3.10) provided that by = by = 0; Y is then also a symmetry for the single nontrivial

potential Vl(n), ie., Y(Vl(”)) = 0. In consequence, the function

P = Qn(anQ + bn—1p3 + -+ prn)
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satisfies (3.12). Moreover, if b; = 0 for ¢ = 2,...,7 < n — 1 then (3.12) is satisfied also for
k=-1,...,—r+1.

(731) For m = n + 1 there is no constant solution of Ly G = 0. This equation has a simple
linear in ¢ solution (3.11) provided that by = by = 0 but Y is not a symmetry for any nontrivial

potential Vl(k). In consequence, the function

P = Qn(bn—i-lpl +bppa+ -+ b2pn)'

Poisson commutes only with the geodesic part Ey of hy: {E1, P} = 0. However, if b; = 0 for

i=2,...,7 <n then (3.12) is satisfied for k = —1,...,—r + 1.

Finally, the form of additional integrals h,, in (3.8) is obtained through Ay, = {hy41, P}
by using Lemma 3.1. Due to their form, the functions hi,..., ho,_1 are functionally indepen-
dent. |

Remark 3.4. The above theorem provides us with a sufficient condition for maximal super-
integrability of Stéckel systems of constant curvature (flat in particular) in case when f(\) is
a polynomial of maximal order n 4+ 1. In consequence, the case (i) of Theorem 3.3 yields an
(n + 1)-parameter family of maximally superintegrable systems, parametrized by

{bT7 B 7bm7a—7‘—17 s 1,0y - ,OéQn_m_l}, r= 07 -y M,

where b; parametrize superintegrable metrics (2.6), (2.8) and «; parametrize families of non-
trivial superintegrable potentials U (2.12) (in case there is no r, i.e., all b; # 0) then there is
no a—; in the above set. Similarly, in the cases (i) and (i74) Theorem 3.3 yields appropriate
n-parameter families of superintegrable systems. A particular case of that classification (for the
monomial case f(A) = \") was presented in [21].

It is possible to calculate explicitly the structure of the geodesic parts F,4, of the extra
integrals hy, in the separation coordinates (A, y).

Proposition 3.5. The geodesic parts
1 & g
Epyr = 52 i Ay (N, r=1,...,n—1
i,j=1
of additional integrals of motion hyir = {hy41, P} withr =1,...,n— 1 are given by
(i) for0<m<n-—1

. 82%” f()‘z)f()‘])
oNON;  AA;
f8) =~ Par (V)
Ai 2w onoN D

7=1

g _
An—H" -

L F 7,

(24 _
An—H“ -

where g = qr(\) are given by (2.11), f(A) are given by (2.6) while A; by (2.9),

(i) form=mn,n+1
7 Pqr dgn 1 fFN)F(N) .
A = 9% Ogn 1 J(A)TAG)
T TN Oy A, T

FO) o~ g FO) 9gn 1
Ai £ ONON A; 0N A

[ _
An+r -
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Let us illustrate the above considerations by some examples.

Example 3.6. Consider the flat case n = 3, m = 1, by = 1, (so that f(\) = by + \) with
o(\) = aX* and where k = —1,3 or 4. The commuting Hamiltonians h; are given by separation
relations (2.5)

1
AN+ I + hodi + hs = S (bo + N)uf,  i=1,2,3,

Then, according to (2.10), (3.4), (3.6) and to (2.13), (2.14) the corresponding Stéckel Hamilto-
nians attain in the (¢, p) coordinates (2.11), (3.1) the form

1
(Q1 +bo)p3 + = (bOQ2 — )3 + VP (q),

hi = p1p2 + bop1ps + boqipaps + = 2

1 1
ho = 5]?% +3 (65 + 2boq1 — q2)p3 + = (boq1q2 — q1q3 — boas)p3 + (q1 + bo)p1p2
+ bOQ1P1p3 + (bog? — q3)paps + aVQ( '(q),
1
hs = *bopl + (boql —q3)p3 + 2( boq1g3 + bods — 42q3)P3 + boqip1p2

+ (bog2 — q3)p1p3 + (boq1g2 — q193 — boq3)p2ps + OéV:g(k)(Q),

(-1) (-1) (—1) q2
V. = —, V. = -, V. ==,
! q3 2 q3 3 q3

‘/1(3) = q, ‘/2(3) = o, {/3(3) = q3,
V1(4) = —qi + 2, ‘/2(4) = —q1q2 + g3, V3(4) = TN9s-

According to Theorem 3.3 Y = 8q2 + bo so that P = pa + bgps and thus

0 for k= -1 and by =0,
{h1,P} =<0 fork =3,
a for k=4 (then Y/(V,V) = 1).
Hence, the system is maximally superintegrable with additional constants of motion for hy

given by:
for k=—1and by =0

1 1
= {h2, P} = —=p3.  hs = {h3. P} = —qsp} + a3,
2 2 a3
for k=3
1
hy = {hs, P} = —ip% - 563p§ — bopaps + «,

1 1 1 1
hs = {h3, P} = —§bop% + <2b0(J2 — 5B zb%(h) p3 — bApaps + aby,
and for £k =4
1
hy = {he, P} = 2 bopg bopaps + a(by — q1),

hs = {h3, P} = — bopz + = (bOQ2 — q3 — B2q1)ph — bEpaps — aboq.
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Example 3.7. Consider the case n = 3, m = 1, with the monomial f(\) = A, given by the
separation relations

1
Qs + 3A) + hiA] + hodi + hg + a A = 5@3, i=1,2,3, (3.13)
so that I = {—1,3,4} and satisfies the condition in part (i) of Theorem 3.3. The system is thus
maximally superintegrable and has a three-parameter family of potentials (cf. Remark 3.4).
Consider now the point transformation from (g, p)-coordinates (2.11), (3.1) to non-orthogonal
coordinates (r, s) such that r; are given by [7]

1
q =r1, g2 =12+ ZT%’ 3=~ "3 (3.14)

while

3
N Y4 o
55 = —— D ji=1,2,3 (3.15)
i—1 a’l“j

are new conjugated momenta. Then r; are flat coordinates for the metric Gy = A1 in hy. In
these coordinates we get in this case

010 —im 1 0
G=Gi=|1 0 0], L= —r —%7‘1 —%rg , (3.16)
00 1 —irs 0 0

while the first three commuting Hamiltonians in (r, s)-variables become

1 _
h1 = s1589 + 53% + a_1V1( 1)(7’) + oz3V1(3) (r)+ a4V1(4)(r),

1 1 1 1 1 —
hy = 53% — 57"25% + 57“18% + 518182 — 5738283 + a_lVQ( 1)(7“) + a3V2(3) (r)+ oz4V2(4)(r),
1 1 1 1
hg = grgsg + (27“2 + 8?“%) s§ - 57“38183 - 17“17“35253
+ a1V V) + eV () + aaP (), (3.17)
with
2
-y _ 4 (-1 _ 4n (1) _ rit4rs
Vi _%7 Vy _Ev V3 —Tv (3.18)
1 1
VO _p v® Z (m n 4r%> C v =in, (3.19)
3 1 1 1
‘/1(4) =179 — ZT‘%, ‘/2(4) = — <T17’2 + ZT? + 47%) ) ‘/3(4) = Zrlrg' (320)

In accordance with Theorem 3.3 and after the transformation to (r,s)-coordinates we have
P=sy,and Y = 8%2 so the additional constants of motion h,; of hy are

4o_q
2
r3

1 1
hy = {hQ,P} = —*Sg + a3 — ayry, hs = {hg,P} = 58% + (3.21)

2

Example 3.8. Consider the constant curvature case n = 3, m = 4 and I = {-2,—1}. In
order to apply part (iii) of Theorem 3.3 we have to put by = by = 0. Assume further that also
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by = b3 = 0 and by = 1 (so that f(\) = A\* is again a monomial). The commuting Hamiltonians
are then given by the separation relations

1
04_2)\2-_2 + Oé_l)\i_l + hl)\? + hg)\i + hg = 5)\?#%, 1= 1,2,3.

Then again, according to (2.10), (3.4)—(3.6) and to (2.13), (2.14), the corresponding Stéckel
Hamiltonians attain in the (g, p)-variables the form

1 1 1
=3 (6 — a2)pT + 5(131?3 + §q§p§ + (192 — g3)P1P2 + 193P1P3 + Q243P2D3
+ ozszl(_z) + a71V1(_1),

1 —2 -1
ha = = (12 — G3)P} + 4203P3 + G3P1P2 + Goq3p1p3 + Gpaps + aaVy D 4 a Vi Y,

2
1 1 -2 -1
hs = 5(]1(]3]3% + 5613,293 + qagspipa + @Gpips + ooVl D +a VY
with
_ 1 _ _
oL @ ey @
q3 q3 q3
2
(-2) 2 (-2) 1 qug -2) @1 4
A I e T e
43 a3 a3 43 g3

Now, according to part (iii) of Theorem 3.3, P = g3p1, ¥ = qga%1 and {h1, P} = 0 so the
additional constants of motion are

1 q2 1
hy = {ho, P} = —§CJ2CJ3P% — @pip2 +ag — CLqug, hs = {h3, P} = —561%29% +a_o.

4 Stackel transforms preserving maximal superintegrability

In this chapter we apply a 1-parameter Stéackel transform to our systems (2.5)—(2.7) to produce
new maximally superintegrable Stackel systems. As the transformation parameter a we will
always use one of the a; from (2.7).

Stéackel transform is a functional transform that maps a Liouville integrable systems into
a new integrable system. It was first introduced in [13] (where it was called the coupling-
constant metamorphosis) and later developed in [9]. When applied to a Stéckel separable system,
this transformation yields a new Stéackel separable system, which explains its name. In the
original paper [13] the authors used only one parameter (one coupling constant). In [22] the
authors introduced a multiparameter generalization of this transform. This idea has been further
developed in [8] and later in [4].

In this section we prove a theorem (Theorem 4.2) that yields sufficient conditions for Stéckel
transform to preserve maximal superintegrability of a Stéckel system.

Let us first, following [4], remind the definition of the multiparameter Stéckel transform.
Consider again a manifold M equipped with a Poisson tensor Il and the corresponding Poisson
bracket {-,-}. Suppose we have r smooth functions h;: M — R on M, each depending on k < r
parameters oy, ..., ax so that

hizhi(az,al,...,ak), iZl,...,’l“, (4.1)
where € M. Let us now from r functions in (4.1) choose k functions hs,, i = 1,...,k, where
{s1,...,8k} C{1,...,r}. Assume also that the system of equations

hs,(z,a1,...,01) = @&, i=1,...,k,
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(where &; is another set of k free parameters, or values of Hamiltonians hg;) involving the
functions hs, can be solved for the parameters «; yielding

o = hy (z,a1,. .., ay), i=1,...,k, (4.2)

where the right hand sides of these solutions define k new functions Bsi on M, each depending
on k parameters &;. Finally, let us define r — k functions h; for i =1,...,7, 4 ¢ {s1,...,s,}, by
substituting hs, from (4.2) instead of a; in h;:

h; = hi|a1_>}~1317__’ak_>}~13k, i=1,...,r i ¢ {s1,...,Sk} (4.3)
Definition 4.1. The functions h; = hi(x,ay,...,60%), i = 1,...,r, defined through (4.2)
and (4.3) are called the (generalized) Stéckel transform of the functions (4.1) with respect to
the indices {s1,..., sk} (or with respect to the functions hs,, ..., hs,).

Unless we extend the manifold M this operation cannot be obtained by any coordinate
change of variables. Moreover, if we perform again the Stéckel transform on the functions h;
with respect to fLSi we will receive back the functions h; in (4.1). In this sense the Stéckel
transform is a reciprocal transform. Note also that neither » nor k are related to the dimension
of the manifold M.

In [4] we proved that if dim M = 2n, k = r = n and if all h; are functionally independent then
also all h; will be functionally independent and if all h; are pairwise in involution with respect
to II then also all h; will pairwise Poisson-commute. That means that if the functions h;,
i = 1,...,n constitute a Liouville integrable system then also h; will constitute a Liouville
integrable system. In other words, Stackel transform preserves Liouville integrability. But what
about superintegrability?

Theorem 4.2. Consider a maximally superintegrable system on a 2n-dimensional Poisson
manifold, i.e., a set of 2n — 1 functionally independent Hamiltonians hq, ..., hon—1 such that
the first n Hamiltonians pairwise commute, and assume that all the Hamiltonians depend on
k < n parameters «;:

hi:hi(x,al,...,ak), z':l,...,2n—l,
{hi,hj} =0, ,7=1,...,n, for all o, (4.4)
{h1,hnyj} =0, j=1,...,n—1, for all o;.

Suppose that {s1,...,sx} C {1,...,2n — 1} are chosen so that s1 = 1 and that {sa,..., sy}
C {2,...,n} and moreover that hy = hi(x,a1). Then the Stickel transform h;, i = 1,...,
2n—1 given by (4.2), (4.3) also satisfy (4.4) and therefore constitute a mazimally superintegrable
system.

Note that the Hamiltonian h; is now distinguished as the one that commutes with all the
remaining h; and as it can only depend on one parameter. Note also that the first n functions h;
pairwise commute with each other and therefore constitute a Liouville integrable system. The
same is true about the first n functions izl

Proof. Differentiating the identity
P (T hsy (TG0, ooy Gy ey By (T, Gy Gg)) = Gy G= 1,000k
with respect to = we get

k
dhs, ==Y
j=1

Oh
0

% dhs. =1,...,k, 4.5
Ozj J ! ( )
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while differentiation of (4.3) yields

kL oh; -

dh, = dh; — @dhsj, i=1,....2n—1,  i¢{s,....s1}. (4.6)

j=1
The transformation (4.5), (4.6) can be written in a matrix form as
dh = Adh,

where we denote dh = (dhy, ..., dhon—1)T and dh = (dhy, ..., dhy,—1)T and where the (2n — 1)
X (2n — 1) matrix A has the form

h;
Aij =265 for j¢ {s1,...,s}, Aisj:—g - for j=1,...,k
Qj
Since
det A = +det <8h8i>
8aj

is not zero and since h; are by assumption functionally independent on M we conclude that
also the functions h; are functionally independent on M. Further, since s < n (the Stéckel
transform is taken with respect to the Hamiltonians belonging to the Liouville integrable system
hi,...,hy) the columns with derivatives of h; with respect to parameters a; all lie in the left
hand side of the matrix A. Moreover, the fact that hy = hy(z, a1) also means that the first row

of A is zero except A1 = —ggi . Let us now introduce the (2n —1) x (2n — 1) matrices C' and D

through Cy; = {hs, h;} and D;; = {hi,h;}. A direct calculation yields

2n—1

{ﬁi’hj}: Z (A_l)ill(A_l)jlg{hllvhlz}ﬂ

I ,la=1
or in matrix form

D=4"tc(a™M)T,

and due to the aforementioned structure of A we have D;; = 0 for 4,57 = 1,...,n (meaning
that hq,..., h, constitute a Li9uville integrable system) and moreover that Di; = D;; = 0 for
i=1,...,2n — 1, so that {hy,h;} = 0 for all s. That concludes the proof. |

Remark 4.3. A similar statement with an analogous proof is valid for any superintegrable
system of the form (4.4), not only the maximally superintegrable one.

5 Stackel transform of maximally superintegrable
Stackel systems

In this section we perform those Stéckel transforms of our systems (2.5)—(2.7) that preserve
maximal superintegrability. According to Theorem 4.2, the Hamiltonian h; of the considered
system can only depend on one parameter h; = hi(z,a). It is then natural to choose one of
the ay in (2.7) as this parameter.

Consider thus a maximally superintegrable system (hy, ..., ho,—1) with the first n commuting
Hamiltonians hq, ..., h, defined by our separation relations

1
D aX AT RN TR Ry = 5f(/\i);ﬁ, i=1,...,n,
sel
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where the index set I satisfies the assumptions of Theorem 3.3 and where the higher integrals
P4y are constructed as usual through Ay, = {hy4+1, P} with P constructed as in Theorem 3.3.
Let us now choose one of the parameters o, with s € I, say ay, (we will suppose that k > n
or k < 0 otherwise the corresponding potential is trivial, as explained earlier) and define the
functions H,., r =1,...,2n — 1, through

he=H, +a,V®,  r=1...2n-1 (5.1)

Then V;* for r = 1,...,n obviously coincide with Vi) defined through (2.5)—(2.7) or equiva-
lently through (2.13), (2.14).

We now perform the Stéckel transform on this system (hq,...,ho,—1) with respect to the
chosen parameter «; as described in Theorem 4.2. It means that we first solve the relation
hi =a,ie., H + akvl(k) = & with respect to aj which yields

1 1

iLl =ar=——~H +a—F—, (5.2)
v v

and then replace oy with iLl in all the remaining Hamiltonians:

(k) (k)
> Vr VW
hr:HT_WHl_‘_aW? 7’:2,...7277,—1. (53)
Vi Vi
We obtain in this way a new superintegrable system (le, ey ilgn_l) where the first n commuting

Hamiltonians h, are defined by (see [4]) the following separation relations

. o — ~ 1 .
haAE 4 Z aA] + @GN TT 4 ho ] 2+"'+hn:§f()\i)/%2a 1=1,...,n, (5.4)
s€l, s#k

as it is easy to see, since on the level of the separation relations our Stéckel transform replaces a
with hy and h; with a. For £ > n or k < —1 the system (5.4) is no longer in the class (2.5),
while for £ = —1 it can be easily transformed by a simple point transformation to the form (2.5).

Lemma 5.1. The separable system

1 .
Al + Z D o N e 5)\;”/112, i=1,...,n
s€l, s#k

attains after the Stdickel transform (5.2), (5.3) and after the consecutive point transformation
on M given by

A — 1/)\1‘, ui—>—)\?ui, 1=1,....n (5.5)
the form
AN DY AN TP AR e B AT By

s€l, s#k

1
= 5)\?7"”2%2, i=1,...,n. (5.6)
Note that the transformation (5.5) on M does not change the separation web of the system
on (). Denoting, as before

hy=H,+aV,, r=1,....2n—1, (5.7)
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where h, for r =1,...,n are defined by (5.4) while hy forr =n+1,...,2n—1 are obtained as
usual through h,1, = {hr“, P}, we see from (5.3) that

) vk
Verr—%,Vh r=2,...,2n—1,

and from (5.2) it also follows that the geodesic part Ey of h; has the form

n
. . - 1
— oy - _

By = Z GYpipj, G = @ G. (5.8)

2,j=1 1
It means that the metric G is a conformal deformation of either a flat or a constant curvature
metric G. In the following theorem we list the cases when the metric G is actually flat or of
constant curvature as well. The theorem is formulated only for f in (2.6) being a monomial,

f =A™ (in this case there is a maximum number of flat metrics G).
Theorem 5.2. Consider the system (5.4) with f = A™ where m € {0,...,n+ 1}.

(i) For 0 <m <n—1 the system (5.4) is maximally superintegrable for k € {—m, ..., —1,n,
..,2n —m —1}. The metric G in (5.8) is flat for k € {=[m/2],...,—=1,n,...,n — 1+
[(n —m)/2]}, where [] denotes the integer part. Moreover, form =1 and k = —1 G is of
constant curvature. Otherwise G is conformally flat.

(i) For m = n the system (5.4) is mazimally superintegrable for k € {—(n —2),...,—1,n}.
The metric G in (5.8) is flat for k € {—[n/2],...,—1}. Otherwise G is conformally flat.

(i4i) Form =mn + 1 the system (5.4) is mazimally superintegrable for k € {—(n —1),...,—1}.

The metric G in (5.8) is flat for k € {~=[(n+1)/2],...,—1}. Otherwise G is conformally
flat.

If f is a polynomial then the admissible values of k& must satisfy the above type of bonds for
all powers of A in f, not only for the highest power m so we choose not to present this more
general theorem, only to maintain the simplicity of the picture. In order to prove Theorem 5.2
we need one more lemma.

Lemma 5.3 ([20]). The Ricci scalars R and R of the conformally related (covariant) metric
tensors g and g = og are related through

. 1 g
R:U*R—§m—na*%G% (5.9)
where G = g~ ! and where
1 . 4 0o
Sij = Sji = QVZ'SJ‘ —8;8j + §gijsksk with s; =0 18.7:'7
7

where x; are any coordinates on the manifold.

Proof of Theorem 5.2. The values of k for which (5.1) is maximally superintegrable follows
from the specification of Theorem 3.3 to the case f = A™. For (¢) and (i¢) the metric G in (5.8) is
flat so that its Ricci scalar R = 0. Therefore, according to (5.9), R =0 if and only if ;G = 0.
This condition can be effectively calculated in flat coordinates r; of the metric G given by [7]

11—1
qi:Ti—i-ZE TiTi—j, 1=1,....,n—m,
Jj=1

n

1 .
qi:—Zerrn,jﬂ-, t=n—m+1,...,m.

j=i
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In these coordinates
k k+1
(Gm) = 5n+m+1 + 52:{—m+1

and the condition s;;G” = 0 yields both statements. The case in (i) when G is of constant
curvature (m = 1,k = —1) can be however more effectively proven using Lemma 5.1 since in
this case the system (5.4) attains after the transformation (5.5) the form

1=1,...,n.

A 4 ) @ AT R AT R e By AN 4"*1 2,
s€l, s#k

Due to Remark 2.1 the metric G of this system has constant curvature. Finally, in the case (i)
(m =n+ 1) we have only negative potentials so by using Lemma 5.1 we transform this system
to

- - - 1
AR Y ozs)\?’Q’s+hn)\?’2+---+h2+d)\;l:5)\2-%2, i=1,....n,
s€l, s#k

where k < 0, and this is the system from case (i) with m = 1 and therefore G is flat for
k> —[(n+1)/2]. For other values of k the metric G is conformally flat. |

If Y(Vl(k)) = 0 then Y(l/Vl(k)) = 0 and due to (5.8) also LyG = 0 so that {h;, P} = 0 as
well and the same P as in the “non-tilde”-case (i.e., before the Stéckel transform) can be used
as an alternative definition of extra Hamiltonians through h,4, = {hy41, P}, r=1,...,n — 1.

This is however no longer true if Y(Vl(k)) = ¢ # 0 (according to Theorem 3.3, it happens only in
the case when m < n and k = 2n—m —1). It turns out that it leads to the same extra integrals
of motion, as the following theorem states

Theorem 5.4. If Y(Vl(k)) = 0 then both sets of extra integrals of motion:
Posr = {hyy1, P}, r=1,...,n—1

and
E”+T:h"+7“’a=ﬁl(a)v r=1,....,n—1

coincide.

Proof. On one hand, according to (5.3) and due to the fact that {h;, P} = 0 we have
!
TL+T - {hT+17P} T‘+1 V(k_) Hl + V(k) P

= {Hy41, P} — { r+17P}+V7{ +1>P} = {HT+1,P}+h1{W(f1,P}
1

On the other hand, due to

k
thrr - hn+r|a h (&) {hrJrl’PHa hi(@) — {HTJrlvP}+a{Vr(+)1’P}’a:l~zl(&)’

which yields the same result. |
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Thus, if Y(Vl(k)) = 0, the diagram below commutes

(hiy .. hn) =5 (1, hop_1) with Ayiy = {hys1, P}

Stackel transform Stackel transform

I 1
(s shn) 2 (haye. o hon1) with By = {hyt1, P}.
Example 5.5. Let us apply the relations (5.2), (5.3) to perform the Stéckel transform on the
system from Example 3.7. To keep the formulas simple, we assume that all the a; in (2.7) are

zero except the transformation parameter «y. Thus, we consider again the system given by the
separation relations

1 .
apAf + haA] + hoi + hg = 5)\1‘/%2, i=1,2,3

with & = —1, 3 or 4, respectively. Applying Stéckel transform to the resulting Hamiltonians
(3.17)—(3.21) we obtain a maximally superintegrable system with the separation relations of the
form:

. - |
N +GA7 + hodi + by = i, =123, (5.10)

Again we perform our calculations in the (r, s)-variables (3.14), (3.15). Explicitly, we obtain for
k=-1

~ 1 1 1
2.2 2 502
hi1 = -r3s3+ —r3s150 — —arg,

8 4 4
iLQ = %s% — %ms% — §r13132 - 57’38283 + ary,
l~13 = érgsg — (ir% + 1"2) S§189 — %rgslsg — £T17‘38283 + id(r% + 47“2),
hy = —%s%, hs = —s189 + &, (5.11)
for k=3
hy = —l8182 - lisg + di,
71 27 71
hy = %s% + ir%;fmswg - %rzs% - %7“38283 + ;37”%;14735% + 411077“%4;147“2’
iL3 = 31738182 — %7‘33133 + érg,sg - 37"1?”38283 + ;ng - i@fv
l~14 = —7}15152 — 332 ;7}183 + drll’ hs = ;s§,
and for k =4
~ 1 1 1 1
hy = —Wslsz - 5@33 + dm’
3 2 3 2
R S
B drlrg + irij’ + %T%

3,.2 ?
7"2—17"1
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= 1 oo 1 3rf+8rry+ 4r7r3 + 1673 82 1 rr3
hs = “risi - — ) — 355182 — 5135153 — — 11735253
8 32 ra — 17 4ra =i ’ !
1 73
3
+ *07
3,27
4 17"1
~ 1 1 r r T ~ 1
2 1 2 1 ~ 1 2
hy = %215 5 553+ 325192 = @ T hs = 593 (5.12)
T2~ 4" T2 = 4" 274"

According to part (i) of Theorem 5.2 the metrics of h; are of constant curvature, flat and
conformally flat, respectively.

6 Quantization of maximally superintegrable Stackel systems

This section is devoted to separable quantizations of Stackel systems that were considered in
the classical setting in the previous sections. Let us consider, as in the classical case, an n-
dimensional Riemannian space () equipped with a matric tensor g and the quadratic in momenta
Hamiltonian on the cotangent bundle T Q:

szAJ pj+U( )

1,5=1

By its minimal quantization [5] we mean the following self-adjoint operator

h= —thZVA” V+U():—fﬁ22 a\/y?Aw )8; + U(x) (6.1)

i,j=1 1,j=1
(both expressions on the right hand side of (6.1) are equivalent) acting in the Hilbert space
H=L%(Q,du),  du=|g|'"?dz, |g|=]|detg],

where V is the Levi-Civita connection of the metric g. Note that a priori there is no relation
between the tensor A and the metric g. Let us now consider an arbitrary Stéckel system of
the form (2.3) coming from the separation relations (2.2). Applying the procedure of minimal
quantization to this system will in general yield a non-integrable and non-separable quantum
system. In order to preserve integrability and separability we have to carefully choose the
metric g. To do this, we will use the following theorem, proved in [5].

Theorem 6.1. Suppose that h; are Hamiltonian functions (2.3), defined by separation rela-
tions (2.2). Suppose also that 0 is an arbitrary function of one variable. Applying to h; the
procedure of minimal quantization (6.1) with the metric tensor
2
g =" g, (6.2)
where gy = G(,_1 with Gg given by

(A1) 0(An)
A ) (6.3)

Gy = diag <

and with ¢ being a particular function of A1,. .., \n, uniquely defined by (2.2) (see formula (27)
n [5] for details), we obtain a quantum integrable and separable system. More precisely, we
obtain n operators h; of the form (6.1) such that (7) [hz, h; il =0 for all i, j and (ii) eigenvalue

problems for all ﬁl
hU =gV,  i=1,....n
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have for each choice of eigenvalues €; of/i\zi the common multiplicatively separable eigenfunction
n

V(AL ..y An) = [ ¥(N) with ¥ satisfying the following ODE (quantum separation relation)
i=1

(ea A 22X + -+ en)(N)

1 PPN | (') 1IN dv(N)
__2h2f(A)[ d\2 +<f(/\) _29()\)> dX

] + oMY, (6.4)

Remark 6.2. For Stickel systems defined by (2.5), when (y1,...,7) = (n—1,...,0) in (2.2),
we have ¢ = 1 and the most natural choice in (6.3) is to put # = f which yields the metric for
quantization

G =Gy =A. (6.5)
On the other hand, for Stéckel systems defined by (5.4) we have ¢ = —Vl(k) (as it follows

from (5.2) and the formula (27) in [5]) and again the simplest choice in (6.3) is to put 0 = f
which yields according to (6.2) and (5.8) the metric for quantization

G = @_%Gf = gpl_%fh. (6.6)
6.4) reduce to

dp(N)
dA

For the choice (6.5) and (6.6) the quantum separation equation

(
P | 1P
Az 2 f0N)

1
(BN 22\ ) $(N) = — B2 () +o(W(N), (6.7)
where (y1,...,7) = (n—1,n—2,...,0) in the first case (6.5) and (y1,...,7) = (k,n—2,n—3,
..,0) in the second case (6.6).
Let us now pass to the issue of quantum superintegrability of considered Stéckel systems. We
formulate now a quantum analogue of Lemma 3.1.

Lemma 6.3. Suppose that h is given by (6.1) and that Y = > y'(x)V; is a vector field on the
i=1
Riemannian manifold QQ with a metric g. Then

1 n g 1 n g
[h,Y] = 512 Y Villy ATV, + o Y AT (Vi) Vi = Y (U).
1,j=1 i,5,k=1

One proves this lemma by a direct computation. Thus, a sufficient condition for [h,Y] = ¢
is satisfied when Y is a Killing vector for both A and g and if moreover U is constant along Y,
that is when

LyA = 0, Lyg = O, Y(U) =cC (6.8)
n
(note that Lyg = 0 implies > Viy* = 0).
i=1

Corollary 6.4. Suppose we have a quantum integrable system on the configuration space Q, that
is a set of n commuting and algebraically independent operators hi,...,hy of the form (6.1)
acting in the Hilbert space L*(Q, |g|'/?dx) where g is some metric on Q. Suppose also that
a vector field Y satisfies (6.8) with Ay and Uy instead of A and U (so that [h1,Y] = c). Then,
analogously to the classical case, the operators

~ 1 n g
hogr = [hrp1, Y] = 5}12 > Villy A1)V =Y (Uppr),  r=1,....n-1 (6.9)
ij=1
satisfy [ﬁnw,ﬁl] = 0 and the system ﬁl, ... ,/ﬁgn_l 1s algebraically independent; that is we obtain

a quantum separable and quantum superintegrable system.
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We can now apply this corollary to construct quantum superintegrable counterparts of classi-
cal systems considered in previous sections. According to Remark 6.2, for the systems generated
by the separation relations (2.5) the most natural choice of the metric g is to take G = A; as
in (6.5). Then, by construction, [h;, hj] = 0fori,j = 1,...,n while the remaining operators hy
are constructed by the formula (6.9) and are — up to a sign — identical with minimal quantization
(in the metric G) of the extra integrals h,y, obtained in (3.8).

Example 6.5. Consider again separation relations (3.13) from Example 3.7, so that f(A) = A
and 0 = a_ 1 A" 4+ azA3 +ay . Performing the minimal quantization of the Hamiltonians (3.17)
in the metric G = Ay, i.e., given by (3.16), we obtain, in the flat r-coordinates (3.14)

~ 1 1 .
hy = —§ﬁ2 <8132 + 2832,> + a_1V1( 1)(7”) + a3V1(3) (r) + 044‘/1(4) (r),
hy = _Zﬁ 01 — Oar202 + 110503 + 531?”152 + 57“18231 — 7“35(9283 — 5637“382

+as V() + asViP (1) + aaVi P (),

1 1 1 1 1
h3 = —gﬁZ <27’§a§ + <27’2 + 27‘%) 832, — 7‘38183 — 837’381 — 57“17“38283 — 27’1837’382)

+as Vi) + sV () + aaVi (),

where 0; = 9/0r; and Vi(k) are given by (3.18)—(3.20). The respective separation equation,
according to (3.13) and (6.7), is of the form

1
(Oé—l)\fl —+ ag)\S -+ a4)\4 —+ €1A2 + e+ Eg)w()\) — _§h2 A

00 | 100]
d\? 2 dx |’

Now Y = 0y satisfies the conditions (6.8) and the extra operators ﬁ4, ﬁg, can be obtained either
by using the formula (6.9) or directly by minimal quantization of functions hg, hs in (3.21). The
result is (up to a sign)

4a_1

hys = ihzﬁg — Q3 + oyry, hs = —iﬁzag + 2

If we want to perform the separable quantization of superintegrable systems obtained by the
Stéackel transform, as in Section 5, we have two cases: either the system — after the Stackel
transform — belongs again to the same class (2.5) or belongs to the other class, given by the
separation relations (5.4) that are different from (2.5) as soon as k # —1. Again by Remark 6.2,
in the first case the natural choice of the metric in which we perform the minimal quantization
is to take G = gl, i.c., G as given by (5.8). In the second case we have to use the metric given

by (6.2) which in our case is given by (6.6), i.e., by G = cpk%fll with ¢ = —Vl(k).

Example 6.6. Let us now minimally quantize the Stiickel Hamiltonians hi, ha, hs given
in (5.11), obtained through a Stéckel transform in Example 5.5, generated by the separation
relations (5.10) with £ = —1, that is by

~ ~ ~ 1
P+ @A+ hoi + g = 5@3, i=1,2,3.
The metric associated with iLl

.. {010
G:ng 1 00 (6.10)
00 1
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is of constant curvature as — by Lemma 5.1 — after applying transformation (5.5), in the new
separation coordinates the separation relations (5.10) turns to

o . - .
AN N+ hadi+ o = SN, i=1,2.3

and belong again to the class (2.5). Thus, by Remark 6.2, we have to perform the minimal quan-
tization of this system with respect to the original metric A; of the system which is just (6.10).
Observing that \/E = 8/r3, we obtain the following quantum superintegrable system (we use
the second expression in (6.1)):

~

= 1 1 1 1.
hy = —ZﬁQT‘g <2T383T383 + 8182) — 10[?”%,

1 1
@:4#(—wﬁa@m@+&n&+m@&+m@%+@&r®>+mh

2
3
T lof o 2 2 30 1
h3 = 8ﬁ ’r‘382 + (1"1 + 47“2)8132 + 81’1“182 + 4827‘281 + 27’36183 + 27“383 2 61
3
3, 1 Lo o
+ r1r30903 + 7“17”:;83;81 + 1 (7’1 + 47’2),
3

~

1 =
ngﬁﬁ, hs = h2010, + av.

Example 6.7. Let us finally minimally quantize the Stackel Hamiltonians le, hs, hs given
in (5.12), obtained through a Stéckel transform in Example 5.5) and generated by separation
relations (5.10) with k£ =4

= ~ ~ 1
MM + &N+ hohi+ By = Shd, i=1,2,3.
The metric associated with iLl

1

3,2

G=s5—

0
1
0

O O =
_ O O

is conformally flat. By Remark 6.2, we have to perform minimal quantization of this system
with respect to the metric (6.6) given by

Wl

. 5 N2 (010
G:bw&57@:<m—fa 10 0
00 1

Observing that +/|g| = V1(4) =ry — %r%, we obtain the following quantum operators (we use
again the second expression in (6.1)):

o~

= 1 3 -1 16"
By = =h2 1y — 2p2 20109 + 03) + ———=—,
1 B ( 2 4 1> ( 102 3) o — %r%

—1 1,.3 1,2
7 1 3 Z i rire + 377 + 4T
_ 2 2 1] ~ 41 43
hQ =——h ro ——-r (‘3182 8]' — 3 5 s
T — Z’rl

Z‘?j

h3:—7h ro — -7 ZOZB3 8j+1am,
i 27
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-1
~ 1 3 3 - 1
hy = —*ﬁQ T — *’I”% 017109 + 110901 — O | 79 — *’I”% Oy + ?”163? -3,
2 4 4 To — 977
= 1
hs = —§ﬁ282,
where
3,.2 3 1,3 , 1.2
To — 477 5riTe — g1+ 173 0
_ 3 1..3 1..2 3..2 1 3..2
By = 5riTe — g1+ 773 —T9 (7“2 — Zrl) —573 (TQ — Zrl) ,
1 3,.2 1..3 1..2
0 —573 (7“2 - Zrl) 2rirg — 5r1 + 373
1., .2 1 3,.2
0 —7r1r3 —573 (7“2 - Zrl)
1, ..2 1.2 3,.2 1 3,.2
By = — 37173 173 (r2 = 77%) —3rirs (r2 — qr)
1 3.2 1 2 1.2 2 1..2 3.4
—3”3 (7“2—17“1) —1m73 (7“2—17“1) —grir2 + 1y — 3Ty — 1671

with B = /|g|A in (6.1). It can be checked that it is again a quantum superintegrable system.
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