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Abstract. This is a sequel to papers by the last two authors making the Riemann—Hilbert
correspondence and isomonodromy explicit. For the degenerate fifth Painlevé equation, the
moduli spaces for connections and for monodromy are explicitly computed. It is proven
that the extended Riemann—Hilbert morphism is an isomorphism. As a consequence these
equations have the Painlevé property and the Okamoto—Painlevé space is identified with
a moduli space of connections. Using MAPLE computations, one obtains formulas for the
degenerate fifth Painlevé equation, for the Bécklund transformations.
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1 Introduction

In the series of papers [17, 18, 19, 21, 22] on isomonodromy families for Painlevé equations the
cases P1—Pry are treated. Here we apply our methods to degPy;, the degenerate fifth Painlevé
equation. We hope to extend this in a later paper to Py. We now describe the method of the
Riemann—Hilbert correspondence for degPy;, following closely [21, 22].

The degenerate fifth Painlevé equation degP+ (0o, 61) depends on two parameters 6y, 6; and
the corresponding isomonodromy family is given, to begin with, by the set S(6p, 61 ) of differential
modules M over C(z) defined by: dim M = 2; the exterior product A%2M is trivial; the points 0, 1

are regular singular with local exponents i%o and i%l. Finally z = oo is irregular singular with

1

Katz invariant 5, which means that the ‘generalized eigenvalues’ at z = oo are =+t - 212 with

teCr.

This set is made into an algebraic variety M6y, 61) which is a moduli space for connections
on a fixed bundle on P! of rank two and degree —1 with prescribed data (see Section 2.1) at
z=0,1,00. If y # 0, 61 # 0, then M(fy,0;) is a fine modul space and is smooth. For 6y = 0
and/or #; = 0, the moduli problem will be changed by adding “an invariant line”. This is called
a parabolic structure in the literature, see [4, 5, 6, 7]. It leads to a fine moduli space M™ (6, 01)
which is a desingularisation of M6y, 01).

The analytic data attached to modules in S(fy, ;) are two monodromy matrices and one
Stokes matrix. They produce a ‘monodromy space’ R(so,s1) depending on sy = €™ 4 =m0
and s; = ™ 4+ e~ For sy # +2 and s1 # +2 the monodromy space is a fine moduli space
and is smooth. It is in fact a smooth affine cubic surface with three lines at infinity. For the
other cases one changes the moduli problem by adding an ‘invariant line’. The fine moduli space
R™*(sg,s1) for these new data is a minimal resolution of R(sp, s1).
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The Stokes matrix attached to a module in S(fp, 1) depends on the choice of a summation
direction at z = oco. This direction has to be different from the singular direction at z = oo which
turns around oo for t varying in T := C*. Therefore there is a locally, with respect to t € C*,
defined analytic Riemann-Hilbert map RH: M™*(6y,60;) — R¥(sg, s1) with sq = €™ 4 =m0
and s; = ™1 4 =01 After replacing T by its universal covering 7' = C the morphism RH is
well defined. The main result is that the extended Riemann—Hilbert map

RH+Z M+(90,91) XTT — R+(50,51) x T

is an analytic isomorphism. It follows from this that degP+; has the Painlevé property and that
MT(6p,61) coincides with the Okamoto—Painlevé space (see [23, 24, 25] for this subject). The
explicit computations of the spaces M™(6y,6;) and R (s, s1) lead, using MAPLE, to formulas
for degPy; and for the Bécklund transformations.

We note that our definition of degPy, is not quite the same as the ‘classical’ degenerate fifth
Painlevé equation. The close relation between the two is given in Section 3. We were informed
by Y. Ohyama about the ‘equivalence’ between degP+; and Pryr(Dg) found by V.I. Gromak [3].
A Hamiltonian for Pyy(Dsg) is

%((12192 —(¢* = (a4 B)g — t)p — aq).

The degrees in p and ¢ are < 2. Therefore the Hamilton equations allow to eliminate p (in terms
of ¢, ¢') and also to eliminate ¢ (in terms of p, p’). In the first case one obtains Pyj(Dg) and in
the second case the classical degenerate fifth Painlevé equation.

This equivalence does not seem to produce a relation between the isomonodromy families for
degPy; and for Prrp(Ds).

Apart from the references given at the beginning of this introduction, several sources discuss
geometric aspects of Painlevé equations. Many of these can be found in the references of our
papers [17, 18, 19, 21, 22]. Classical’ papers on the subject are [8, 9, 12, 13, 14, 15, 16]. Especially
relevant for the present text are the paper by Ohyama and Okumura [11], Witte’s paper [26].
The book [2] by Fokas, Its, Kapaev, and Novokshenov discusses more analytic aspects of the
Riemann—Hilbert correspondence, but it does not discuss the degenerate fifth Painlevé equation.
Finally, we mention the recent paper [1] by Chekhov, Mazzocco, and Rubtsov which also provides
an interesting geometric appoach and overview.

2 The moduli space M(60y, 8,) of connections

2.1 Definition of S(6y,6,)

An element of the set S(fy,61) is (the isomorphy class of) a tuple (M,80,01,t) where M is
a differential module over C(z) such that dim M = 2; det M := A?M is the trivial module;
M has three singular points 0, 1, co and their Katz invariants are r(0) = 0, (1) = 0, r(c0) = 1/2.
Further, the singularities are represented:

° atz:Obyd%qu(wO .

z \ 0 —wo

) with wg = %0 and 6, x € C;

oatzzlbyd%—i— L (“)1 . )withwlz%andﬁl,*e(ﬁ;

z—1 \ 0 —w

. a‘cz:oo’byzalilz—1—(“’()x> v )Withwooztzl/2 and ¢t € C*.

—Woo

Let O denote the given differential operator on M, corresponding with the derivation dilz

on C(z), i.e., d(fm) = %m + fo(m) for f € C(z) and m € M.
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The condition at z = 0 means that C((z)) ® M has a C][z]]-lattice with a basis such that the
matrix of z0 is (“60 _ZO ) For 6y # 0 one can always take * = 0. For 6y = 0, any * is admissible.
At z =1 the condition is similar for the matrix of (z — 1)0.

The condition at z = oo means that C((z~1/2)) ® M has a basis for which 20 has the matrix
(“s 7300 ). In the construction of the moduli space M(6y,6;) this matrix will be changed in
a matrix defined over C((271)).

There is an obvious bijection S(6y,601) — S(0p + a,01 + b) for any a,b € 2Z, obtained by

changing the lattices for z =0 and z = 1.

2.2 Choosing connections

We represent M € S(6y, 61) by a connection V: V — Q([0] 4 [1] + 2[oc]) ® V, where V is a vector
bundle on P! of rank two. Thus the generic fiber of V is the map M — M ®c(z) C(2)dz, given
by m +— 9(m)dz.

The vector bundle V is determined by the choice of the lattices at every point of P'. For
the points z = a # 0, 1, 00 the lattice in C((z — a)) ® M is the C[[z — a]]-module generated by
ker(0,C((z — a)) ® M). For the points z = 0 and z = 1 we choose the lattices corresponding
to the given g, #1. In other words, the characteristic polynomials of the matrices of z0 and
(z — 1)0 are prescribed by X2 — @ and X? — %.

At z = oo the situation is more complicated. An invariant lattice at oco is represented over

the differential field C((27/2)) by zd% + (’53(1)/2 _th) . We need an expression over the field

C((z71)) or “invariant lattices” for C((27!)) ® M. For Katz invariant 1/2 or 1 at oo, a lattice A
is called invariant if zOA C A.

We adopt here the terminology [20] for the classification of differential modules over C((271)).

The formal solution space V' at z = oo is described as V' = V,®V_, = Ce1 & Ces with ¢ = t21/2
and the formal monodromy ~ is given by y(e1) = e2 and y(e3) = —e;y. Indeed, the determinant
of M is trivial and hence det(y) = 1. The (formal local) differential module C((z~!)) ® M and
its invariant lattices are now obtained by considering the invariants of Y @¢ V' (here U is the
universal Picard-Vessiot ring for C((z71))) under the actions of the differential automorphisms
of U over C((271)). A computation yields invariant lattices A; and As represented by

d 1 gy d B
Bl 1 il z
zdz+<t i) and zdz+<t _}1>.

All lattices are given by z"A; and 2"Ay with n € Z.

Remark 2.1. By conjugation with the constant matrix (§9) one can change these formulas

into
d (-1 £ P S
() m e (0 )

We want that det ) := A%V has degree —1. The reason is that, in general V = O(d1) © O(ds)
with d; < do. The differential module C((27!)) ® M is irreducible because of the ramification
at z = 0o. Hence M and also the connection on V is irreducible. This implies (in this special
case) that do — dy < 2. If we make the natural assumption that deg) = 0, then there are
two possibilities for V, namely O @ O and O(—1) @ O(+1). The construction of a family of
connection would involve a construction of a family of vector bundles of rank two and degree 0
on P'. However, we will avoid this by imposing degV = —1. Then there is only one possibility
for V, namely O & O(—1).

Finally, the degree of V is —1 precisely for the choice of the lattice As corresponding to
A4 (75)

4

W~
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2.3 Computation of the connection

We identify V with Oe; @ O(—[00])es (a subvector bundle of the free (i.e., trivial) vector bundle

Oe; @ Oey). Let D = Vdi and D := z(z — 1)D. Then De; € (1,2, 2%)e; + (1,2)eq; Dey €

(1,2,22,23)e; + <1,Z,2’2>62.z Here (x,%,%) denotes the C-vector spaces generated by these *’s.
The vector bundle V has an automorphism group G and the moduli space M6y, 61) (note that
we fix the parameters 6y and 6; in this construction), that we are constructing, is obtained by
dividing the space of all matrices for the connections by the group G. This group consists of
the elements e; — Xej, ez — pes + (xo + x12)er (with A\, u € C*, z9,21 € C). Further the
multiples of the identity act trivially and we have only to consider the automorphisms e; — Aeq,
eg — eg + (xo + x12)ey.

Since the connection is irreducible we have that De; = (1,2,2%)e1 + (b12 + bo)ea with (b1z +
bp) # 0. We consider now two affine parts: b; # 0 and by # 0. The two affine parts are divided
out by the action of G. These quotients are geometric quotients and they are obtained by
normalization of some of the entries of the matrices. One obtains two affine varieties M (6o, 1)
and My(6p, 1) which are glued to the moduli space M6y, 61).

2.3.1 The first affine part M (6o, 01)

This is obtained by dividing the open subspace b1 # 0 by the action of the group G. First one
normalizes b; by the automorphism e; — Ae; to by = 1. Using ez — e2 + (ag + a12)e; one
normalizes further to De; = ageq + (z+bg)ez and Desy = (co+crz+caz? +c323)er + (do +dyz +
d22?)es. Now we have to compute the equations between the variables due to the prescription
of the three invariant lattices.

For z = 0. Now ﬁf) has modulo z = 0 the eigenvalues i%o. This yields ag + dp = 0 and

2
aodo — b()Co = —%}.
For z = 1. Now %D has modulo z = 1 the eigenvalues :l:%l. This yields ag +do+di +de =0

2

and ao(do 4+ di +da) — (1 +bg)(co+c1 +ca+¢3) = —%,

For z = co. The local basis of V at z = oo is ej, 2!

e2. The operator ﬁ]:? w.r.t. this

ag c0+clz+c222+03z3 -3 t
local basis is 2% + [ *! #(z=1) . This should be equivalent to z%£ + [ * = ). The
d 2 q d 1
z Zz+b0 _1+d0+d1z+d2z z t =
z—1 z—1

characteristic polynomials of the two matrices should be equal modulo C[[z71]].

Remark 2.2. A more precise computation is needed to verify the correctness of the last state-

-3
ment. On another basis of the lattice, the operator z% + ( ‘t‘ Z ) reads
4

(14 Az - 11,4 Tt -1, ...
1277+ ) A 2 + ;=L A0(1+Alz + ),
z 4

leading to

d 1 _TS tz T3 T4 — X1
where Ag € GL2(C), 21, 23,24 € C. Thus do =0, d; =0, c3 = 0 and ¢y = t2.

Finally the connection as matrix differential operator w.r.t. eq, es reads

d N 1 ag  co+ciz+ 222
dz  z(z—1) \z+bo —ag
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and there are two equations

02
a%—i—boc():zo, ag+ (1+bo)(co +c1 +1°) =

o1
1
The last equation can be changed into

G
4 4

Co = —C1 — t2 — b001 — b0t2

and this is used to eliminate cy. This leaves four variables ag, by, ¢1, t and one equation

2 0, 0 2 2
a0+bo —Z—FZ—Cl—t — bocy — byt

%

=0.
4

The above describes the space M1(6p,01). We note that this space depends only on 9(2) and 62.
The space Mj(6p,0:1) is smooth if 6y # 0 and 6; # 0. For 6y = 0, 6 # 0, the singular locus is
2
given by ag =0, by =0, ¢; = —t> + %. For 6y # 0, 1 = 0, the singular locus is given by ag = 0,
2

bp=—1,¢1 = —t>+ %0. For 6y = 01 = 0, the singular locus is given by ag = 0, by(bg + 1) = 0,
Cc1 = —t2.

Moreover M (6, 61) seen as a two dimensional space over the field C(¢) has the same singular
locus but now seen as a set of at most two points.

Observation 2.3. For every a € C* the closed subspace of M1(0y,01), defined by t = a, is
simply connected.

Indeed, the equation

2 9(% 0% 2 2
a0+b0 *ZjLZ*Cl*CL —bocr — bpa —

0 _

0
4

defines this two-dimensional space. It is mapped to C? by (ag, bo,c1) = (ag,bo). The fibre is
either empty, or a point, or C. Hence it suffices to show that the image B C C? is simply
connected. Now B is the union of X := C x (C\{0,—1}) and the points (i%‘), 0) and (i%l, —1).
The canonical map 71(X,*) — m(B,*) is surjective. Consider one of the two generators,
s €1[0,1] — (%0, 62”3) of m1(X, ). In B this closed path is homotopic to the constant closed
path by the homotopy s, A\ € [0,1] — (%0, )\62”3). The same observation can be made for the
other generator of m (X, *). Hence B is simply connected.

2.3.2 The second affine part M2(6p,01)

This space is obtained by dividing the open subset by # 0 by the action of G. Now by # 0 is
normalized by the automorphism e; — Aej to by = 1.

Using es — ez + (xg + x12)es one normalizes further to Dey = asz%eq + (biz + 1)eg and
Dey = (co+crz+caz?+c32%)er + (do+diz+daz?)es. The equations derived from the prescribed
invariant lattices are )

For z = 0: d0:0and00:%°.

2
For z =1: as +d; +dy = 0 and a2<d1+d2) — (1+b1)(60+61+62+63) = —%.

For z = co: the operator iD w.r.t. er, 2 ley is

d asz co+clz+0222+03z3
y— 4+ z—1 z(z—1) )
dz (14 b12)-= _1_1_do+dzl%41rdzz

z—1
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and is equivalent to

This yields the equations dy = —ay (and from before d; + d2 = —az and thus d; = 0). Further
a% +bies =0 and ¢3 = t2 — bica — ag is used to eliminate ¢3. One obtains the equation

0?2 62 92
61+02+t2+b1zo+b101—(12+Z0—ZlZO

which eliminates co. The matrix differential operator w.r.t. the basis e, es is now

dz + z(z—1)

2
d 1 asz? %0 + 12 + cz? + (12 — bies — ag) 23
14 bz —a9z?

in the variables as, b1, c1, t and one equation a% +b1(—ag — brea + tz) = 0 with ¢y eliminated as
above. The above describes the space Ma(6g,01).

The singular locus of this three-dimensional variety is given by 61 = 0, a2 = 0, by = —1,
2
c1 =12 — %0 (note that t # 0). As a variety over C(t) the singularity occurs only for 6; = 0 and

consists of one point.
The two parts glue to the required space M (6, 61).

Observation 2.4. For any a € C* the closed subspace of M(0y,61), defined by t = a, is simply
connected.

Indeed, by Observation 2.3, this holds for the first open affine part of this space. For the
second open affine part the same reasoning proves the statement. Van Kampen’s theorem
finishes the proof.

2.3.3 Resolving the singularities of M (60, 01)

For 6y # 0, 6, # 0, the space M(6p,61) is the fine moduli space for the connections on the
fixed vector bundle V of rank 2 and degree —1 with the prescribed singularities. The space
M(0o,061) is smooth and simply connected for any nonzero fixed value of ¢. Its set of closed
points M (6, 01)(C) coincides by construction with S(6p, 61).

For 6y = 0 and/or for 6; = 0 the space M(6p,01) has singularities and is no longer a fine
moduli space. Consider the case 6y = 0 and 6, # 0.

A tuple (M,0p = 0,60;,t) is represented at z = 0 by a lattice A C C((z)) ® M such that
d(A) C A and the action of 0 := zD on A/zA has trace zero and determinant zero. There exists
a basis of A over C[[z]] such that ¢ has the matrix (3 ) or (3 ). The space M(6y = 0,6;) does
not distinguish between these cases. Therefore it is not a fine moduli space and moreover it has
a singularity.

There is a geometric way to treat these problems. One adds to the data (M,6y = 0,61,t)
a ‘line’. This means the following. The assumption 6y = 0 defines a lattice A C C((z)) @ M
invariant under 6. The ‘line’ is a 1-dimensional summand of A, invariant under 6. We note that
there are two cases:

(1) 0 has matrix (J9) on a basis e, eg of A. Then the possible lines are C[[z]]e with e €
Cey + Ceg, e # 0. The possibilities form a P! over C.

(2) ¢ has matrix (§ ) on a basis €1, ez of A. Then C[[z]]e; is the only possible ‘line’.
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This additional ‘line’ is called a “parabolic structure” (see [4, 6, 7]) or a “level structure”.
This defines a new set S*(6p = 0,6;) and a new moduli problem consisting of connections on
the above V and an invariant line in Vy ® C|[z]] (here V, denotes the stalk of V at z = 0). There
is a fine moduli space which we call M™(6y = 0,6;). The natural morphism M™(6y = 0,6;1) —
M(6p = 0,0;) turns out to be the resolution of the latter space, seen as a surface over C(t) or
as a surface after fixing a value for ¢t. The preimage of the singular point is the projective line
over C. This construction is also present in the papers [21, 22] and we will not make it explicit
here.

Something similar has to be done for the case 6y # 0, §; = 0 and the case 6y = 6, = 0.
In all cases we write M™ (6, 0;) for the moduli space obtained in this way and, for notational
convenience we write M™ (6, 01) = M (6o, 61) also in the case 6y # 0, 61 # 0.

Observation 2.5. Consider a lattice A over C[[z]] of rank two with a differential operator §
which has operator form z5 +(§ §) with a,b,c,d € C[[2]] and (§ §) = (§ g) mod (z). Suppose
that B — a & Z<o. Then A has a unique direct summand C|[z]]e such that de = ae.

The proof is obtained by conjugating the operator z% + ($ g) with a suitable invertible
matrix (! t03) € GLa(C[[2]]). After conjugation with a diagonal matrix in GL2(C][z]]) one can
suppose that the differential operator is 2L + (5 §) and b, ¢ € 2C[[2]]. There exists z € C[[z]]
such that (L 9){z£ +(55)} (1Y) equals 2L + (G 5). Indeed, this condition is equivalent

to the equation z% + (8 — )z + b — cz> = 0. Write 2 = Y a,,2". The equation reads
n>1

RIS ISTIES S S O e I’

n>1 n>1 n>1 n>1

and there is a unique solution.

Now we consider the moduli space M(6y,6;) for some 0y € Z~g. From Observation 2.5
one concludes that the invariant lattice A over C[[z]] has a direct summand C][z]]e such that
de = —%Oe. In other words, there is a unique ‘line’ present in this situation and the ‘level
structure’ at z = 0 is already present. This explains why M6y, 61) has no singularities for non
zero integer values of 6y and 6.

Another interesting way to produce the correct moduli space for the cases §y = 0 and/or
f1 = 0 is the following. A differential module M with the required data is represented by
a connection on a vector bundle V of rank 2, with degree —3 instead of —1. Then V is identified
with O(—[o0])er @ O(—2[o0])ea. The connection V: V — V @ Q([0] + [1] + 2[o0]) is prescribed
by the local differential operators

zi+ %O 0 (z—l)i—i— %1 0 zi—l- —i 1
dz ' \0 -%-1) dz ' \0 -%-1)’ dz 1 =i

N

As in Section 2.3 one has to consider two affine parts. On the first part the operator reads

i n 1 ag co+ci1z+ 2 + c323
dz = z(z—1) \z+bo do + diz + doz?

and on the second part it is

i . 1 a2z o4 c1z+ c9z? + 323
dz  z(z—1) \1+ b1z do + dyz + do2? ’

The equations for the entries in these matrices are similar to those of Sections 2.3.1 and 2.3.2.
After a computation one finds that singular points only occur for the cases #p = —1 and/or
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f1 = —1. In particular, this produces a smooth moduli space for, say, g = 0 and 6; # —1.
Other choices for V with negative odd degree —2d — 1 and local equations at z =0 and z = 1
where the above matrices have traces —d, —d can be used to construct smooth moduli spaces
for all combinations of 6y and 6.

In the sequel we write M (6p,61) for the resolution of the space M(6p,6;). We note that
MT(6p,61) is in general not yet the Okamoto—Painlevé space for the following reason. For any
a € C*, the closed subspace of M™(6y,61), given by t = a, is simply connected. This follows
from Observation 2.4 and the fact that a fibre of M™(6y,61) — M(6y,61) is either a point or
a projective line over C.

The ‘t-part’ of M™ (g, 01) runs in C*, which is not simply connected. In the earlier definition

of Okamoto’s space of initial values ‘simply connected’ was required. However, in one of the later
papers of Okamoto et al. [10] the condition ‘simply connected’ for ‘the space of initial values’ is
removed.
The other reason to replace t by e?™ with u € C is the following. The map from a tuple
(M, 0p,01,t) to the monodromy data at z = oo depends on the choice of a direction for multi-
summation. This direction has to be different from the singular direction and the latter moves
with .

As we will see in Section 4, the monodromy space R(sg, s1) has for the values sy = £2 and
s1 = £2 singular points. Further sg = e™0 4 ¢~ and s; = ™1 4 =701 Also in this case
one has to add a similar level structure as a method to obtain a desingularisation R*(sq, s1)
of R(sg, s1). Further we will show that R (s, s1) is simply connected.

3 Computation of the Painlevé equation degPy;

This calculation is done on the first affine part of the space M (6, 61). There an isomonodromic
family diz + A with A = A(z,t) is given and computed by the assumption that this operator
commutes with an unknown operator % + B with B = B(z,t). This is equivalent to the formula
0A _ 9B
5 = 9. + 1[4, Bl

From the singularities of A one derives that B is w.r.t. z a polynomial matrix of degree at
most 1. Further, both A and B are 2 x 2-matrices with trace 0. This we use to make the

computations smoother.

Write H = (§ %), E1 = (3¢), B2 = (99). Observe [H,E\] = 2B, [H,Es] = —2E;,
[E1, E5] = H. In the sequel we write f’ for %. Write A = Z(gﬂl)H + COJ;C(;iﬁt;ZQ Ei + ijf(i)Eg.
Write B = By H + B1FE1 + ByFEs and By = BH70 —I—BHJZ, B = Bl,O +Bl,127 By = B270 +B2’1Z

where the B, , only depend on t. The equation % = %—f + [A, B], multiplied by z(z — 1), has

coefficients with respect to the basis H, Fy, Es which read:

(H) ay=2z(z—1)Bg1+ (co +c1z+ t222)(32,0 + Bo12) — (24 bo)(B1,o + 2B1,1),
(E1) ch+ chz+2t2? = 2(2 — 1)By 1 + 2a9(B1o + B112)

— 2(Bpyo + Bujz)(co+ 1z + tzzz),
(E2) by =2(2 —1)B21 — 2a0(Ba2 + B212) + 2(Buo + Bu2)(z + bo).

Each of these three equations is considered with respect to the degrees in z. A sequence of
solving equations (in a suitable order!) yields the following:

(H) degree 3 implies By 1 = 0; degree 2 implies 0 = By 1 + tQBZg — By, and so By = 2t~ 1
degree 1 implies 0 = ¢1 B2 — B1,0 —boB1,1 and so B1g = c1 - 2t=1 — by - 2t; degree 0 implies
CL6 = 603270 — bQBLO and so a6 = 2t_100 — b0(2t_101 — 2tbg);
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(E1) degree 3 implies By = 0; degree 2 implies 2t = By 1 — ZBH70t2 and so By = 2t; degree 1
implies ¢} = —B11 + 2a0B1,1 and so ¢} = 2t(2ap — 1); degree 0 implies ¢, = 2apB o and
S0 ch = 2ap(cy - 2671 — by - 2t);

(Es) by = —2a0B2,0+2Bpo(2+bo) and thus By o = 0 and b, = —2agBa,o and so b, = —2ao-2t L.

This leads to the following set of equations:

92
(1) aO + bOCO Zf )
02 02

2 COZ*fO+f*01*t2*b001*b0t2,

(2)

(3) ap=2t""co—bo(2t ey — 2thy),
(4) ) = —2t + 4daot,

(5) cf=2ao(2t 1 — 2thy),

(6) by = —4agt™".

This is solved, using MAPLE, by the following steps: Eliminate ¢o by (2) and ag by using (6).
In the new set of equations one can eliminate ¢y in a linear way. Then MAPLE yields a second-
order equation for by. Write the matrix differential operator as di + (% 52). Then taking the

first vector as cyclic vector one obtains a scalar equation (dilz)2 — %/d% —a —a®—be+ a%. The q
for the Painlevé equation is the pole # 0,1,00 of this scalar equation. Thus ¢ = —bo. The
Hamiltonian system for the Painlevé equation has variables ¢ and p where p is the residue of
the term —a’ — a? — be + a% at z = ¢. One finds in this way for degPy, and the Hamiltonian

function H the formulas

1/1 1 ¢ 2(qg—1)62 2q0?
" N2 0 1
=4+ — - — 8q(q—1
q 2(q q_l)(Q) P — et q(qg—1),
t 2(p? — *643) 2(p* — 7,})
p=44, H i Hg—1) + 2qt,

with here, ezceptionally, ¢ = q(1 — q)%—? and p' = —q(1 — q)%i;

We note that the formula for degPy; coincides with the one in [19].

The relation between this degP~, and the classical degenerate Pv is the following. Consider
solutions q(t) of degPy which are even. Then these are written as q(t) = Q(t?) for some
function Q(s). One easily computes that the second-order differential equation for @ is

0T o1 T T T o T Qon# s

, 0 02 _
Q,,:1<1 1 )(Q,)Q Q,@-DF  QF  20Q-1)

One substitutes Q) = y%l and finds for y the second-order differential equation

//:1£ Yy y,+y(y*1)29% o (yil)Qe(Q) _&y
2y(y —1) s 252 252y s

[

This is the classical degenerate Py (a, 3,7, ), normalized as the following special case Pv(%l,

—% . —2,0) of Py.

Remark 3.1. The formula for Py in [19] reduces to the classical formula for Py as well, using

the same substitution g = %
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4 The moduli space for the analytic data R(so, s1)

We reproduce here, with a slightly different choice of signs, the paper [19]. The solution space V'

at z = oo has a basis e, es such that the formal monodromy is ((1) _01 ) and the only Stokes matrix
has the matrix (19). The topological monodromy at z = co is the product Mu, = (*16 *01).

By multisummation in a suitable direction we combine this with the monodromy matrices M
and M for loops around z = 0 and z = 1. Put 59 = emio 4 e‘meo, s = e™i 4 o—mibh
Then My, M7 have determinants 1 and traces sg, s1. One has the relation MoM7; My, = 1.

The basis e, eg is unique up to eq, ea — Aeq, Aea. This transformation acts trivially on the

matrices. Write M = (“1 a ) Then Mj is the inverse of MjM,,. Hence R(sq, s1) is the affine

c1 dy
space with coordinate ring Cla1, b1, ¢1, d1, €] with the relations

ard; — biep =1, a1 +dy = s1, —aje+ by —c1 = sg.

Elimination of ¢, dy and 1 = —by, 9 = —ay, 3 = —e leads to the ring C|x1, x9, x3]/(x1 2223 +
a;% + x% + sox1 + s1z2 + 1).

Only for sy = £+2 and for sy = £2 the corresponding affine cubic surface R(sp,s1) has
singularities:

s1 = £2, x1 =0, T9 = Fl1, r3 = %3, and
so = £2, r1 = F1, z9 =0, T3 = £57.

In particular for sy # +2, s; # £2 the space R(so, s1) has no singularities.
Observation 4.1. R(sg, s1) is simply connected for all sq, s1.

Proof. Consider the projection of R(sg,s1) — C2, by (21,72, 23) + (x1,22). The fibres of
this map are either a point or C or empty. The image B is the union of (C*)? with the points
{(0,22) |22+ 5122 +1 = 0} and {(21,0) | 22 + sor1 + 1 = 0}. It suffices to show that B is simply
connected. The inclusion (C*)? C B induces a surjection 7 ((C*)?, %) — 71(B, *). Consider a
generator of 7 ((C*)2, %), represented by the loop s € [0,1] + (1, e*™), where 7; is chosen
such that 5:% + s0Z1+1 = 0. In B this loop is homotopic to the constant loop s — (Z1,0) by the
homotopy (s, A) € [0,1]? — (%1, Ae?™). One concludes that the two generators of 7y ((C*)?, %)
have trivial image in 71(B, %) and that 7 (B, *) = 1. [

As in Section 2.3.3, the geometric way to resolve the singularities of R(sg, s1) for sg = +2
and/or s; = £2 is to add a level structure consisting of a line (or two lines if both sy = +2
and s; = £2). The resulting space is denoted by R™(sg,s1). We will work out the details for
so # £2 and s1 = 2.

The fibre of the surjective morphism R*(sg,s1) — R(sg, s1) is in general a point and there
are at most two fibres isomorphic to P!. It follows that R* (sg, s1) is simply connected as well.

For the formulation of the (extended) Riemann-Hilbert morphism we need to replace the
space T = C* of the variable ¢ by its universal covering T = C. The reason is that the singular
direction at infinity varies with ¢t. Then

RH+Z M+(90,91) XTT — R+(Sg,81) X T

is a well defined analytic map. This (extended) Riemann-Hilbert map RH™ is bijective on
points. Indeed, the points on the left hand side correspond to the tuples (M, 6y, 61,t) with
additionally v € C with ¢ = €™ and level structure(s) if needed. The points on the right
hand side correspond to the analytic data with level structure (if needed), u € C and the formal
structure at z = co. By [19, Theorem 1.7], these two sets coincide. As in [18, Theorem 1.5] we
conclude that RH™ is an analytic isomorphism between two algebraic varieties over C. Moreover,
as in the proof of loc. sit., from the isomorphism one obtains (compare [10])
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Theorem 4.2. The Painlevé property for degP+ (0o,61) holds. Moreover M*(6y,601) xp T is
the Okamoto—Painlevé space.

The resolution R*(sg,2) — R(so,2) for so # £2. As before, any differential module M
(with the given data) determines a basis ej, es of the solution space V' at z = oo such that the
formal monodromy ~ has matrix ((1) _01 ) This basis is unique up to multiplication of e1, ey by
the same constant. All maps are written as matrices with respect to this basis.

A point of RT(sp,2) corresponds to a tuple (My, My, My, Cv) where My, My, My, are the
matrices for the topological monodromies for the points 0, 1, co. Then MygM;My, = 1 and v

is a non zero eigenvector of M; (for the eigenvalue 1). Write M; = (Cc”i Zi), My = (*16 *01),

v = (3?). There are two affine parts given by the cases yp # 0 and y; # 0. We consider here
the first case and normalize yg = 1.

The matrix My is determined by MyM; M, = 1. The equations in the variables a;, b1, c1,
di, €, y1 are

ar +dy =2, aid; —bicp =1, a1 — 14+ by =0, c1+ (dy — )y =0,

where the last two equations come from: v is eigenvector for M;. One eliminates ¢y, d; by
a1+d; =2 and —aje+ by —c; = s9. One writes 1 = —b1, 9 = —ay, 3 = —e. Thus the ring of
regular functions on the affine part that we are looking at has the form Clxy, x9, 3, y1]/relations
and the relations are

T1T273 + l‘% + :r% + sor1 + 212 +1 =0, (x2+ 1) +x1y1 =0,
(1 + x2)y1 = wox3 + x1 + So.

The morphism R*(sg,2) — R(so,2), restricted to this affine part, is given by the obvious
homomorphism

Clx1, z2, xg]/(:plxgxg -+ x% + x% + spx1 + 229 + 1) — C[z1, z2, x3,y1]/relations.

For x; # 0 one can eliminate y; by using the equation (zg + 1) + x1y;1 = 0. In fact, the above
map is an isomorphism after inverting the element z1. For z1 = 0 one finds that (z1,z2,23) =
(0, —1, s9) and this is the unique singular point of R(sg,2). The points lying above this singular
point are (z1,z2,23,y1) = (0,—1,80,a) for all a € C. One easily verifies that these points of
R*(s0,2) are smooth.

The computation of the affine part y; # 0 is similar. One concludes that R™ (s, 2) — R(so, 2)
is a resolution of singularities and that the fibre above the singular point is P!.

5 Computing the Backlund transformations

Write S for the union of the sets S(p, 01) taken over all 6y, ;. We recall that 6y, 01, t determine
the invariant lattices at z = 0,1,00. A ‘natural’ automorphism of S may change a given tuple
(M, 0p,01,t) into the same module M but with different lattices. For example, the lattice at
z = 0 will be changed by replacing 6y by 6y + 2. Further the module M can be changed and
one can consider the automorphism of P! which interchanges z = 0,1 and has z = oo as fixed
point.

Some ‘natural’ automorphisms of S are given by the tuple (M, 0y, 01,t) —

(1) (M,800,061,—t),
(2) (M, 0o, 01,1),
(3) (M, 0o, —01,1),



12 P.B. Acosta-Huménez, M. van der Put and J. Top

(4) (M, 61,6) where M is obtained from M by the automorphism z — 1 — z,
(5) (N ® M, + 1,61,t) where N is the 1-dimensional module represented by £ + L.

These special automorphisms will be lifted to isomorphisms between various moduli spaces
M™(6p,61). The isomorphisms preserve the analytic data and map therefore solutions of one
degP+; equation to solutions of another. They are Backlund transformations for the degPy, and
we hope that we found all of them in this way.

Discussion of the transformations: (1) only changes the variable. It induces the Backlund
transformation which sends a solution ¢(t) of degPy; (6o, 61) to another solution g(—t) of that
equation. (2) and (3) induce the identity on the solutions of all degPy;.

(4) Consider a point M of M (6, 0:1) belonging to the first affine chart of this variety. It is

represented by d% + -1 ( a0 COJFClZHQZZ). The change z — 1 — z applied to this operator

z(z—1) \ z2—¢q —ap
yields
i—i— 1 —ap —co—c1(1—2) —t2(1 — 2)?
dz  z(z—1) \z+q—-1 ao ’

A small computation shows that after changing ¢ into ¢t this becomes a differential operator
belonging to M(#1,6p). This produces the Backlund transformation ¢(t) — —q(it) + 1 which
sends a solution of degPy; (6o, 1) to a solution of degP+;(61,0p).

—3 42
(5) M is locally represented by z% + (“60 0 ) with wg = %0 and by z% + < 4 tz).

—wo o1
1
After taking the tensor product with N these operators become zd% + <w0+2 0 ) and

0 —wots
d <_43+§ 2

zg; + ) By multiplying one basis vector by z~!, the first operator becomes

Vo
Ay (eots O d th d becomes 2z + ( T2 “* ). This shows the validit
25 0" —wp—} ) 3nd the second becomes z7; 1 _1,1 |- This shows the validity
of (5).

Using MAPLE one can compute the actual isomorphism between the two moduli spaces.
In terms of matrix differential operators, this works as follows. Let the differential operator
% + A(a, q) represent an open part of the first affine chart M;(6y,0;). Here g stands for —by
(as before) and a denotes ag. Further ¢; is written as a rational function in a and q.

Similarly, let d% + fl(d, G) denote the differential operator on an open part of M(6y + 1,6;).
Then there exists U € GL2(C(z)) such that

(L ag+ (= Vo122 4 daa
dz DT o0 L e 4
Further U, U~! are seen to have poles of order < 1 at z = 0 and z = co and no further poles.
This information suffices for the computation of the solution ¢ of degPy;(6p + 1,61) in terms of
the solution ¢ of degPy, (6o, 01) and its first derivative (and ¢, 69, 61)

_0i(g—1) | abo 0

M
4 4q>t2 @2t 4t2(q— 1)

and a longer formula for @, namely

q—193 q2+2aq—q—6a92+q—19 B a(q® + 2aq — ¢ — 3a) B 006%
8q3t27° 8¢3t? 0 2 " 2(q — 1)g3t? 07 Bgt2(q — 1)

a q+2a 5  a*(2a+q)

g 8qlg— D2t $Bt2(g—1)
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Now we compare the group of the Backlund transformations for degP~, with the work of
N.S. Witte [26]. We restrict our transformations to the case of even solutions of degPy, and
find the classical Pv(ﬁ, —@, —2,0). The formulas (21), (22), (23) of [26] lead to v1 = 6y + 61
and vy = 6y — ;. Our group of transformations for the even solutions of degP+; is generated
by (09,61) — (6o + 1,61) and (6o,601) — (61,600) and the ‘trivial’ transformations (6o, 601) —
(£60,£61). One easily verifies that this coincides with the group of transformations in [26].

We remark that the transformations 6y — —6y and/or 6; — —6; act trivially on solutions
of degPy;. However (compare [26]), they do not act as the identity on a suitable Hamiltonian
system for degPy;.
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