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Abstract. The paper is devoted to hyperbolic (generally speaking, non-Lagrangian and
nonlinear) partial differential systems possessing a full set of differential operators that map
any function of one independent variable into a symmetry of the corresponding system. We
demonstrate that a system has the above property if and only if this system admits a full set
of formal integrals (i.e., differential operators which map symmetries into integrals of the
system). As a consequence, such systems possess both direct and inverse Noether operators
(in the terminology of a work by B. Fuchssteiner and A.S. Fokas who have used these
terms for operators that map cosymmetries into symmetries and perform transformations
in the opposite direction). Systems admitting Noether operators are not exhausted by
Euler-Lagrange systems and the systems with formal integrals. In particular, a hyperbolic
system admits an inverse Noether operator if a differential substitution maps this system
into a system possessing an inverse Noether operator.
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1 Introduction
Let us consider partial differential systems of the form

Uzy = F(2,y, 0, Uz, uy), (1.1)
where u = (u';u?;...;u") and F = (F'; F?;...; F") are an n-dimensional vector and a vector-
valued function, u depends on real variables x and y. A special class of integrable systems (1.1)
consists of systems for which there exist n functionally independent z- and y-integrals (i.e.,
functions of the forms w(z,y,u,u1,...,ug), u; = O'u/0x" and w(x,y,u, Uy, .., Un), U =
d'u/dy" such that Dy(w) = 0 and D,(w) = 0; here D, and D, denote the total derivatives with
respect to y and = by virtue of the system). Scalar (n = 1) equations of such kind have been
studied in classical works like [8] since the 19th century as well as in relatively recent papers
such as [3, 11, 22, 27, 28, 33, 34, 36, 38, 37].

The most known example of scalar equations from the above class is the Liouville equation
Ugy = €%, for which the minimal-order integrals are
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In addition to the integrals, the Liouville equation, according to [36], possesses the differential
operators o = D, +u, and 6 = Dy +u, that respectively map ker D, and ker D, into solutions f
of the linearized Liouville equation D,D,(f) = €"f. In other words, o(g) and &(g) are symmet-
ries of the Liouville equation for any g € ker Dy, g € ker D,. (Generalized symmetries are often
written in the form of equations u; = f, but we omit the left-hand sides of these equations for
brevity and call f symmetries; i.e., we understand the term ‘symmetry’ as a synonym for ‘charac-
teristic of a symmetry vector field’ in the terminology of [21].) Note that all functions of z and y
respectively lie in ker D, and ker D, for any system (1.1). In addition, if system (1.1) admits
an z-integral w and a y-integral w, then all functions of the forms g(z,w, D,(w), D2(w),...)
and g(y, w, Dy(w), Dg(u?), ...) belong to ker D, and ker D, respectively. Thus, the symmetry
families o(g) and &(g) depend on arbitrary functions.
The Pohlmeyer-Lund—Regge system in the degenerate case

1,2
uug

Yoy = T2 1 ¢ Yoy = T2 1 ¢
where ¢ is a constant, can serve as an illustration of the ‘Liouville-like’ properties for n > 1.
The system admits the z-integrals

wy = upu2/ (u'u® + ¢), wy = u, Juz — (uul)/(u'u® + ¢, (1.3)

while the ‘symmetry-driving xz-operators’
1

u Yz —ul
o1 = s oo = | wy | Dy + 9 (1.4)
u 0 u

map ker D, into symmetries of this system. It is convenient to introduce a special term for such
operators, and the author offers to use the term ‘symmetry driver’ for them. Replacing z with y
in (1.3), (1.4), we obtain y-integrals and y-symmetry drivers of the system. Additional examples
of systems (1.1) with the same properties can be found, in particular, in [4].

Moreover, all known examples of system (1.1) support the conjecture that system (1.1) ad-
mits n both z- and y-integrals if and only if this system possesses n both z- and y-symmetry
drivers (which, to avoid any assumptions on the existence of integrals in their definitions, can
be defined as differential operators that map arbitrary functions of x and y, respectively, into
symmetries). In the case n = 1, the simultaneous existence of integrals and symmetry drivers
is well established: results of [11, 3, 27, 28, 38] together prove' that a scalar equation of the
form (1.1) has both an z-integral and a y-integral if and only if there exist differential opera-
tors o and & that map any functions of x and y, respectively, into symmetries of the equation.
The proof is based on the Laplace method of cascade integration (see, e.g., [32]) that encounters
serious difficulties in the case of the systems (n > 1).

But, by using an alternative way, it was proved in [26] that system (1.1) possesses the full set
of symmetry drivers if this system admits the full set of x- and y-integrals. The present paper
demonstrates that the converse statement was, in fact, almost proved in [26]. More precisely,
in Section 3 we prove that any system (1.1) with n different both z- and y-symmetry drivers
possesses, in both z- and y-direction, n different formal integrals (i.e., differential operators
which map any symmetry of this system into ker D, and ker D,, respectively). We also illustrate
by an example that formal integrals allow us to construct the full set of ‘genuine’ integrals from
symmetries of (1.1). But to guarantee the existence of integrals in the general case, we need,
in particular, to prove that formal integrals cannot map all symmetries into functions of = or y
only instead of integrals. Such a proof is still absent.

N 8

'For more details, see Section 1 of [31].
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Integrals are a special form of conservation laws, and Noether’s theorem is widely used to
derive conservation laws from symmetries and for the inverse operation. But the proofs of the
statements mentioned in the previous two paragraphs do not use Noether’s theorem. Moreover,
not all systems admitting symmetry drivers are Euler-Lagrange systems, and this makes the
Noether theorem inapplicable (at least in the classical form). On the other hand, the simulta-
neous existence of integrals and symmetry drivers suggests that some Noether-like relationships
may be an underlying hidden reason of this simultaneous existence.

Trying to find such relationships, one can observe that symmetry drivers allow to construct
differential operators which map the characteristics of conservation laws into symmetries, and
integrals (including formal ones) generate differential operators which, roughly speaking, per-
form transformations in the inverse direction. Extending the terms defined in [7] for evolution
systems to a wider context, it is natural to call such operators Noether and inverse Noether
operators, respectively. In Section 5.2 we consider the Noether operators generated by integrals
and symmetry drivers, but point out that these Noether operators do not explain the simultane-
ous existence of integrals and symmetry drivers. Despite the last fact, Noether operators seem
to be interesting in themselves and, possibly, may be useful for other purposes. Motivations for
this are given in Section 4 and, partially, in Sections 5.1 and 5.2 too.

In Section 5 we consider some classes of systems (1.1) admitting Noether operators and
demonstrate that the existence of Noether operators is not a rare property for systems (1.1). In
particular, it is proved in Section 5.3 that system (1.1) admits an inverse Noether operator if
a differential substitution maps this system into a system possessing an inverse Noether operator
(for example, into an Euler-Lagrange system). Applying this result to the well-known Goursat
equation uyy = ,/UzlUy, we use this equation as an example that illustrates the existence of
inverse Noether operators for some systems (1.1) possessing neither Lagrangians nor integrals
nor symmetry drivers.

2 Notation and basic definitions

2.1 Variables, functions and operators

Almost all? relations in the present paper are considered on solutions of (1.1). To formalize
this, we eliminate all mixed derivatives of u from these relations by virtue of system (1.1) and
its differential consequences, and then demand that the equalities obtained in this way hold
identically in terms of x, y, v and the rest part of its derivatives. Therefore, we can assume
without loss of generality that all local objects (symmetries, x- and y-integrals, coefficients of
differential operators etc.) are functions of a finite number of variables x, y, u, u; := 9u/0z",
Uj = &u/0y’. We use the notation g[u] to emphasize that a function g depends on a finite
number of the above variables. If a function ¢ may depend on mixed derivatives of u in addition
to the above variables (i.e., the exclusion of mixed derivatives is not performed), then we use the
notation g{u}. Our considerations are local, the right-hand side of (1.1) and all other functions
are assumed to be locally analytical.

We employ the term ‘vector’ for column vectors only, while the word ‘row’ is used for row
vectors. In particular, v and its derivatives are column vectors. Let the superscript T denote
the transposition operation. If g is a scalar function and z is a vector (2!, 22, ... ,z“)T, then by
9. = 0g/0z we denote the row (dg/0z',09/07%,...,09/8z"). For any vector-valued function
G = (Gl,GQ,...,GZ)T, G. = 0G0z designates the ¢ x x matrix with the rows G1,... G~.
For a function glu] we use the notation ord,(g) = k and ordy(g) = m if k and m are the
highest integers for which the function g[u] essentially depends on wuy and ,,, respectively. If

2Rare exceptions are either explicitly marked or can be easily recognized from the context.
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a function g[u] does not depend on wy or u,, for all positive integer k and m, then we set
ord,(g) = 0 or ordy(g) = 0, respectively.

Let D, and D, denote the operators of total derivatives by virtue of system (1.1). For
a function g[u] they are defined by the formulas

g 39 _ 99 _ 99 i1
D = + =—u1 + U1+ 5Dy (F) ).
o) = i Z( w1+ LD ()
The action of D, and D, on vectors and matrices is defined componentwise. To make the nota-
tion more compact, in the above formulas and below we set the zero power of any differentiation
equal to the operator of multiplication by unit (that is, equal to the identity mapping).
Consider a differential operator & of the form

ZZ&] |DLDI. (2.1)

i=0 j=0
where &;;[u] are matrices. By &' we denote the formal adjoint of &, i.e.,

k. m

&M= ") (-1)"DiD] o,

i=0 j=0

where the symbol o denotes the composition of operators. Further on, we use the following
property of the formal adjoint: (Po Q)T = QT o PT for any two differential operators P and Q of
the form (2.1). This and other operator equalities should be understood as follows: two objects
are considered equal if their coefficients &;; coincide after the objects are transformed to the
canonical form (2.1).

2.2 Symmetries

Definition 2.1. An n-component vector function f[u] is said to be a symmetry of system (1.1)
if the function f satisfies the relation L(f) = 0, where

L=D,D,— Fy Dy~ Fy, Dy~ F,. (2.2)
The differential operator (2.2) is called the linearization operator of system (1.1).

Definition 2.2. A differential operator

o= GluDi, — @«#0, k>0, (2.3)

where ¢; are n-dimensional vectors, is said to be an x-symmetry driver of system (1.1) if o(g(x))
is a symmetry of this system for any scalar function g(z). In this case, the symmetry family
o(g(x)) is called a Liouville-like x-symmetry of (1.1), and the vector ¢ is called the separant
of the symmetry driver o and the corresponding Liouville-like symmetry o(g(x)). We say that
symmetry drivers oy, 09,...,0, and the corresponding Liouville-like symmetries are essentially
independent if the n X r matrix consisting of their separants has rank r.
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If we replace z with y in the above definition, then we obtain the definition of y-symmetry
drivers and Liouville-like y-symmetries. Using the symmetry of formula (1.1) with respect to the
interchange x <+ y, we hereafter give only one of two ‘symmetric’ definitions and statements.

Lemma 2.3. An operator o is an x-symmetry driver if and only if o has the form (2.3) and
satisfies the operator equality L o o = oo Dy, where ¢ = (D, — Fy,) o 0.

Proof. Because all functions of = belong to ker D,, the equality L oo = go D, directly implies
o(g) € ker L for any g(z). Therefore, we need to prove the converse only.
For any o of the form (2.3), it is easy to calculate that

k
Loo=(Dy—Fu,) (@) Dy + ) (L() + (Dy — Fu,)(si-1)) Dj + L(s) + 00 Dy,
1=1

where ¢ = (D, — F,,) o 0. Applying both sides of this equality to g(z) and taking L(c(g)) =0
and the arbitrariness of g into account, we obtain the chain of the relations

(Dy_F )( ):0
L(s;) + (D —F)(5i21) =0, i=1,... k, (2.4)
L) =

Since the left-hand sides of (2.4) are the coefficients at D% in L o o, their vanishing implies
Loo=yp0D,. |

Formulas (1.2), (1.3) in the introduction illustrate that for some systems (1.1) the kernel
of D, may contain not only functions of . And the equality L o o = ¢ o D,, implies that o(g)
is a symmetry of (1.1) for any g[u] € ker D,. It is natural to call such symmetries Liouville-like
too, but this is not included in Definition 2.2 to emphasize the absence of any assumption about
the structure of ker D, in this definition.

If (1.1) admits z-symmetry drivers o1, 09, ..., 0., then o1(g') +02(g?) +- - +0,(g") is a sym-
metry for any vector ¢ = (¢'(2),¢%(z),...,¢"(2))". In other words, this set of z-symmetry
drivers can be considered as one operator S = Zf:o a;[u] D% such that o;[u] are n x r matrices
and S maps any r-dimensional vector depending on z (and other elements of ker D, if such
elements exist) into a symmetry of system (1.1). If o is an z-symmetry driver, then o o D?
for any i > 0 is an z-symmetry driver too. (It is easy to see, for example, form the equality
Loo = poD,.) Therefore, we always can equalize the highest powers of D, in o1,09,...,0,
and construct the corresponding operator S so that its separant oy has rank r if o1,09,...,0,
are essentially independent. For example, the z-symmetry drivers o, o9 defined by (1.4) can
be represented as one operator

1 ucll? 0 U1
U Zx _
S = ;3 w1 D, + (0 u2 > ’
uz; 0

where w; is defined by (1.3).

2.3 Linearizations and integrals

For any function g[u], we define the differential operator

=1
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and call it the linearization of the function g. The linearization of a vector function g[u] is defined
by the same formula. For any n-dimensional vector-valued function f[u] we can consider the
differentiation 0y with respect to t by virtue of the equation u; = f[u]. It is easy to see that
0¢(g9) = g«(f). The direct calculation (see, for example, [6]) shows that

Dyogs —(Dylg)), = Y wilulDyoL,  Dyog—(Dul9), =) %lulDyoL, — (25)
i=0 i=0

where p = max(0,ord;(g) — 1), ¢ = max(0,ord,(g) — 1), L is defined by (2.2), and ~;[u], 7;[u]
are n-dimensional rows (or ¢ x n matrices if g is an /-dimensional vector). Equations (2.5) are
a more formal version of the well-known fact that D,, D, commute with 9y if f[u] is a symmetry
of (1.1). ([0f, Dy] = [0f, Dy] = 0 directly follows from (2.5) and 9¢(g) = g«(f).)

Definition 2.4. A function wlu] is called an z-integral of system (1.1) if Dy(w) = 0. If w
depends on z only, then w is called a trivial z-integral.

For brevity, below we use the term ‘integral’ as a synonym for ‘non-trivial integral’. It is
easy to see that z-integrals cannot depend on the variables u;. The order of the highest partial
derivative u; on which an z-integral essentially depends is called the order of this integral. Let
wh,w?, ..., w" be z-integrals of orders pi,pa,...,p,, respectively. We say that these integrals
are essentially independent if the r x n matrix composed of the rows dw!/duy,, Ow?/Ouy,,
..., 0w"/Ouy, has rank r. It is clear that system (1.1) cannot have more than n essentially
independent z-integrals. An n-dimensional system of the form (1.1) is called Darbouzx integrable
if this system admits both n essentially independent z-integrals and n essentially independent

y-integrals.

Remark 2.5. There exist systems that admit integrals but are not Darboux integrable (i.e.,
the number of their essentially independent integrals is less than 2n). Such systems also have
interesting properties. For example, only one integral is sufficient to construct an inverse Noether
operator (see Remark 5.1 below). If (1.1) is an Euler-Lagrange system, then we also need only
one integral to guarantee the existence of a symmetry driver for this system (see Section 5.1).

In addition, n essentially independent x-integrals of (1.1) define a differential substitution
for any system w; = f(x,u,ug,...,ur) such that f is a symmetry of (1.1). This fact was
noted for scalar equations in [25, 38] and used for systems (1.1) in [4, 12]. No y-integrals are
necessary for this purpose if we are sure that a symmetry of the form f(x,u,uy,...,u;) exists
(otherwise, to guarantee the existence of such symmetries, we need additional assumptions such
as the existence of a Lagrangian for (1.1) or employing y-integrals in the way described at the
beginning of Section 3).

If wlu] and w[u] respectively are z- and y-integrals, then we obtain

P q
Dyow, =Y %ulDioL,  Dyow.=Y %[ulD}oL (2.6)
i=0
by applying (2.5) to the defining relations Dy(w) = 0, Dy(w) = 0. The following definition can
be considered as a generalization of (2.6).
ptl ,
Definition 2.6. A differential operator p = > v;[u] D%, where v; are n-dimensional rows, p > 0,
i=0
Vp+1 # 0, is called a formal z-integral of order p + 1 for (1.1) if the operator identity
Dyop=6o0L (2.7)

holds for an operator & of the form (2.1). We call v, separant of p and say that formal integrals
©1, 92, --., r are essentially independent if the r X n matrix composed of their separants has
rank 7.
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Equation (2.7) means that o maps symmetries (if they exist) into ker D,. This can be
considered as an alternative definition of formal integrals but requires the additional assumption
on the symmetry existence. Therefore, we use (2.7) as a defining relation instead.

Since the left-hand side of (2.7) does not contain terms with D, j > 1, the operator &
cannot contain non-zero powers of D,. We can rewrite (2.7) as

poDy+ =60 (Dy—Fy)oDy+--,
where the dots denote the terms without D,. Therefore,
p=060(D;—Fy,). (2.8)

Thus, & in (2.7) contains terms with powers of D, only and the highest of these powers is p.
Equation (2.7) implies that D} o p, Vj > 0, is a formal z-integral too. Therefore, if @1, p2,
.., or are essentially independent formal x-integrals of orders less or equal to p+ 1, then we can

construct essentially independent formal z-integrals @1, @o,..., @, of order p + 1. The vector
p+1

)T can be considered as one operator Q = > B;[u]D% such that 3; are r x n
i=0

(O1, 925+ 0

p .
matrices, rank(3;41) = 7 and the equality Dy 0 Q = " v;[u]D% o L holds for some r X n
i=0

matrices ;.

Equalities (2.6) mean that w, and w, are formal z- and y-integrals if w and w are z- and
y-integrals, respectively. In addition, formal integrals can be derived from symmetry drivers in
some situations. For example, the system

= exp (2u1 — u2), u?, = exp (2u2 — ul) (2.9)

1
Uy Ty

Y
admits the z-symmetry drivers

1 1 2 1,92 291

1 Uy 2 2 3u > 1911 - ucclgm + 2”1719;3
o1 = D, + , 09 = D + ) D, + ,(2.10
= (1) () o= () oz (5 oo (i Do) 210

where 9! = 2u! — u?, 92 = 2u? — u!. These symmetry drivers were obtained in [16, 17] by the
so-called descent method without using any information about integrals of (2.9). According to
Lemma 2.3, the operators o1, oo satisfy the equalities L o 0; = Dy 0050 Dy, ¢ = 1,2. On the
other hand, it is easy to see that the linearization operator (2.2) of system (2.9) satisfies the
equality N o L = LT o N/, where

2 -1
N= <_1 2).
Therefore, DyOUJODION:JJOLTON:U}LONOL and

p1 = =0l o Dy o N = (1,1)DF — (9}, 93) Ds,
1
on = g"; oDy oN = (1,0)D3 —ul(2,—1)D2 — (9L, — u29L,ulv2)D, (2.11)

T T

are formal z-integrals of (2.9). These formal integrals are essentially independent, and the
corresponding operator € for them is

Dy o _ 11 D3 _ 19:}: 19326 D2 _ ﬁﬂlﬁx 193:90 D
2 10/ °* 2ul  —ul) " 9l — w20l wlv2) Y

To derive the above formal integrals from the symmetry drivers, we use the special property
of system (2.9) (see Section 5.1 for more details). But special properties are not necessary for
the construction of formal integrals. In the next section we demonstrate this by proving that
the existence of n symmetry drivers in both x- and y-direction always implies the existence of
formal integrals.
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3 Existence of formal integrals

The following proposition was proved in [26]. If system (1.1) possesses n essentially independent
a-integrals and n essentially independent y-integrals then there exist nxn matrices a;[u], i = 0, k,
and &;lu], j = 0,m, such that det(ay) # 0, det(au,) # 0 and the operators

k m
S=> ai[ulDl,  S§=> alulD] (3.1)
i=0 i=0
map any n-dimensional vector respectively composed of elements from ker D, and ker D, into
symmetries of system (1.1). But, to prove the above proposition, the work [26] in fact uses
a more weak condition instead of the existence of the integrals.

Namely, the proof deals with only the linearizations of the defining relations Dy(w) = 0,
Dy (w) = 0, which have the form (2.6). For brevity, here by w and @ we denote n-dimensional
vectors composed of the essentially independent z-integrals and y-integrals, respectively. If we
replace wy, W, in (2.6) with differential operators

p+1 ‘ B q+1 ~ ‘
Q=Y BuD.,  Q=> BiuD, (3.2)
i=0 =0

then all reasonings of the proof remain valid. Moreover, the linearization operator L in (2.6)
(and in all subsequent reasonings) can also be replaced with any operator of the form

M = D,D, + Aju]D, + Blu]D, + Cl[u], (3.3)

where A, B and C are n x n matrices, and this replacement does not harm the proof in [26] if
we simultaneously replace the term ‘symmetries’ with ‘elements of ker M.

Thus, applying the reasonings from [26] and the proof of Lemma 2.3 to this more general
situation, we can prove the following statement. (The proof is omitted because it repeats almost
verbatim the proof from [26].)

Theorem 3.1. Let the equalities
DyoQ=SoM, D,oQ=58oM (3.4)

hold for an operator M of the form (3.3), operators 2, Q of the form (3.2) and operators
A p . a3 q .
S=> a&uD., ~ S=> auDi,
i=0 ‘

where f3;, ﬂ_i,_di, &; are n x n matrices and det(By41) # 0, det(By1) # 0. Then there exist
operators S, S of the form (3.1) such that oy, &; are n X n matrices, det(ag) # 0, det(ay,) # 0
and the relations

fay

MoS=-OloD,, MoS=-QloD, (3.5)

hold, where Qf = —(D, + B) o S, Of = —(Dy+ A)oS.

Applying Theorem 3.1 to the formal adjoint of (3.5), we easily see that the converse statement
is also true. We therefore obtain that, briefly speaking, the existence of formal integrals €,
is equivalent to the existence of symmetry drivers S, S. More accurately, taking Definitions 2.2
and 2.6, and comments after them into account, we can reformulate Theorem 3.1 and its converse

for M = L in the following compact form.
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Theorem 3.2. System (1.1) admits n essentially independent Liouville-like x-symmetries and n
essentially independent Liouville-like y-symmetries if and only if this system possesses n essen-
tially independent formal x-integrals and n essentially independent formal y-integrals.

When the present paper was preparing for the publication, it was conjectured in [9] that
the Darboux integrability is equivalent to the existence of symmetries depending on arbitrary
functions. This conjecture was formulated for both partial differential and partial difference
equations, the form of which was not explicitly specified. As it is noted in the introduction, this
conjecture was, in fact, already proved for scalar equations (1.1). For systems (1.1), the above
hypothesis almost follows from Theorem 3.2 because the Darboux integrability provides us with
formal integrals and we need only to derive the existence of ‘genuine’ integrals from the existence
of formal ones. The situation is the same for scalar discrete and semi-discrete analogues of (1.1)
because discrete and semi-discrete versions of Theorem 3.2 are also valid according to [31].

Since formal z- and y-integrals map symmetries into ker D, and ker D, respectively, we can
try to obtain integrals by applying the formal integrals to a symmetry of system (1.1). For
example, any autonomous system and, in particular, the system (2.9) admit the symmetry u,.
The formal integrals (2.11) map this symmetry into the essentially independent z-integrals

1 2 1 1 2 92
pl(uét)_u:v:c;r_{_uxa:m_u Uy — g,V

zxV T zxV x>
_ .1 191 1 1 2 1,92 1 291
2 (UI) = Ugper — uazﬁwzx - u:mcﬁzz - u:):xuxﬁz + u:pxuxﬁx

Note that symmetries of (1.1) always exist together with formal integrals by Theorem 3.2. In
particular, the symmetry wu, of (2.9) can also be obtained by the formula u, = o1(1), where o1
is defined by (2.10).

The work [37] offers another way to derive integrals from symmetry drivers and formal
integrals. Let o be an x-symmetry driver and ¢ be a formal z-integral. Then the operator

J ,
poo, which can be rewritten as ) w;[u]D.,, maps ker D, into ker D,, again. But this is possible
i=0
only if w; € ker D,. For example, let us consider the composition @3 o o1, where po and o7 are
respectively defined by (2.11) and (2.10). The direct calculation gives us

2001 = D;l + ’UJQD?: + 3w1D1» + Dx(wl),

where

wy = ui:a:a: + u;lt (uia: - 2“;33) + (u;)zui - u; (ui)Qa

w2 = ui‘x + u?c:r} + uglcuﬂzﬁ - (uals)2 - (ui)Q

are essentially independent z-integrals of smallest orders for (2.9).

Thus, in the context of Theorem 3.2 we have enough tools to construct ‘genuine’ integrals for
concrete examples of system (1.1). But these tools may give us functions of z or y only instead
of z- or y-integrals, respectively. Therefore, in the general situation we need to prove that these
tools generate not only functions of x or y but also n essentially independent integrals in each
of the characteristics. Such a proof is still absent.

4 Conservation laws, cosymmetries and Noether operators
Definition 4.1. An equality of the form
Dy (alu]) = Dy(b[u]), (4.1)

where a and b are scalar functions, is called a conservation law of system (1.1). The conservation
law is said to be trivial if there exists a scalar function c[u] such that a = Dy(c), b = Dy(c).
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Definition 4.2. An n-component vector function glu| is called a cosymmetry of system (1.1) if
Lt(g) = 0, where L is defined by formula (2.2).

The cosymmetries are also known as ‘adjoint symmetries’ and ‘conserved covariants’ (see,
e.g., [23] and [7], respectively). Following many works (such as [5, 24]), the author prefers the
term ‘cosymmetry’ because of its briefness.

It is known that a characteristic of a non-trivial conservation law coincides with a non-zero
cosymmetry on solutions of (1.1) (see, for example, [21, Theorem 4.26, Proposition 5.49 and
equation (5.83)]). Recall that any conservation law (4.1) can be represented in the characteristic
form

% — :f’ =G (Ugy — F(z,y,u, ug, uy)), (4.2)

where - denotes the scalar product, the scalar functions a{u} and b{u} respectively coincide
with a and b on solutions of (1.1), and the n-component vector function G{u} is called a cha-
racteristic of conservation law (4.1). Here 2 and % denote the total derivatives with respect

dx
to x and y, respectively, i.e.,

dh Oh == Oh dh Oh == Oh J iy
= o + ZZ:% j;o Tui,j Ui4-1,5, @ = 87y + Z_: Z 73%‘,]‘ Ui, 5415 Uj 5 = 78xiyj

for any function h{u}. It should be noted that (4.2) is valid for any function u(z,y) (in contrast to
most other equations in the present paper, which take into account that u is an arbitrary solution
of a system under consideration). Applying the Euler operator (the variational derivative) to
both sides of (4.2) and then restricting our consideration to solutions of (1.1), we have LT(G) = 0,
where G[u] is obtained from G via excluding the mixed derivatives by virtue of (1.1) (G = G
on solutions of (1.1)). According to [21, Theorem 4.26], G = 0 if and only if the corresponding
conservation law is trivial. It should be noted that not all cosymmetries are characteristics of
conservation laws.

An ‘alternative’ way for deriving a cosymmetry from a conservation law is to linearize both
sides of (4.1) with taking (2.5) into account. This gives us

q p
Dyoa,—Dyob,=ToL,  T'=Y %uDi+Y ~vuDi  pqg>0. (4.3)
1=0 =0

The formal adjoint of this equation is

(by) o D, — (a) oD, = LT oTT,

and T'T therefore maps any constant into ker LT. Thus, I'f(1) is a cosymmetry of (1.1). An
accurate checking shows that I'f(1) coincides with the characteristic G' of the conservation law,
but the equality I'T(1) = G is not used below and we omit its proof.

Conversely, any cosymmetry generates a formal analogue of the linearized conservation
law (4.3), i.e., allows us to construct an operator equality of the form

Dyo®—DyoW¥ =TIo0lL, (4.4)
where the form of I' is given in (4.3),
q+1 r p+1

=" @GuDl+> piuDi, W= Gi[ulDL+ Y DL, v F >0,
=1 =0

1=0 i=1
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and @;, @i, Vi, ¥; are n-dimensional rows. Indeed, the direct calculation shows that
L'og=gD,Dy+ (D: + F, )(9)Dy + (Dy + F,.)(9) Dz + L(g)
for any n-dimensional vector g[u]. The formal adjoint of this equality is

9"L—(L(9)) = DuDyog" —Dyo(Di(g") +9 Fu,) = Do (Dylg") +9" Fu,)
= Dy ogT(Dx - FUy) - D:v o (Dy(gT) +gTFUx)
=Dyog' (Dy—F,)—Dyo(Dy(g") +g F.,).

If Lt(g) = 0, then the above equation takes the form (4.4). Applying both sides of this equation
to an n-dimensional vector f[u], we obtain

g-L(f) = L' (9) - f = Dy(9- (Dx — Fu,)(f)) — Du(f - (Dy + F, ) (9))
= Da(g- (Dy — Fu,)(f)) = Dy(f - (D2 + F, ) (9)). (4.5)

Equation (4.5) becomes a conservation law if f is a symmetry and g is a cosymmetry of (1.1).
This fact in a more general form was mentioned in [1, 2] (while another method for the recon-
struction of conservation laws from their characteristics was the main subject of these works).
However, (4.5) generates conservation laws that may be (and usually are) trivial. This is not
surprising because the operator equality (4.4) is a generalization of (4.3) and, accordingly, the
application of (4.4) to a symmetry f[u] is the direct copy of the same operation for (4.3). And
the latter operation gives rise to the conservation law D, (9f(a)) = D,(9¢(b)), which is usually
trivial too. But, like the conservation law D, (9¢(a)) = Dy(0f(b)), even a trivial conservation
law obtained via (4.5) may be a differential consequence of a non-trivial conservation law, and
we can restore this non-trivial conservation law from its trivial consequence.

As an illustration, let us consider the conservation law

2
D, (2’) + Dy(cosu) =0 (4.6)

for the sine-Gordon equation u,, = sinu. The linearization
D, o uyDy — Dy osinu = uy(Dy D, — cosu)

of this conservation law shows that the corresponding cosymmetry is u,. Taking into account
that u, is a symmetry too and setting g = f = u, in (4.5), we obtain the conservation law

D (uytiyy) — Dy(uy sinu) =0, (4.7)

which is trivial because 2u,u,, = Dy(uz) and 2uysinu = Dx(uz) But, at the same time,
uysinu = —Dy(cosu) and (4.7) is the differential consequence

uy
D, <Dm (2) + Dy(cos u)) =0

of the non-trivial conservation law (4.6).
Equation (4.5) is a particular case of the formula

9-Z(f) = Z'(g) - f =Div(A), (4.8)

which can be considered as a less formal defining relation for the adjoint operator and therefore
holds for any differential operator Z of a very general form (see, for example, [21] for more
details). As above, equation (4.8) becomes a conservation law when g € ker Z1 and f € ker Z. It
is sufficient to know only a ‘cosymmetry’ g € ker Z' (only a ‘symmetry’ f € ker Z) for obtaining
a conservation law from (4.8) if there exists an operator that maps ker Z! into ker Z (ker Z into
ker Z1).
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Definition 4.3. An operator N is called a Noether operator (an inverse Noether operator) for
an operator Z if there exists a differential operator A such that ZoN = NoZt (ZToN = No 7).
We say that a Noether operator A is trivial if N' = 6o ZT (N = 6 o Z) for some differential
operator . In particular, an operator N of the form (2.1) is called a Noether operator (an
inverse Noether operator) for system (1.1) if the corresponding defining relation holds when Z
is the linearization operator (2.2) of this system.

Less formally, Noether operators (inverse Noether operators) map ker ZT into ker Z (ker Z
into ker ZT), and trivial Noether operators (that obviously always exist) map ker ZT (ker Z) to
the zero vector. As far as the author knows, this meaning of the terms ‘Noether operator’ and
‘inverse Noether operator’ are not most common. We follow the work [7], in which these terms
were used for operators that map cosymmetries of evolution systems into symmetries of these
systems and perform transformations in the inverse direction, respectively. Below we also use
the term “Noether’s operators” to designate operators from the set that includes both Noether
and inverse Noether operators.

In addition to the derivation of conservation laws from (4.8), a Noether operator for the li-
nearization operator of a system can be used to obtain symmetries from non-trivial conservation
laws of this system because the characteristics of such conservation laws are non-zero cosym-
metries. (An illustration of such application of Noether operators is included in Section 5.1.)

Remark 4.4. It is easy to see that the composition of a Noether operator A/ and an inverse
Noether operator A is a ‘recursion operator’ for Z, i.e., N'o A/ maps ker Z into ker Z. In other
words, Noether operators and inverse Noether operators of the same operator Z are inverse
up to ‘recursion operators’ of Z. Using the same logic, symmetry drivers could also be called
inverse formal integrals since, for example, the composition R of an z-symmetry driver of (1.1)
and a formal z-integral of the same system is a recursion operator of (1.1) (i.e., R maps the
kernel of the linearization operator (2.2) for the system (1.1) into ker L again).

Remark 4.5. It should be emphasized that N and 6 in Definition 4.3 are differential (i.e.,
local) operators (because a formal representation Z = o Z with non-local 6 does not guarantee
that Z(f) = 0 follows from Z(f) = 0). For example, D, is a non-trivial Noether operator for
Z = D, o D, despite the formal representation D, = 6 o Z, where § = D 1 Less formally,
D, is non-trivial because it does not map all elements of ker (D, o Dy) to zero. This reflects
the fact that D! o D, is not the identity mapping in reality, and that non-localities need an
accurate treatment. Such treatment is beyond the scope of the present paper and we consider
local objects only (with a small exception at the beginning of the next section).

5 Some classes of systems with non-trivial Noether operators

The first two sentences of Definition 4.3 are formulated in a general way and impose no re-
strictions on the type of operators (except the locality of N and ). Therefore, this definition
can be applied to operators of a very general form (in particular, differentiations other than D,
and D, can be used to construct them). In addition, we can easily adapt Definition 4.3 to define
Noether’s operators for partial differential systems of any form.

For example, let us consider an evolution system

up = fx,u,ug, ..., ug). (5.1)
The work [7] uses the operator equality

(0 = fo) o N = N o (95 + f1) (5.2)
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as a defining relation for a Noether operator A of (5.1). By Definition 4.3, the equality (5.2)
also means that N is a Noether operator for the linearization operators 0y — f, of (5.1) and,
hence, for the system (5.1) itself (if the coefficients of N can be expressed in terms of z, u and
its derivatives with respect to x). Note that (5.2) uses 0y instead of d/dt; this means that (5.2)
is considered on solutions of (5.1). Hamiltonian operators gives us the most known class of
Noether operators for evolution systems: a Hamiltonian operator H is a Noether operator for
any system of the form u; = H(dg/du), where §/éu denotes the variational derivative and g is
a scalar function of x, u and derivatives of u with respect to x.

In this section, we focus on systems of the form (1.1) only. Interpreting y as a ‘time’ va-
riable, we can rewrite a part of systems (1.1) in the Hamiltonian form with non-local H. But
these Hamiltonian operators H are not Noether operators for the corresponding systems if we
consider these systems in their original form (1.1). For example, the sine-Gordon equation

can be represented as u, = —D; 1(5%%), but D! does not map the cosymmetry u, of the
original equation u,, = sinu into a symmetry. This is because the sets of the cosymmetries
are not the same for uy, = —D_ 1(5%@%) and uyy, = sinu. (The representations (4.2) and the

characteristics G in them are changed when we change the second factor in the right-hand side
of (4.2) and permit to express d'u/dy’ by using non-localities.) In addition, to the author’s
best knowledge, all system (1.1) admitting Hamiltonian representations are Euler-Lagrange
systems and, therefore, have simple Noether operators applicable to the systems (1.1) in their
original form (see Section 5.1). Taking the just-mentioned facts into account and omitting
details concerning non-localities (see Remark 4.5), we do not consider Hamiltonian systems as
a separate case and give only schematic comments about such systems.
If a system of the form (5.1) possesses a conservation law

Of(b(z, u, g, . .., um)) = Dyp(a(x, u, g, . .. s Umtk—1)),

then 6b/du is a characteristics of the conservation laws. Hence, db/du is a cosymmetry of (5.1).
Applying this to Hamiltonian representations u, = H(dg/éu) of systems (1.1) and replacing D,
with 9y(5¢/5u) in the defining relation for z-integrals, we obtain that H(dw/du) is a symmetry if w
is an z-integral of (1.1). Since £(x)w is also an z-integral for any £(z) and %(f(:ﬂ)w) = (w,) (&),
the operator Ho (w.)! maps any scalar function () into a symmetry. The last fact was obtained
in the general form and then used for a subclass of so-called sigma models® in [4], but this work
gives no answer why the operators Ho (w,)' are local. (They are local in all examples considered
in [4].) We give the answer in Section 5.1 by demonstrating that, in the case of the sigma models,
these operators coincide with local z-symmetry drivers obtained via a formula for more general
Euler-Lagrange systems (1.1).

Let W be an n-dimensional vector and the components of W be essentially independent x-
integrals of minimal orders for system (1.1). If this system can be rewritten in the Hamiltonian
form u, = H(dg/du), then H = W, oH o W, is the composition of the formal integral W, and
the z-symmetry driver H o WJ. Therefore (see the penultimate paragraph of Section 3), the
coefficients of H belong to ker D, and, according to [10, 34, 35], can be expressed in terms of z, W
and total derivatives of W with respect to z. On the other hand, the formula for H coincides
with the well-known rule for recalculating a Hamiltonian operator H under a transformation
v = Wlu| (see, for example, [7, 14]). Thus, taking the last sentence of the previous paragraph
into account, we see that the sigma models admitting the full set of x-integrals allow us to
construct local Hamiltonian operators. This was noted (without establishing the locality of 7:[)
in [4] and proved for a special subclass of the sigma models in [13].

3 An Euler-Lagrange system is called a sigma model if its Lagrangian has the form > Y H;;(u)ubul + ¢(u).
i=15=1
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5.1 Euler—Lagrange systems

Any system (1.1) has a non-trivial Noether operator if this system is derived from a Lagrangian
of the form

Uy * H(.’L’, Y, U)uy + ,U,(Jf, Y, u)um + ﬂ(x7 Y, U)Uy + <($7 Y, U), (53)

where ( is a scalar function, u, & are n-dimensional rows, and H is an n X n matrix. It is
easy to check (see, for example, [30]) that linearization operators (2.2) of such systems satisfy
the operator identity N o L = LT o N, where N' = H 4+ H'". Hence, N is an inverse Noether
operator, and, if NV is non-degenerate?, N' = (H" + H)~! is a Noether operator of system (1.1).
For example, N is the identity mapping (N = 1) for the aforementioned sine-Gordon equation
(as well as for any system of the form u,, = ¢! generated by (5.3) with H = 1/2, u = fi = 0).

The operator N allows us, in particular, to construct a symmetry driver from any integral
of (1.1). Indeed, if Dy(w) = 0, then (2.5) gives rise to Dyow, = GoL, where wy, = Go(D,—F,,)
in accordance with (2.8). But the formal adjoint LT o &' = —(w,)" o D, means that & maps
ker Dy, into cosymmetries and N'G'(g[u]) is therefore a symmetry of (1.1) for any scalar function
g € ker D,. Thus,

o=No(Dy+F]) " o(w)f (5.4)

is a local differential operator that maps ker D, into symmetries. For example, this formula
easily gives us the symmetry drivers ¢ = D, + u, and ¢ = D, + u, for the Liouville equation
mentioned in the introduction if we apply (5.4) to the integrals (1.2) and take into account that
N =1 for this equation.

Now let us compare (5.4) and the above mentioned operator Ho (w,)' in the case of the sigma
models. If (1.1) is an Euler-Lagrange system with a Lagrangian of the form u, - H (u)uy 4 ((u)
and H+H " is non-degenerate, then [20] the operator ™! := (H+H ") (D, — F,,) is symplectic
and the system (1.1) can be written in the Hamiltonian form u, = H(6(/du). Since symplectic
operators are skew-symmetric, we see that the operator —Ho (w*)T coincides with the right-hand
side of (5.4) and therefore is local.

Note that, in contrast to Theorem 3.2, it is sufficient to have only one integral for con-
structing the symmetry driver o via formula (5.4). In particular, the first and second symmetry
drivers (1.4) are respectively derived from the first and second integrals (1.3) by using (5.4) with

N = (u'u?+c) ((1) é) :

This and other applications of (5.4) to systems (1.1) can be found in [6]. Naturally, (5.4) can
also be derived from the classical Noether theorem in the case of Euler-Lagrange systems
(see [13, 30]). But it is easy to see that (5.4) is also valid for non-Lagrangian system (1.1)
if this system admits a Noether operator A" of the form (2.1).

Not all integrable systems (1.1) are generated by Lagrangians (5.3). This is easy to see,
in particular, from the existence of integrable systems the right-hand sides F' of which depend
nonlinearly on u, or u,. Many integrable equations of such kind can be found in [18, 37]. For
example, Uy = Uuz,/U, is Darboux integrable in accordance with [18] and depends nonlinearly
on uy. Therefore, no Lagrangian (5.3) corresponds to this equation.

But systems (1.1) often possess non-trivial Noether’s operators regardless of whether these
systems have Lagrangians. In the rest part of the article we consider some of such cases.

4We cannot guarantee the equivalence of the corresponding Euler-Lagrange system to a system of the form (1.1)
if A/ is degenerate.
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5.2 Darboux integrable systems

Any Darboux integrable system admits non-trivial Noether’s operators in four different ‘direc-
tions’. Indeed, equation (3.5) and its formal adjoint imply

MoSoQ:—QToDon:—QToSToMT,

MoSoQ:—éToDroéz—QTOSToMT,

i.e., the differential operators S o Q and S o Q are Noether operators for M. Analogously,
equation (3.4) and its formal adjoint imply

MTogoQ:—QTogToM, MToé’oQ:—QTo,S%ToM,

and S o Q, S o Q) are inverse Noether operators for M. These four Noether’s operators are
non-trivial because they have no terms of the form ~[u]D:Dj, ij # 0, while M contains the
term D, D,. Since both equations (3.4), (3.5) hold true with M = L for any Darboux integrable

system (1.1), corresponding S o Q, S o Q are Noether operators, and So Q, S o are inverse
Noether operators for this system. More generally, Theorem 3.1 and its converse mean that only
one of equations (3.4) and (3.5) is sufficient for M to have all four above Noether’s operators.

Remark 5.1. For brevity, in the previous paragraph we consider n symmetry drivers (as well
as n formal integrals) as one operator. But symmetry drivers and formal integrals can be
considered separately, their numbers may be less than n and they may exist in only one of z-
and y-directions. Even under these conditions, we can construct a Noether operator (if at least
one symmetry driver exists) and an inverse Noether operator (if at least one formal integral
exists). For example, if o;, ¢ = 1,r, are z-symmetry drivers, then the same reasoning and
Lemma 2.3 give us that o; o a} ) (Dx + FJ; ) are Noether operators for all positive integers
1,5 < 1.

It should be noted that above Noether’s operators do not explain the simultaneous existence
of the formal integrals , Q and the symmetry drivers S, S (i.e., Theorems 3.1 and 3.2 cannot
be proved by using these operators). To obtain symmetries from conservation laws and, in
particular, symmetry drivers from (3.4), we need a Noether operator (just as a Noether opera-
tor A is needed for deriving (5.4)). But (3.4) gives us the inverse Noether operators only. The
situation for (3.5) is the same: we need an inverse Noether operators to obtain formal integrals,
but (3.5) gives us the Noether operators only. However, these Noether’s operators may possibly
be useful for some other purposes.

As an example, let us try to construct conservation laws by using (4.5) and one of above
Noether’s operators. Let flu], flu] € ker L and glu] = N(f), where N = S0 Q and S, Q
satisfy (3.4) for M = L. Substituting this into (4.5) and taking N(f) € ker LT into account, we
obtain the following conservation law

Dy(S(2(F)) - (De = Fu, )(1) = Da(F - (Dy + F ) (N (]))): (5.5)
Equations (4.8) and (2.8) give us
S(2(f)) - (Do = Fu,)(f) = QF) - ST((Dz = Fu, )(f)) + Dalc[u])

According to (3.4), the operator 2 maps symmetries into vectors composed of elements from
ker D, and the conservation law therefore takes the form

Do (f - (Dy + Fi,) (N (1)) = Da(Dy(elul)).
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The last equality means that f - (D, + FJ;)(N(]E)) = Dy(c[u]) + w[u|, where w € ker D,. Thus,
(5.5) is the sum of a trivial conservation law and relations of the form D,(w) = 0, D,(w) = 0.
Note that this is consistent with the work [22], in which the same structure for conservation
laws of the Liouville equation u;, = €“ was derived from the Noether theorem.

5.3 Systems that inherit Noether’s operators due to differential substitutions

The way for construction of Noether’s operators in the previous subsection is a special case of
the following situation.

Lemma 5.2. Let the relation ZoP = QoZ hold for differential operators Z,Z, P and Q. Then
Qf o N o P is an inverse Noether operator for Z if Z admits an inverse Noether operator j\/
and P o N o Q' is a Noether operator for Z if N is a Noether operator for Z.

Proof. If A is an inverse Noether operator for Z, then ZT o N' = N o Z by Definition 4.3.
Taking this and ZT o Qf = P o ZT into account, we obtain

ZTOQTONOP:PTOZTONOP:PTOK/OZOP:PTOK/OQOZ.
Analogously, we can directly check that Zo PoNoQt = QoNoPloZlif ZoN =NoZi. B

It is easy to see that D,, D, serve as Z in (3.4) and Z in (3.5), while the identity mapping plays
the role of Noether’s operators N” and A because D, and D, are skew-symmetric.

We can also apply the above lemma to situations when a differential substitutions v = ¢[u]
maps system (1.1) into a system E{v} = 0, where E{v} is an /-dimensional vector depending on
x, y, v and a finite number of derivatives of v (including, generally speaking, the mixed ones).
Indeed, let g{¢} denote the function obtained from a function g{v} by replacing all 8 *7v/dz"yI
with Di D}, (¢[u]), and for differential operators we let

k m k m
G{o} =) > gy{o}DiDj it G{o} =) > gi{v}DiD}. (5.6)
=0 j=0 i=0 j=0

Then E{¢} = 0 by the definition of differential substitutions. Linearizing E{¢} = 0 and
taking (2.5) into account, we obtain

E{¢tod=QoL, (5.7)

where L is the linearization operator (2.2) of system (1.1), @ is a differential operator of the
form (2.1), and

(% i+j1)
E{v }_ZzaE{ }D’ v j = 0" (5.8)

=0 j=0 b aﬂy]
Applying Lemma 5.2 to (5.7), we obtain the following statement.

Corollary 5.3. Let a differential substitutions v = ¢[u] map all solutions of (1.1) into solutions
of a system E{v} =0. Then N = Q' o N o ¢, is an inverse Noether operator for system (1.1) if
an opemtor./\/ of the form (2.1) is an inverse Noether operator for E.{¢}, and R = o NoQT is
a Noether operator for E.{¢} if N is a Noether operator for system (1.1). Here the differential
operator @Q is defined by (5.7), and E.{¢} is obtained from the differential operator (5.8) by
rule (5.6).
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Remark 5.4. Lemma 5.2 and the above reasoning can also be applied to systems of a form that
differs from (1.1). For example, using the formula (0f(¢))« = 0o —ps0(0f — f+) (see [19]), we
obtain (5.7) with Q@ = ¢, and L = 8f — fv if v =¢(x,u, Uy, ..., uy) map solutions of (5.1) into
solutions of a system v; = g(x,v, vy, ...,vx). This gives us the formulas N = (qﬁ*) oN o ¢, and
N = dxoNo (gb*)T for recalculating an inverse Noether operators N of v, = 9(z,v, vy, ..., v;) and
a Noether operator A/ of (5.1) under the differential substitution. These formulas are specialized
versions of the formulas obtained in a different way for the case of Backlund transformations of
evolution systems in [7, equation (24) and Theorem 4].

Note that if N'{v} is an inverse Noether operator for the system E{v} = 0 (i.e., the coefficients
of N'{v} are expressed only in terms of z, y, v and derivatives of v, and the defining relation

(Efo}) o N{v} = N{v} o E.{v} (5.9)

holds for any solution of E{v} = 0), then the defining relation (5.9) is true for solutions v = ¢[u]
too and, hence, N'{¢} is an inverse Noether operator for E,{¢}. Therefore, the system (1.1)
admits the inverse Noether operator & = Qf o N/ {¢} o ¢« by the above corollary. But for the
operator R we have no guarantee that it can be expressed in terms of z, v, v;,j only and is
a Noether operator for E{v} = 0 (i.e., not only for E.{¢}).

In addition, we cannot guarantee in the general situation that N and N are non-trivial
Noether’s operators, but can prove this in special cases. One of such special cases is formu-
lated as follows.

Corollary 5.5. Let v(z,y) and F(z,y,v, Uz, Vy) be L-dimensional vectors, £ < n, and let the
system Vgy = F(x,y,v, Uz, Vy) admit an inverse Noether operator NTv] of the form

=Y niIDL+ > milDi,  r>0,7>0,  Afo] = det(n[v]) #0,
1=0 =1

such that either r > 0 or i; = 0 for all i, and either ord;(A[v]) > 0 or ordy(A[v]) = 0. If a diffe-
rential substitution v = ¢[u] maps all solutions of (1.1) into solutions of vyy = F(x,y,v, vy, vy)
and ord,(¢) = k > 0, rank(¢,, ) = ¢, then the relation

(DﬂﬁDy - va[¢]D$ - Fvy[¢]Dy - Fv[¢]) o ¢* == Q o L7 (5.10)

holds for a differential operator Q of the form (2.1), and X = QT o /\7[(1)] o ¢y 1S a non-trivial
inverse Noether operator for system (1.1).

Here L is defined by (2.2), g|¢] denotes the function obtained from a function g[v] by replacing
all O'v /0", Bv/dy! with DL (¢lu]), Di (¢[u)), respectively, and Ng] is obtained from NTv] b
rule (5.6).

Proof. Due to Corollary 5.3 and the comments near eq. (5.9), N is an inverse Noether operator
for (1.1). Therefore, we need only to prove the non-triviality of X. Linearizing the defining
relation

Dny(¢) = F (.f,y, (bv Dw(¢)7 Dy(¢))

for the differential substitution v = ¢[u] and taking (2.5) into account, we see that @) in (5.10)
has the form

k m
Q=Y &luDi+ Y &uD;,  m>1.
=0 =1



18 S.Ya. Startsev

Comparing the coefficients of D¥*1D, in the left- and right-hand sides of (5.10), we obtain
&k = ¢u,. This implies X = (—1)’“¢Iknr[¢]¢ukng+T + ---, where the dots denote terms with
lower powers of D,. The conditions of the corollary guarantee that det(n,[¢]) # 0 follows from
det(n,[v]) # 0 and the coefficient of DZ**" in R is not equal to zero.

Indeed, let ord, (A[v]) be equal to § and ¢* denote the i-th component of the vector ¢. Then
the functions D2 (¢?), i = 1,¢, depend on us ) and are functionally independent due to the
condition rank(g,,) = ¢ of the corollary and the equalities (D2(¢"))u,,, = ¢, . In addition,
D?(¢") cannot be expressed in terms of the functions z, v, Di(qﬁ), 0<j<é,and, if 6 > 0,
D}(¢), b € Z., because these functions do not depend on us4 . But, if A[¢] = 0, then a function
D (¢*) must be expressed in terms of D3(¢7), j # i, and the functions mentioned in the previous
sentence. Therefore, det(n,[¢]) = A[¢] # 0 and ¢, n,[¢]du, # 0.

S .

Let 0 = i > Cij[ulDLDY. Then

i=05=0

S
ol = Zij[u]Dio(Dy_Fuz) o DFF 4.
=0

where the dots denote terms with lower powers of D,. Thus, the terms with the highest power
of D, in 6 o L must contain a non-zero power of D,. But the highest power of D, in X does not
contain D,. Hence, X cannot be represented as 6 o L and is non-trivial. |

As an illustrative example, let us consider the scalar Goursat equation ugy, = /. This
equation is neither Euler—Lagrange nor Darboux integrable equation, but the differential sub-
stitution v = /u, map it into the equation v,, = %v, which has Lagrangian v vy, + i?ﬂ and
the inverse Noether operator N = 1 (i.e., N is the identity mapping). Therefore, the Goursat
equation admits an inverse Noether operator in accordance with Corollary 5.5. Let us construct

the corresponding operator (). The direct calculations yield

1
(DD (i), = Dz (D)), - = o L
1

(Dy(\/@))* =Dy o (\/@)* - W oL,

(D.D,(Vz)), = DsoDyo (Vi) = QoL Q=+ Dy

<DD —1>o(\/zT) —<DD(\/QT)—\/UTC) —|—Q4o\/LlTy—QoL 2\}@
Dy =7 o) =\ PaDy(Vit) = 5 ) = :

and, according to Corollary 5.5,

2 1 1 2 U 1
N =-8Q" o (Vug), = D, — o——D,=—D2— |5 D
@ ( x)* <w/ux v 1/uy) N T uZ o\ fUzly *
is an non-trivial inverse Noether operator for the Goursat equation. Since the substitution
v = /Uy also maps Uy = |/ Uzl into vy = iv, the ‘symmetric’ (under the interchange x <> y)
version of Corollary 5.5 gives us the second inverse Noether operator

2 1
7D§ o <quy + ) D,
Uy uy Uz y

for the Goursat equation.
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In conclusion, we note that the situations considered in this section are fairly typical for
hyperbolic integrable systems. For example, all S-integrable scalar equation (1.1) mentioned
in [18, 37] are either Euler—Lagrange equations or mapped into Euler-Lagrange equations via
differential substitutions. Therefore, all these S-integrable equations admit at least inverse
non-trivial Noether operators by Corollary 5.5. In addition, most of the other scalar equations
admitting higher symmetries and listed in these works are Darboux integrable, and the remaining
equations from these works are related to the Euler-Lagrange equation v,y = cv via Backlund
transformations, some of which have the form of the differential substitutions v = ¢[u]. Thus,
the vast majority of these equations admit non-trivial Noether’s operators. The full lists of scalar
equations (1.1) related via differential substitutions of first order to Euler—Lagrange equations
Uzy = G(v) can be found in [15]. The introduction of [29] mentions a constructive (but weak)
necessary condition for a scalar equation (1.1) to be mapped into an equation of the form
Uy = G(z,y,v) by a differential substitution of higher order.
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