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Abstract. We use the energy gap result of pure Yang—Mills equation [Feehan P.M.N., Adv.
Math. 312 (2017), 547-587] to prove another energy gap result of complex Yang—Mills
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1 Introduction

Let X be an oriented n-manifold endowed with a smooth Riemannian metric g. Let P be
a principle G-bundle over X. The structure group G is assumed to be a compact Lie group with
Lie algebra g. We denote a connection on P as A and its curvature as F4. Let gp be the adjoint
bundle of P. We define by d4 the exterior covariant derivative on section of A*T*X ® (P xXggp)
with respect to the connection A. The curvature F 4 of the complex connection A := d4++v/—10¢,
¢ € QY(X,gp) is a two-form with values in P x¢ (g%):

Fa=[(da+V=10) A (da+V=16)] = Fa— 5[0 A ]+ vV=Tdao.

The complex Yang—Mills functional is defined in any dimension as the norm squared of the
complex curvature [9, Section 3]

YMc(A, §) = /X Fal? = /X (IFa — & A 6P + |dadl?).

This functional reduces to the pure Yang—Mills functional when the extra field ¢ vanishes. The
Euler-Lagrange equations for this functional are

d4(Fa— ¢ A @)+ (—1)" % [, xdag] = 0,

dydad — (=1)" x [¢,*(Fa — ¢ A $)] = 0. (1.1)
They can also be succinctly written as

dyFa=0.

These equations are not elliptic, even after the real gauge-equivalence, so it is necessary to add
the moment map condition

d%¢ = 0.

In this article, we call d4 + +/—1¢ the solution of the complex Yang-Mills equations, it not only
satisfies equations (1.1), but also satisfies the moment map condition. These equations called
complex just because the connection d4 + v/—1¢ is a 1-form with value in P xg (gc), the base
manifold is always a real Riemannian manifold.
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Remark 1.1. Some examples of complex Yang—Mills equations:
(1) Kapustin-Witten equations [9]
(Fa=¢A¢)" =0, (dag)” =0, dax¢=0
on four-dimensional manifolds.

(2) On a stable Higgs bundle (E,#), there exists a Hermitian metric & such that the Hitchin—
Simpson connection da, + 6 + 6*" satisfies the Einstein condition [12, 16]

V—=1Ay,(Fa, + [0,0""]) — A1dg = 0,
the connection dg, + 6 + 6*" also satisfies complex Yang-Mills equations.

In particular, it is easy to see that if ¢ = 0, the complex Yang—Mills equations will reduce
to the pure Yang-Mills equation d F4 = 0. Many researchers have studied the energy gap of
Yang—Mills equation. The motivation of these gap results is partly from physics and partly from
math which would be help to better understand the behavior of the Yang—Mills functional near
its critical points. In [1, 2, 3, 10, 14], they all require some positive hypotheses on the curvature
tensors of a Riemannian metric. In [8], Feehan applied the Lojasiewicz—Simon gradient inequa-
lity [8, Theorem 3.2] to remove the positive hypothesis on the Riemannian curvature tensors.
In [13], the author gave another proof of energy gap theorem of pure Yang—Mills equation without
using Lojasiewicz—Simon gradient inequality. We also want to understand the behaviour of the
complex Yang—Mills functional near its critical points. It is an interesting question to consider,
whether the complex Yang—Mills equations have the energy gap phenomenon. In this article,
we give a positive answer to this question when X satisfies certain conditions.

Theorem 1.2. Let X be a closed, oriented, smooth Riemannian manifold of dimension n > 2
with smooth Riemannan metric g, P be a G-bundle over X with G being a compact Lie group,
let 2p > n when n # 2,4 or p > 2 when n = 2,4. Then there is a positive constant € = e(n, p, g)
with the following significance. Suppose that all flat connections on P are non-degenerate in
the sense of Definition 3.5. If the pair (A, ¢) is a C*-solution of complex Yang—Mills equations
over X, the curvature Fy of connection A obeys

[ Fallzex)y <,
then A is a flat connection and ¢ must vanish.

Remark 1.3. In fact, the extra fields will vanish if the Ricci tensor of a Riemannian metric
of X is positive (see Corollary 2.3). For a general Riemannian metric, we will not know whether
ker Ar|gi(x,4p) = {0} (' is any flat connection on P) unless we assume some topological hy-
potheses for X, such as m;(X) = {1}, so P = X x G if and only if P is flat [5, Theorem 2.2.1].
In this case, I' is gauge-equivalent to the product connection and ker Ap]m( Xgp) = H LX,R),
so the hypothesis for X ensures that the kernel vanishes.

If Fa=0,ie, Fa—¢dAN¢p=0and dgop = 0, then we call A =ds+ v/—1¢ a complex flat
connection. Now, we denote the moduli space of solutions of complex flat-connections by

M(P,g) = {(A,¢)| (Fa— ¢ A ) =0 and dad = dy¢ = 0}/Gp.
In particular, the moduli space M (P, g) can be embedded into M(P, g) via A — (A,0), where
M(P,g) :={L: Fr = 0}/Gp,

is the moduli space of gauge-equivalence class [I'] of flat connection I on P. Obviously, the com-
plex flat connection also satisfies the complex Yang—Mills equations. Using the gap Theorem 1.2
of complex Yang—Mills equations, we can have a gap result for the extra fields as follows
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Corollary 1.4. Let X be a closed, oriented, smooth Riemannian manifold of dimension n > 2
with smooth Riemannan metric g, P be a G-bundle over X with G being a compact Lie group.
Then there is a positive constant € = (g,n) with the following significance. Suppose that all
flat connections on P are non-degenerate in the sense of Definition 3.5. If the pair (A, ¢) is
a C™-solution of complex flat connection over X, the L*-norm of extra field ¢ obeys

9l z2(x) < e,

then ¢ vanishes and A is a flat connection. In particular, if M(P,g) and M(P,g)\M(P,g) are
both not empty, then the moduli space M(P, g) is non-connected.

The organization of this paper is as follows. In Section 2, first we set our notations and
recall some basic definitions in differential geometry. Next, we recall some identities and some
estimates for the solutions of complex Yang-Mills equations which were proved by Gagliardo
and Uhlenbeck [9]. Finally, we recall an energy gap result of the pure Yang-Mills equation due
to Feehan [8]. Since the Theorem 2.6 plays an essential role in our proof of our main result, we
provide more details to prove the theorem by another method. In Section 3, we define the least
eigenvalue A\(A) of dad) + ddalo1(x,g,) With respect to connection A. We extend the idea of
Feehan [6] to prove that A\(A) has a lower bound that is uniform with respect to [A] obeying
[ Fallzp(x) < € for a small enough € = £(g,n,p) under some conditions for g, G, P, and X. We
conclude Section 4 with the proofs of Theorem 1.2 and Corollary 1.4.

2 Fundamental preliminaries

We shall generally adhere to the now standard gauge-theory conventions and notation of Don-
aldson and Kronheimer [5] and Feehan [8]. Throughout our article, G denotes a compact Lie
group and P a smooth principal G-bundle over a compact Riemannnian manifold X of di-
mension n > 2 and endowed with Riemannian metric g, gp denote the adjoint bundle of P,
endowed with a G-invariant inner product and QP(X, gp) denote the smooth p-forms with va-
lues in gp. Given a connection on P, we denote by V4 the corresponding covariant derivative
on 0*(X,gp) induced by A and the Levi-Civita connection of X. Let d4 denote the exterior
derivative associated to V4.
For u € LP(X,gp), where 1 < p < oo and k is an integer, we denote

1/p

k
fullg o0 = | 3 [ Walravol, |
| 2 s

where V7, := Vao---0Vy (repeated j times for j > 0). For p = co, we denote
k .
[ull e, (x) = ZGSSS;I) |Vyul.
5=0

2.1 Identities for the solutions

In this section, we recall some basic identities that the solutions to complex Yang—Mills connec-
tions obey. A nice discussion of these identities can be found in [9].

Theorem 2.1 (Weitezenbock formula).
dida +dady = V3 Va + Ric(:) + *[xF4, ] on QX gp), (2.1)

where Ric is the Ricci tensor.
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Proposition 2.2 ([9, Theorem 4.3]). If dg + v/—1¢ is a solution of the complex Yang—Mills
equations, then

ViVa¢ + Ricogp + *[x(p A ¢), ¢] = 0. (2.2)

By integrating (2.2) over X, we have an identity
IV a0 l172(x) + (Ricod, @) L2 (x) + 2/ A @l|72(x) = O- (2.3)
Then the results by Gagliardo—Uhlenbeck give a following consequence result for the extra fields.

Corollary 2.3 ([9, Corollary 4.5]). If X is a compact manifold with a positive Ricci curvature,
then solutions of the complex Yang—Mills equations reduce to solutions of the pure Yang—Mills
equation with ¢ = 0.

Proposition 2.4 (energy identity). If da + v/—1¢ is a solution of the complex Yang—Mills
equations, then

YMc(4,¢) = HFA||%2(X) —lleA ¢||%2(X)‘

Proof. By using the moment condition d’ ¢ = 0, the complex Yang-Mills functional is written

as
YMe(d ) = [ (1Fa=0n0P + ldaof +|d30])
= [ AP 1606 = 2(Fa,0 7 0) + a0 + a0
= [ IR 1606 + V.16 + (Ricos. )
= IFallZ2x) = 6 A dllZ2 )
For the last identity, we use the equation (2.3). |

As an application of the maximum principle, Gagliardo—Uhlenbeck obtain a priori L°°-
estimate for the extra fields.

Theorem 2.5 ([9, Corollary 4.6]). Let G be a compact Lie group, P be a G-bundle over a closed,
smooth manifold X of dimension n > 2 and endowed with a smooth Riemannian metric g. Then
there is a positive constant C = C(g,n) with the following significance. If (A, ) is a smooth
solution of complex Yang—Mills equation, then

19l oo (x) < Clldll r2(x)-

2.2 Energy gap for Yang—Mills connections
In this section, first we recall an energy gap result of Yang—Mills equation.

Theorem 2.6 ([8, Theorem 1.1)). Let X be a closed, oriented, smooth Riemannian manifold
of dimension n > 2 with smooth Riemannan metric g, P be a G-bundle over X, let 2p > n
whenn > 3 orp > 2 when n = 2. Then any Yang—Mills connection A over X with compact Lie
group G is either satisfies

/X ‘FA|pdV01g > 00

for a constant Cy > 0 depending only on X, n, p, G or the connection A is flat.
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In [13], the author proves the energy gap theorem of Yang—Mills connection without using
the Lojasiewicz—Simon gradient inequality. Here, we give a proof in detail for the readers con-
venience. We review a key result due to Uhlenbeck for the connections with LP-small curvature
(2p > n) [20] which provides existence of a flat connection I" on P, a global gauge transforma-
tion u of A to Coulomb gauge with respect to I' and a Sobolev norm estimate for the distance
between I' and A.

Theorem 2.7 ([20, Corollary 4.3] and [8, Theorem 5.1]). Let X be a closed, smooth manifold
of dimension n > 2 and endowed with a Riemannian metric g, and G be a compact Lie group,
and 2p > n. Then there are constants, ¢ = £(n,g,G,p) € (0,1] and C = C(n,g,G,p) € [1,00),
with the following significance. Let A be a L’f connection on a principal G-bundle P over X. If
the curvature F4 obeys
| Fallr(x) < &,

then there exists a flat connection, T, on P and a gauge transformation u € LY(X) such that

(1) di(u*(A) —T) =0 on X,

(2) [[w*(A) =Tlirp - < CllFallr(x), and

) I (4) =Tl 5 < CFAlLs

Next, we also review another key result due to Uhlenbeck [18, Theorem 3.5] concerning a priori
estimate for the curvature of a Yang—Mills connection over a closed Riemannian manifold.

Theorem 2.8 ([8, Corollary 4.6]). Let X be a compact manifold of dimensionn > 3 and endowed
with a Riemannian metric g, let A be a smooth Yang—Mills connection with respect to the metric g
on a smooth G-bundle P over X. Then there exist constants € = e(n,g) > 0 and C = C(n,g)
with the following significance. If the curvature F'4 obeys

[[Eall <e

L% (X)
then

[FallLoe(x) < CllFallz2(x
Proof Theorem 2.6. For any p > 2n (n > 3), the estimate in Theorem 2.8 yields

[ Fallr(x) < CllFall e x) < CllFallL2(x), (2.4)

for C = C(g,n). If n > 4, then

IFallzzo) < ClFAlLy (25)
If n = 3, the LP interpolation [11, equation (7.9)] implies that
3/4 1/4 3/4 1/4
[Fallz2xy < CllFa ||L (X)llFAHLoo(X) < CllFAH ||F Il /2
and thus
I1Fall 2 < Al 26)

Therefore, combining (2.4)—(2.6), we obtain

HFAHLP(X) SCHFA”Ln/Q(X), VZpZn and 77,23
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Hence, if we suppose || Fal|1s(x) sufficiently small (25 > n when n > 3 or s > 2 when n = 2) such
that || Fal[za(x) (2¢ > n whenn > 3 or ¢ > 2 when n = 2) satisfies the hypothesis of Theorem 2.7,
then Theorem 2.7 will provide a flat connection I' on P, and a gauge transformation u € Gp
and the estimate

[u*(A) = TllLx) < C(@)||FallLacx),
and

di(u*(A) =T) =0.
We denote A := u*(A) and a := u*(A) — I, then the curvature of A is

Fi=dra+aAa.
The connection A also satisfies Yang-Mills equation

0= d}FA. (2.7)
Hence taking the L2-inner product of (2.7) with a, we obtain

0= (d%Fz a)r2x) = (Fz,dja)2(x)

= (FA,C].]:‘CL + 2a N a)L2(X) = (FA, FA +aA a)LQ(X).

Then we get

HFAH%Q(X) = ||FA||%2(X) = —(Fi.aNa)rz(x)

< Fillzxylla A allpexy = | Fallp2xlla A allz2cx),

here we use the fact |F,«(4)| = |Fal since Fye(4y = uo Fqou™t

If n >4,

2 2 2
Ja Aallzax) < Claliagxy < Cllalace < Cllal?y

< CHFAHig(X) < Ol Fallie(xy < CllFal2(x)s
here we apply the Sobolev embedding L%L — L™
Ifn =23,
laAallzacx) < Cllalldace) < Cllal3acy < CllFAlZax.

here we apply the Sobolev embedding L? < L.
Combining the preceding inequalities we have

1Fal72(x) < ClFallZ2(x)-

We can choose ||Fa z2(x) sufficiently small such that C||Fallz2(x) < 1, hence [|[Falz2x) =0
and thus A must be a flat connection. Then we complete the proof. |

3 Eigenvalue bounds for Laplacian A4

In this section, we will show that the least eigenvalue A\(I') of dj.dr + drdj: has a positive lower
bound A that is uniform with respect to [I'] € M (P, g) under the given conditions on X and P.
The method is similar to Feehan [7] that has proved the least eigenvalue p4(A) of dZ’g dZ’*g which
L2 S g,

has a positive lower bound p that is uniform with respect to [A] € B(P, g) obeys || F*?
for a small enough ¢ and under the given sets of conditions on g, G, P and X.



An Energy Gap for Complex Yang-Mills Equations 7

3.1 Continuity for the least eigenvalue of A4
From Uhlenbeck compactness theorem [19, 21], we know

Proposition 3.1. Let G be a compact Lie group, P be a G-bundle over a closed, smooth mani-
fold X of dimension n > 2 and endowed with a smooth Riemannian metric g. Then the moduli
space M(P,g) is compact.

The definition of the least eigenvalue of A 4 on L?(X, Q! (gp)) is similar to [17, Definition 3.1].

Definition 3.2 (least eigenvalue of Ay). Let G be a compact Lie group, P be a G-bundle
over a closed, smooth manifold X of dimension n > 2 and endowed with a smooth Riemannian
metric g. Let A be a connection of Sobolev class L? on P. The least eigenvalue of A4 on
LA(X, QY (gp)) is

AMA):=  inf (Bav,v)p2

n 3.1
veQl(gp)\{0}  [|v]|? (31

The method to prove the continuity of the least eigenvalue of Ay with respect to the con-
nection is similar to one by means of which Feehan proved continuity of the least eigenvalue
of d}d’” with respect to the connection in [6, 7].

We give a priori estimate for v € Q!(X, gp) when the curvature Fy is sufficiently small in
some LP-norms.

Lemma 3.3. Let G be a compact Lie group, P be a G-bundle over a closed, smooth manifold X
of dimension n > 2 and endowed with a smooth Riemannian metric g, let 2p > n when n > 3
or p > 1 when n = 2. Then there are positive constants, ¢ = c¢(g,p) and ¢ = €(g,p) € (0, 1], with
the following significance. If A is a connection on P over X such that

[ Fallzex)y < e, (3.2)
and v € QY (X, gp), then

HUHi;(X) < e(lldavlZaix) + 1dvll7z ) + l01720x))- (3.3)
Proof. The Weitzenbock formula for v € Q'(X, gp), namely,

(dad’y + dda)v = V5V 40 + Ricov + *[xF4, 0.
Hence

IVavl1 22y < 501122y + IdavlZegx) + ellvlZe + [(+Fa, o] 0) 2o,

where ¢ = ¢(g).
If n > 3, by Holder inequality, we see that

| (e[, 0], 0) 1200 | < IFall prrco 011 2n o2 x)

< el Fall oo o132y < el Eall oo ol .

for some ¢ = ¢(g).
If n =2, define ¢ € (1,00) by 1/¢ =1 —1/p, we have

| ([ Fa, 0], v) 2 (x)| < HFA”LI’(X)”UH%%(X) < CHFA||LP(X)||UH%§(X)7

here we use the Sobolev embedding L3 < L%4.
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Combining of the preceding inequalities and Kato inequality |V|v|| < |V 4v| yields
01220, < (19 a002200 + loll22 )
< ldAollFe x) + ldavllZz ) + (e + Dllvll2ex) + el Fallr oo o]z
for some ¢ = ¢(g). Provided c||Fal|rr(x) < 1/2, rearrangements gives (3.3). [
Following the idea of [6, Lemma 35.12], we also have a useful lemma.

Lemma 3.4 (L? -continuity of least eigenvalue of A4 with respect to the connection). Let G
be a compact Lie group, P be a G-bundle over a closed, smooth manifold X of dimension n > 2
and endowed with a smooth Riemannian metric g, let 2p > n orn > 3 and p > 1 when n = 2.
Then there are positive constants, C = C(g,p) and € = (g, p), with the following significance.
If Ao, A are smooth connections on P that obey the curvatures bounded (3.2) and

|A = Aollr2r(x) < &,
then, we denote a := A — Ag,
-1
(1_C||a||%2p(x))>‘( 0) — C||a||L2p < A(A) < (1 - C||a”%2p(x)) ()‘(AO)+CHQ||%2P(X))-

Proof. For convenience, write a := A — Ag € L"(X, Q' ®gp). For v € L3 (X, Q' ® gp), we have
dav =da,v + [a,v].
If n > 3, by Holder inequality

ldavlzagx) = Idagv + o, v]lZ20x) 2 dagvllze ) = lllas ollizacx)
= HdAoU||%2(X) - 2Ha||%n(x)HUHi%/(nﬂ)(x)
Z HdAoUH%%X) - 201”“”3:"(X)HUH%’AO(X)

> IldayvlFax) = 26 lallFao 0132, (x:

where ¢; = ¢;(g) is the Sobolev embedding constant for L} < L2%/(»=2),
Similarly, djv = d} v =+ [a, *v] and
Hdzv”%?(x) = [|d},v £ *[a, *U]H%Q(X) = ||dj10v||%2(x) = |lla, *U]H%Z(X)
2 HdZOUHiZ(X) - 2HCLH%n(X)||1)H%2n/(nfz)(x)
> 5,013, — 210l o os |
2 HdAoUH%%X) - 2cl|’aH%2p(X)HU||%§ 4y (X)"
If n =2, define ¢ € (1,00) by 1 = 1/p+1/gq,
HdAU”L2(X) [dagv + [a, U]HLQ(X 2 HdAoU”L2(X) Ia, U]H%Q(X)
> HdAoU”m(X) - QHCLHL%(X)HUHLQQ(X)
> dag0 s — 2enllalFanc ol |
here we use the Sobolev embedding L? < L4

Applying the a priori estimate (3.3) for |[v[| 2(x) from Lemma 3.3, with ¢ = ¢(g) and smooth
enough € = £(g), we get

HUHig(x) < C(||dAoU”%2(X) + Hd*AOUH%z(X) + HU||i2(X))-
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Combining of the preceding inequalities gives
HdAU”?ﬂ(X) + HdZUH%2(x) 2 (HdAoUH%%)() + deilov”%%x)) - 4001||a”%2p(x)||v‘|%2(x)
— derefallfzn oy (1dagvllFe ) + lda vl Zax))-

Now take v to be an eigenvalue of A4 with eigenvalue A(A) and ||v||z2(x) = 1 and also suppose
that | A — Ao||120(x) is small enough that 4cicllall?,, x) <1 /2. The preceding inequality then
gives

MA) = (1= derellalfen ) (1dagvlizace) + 1dh,vlZ2cx) — derellalZonix).
Since ||v]|r2(x) = 1, we have (HdonH%Q(X) + ||df401)||%2(X)) > A(Ap), hence

A(A) = (1 - 4010”“”%%(){)))‘(140) - 4010||QH%21>(X)'

To obtain the upper bounded for A(A), we exchange the roles of A and A that yields the
inequality,

MAo) > (1 —derellalfenx)) AMA) — derellalfzn - u

3.2 Uniform positive lower bound for the least eigenvalue of A4

Our results in Section 3.1 assure the continuity of A\(-) with respect to the Uhlenbeck topology,
and they will be applied here. Before doing this, we recall

Definition 3.5 ([4, Definition 2.4]). Let G be a compact Lie group, P be a G-bundle over
a closed, smooth manifold X of dimension n > 2 and endowed with a smooth Riemannian
metric g. The flat connection, I', is non-degenerate if

ker AF‘Ql(X,gp) = {0}

Then we use the results of the continuous of \[-] and compactness of M (P, g) to prove that A[-]
has a uniform lower positive bound.

Proposition 3.6. Let G be a compact Lie group, P be a G-bundle over a closed, smooth mani-
fold X of dimension n > 2 and endowed with a smooth Riemannian metric g. Then there
is a positive constant A\ with the following significance. Suppose all flat connections on P are
non-degenerate. If I' is a flat connection, then

AT) > A,
where A(T') is as in Definition 3.2.
Proof. The conclusion is a consequence of the fact that M (P, g) is compact,
AL M(P,g) 3 [T = A(I) € [0, 00),
to M(P,g) is continuous by Lemma 3.4, the fact that A(T") > 0 for [I'| € M (P, g). [ ]
We consider the open subset of the space B(P, g) defined by
B.(P,g) :={[A] € B(P,g): [|Fallr(x) < €},

where p is a constant such that 2p > n. Then we have
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Theorem 3.7. Let G be a compact Lie group, P be a G-bundle over a closed, smooth mani-
fold X of dimension n > 2 and endowed with a smooth Riemannian metric g, and 2p > n.
Then there is a positive constant ¢ = e(g,n) with the following significance. Suppose all flat
connections on P are non-degenerate. If A is a smooth connection on P such that

| Fallr(x) < €,

and A(A) is as in Definition 3.2, then
AA) > )\/2,

where A is the constant in Proposition 3.6.

Proof. For a smooth connection A on P with ||[Fa| z»(x) < €, where ¢ is as in the hypotheses of
Theorem 2.7. Then there exists a flat connection I on P and a gauge transformation g € L5 (X)
such that

I9°(A) = Tllee ) < ClEAllox-
For [|Fal|r»(x) sufficiently small, we can apply Lemma 3.4 for A and I to obtain

A(A) > (1 = ellg"(A) = Tllzan(x)) MT) — ellg™(A) = Tl x)
> (1= ellg"(A) = Tllzp o) MT) = ellg™(4) = Tllzz )
> A= Cel| Fall o) (1+ ),

here we use Sobolev embedding LY < L?*. We choose ||F4l|r»(x) sufficiently small such that

|Fallze(x) < m, then we have A\(A) > \/2. [

3.3 The case of dimension four

In this section, we will show a theorem similar to Theorem 3.7 in the case of dimension four,
but we only need to suppose that Fiy with L?-norm is sufficiently small. First, we recall a priori
the LP estimate for the connection Laplace operator which was proved by Feehan.

Lemma 3.8 ([6, Lemma 35.5]). Let X be a smooth manifold X of dimensionn > 4 and endowed
with a smooth Riemannian metric g and q € (n,00). Then there is a positive constant ¢ = ¢(g, p)

with the following significance. Let v € (%5,5) be defined by 1/r = 2/n+1/q. Let A is a C*
connection on a vector bundle E over X. Ifv e C®(X, E), then

1]l oy < e(IVAVavlLrx) + [0l (x))- (3.4)
We now apply Lemma 3.8 to E = Q' ® gp, then we give a priori LP-estimate for A 4.

Lemma 3.9. Let G be a compact Lie group, P be a G-bundle over a closed, smooth mani-
fold X of dimension n > 4 and endowed with a smooth Riemannian metric g and q¢ € (n,00).
Then there are positive constants, ¢ = c(g) and ¢ = €(g), with the following significance. Let
r € (5,5) defined by 1/r = 2/n +1/q. Let A be a C* connection on P that each obeys the
curvature bounded (3.2). If v € QY(X, gp), then

Wlizaxy < e(lAavlipr o) + Wl x))- (3.5)
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Proof. For v € Q'(X, gp), from the Weitzenbck formula, we have
Aqv = VyVav+ Ricw+ {v, Fa}.
Hence
[Aav||r(x) < [IVAVav|prx) + cllvllzrxy + v, Fadllorx)
for some ¢ = ¢(g). Since 1/r = 2/n + 1/q by hypothesis, we see that
{v, Fatllzrx) < cllFallpnzxollvllizex),
for some ¢ = ¢(g). Combining the preceding inequalities with the equation (3.4) we get
[ollLacxy < IVaAVavllorx) + cllvllerx) + ellFallpnz xlloll Lacx),
for some ¢ = ¢(g, q). Provided c[|Fal[yn/2(x) < 1/2, the rearrangement gives (3.4). [

Hence, following the idea of [8, Lemma 35.13], we also have a useful lemma.

Lemma 3.10 (LP continuity of least eigenvalue of A4 with respect to the connection for
2 < p<4). Let G be a compact Lie group, P be a G-bundle over a closed, smooth four-mani-
fold X and endowed with a smooth Riemannian metric g. Then there are positive constants,
¢ = c(g) and € = e(g), with the following significance. If Ay and A are C*° connections on P
that each obeys the curvature bounded (3.2), we denote a := A — Ay, then A\(A) satisfies

A(A) > A(Ao) — co (14 X*(A)) lallZo(x);
and
A(A) < A(Ao) + co(1+ N*(Ao)) llall7sx)

Proof. For convenience, write a := A — Ay € LP(X,Q! ® gp). Define ¢ € [2,00) by 1/2 =
1/p+1/q and consider v € L3(X, Q' ®gp). We use dav = da,v+[a, v] and the Holer inequalities
to give
IdavlZ2exy = ldagv + [a, v]172(x) = [dagvliZa(xy = as vl Z2x)
> [ldagvllZ2(x) = 2llallZex) 1011 2ex)
Similarly, djv = d} v £ [a, *v] and
)72 x) = lld,v 2 *la, «0]l|7ax) > [dh vl T2y — I+ [a, =]l
> [ldA,vll72(x) = 2llallZe o) 0l e x)

For p > 4, we have 2 < ¢ < 4 and [|v|[zq(x) < (vol(X))l/q*1/4HvHL4(X), while for 2 < p < 4, we
have 4 < g < oo. Therefore, it suffices to consider the case 4 < ¢ < co. Applying the a priori
estimate (3.4) and r € (4/3,2) defined by 1/r = 1/2 4 1/q, we get

ol Zacx) < clAavZassxy + 100120 x0) < c(lBavlizacey + 10112 (x))-
Combining the preceding inequalities, we get
IdavlZ2ex) + vl 22 (x)
> [|dagvll72cx) + Ida,vlF2ex) = 2etllallZo e (IAAvIZr x) + 10l 7(x))

> [ldayvllZe x) + 5,0l Z2x) = 2eollal o) (180l z2cx) + [0lZ2x))
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for ¢cg = co(p,q) = 2¢ivol(X)%/9, using the fact that vllr(x) < vol(X )l/q”UHLz for r €
(4/3,2) and 1/r = 1/2 + 1/q. By taking v € L?(X, Q! ® gp) to be an elgenvector of A4 with
eigenvalue A(A) such that [[v][z2(x) = 1 and noting that [[Aav|z2x) = A(A) we obtain the
bound

AMA) = [ldagvlZe(x) + I1d3,0l1Z2cx) = co(1+ A2 (A)) lallEs x)-

But HdonH%Q(X) + Hd*AOvH%Q(X) > A(Ap) and thus we have the inequality
AA) = A(Ao) — co(L+A*(A)) [lallFo(x)-
Interchanging of the roles A and Ag in the preceding derivation yields
A(A) < MA) + o1+ N (A0) lal3 . .

We consider a sequence of C* connections {A;}ien on P such that sup [|[Fa,[|2(x) < oo. We
denote

o . . . 2 ~
= {z e X: lmlimsup||Fa|F2s,) ) 2 £}

the constant € € (0, 1] as in [15, Theorem 3.2]. We can see ¥ is a finite points {z1,...,z1} in X.
In our article, we consider the open subset of the space B(P,g) defined by

B. = {[A] € B(P,g): [[Fallr2(x) < e}

We can choose ¢ sufficiently small such that any sequence {A;};cn has the empty set . From
[15, Theorem 3.1] and [6, Theorem 35.15], we have

Theorem 3.11. Let G be a compact Lie group and P be a principal G-bundle over a close,
smooth four-dimensional X with Riemannian metric g. If {A;}ien is a sequence of C* connec-
tions on P such that ||Fa,|[12(x) < €, there exists a subsequence, a countable set of arbitrarily
small geodesic balls { By }aen covering X, C*°-sections

Oait Ba—= P, Aq € Li(Ba;Q'Ba®g),  gap € L1(BaN Bg; G),
such that
(1) d*An(2) =0, for all i sufficiently large,
(2) d"Aa =0,
(3) 9ap(i) = gag weakly in L{(Ba N By; G),
(4) Fali) > Fa weahly in 17(Ba; 0 Bo 1),
(5) the sequence {Aq(i)}ien obeys
(a) Aa(i) = Ay weakly in L3(Ba; Q' B, ® g), and
(b) An(i) = Ag strongly in LP(Ba; Q' B, ® g) for 1 < p < 4,
(6) Aa = go5A89ap + ugdgas-
Here Ay (i) = 0l Ai, Fo = dAg + [Aa, Adl, Fol(i) = dAy(i) 4+ [Aa(i), Aa(i)] and d* is the formal

adjoint of d with respect to the flat metric defined by a choice of geodesic mormal coordinates
on B,.

From [15, Theorem 4.3] and [6, Theorem 35.17], we have
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Theorem 3.12. Let G be a compact Lie group and P be a principal G-bundle over a close,
smooth four-dimensional X with Riemannian metric g. If {A;}ien is a sequence of C™ connec-
tions on P, in the sense that

YM(A;) O as 1 — 00,
then the following hold, for each o, € N,
(1) Ay € C®(By; Q' B, ® g) and a solution to the flat connection,
(2) gap € C(Ba(1Bs: G),

(3) the sequence, {Aataen and {gagtapen define a C> flat connection As on a principal
G-bundle Py, over X.

Then, we have the useful
Corollary 3.13. Assume the hypotheses of Theorem 3.12, then
lim A(4;) = AMAx),
i—00
where A(I') is as in Definition 3.2.

Proof. From Theorem 3.12, UZ,iAi — 0%*Ay weakly in L%(BQ,QIBQ ®gp). For L% € LP,
(2 < p<4), hence

ng,z‘Ai - U*Aoo||LP(Ba) — 0 as 1 — 00,

for sequences of local sections {oq,m }men of P [ B, and a local section o, of Py | B, and
[A; = AoollLr(x) < Z logmAm — 0" Asoll Lr(B,)-
a

Hence from Lemma 3.10, we have
lim A(4;) > A(Aoo) — co(1+ lim A(A))) Iim [lail 2o,
1—00 1—+00 1—+00

and

lim )\(Az) < )\(Aoo) + Co(l + )\Q(AOO)) li}ﬂl HaiHLp(X).

1—00
Then we obtain
lim A(4;) = AM(Ax). [ |
21— 00
Then we have

Theorem 3.14. Let G be a compact Lie group, P be a G-bundle over a closed, smooth 4-
manifold and endowed with a smooth Riemannian metric g. Then there is a positive constant
e = e(g) € (0,1] with the following significance. Suppose all flat connections on P are non-
degenerate. If A is a C* connection on P such that

[ Fall2x) < e,
and A(A) is as in Definition 3.2, then

A
AA) > =
()—27

where X\ is the positive constant in Proposition 3.6.

Proof. Suppose that the constant A € (0, 1] does not exist. We may then choose a sequence
{Ai}ien of connections on P such that [[Fy,|lr2(xy — 0 and A(A;) — 0 as i — oo. Since
lim M(A4;) = MAx) and AM(Ax) > 0 by Ay is a flat connection, then it contradicts our initial
1—00

assumption regarding the sequence {A4; }ien. |
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4 Proof of the main Theorem 1.2

Now, we begin to prove the energy gap result for the complex Yang-Mills equations. At first,
we prove the complex Yang-Mills equations will be reduce to pure Yang—Mills equation under
the certain conditions for g, G, P, and X.

Proposition 4.1. Let X be a closed, oriented, smooth Riemannian manifold of dimensionn > 2
with smooth Riemannian metric g, P be a G-bundle over X, let 2p > n when n # 4 or p > 2
when n = 4. Then there exists a positive constant € = (g, n,p) with the following significance.
Suppose that all flat connections on P are non-degenerate. If the pair (A, @) is a C*-solution
of complex Yang—Mills equations over X and the curvature F4 of connection A obeys

| FallLr(x) < &,

then ¢ vanishes.

Proof. If we suppose that
| Fallr(x) < €,

where p and ¢ are the constants satisfying the hypotheses in Theorems 3.7 and 3.14, then there
exists a positive constant A\ such that

ldavllZe(x) + ldavllFe) = A 2l0lF2x) Vv e QYX, gp).
We have an identity for the solution of complex Yang—Mills equations

1dadlZ2x) + 14l Z2x) + 216 A Dl Z2(x) — 2(Fa, ¢ A d)r2(x) = 0.

Hence, we have

N206l172x) < 1daglFaixy + [1dadlZax) < KFa, ¢ A @) 2l
< C”FAHLP(X)H(bH%ZQ(X) < CHFAHLP(X)H(Z)”%Q(X)a

where 1/q =1 —1/p, C = C(g,p). We can choose ||Fal|rr(x) < € sufficiently small such that
Ce < A\/4, then the extra field ¢ vanishes. [ |

Proof Theorem 1.2. From Proposition 4.1, the complex Yang—Mills equations reduce to the
pure Yang-Mills equation d¥ F4 = 0 and the curvature obeys || Fa||z»(x) < €, then by the energy
gap of Yang—Mills connection, we obtain that the connection A is flat. |

Proof Corollary 1.4. For a smooth solution (A, ¢) of complex flat connection, from the iden-
tity Fia = ¢ A ¢ and we apply Theorem 2.5 to obtain

IFallox) < Mlo A dlliox) < ClidlZz(x),

where C' = C(g,n,p). We can choose ||@||r2(x) sufficiently small such that ||[Fallzex) < ¢,
where ¢ is the constant in Theorem 1.2. Then we can prove that ¢ vanishes and A is a flat
connection.

It is easy to see the map (A, ¢) — [|¢[|r2(x) is continuous, then the moduli space of complex
flat connections is non-connected. |
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