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Abstract. We study unbounded invariant and covariant derivations on the quantum disk.
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1 Introduction

Derivations in Banach algebras have been intensively studied, originally inspired by applica-
tions in quantum statistical mechanics. Problems such as classification, generator properties,
closedness of domains were the focus of the attention. Good overviews are [4] and [19]. More re-
cently derivations were studied in connection with the concept of noncommutative vector fields,
partially inspired by Connes work [9].

An abstract definition of a first-order elliptic operator is given by the concept of a spectral
triple. A spectral triple is a triple (A, H, D) where H is a Hilbert space on which a C*-algebra A
acts by bounded operators, A is a dense *-subalgebra of A, and D is an unbounded self-adjoint
operator in # such that [D, a] is bounded for a € A, and (I + D?)~1/2 is a compact operator.

It is therefore natural to look at a situation where the commutator [D, a] is not just bounded
but belongs to the algebra A in B(#), i.e., when it is an unbounded derivation of A with
domain A. The question is then about the compactness of the resolvent.

If (A, H,D) is an even spectral triple then D is of the form

0 D
2= o 3]

for a closed operator D. Then the spectral triple conditions require compactness of both (I +
D*D)~! and (I + DD*)~!. Those conditions are equivalent to saying that D has compact
parametrices, i.e., there are compact operators ()1 and Q2 such that Q1D — I and D@9 — I are
compact, see the appendix.
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A good example is the irrational rotation algebra, i.e., the noncommutative two-torus, defined
as the universal C*-algebra A, with two unitary generators u and v such that vu = 2™y, Tt
has two natural derivations di, da, defined on the subalgebra Ay of polynomials in u, v and its
adjoints, by the following formulas on generators of Ay

di(u) = u, di(v) =0,

da(u) =0, da(v) = v.
Those derivations are generators of the torus action on Ag. In fact, according to [5], any
derivation d: Ay — Ay can be uniquely decomposed into a linear combination of dy, do (invariant
part) and an approximately inner derivation. The algebra A4 has a natural representation in the
GNS Hilbert space L2(A¢) with respect to the unique tracial state on Ag. Then, as described
for example in [9], the combination D = dy + ids is implemented in the Hilbert space L?(Ay)
by an operator with compact parametrices and thus leads to the canonical even spectral triple
for the noncommutative torus.

In this paper we look at unbounded invariant and covariant derivations on the quantum disk,
the Toeplitz C*-algebra of the unilateral shift U, which has a natural S! action given by the
multiplication of the generator U — eU. We first classify such derivations and then look
at their implementations in various Hilbert spaces obtained from the GNS construction with
respect to an invariant state. We answer the question when such implementations are operators
with compact parametrices and thus can be used to define spectral triples. Surprisingly, no
implementation of a covariant derivation in any GNS Hilbert space for a faithful normal invariant
state has compact parametrices for a large class of reasonable boundary conditions. This is in
contrast with classical analysis, described in the following section, where for a d-bar operator,
which is a covariant derivation on the unit disk, subject to APS-like boundary conditions, the
parametrices are compact. Similar analysis for the quantum annulus is contained in the follow-up
paper [18].

The paper is organized as follows. In Section 2 we describe two commutative examples of the
circle and the unit disk which provide motivation for the remainder of the paper. In Section 3
we review the quantum unit disk. Section 4 contains a classification of invariant and covariant
derivations in the quantum disk. In Section 5 we classify invariant states on the quantum disk
and describe the corresponding GNS Hilbert spaces and representations, while in Section 6
we compute the implementations of those derivations in the GNS Hilbert spaces of Section 5.
In Section 7 we analyze when those implementations have compact parametrices. Finally, in
Appendix A, we review some general results about operators with compact parametrices needed
for the analysis in Section 7.

2 Commutative examples

The subject of this paper is derivations in operator algebras.

Definition 2.1. Let A be a Banach algebra and let A be a dense subalgebra of A. A linear
map d: A — A is called a derivation if the Leibniz rule holds

d(ab) = ad(b) + d(a)b
for all a,b € A.

If A is a x-algebra, A is a dense x-subalgebra of A and if d(a*) = (d(a))*, then d is called
a *-derivation.
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Definition 2.2. Let A be a Banach algebra and A be a dense subalgebra of A such that A ; A
and d is a derivation with domain A. The derivation d is called closed if whenever a,,a € A,
an — a and d(a,) — b, then we have d(a) = b. Moreover, d is called closable if a,, — 0 and
d(ay) — b implies b = 0.

Closable derivation d can be extended (non-uniquely) to a closed derivation, the smallest of
which is called the closure of d and denoted by d. In the following we will describe in some
detail two commutative examples that have some features of, and provide a motivation for, our
main object of study, the noncommutative disk.

Example 2.3. Let A = C(S') be the C*-algebra of continuous functions on the circle St =
{e®®, x €]0,2m)}. If A is the algebra of trigonometric polynomials then

(da) () = 242

is an example of an unbounded *-derivation that is closable.

Let pg: A — A be the one-parameter family of automorphisms of A obtained from rotation
x +— x + 0 on the circle. The map 7: A — C given by

2w
T(a) = 217r/0 a(x)dx

is the unique pg-invariant state on A and, up to a constant, d is the unique pg-invariant derivation
on A. The Hilbert space H;, obtained by the Gelfand—Naimark—Segal (GNS) construction on A
using the state 7, is naturally identified with L?(S'), the completion of A with respect to the
usual inner product

. 1 2
ol = raa) = - [ lata) P,
0

The representation 7,: A — B(H,) is given by multiplication: 7 (a)f(z) = a(x)f(z). Then the
operator

_ 1df(a)

i dx

(Drf)(x)
on domain D, = A C A C H, is an implementation of d in H, because of the relation
(D7, 77(a)] = 77 (d(a)),

for a € A. The operator D, is rotationally invariant and has compact parametrices because its
spectrum is Z and thus (A, H;, D;) is a spectral triple.

Example 2.4. The second example is the d-bar operator on the unit disk, and it is the motivat-
ing example for the rest of the paper. Let A = C(D) be the C*-algebra of continuous functions
on the disk D = {z € C: |z] < 1}. If A is the algebra of polynomials in z and Z then

(da)z) = 24

is an unbounded, closable derivation in A.
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Let pg: A — A be the one-parameter family of automorphisms of A given by the rotation
z — €z on the disk. Notice that pg: A — A. Moreover, d is a covariant derivation in A in the
sense that it satisfies

d(ps(a)) = ¢ “py(d(a)),  a€A

The map 7: A — C given by

is a pg-invariant, faithful state on A. The GNS Hilbert space H., obtained using the state 7, is
naturally identified with L?(ID, d*z), the completion of A with respect to the usual inner product

1
llal|? = 7(a*a) = / la(z)[d?z.
T JD

The representation 7,: A — B(H;) is given by multiplication: m-(a)f(z) = a(z)f(z). The
unitary operator U, gf(2) := f (e2) in H, implements py in the sense that

Urpmr(a)Uy g = 7 (po(a)).
Then the covariant operator

i)
0z

on domain D, = A C A C H, is an implementation of d in H;, i.e., [D;,n-(a)] = 7,(d(a)), for
all @ € A. The operator D, however has an infinite-dimensional kernel, so (I +D?D,)~ /2 is not
compact. This is not a surprise; the disk is a manifold with boundary and we need to impose
elliptic type boundary conditions to make D, elliptic, so that it has compact parametrices.

Denote by DM the closure of D, since there are no boundary conditions on its domain.
On the other hand, let D™ be the closure of D, defined on C§°(ID). While D™ has no kernel,
its cokernel now has infinite dimension. The question then becomes of the existence of a closed
operator D, with compact parametrices, such that D™ C D, C D™ this is answered in
positive by Atiyah—Patodi-Singer (APS) type boundary conditions, see [3]. Spectral triples for
manifolds with boundary using operators with APS boundary conditions were constructed in [2].
References [10] and [11] contain constructions of spectral triples for the quantum disk. Recent
general framework for studying spectral triples on noncommutative manifolds with boundary is
discussed in [12].

(D7 f)(2)

3 Quantum disk

Let {Ex} be the canonical basis for £2(N), with N being the set of nonnegative integers, and
let U be the unilateral shift, i.e., UEy = Ey11. Let A be the C*-algebra generated by U. The
algebra A is called the Toeplitz algebra and by Coburn’s theorem [8] it is the universal C*-
algebra with generator U satisfying the relation U*U = I, i.e., U is an isometry. Reference [16]
argues that this algebra can be thought of as a quantum unit disk. Its structure is described by
the following short exact sequence

0—K—A—C(S") —0,

where K is the ideal of compact operators in ¢?(N). In fact K is the commutator ideal of the
algebra A.
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We will use the diagonal label operator KE;, = kE}, so that, for a bounded functiona: N — C,
we can write a(K) Ex = a(k)Ej. We have the following useful commutation relation for a diagonal
operator a(K)

a(K)U =Ua(K+1). (3.1)

We call a function a: N — C eventually constant, if there exists a natural number kg, called
the domain constant, such that a(k) is constant for k > kg. The set of all such functions will be
denoted by cjy. Let Pol(U,U*) be the set of all polynomials in U and U* and define

A= {a = Z Ulal (K) + Z a,, (K)(U*)": aX(k) € cfy, finite sums}.

n>0 n>1
We have the following observation.
Proposition 3.1. A = Pol(U, U*).

Proof. Using the commutation relations (3.1) it is easy to see that a product of two elements
of A and the adjoint of an element of A are still in A. It follows that A is a #-subalgebra of A.
Since U and U* are in A, it follows that Pol(U, V') C A. To prove the reverse inclusion it suffices
to show that for any a € ¢, the operator a(K) is in Pol(U, V), as the remaining parts of the
sum are already polynomials in U and U*. To show that a(K) € Pol(U, V'), we decompose any
a(k) € cgy in the following way

ko—1
a(K) = Y a(k) P + aoo Py,
k=0

where aq, = klim a(k), Py is the orthogonal projection onto the one-dimensional subspace gen-
—00

erated by Ej and Psj, is the orthogonal projection onto span{Ej}i>k,. A straightforward
calculation shows that U*(U*)¥ = Py and Py = P>j, — P>g11. This completes the proof. W

Let ¢ be the space of convergent sequences, and consider the algebra
Adiag = {Q(K): {(L(k:)} € C} .

This is precisely the subalgebra of all diagonal operators in A and we can view the quantum
disk as the semigroup crossed product of Agiag with N acting on Agiag via shifts (translation by
n € N), that is

A= Adiag X shift N.

Several versions of the theory of semigroup crossed products exist, see for example [21].

4 Derivations on quantum disk

For each 6 € [0,27), let pg: A — A be an automorphism defined by pg(U) = €U and pg(U*) =
e~ ®U*. Tt is well defined on all of A because it preserves the relation U*U = I. Alternatively,
the action of py can be written using the label operator K as

0o (a) — BMKCLQ_MK.

It follows that pp(a(K)) = a(K) for a diagonal operator a(K) and pp: A — A.
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Any derivation d: A — A that satisfies the relation py(d(a)) = d(pp(a)) will be referred
to as a pg-invariant derivation. Similarly, any derivation d: A — A that satisfies the relation
d(pa(a)) = e ¥ py(d(a)) for all a € A will be referred to as a pg-covariant derivation.

Notice that, as a consequence of Proposition 3.1, we have the identifications

{a € A: pyla) = a} = {a(K): {a(k)} € ey} = Adiag:
and similarly
{a € A py(a) = a} = Agiag = {a(K): {a(k)} € c}.

We will also use the following terminology: we say that a function §: N — C has convergent
increments, if the sequence of differences {8(k) — B(k — 1)} is convergent, i.e., is in ¢. The set
of all such functions will be denoted by cine. Similarly the set of eventually linear functions is
the set of 3: N — C such that {8(k) — B(k — 1)} € cfy.

The following two propositions classify all invariant and covariant derivations d: A — A.

Proposition 4.1. If d is an invariant derivation d: A — A, then there exists a unique function
B € Cine, B(—1) =0, such that

d(a) = [B(K—1),d]
forae A. If d: A — A then the corresponding function B(k) is eventually linear.
Proof. Let d(U*) = f € A and since U*U = I we get

0=d(I)=dU*U) =dU")U+U"d(U),

which implies that U*d(U) = — fU. This in turn implies that d(U) = —U fU + g for some g € A
such that U*g = 0. Notice that 0 = UU*g = (1 — Fp)g.
Applying pg to f we get the following

po(f) = pe(d(U*)) = d(pp(U*)) = e d(U*) = e .

A similar calculation shows that py(g) = €’g. Those covariance properties imply that f =
—a(K)U* for some a(K) € Agiag and similarly ¢ = U~v(K). However, since g = Fyg, and
PoU =0, we must have g = 0.

Next, define 8 € cipe by S(—1) := 0 and

k
B(k) =Y alj).
=0
Then we have a(K) = 8(K) — (K — 1), and the result follows. |

The following description of covariant derivations is proved exactly the same as the proposi-
tion above.

Proposition 4.2. If d is a covariant derivation on A, then there exists a unique function
B € Cinc, B(—1) := 0, such that

d(a) = [UB(K), a]

for all a € A.
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Reference [5] brought up the question of decomposing derivations into approximately inner
and invariant, not approximately inner parts, see also [13, 14]. Below we study when invariant
derivations in the quantum disk are approximately bounded/approximately inner. Recall that d
is called approzimately inner if there are a, € A such that d(a) = nh_)ngo [an,a] for a € A. If

d(a) = nh_)rrolo dy,(a) for bounded derivations d,, on A then d is called approximately bounded. Note

also that any bounded derivation d on A can be written as a commutator d(a) = [a,z] with z
in a weak closure of A; see [15, 19]. In fact x must belong to the essential commutant of the
unilateral shift, which is not well understood [1].

Lemma 4.3. Let d be a pg-invariant derivation in A with domain A. If d is approximately
bounded then there exists a sequence {pn(k)} € €>° such that

d(a) = tim [a, (K — 1)
for all a € A.

Proof. Given an element a € A we define its py average any € A by

1 2
av (= — do.
a 5 /0 po(a)

It follows that a,, is pg-invariant since the Lebesgue measure df is translation invariant. Addi-
tionally, all pg-invariant operators in #2(N) are diagonal with respect to the basis {FE}} so that
Qay € Adiag-

Since by assumption d is approximately bounded, there exists a sequence of bounded opera-
tors by, such that d(a) = nli_)rglo[a, by] for all a € A. It suffices to show that

lim [a, (bp)ay] = d(a), (4.1)

n—oo

since (by )ay is pg-invariant for every 6 and hence by Proposition 4.1 it is given by the commutator
with a diagonal operator p, (K — 1) with the property {u(k)} € £°° because of the assumption
of boundedness.

It is enough to verify (4.1) on the generators of the algebra A; we show the calculation for
a = U. We have, equivalently

b, — U™b,U — U*d(U)
as n — 0o, and this means that for every € > 0 there exists IV such that for all n > N we have
b, — U b, U — Ud(U)|| < e.
So, because U*d(U) is pg-invariant, and because
U po(bn)U = po(UbrU),
we have
1po(br) = U pg(bn)U = Ud(U)|| = [|po (bn = U"buU = U™d(U)) || <e¢,

and thus we get the estimate
1 2w
[(br)ay — U™ (bn)ayU = Ud(U)|| < 27T/O lpg(bn) — U™ pa(bn)U — U"d(U)||df < e.

This completes the proof. |
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Theorem 4.4. Let d(a) = [B(K — 1), a] be a pp-invariant derivation in A with domain A. If d
is approzimately bounded then {5(k) — B(k—1)} € co, the space of sequences converging to zero.

Proof. By the previous lemma there exists {u,(k)} € £°° such that
d(a) = lim [a, on (K — 1))
n—oo

for all @ € A. Without loss of generality assume (k) and p,(k) are real, or else consider the
real and imaginary parts separately. Suppose that {5(k) — 5(k — 1)} ¢ co, then

lim (8(k) = Bk — 1)) = L #0,
k—o0

We can assume L > 0; an identical argument works for L < 0. The above equation implies that
tim_sup| (un (k) — o (k — 1)) — (8(k) — 5k — 1))| = 0.
n k

Therefore for k and n large enough we have
L—e<pn(k) = pn(k—1) < L+e,

and, by telescoping u,(k), we get

,U/n(k) = (Mn(k) - Mn(k - 1)) +o (Mn(kO) - ,U'n(kO - 1)) + ,U/n(kO - 1)
for some fixed ko. Together this implies that p, (k) > (L —&)k+ pn (ko —1) which goes to infinity
as k goes to infinity. This contradicts the fact that {u,(k)} € ¢°° which ends the proof. |
We also have the following converse result.

Theorem 4.5. If d(a) = [f(K — 1),a] is a pg-invariant derivation in A with domain A such
that {B(k) — B(k — 1)} € co, then d is approzimately inner.

Proof. We show that there exists a sequence {uy(k)} € ¢ such that [a, p,, (K — 1)] converges to
[a, B(K —1)] for all a € A. As before, it is enough to verify this on the generators; we show the
calculation for a = U. Thus we want to construct u, such that

Tim U (U, 1 (K — 1)] = U*[U, B(K — 1)].
The above equation is true if and only if the following is true
Jim (0 (k) = pn(k = 1)) = B(k) = B(k = 1).
The above in turn is true if and only if
SUp |(pn (k) = pin(k = 1)) = (B(k) = Bk =1))| = 0 as n— o9
is true. Define the sequence {u,} € ¢ by the following formulas
= s

It follows that for k < n we have p, (k) — pn(k—1) = (k) — S(k—1) and p,(k) — pn(k—1) =0
otherwise. Therefore we have

Jim sup (s (k) — gk — 1)) = (8(k) — Bk — 1))| = supl k) ~ Bk ~ 1) =0,

since {5(k) — B(k — 1)} € ¢g. Thus the proof is complete. [

Notice that in the above theorem the derivation d need not be bounded. For example, if
B(k) = vk + 1 then 5(k)—B(k—1) — 0 as k — o0, so, by the above theorem, d is approximately
inner. However, d is unbounded.
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5 Invariant states

Next we describe all the invariant states on A. If 7: A — C is a state, then 7 is called a py-
invariant state on A if it satisfies 7(pgp(a)) = 7(a).

Since A = Agiag Xshitt N, there is a natural expectation E: A — Agiag, i.e., E is positive,
unital and idempotent. For a € A we have

Bl@) = B( 00 () + X 0 (00" ) = aal) (5.1)

n>0 n>1

and ao(K) € Agiag. Since Agiag is the fixed point algebra for pp, we immediately obtain the
following lemma:

Lemma 5.1. Suppose 7: A — C is a pg-invariant state on A. Then there exists a state
t: Agiag — C such that 7(a) = t(E(a)) where E is the natural expectation. Conversely given the

natural expectation E and a state t: Agiag — C, then 7(a) = t(E(a)) defines a pg-invariant state
on A.

To parametrize all invariant states we need to first identify the pure states.

Lemma 5.2. The pure states on Agiag denoted by ty, for k € N and to are given by

tr(a(K)) = a(k) = (Ey, aEg),
too(a(K)) = klgr;o a(k) = klggo tr(a(K)).

Proof. Agiss is a commutative C*-algebra that is isomorphic to the algebra of continuous
functions on the one-point compactification of N, that is

Adiag = C(N U {OO})

So by general theory, see [15] for details, the pure states are the Dirac measures (or point mass
measures). [

As a consequence, we have the following classification theorem of the py-invariant states on A.

Theorem 5.3. The pg-invariant states on A are in the closed convex hull of the states T, and Too
where (a) = tx(E(a)) and 1oo(a) = too(E(a)). Explicitly, if T is a pg-invariant state, there

exist weights w(k) > 0 such that > w(k) = 1 and non-negative numbers \g and Aoy, with
k>0
Ao + Ao = 1 such that

T = AooToo + A0 Zw(k)m.
k>0

In fact, we have Y, w(k)m(a) = tr(w(K)a) = 7y(a), and g = 3. 7(Py), w(k) = Ay '7(Pr),

and Moo = 1 — > 7(Py) where again Py is the orthogonal projection onto the one-dimensional
k>0
subspace spanned by Ej.

Proof. By continuity it is enough to compute 7(a) on the dense set A. Then, by pp-invariance
and equation (5.1), we have

7(a) = T<Z Ula, (K)+ > an(K)(U*)”> = 7(ag(K)).

n>0 n>1
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Set 7(P;) = w(k) and notice that w(k) > 0 since 7(P) = 7(P2) = 7(P;P;) > 0. It is clear
that w(k) < 1 since Py are projections. Next decompose any a(K) € A as in the proof of
Proposition 3.1

Il
M
L
=]
2

k)Pi 4+ aooP>1,,
=0

where L is the domain constant and a, is the value of a(k) for & > L . Applying 7 to this
decomposition we get

L—1 L—1
T(a(K)) = a(k)w(k) + aoom(P>1) = a(k)w(k) + asem(I — Py — Py — -+ — Pr_1)
k=0 k=0
L—1 L—1
= a(k)w(k) + axo (1 - w(k:))
k=0 k=0
On the other hand we have
L—1
D ak)w(k) =) alk)w(k) + as > wlk
k>0 k=0 k>L
Plugging this equation into the previous one we obtain
, w(k)a(k)
7(a(K)) = Za(k)w(k‘) +tax [ 1— ZWU‘?) = ZW(J) S w()
k>0 k>0 jeN j>0 2ejeN U
k)a(k
+ Goo 1—Zw(k) =X M + oo Moo
= =5 2jenwli)
The last equation provides a convex combination of two states 7oo(a) = aoe and 7,(a) =
tr(w(K)a) with w(k) = “()) _ a5 Ao + Aeo = 1. This completes the proof. [

Zj w(J)

Given a state 7 on A let H, be the GNS Hilbert space and let m,: A — B(H;) be the
corresponding representation. We describe the three Hilbert spaces and the representations
coming from the following three pg-invariant states: 7, with all w(k) # 0, 79, and 7. The
states 7, with all w(k) # 0 are general pg-invariant faithful normal states on A.

Proposition 5.4. The three GNS Hilbert spaces with respect to the pg-invariant states 1, with
allw(k) # 0, 19, and T can be naturally identified with the following Hilbert spaces, respectively:

1. H,, is the Hilbert space whose elements are power series

=Y U'fHE) +) (K

n>0 n>1
such that
112, = Tu(f*f) = ZZ k)| fo (k |2+ZZ (k+n)|f, (k)] (5.2)
n>0 k=0 n>1 k=0

is finite.
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2. H, = (*(N), 7, (U) is the unilateral shift.

3. H, = L*SY), 7. (U) is the multiplication by e™®.
Proof. The first Hilbert space is just the completion of A with respect to the inner product
given by (5.2). It was discussed in [7], and also [17]. It is the natural analog of the classical
space of square-integrable functions L?(ID) for the quantum disk.

The Hilbert space H,, comes from the state m9(a) = (Ep, aEp). To describe it we first need
to find all @ € A such that 7p(a*a) = 0. A simple calculation yields

mo(a*a) = la; (0).

n>0

Thus if 79(a*a) = 0 we get that a,f (0) = 0 for all n € N. Let A, = {a € A: 79(a*a) = 0}. Then
we have

AJA;, = {a => U”aj;(O)PO},

n>0

and |lal|?) = m0(a*a). So, using the canonical basis {E, := U"Fy} for n > 0, we can naturally
identify A/.A,, with a dense subspace of ¢?(N).

It is easy to describe the representation m,,: A — B(H.,) of A in the bounded operators
on H;,. We have

Tro (U)E, = Epnya,
and
7o ((K)) B, = a(K)U"Py = Ua(K +n)Py = UMa(n)Py = a(n)E,.

Notice also that A/ A, > [I] — Py := Ey. In other words, 7., is the defining representation of
the Toeplitz algebra A.

Next we look at the GNS space associated with 7 (a) (Eg,aFEy). If a(K) € A, we set

= lim
k—o00

(oo = lim a(k).
k—o0

Again we want to find the subalgebra A, of a € A such that 7o (a*a) = 0. A direct computation
shows that

7—OO(CL*Q) = Z |a:,o<>|2 + Z |a'r:,oo‘2’

n>0 n>1

80 To(a*a) = 0 if and only if aioo = 0 for all n. Now A/ A, can be identified with a dense
subspace of L?(S!) by

A/A._ > a] = [a =Y Ulaf o+ a;oo(U*)"]

n>0 n>1

+ inx — —inx .__
— g Ay o€+ g Ay 00 € = fa(x).
n>0 n>1
Moreover we have
1 27

To(lal) = o= [ fa(a)dz.

:2770
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The representation n.__: A — B(H;. ) is easily seen to be given by

Tr (U) f(2) = € f(2),

and

Troo ((K)) f (%) = aco f ().
This completes the proof. |

6 Implementations of derivations in quantum disk

Let H; be the Hilbert space formed from the GNS construction on A using a pg-invariant state 7
and let m,: A — B(H;) be the representation of A in the bounded operators on H, via left
multiplication, that is 7;(a)f = [af]. We have that A C H; is dense in H; and [1] € H, is
cyclic.

Let D; = m-(A) - [1]. Then D; is dense in H,. Define U, p: H; — H, via U, gla] = [ps(a)].
Notice for every 6, the operator U, extends to a unitary operator in H;. Moreover by direct
calculation we get

UT,HWT(Q)Ugel = 77 (po(a)).
It follows from the definitions that U, ¢(D;) C D, and 7,(A)(D-) C D-.

6.1 Invariant derivations

We first consider implementations of pg-invariant derivations. Let dg be an invariant derivation
dg: A— A, dg(a) = [B(K —1),a], as described in Proposition 4.1.

Definition 6.1. D,: D, — H, is called an implementation of a pg-invariant derivation dg if
[D;,m(a)] = m-(dg(a)) and UT,@DTU;Q1 =D,.

In view of Theorem 5.3 we implement the derivations on the three GNS Hilbert spaces H,
H, and H,

Proposition 6.2. There exists a function a(k), Y. |B(k —1) — a(k)*w(k) < oo, such that any
k>0

implementation Dg : D, — H;, ofdg is uniquely represented by
Dg ;a0 = (K ~-1)a — aa(K). (6.1)
Proof. We start by computing U;, ¢. From the definitions we have
Tu) ZUn inf + + Ze ind U*)
n>0 n>1

It follows from the assumptions that Dg ;, (I) must be invariant with respect to U, g. This
implies that Dg ., (I) = n(K) for some diagonal operator n(K) € H;,. Thus, using Proposi-
tion 4.1, we get

DIB:Twa = Dﬁﬂ'wﬂ-Tw (a’) I = [‘Dﬁﬂ'w’ T (a)} I + Ty (a)Dﬁva(l) - dﬁ(a) + aW(K)
= [B(K—1),a] + an(K) = 5(K — 1)a — aa(K),

where a(k) = S(k — 1) — n(k). Notice also that n(K) € H,, implies
In(®)[[7, =Y [B(k = 1) = a(k)Pw(k) < cc.
k>0

Conversely, it is easy to see that the operator defined by (6.1) is an implementation of dg. Thus
the result follows. |
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Proposition 6.3. There exists a number ¢ such that any implementation Dg 5, : Dy, — (*(N)
s of the form

Dg . =c-1+B(K-1),
where (k) is the convergent increment function from Proposition 4.1.
Proof. Again we need to find U, 9. Since pg(U"Py) = U™ Py, we have
Uy 0 En = €™ E,.

Since Dg r,Fy is invariant with respect to Uy, g, we must have Dg, Fy = cEy for some
constant ¢. Then

Dg o En = Dg - ,U"Ey = (Dgr,U" —U"Dg 1,)Eo + U"Dg -, Ey = dg(U")Ey + cU" Ey.
By using Proposition 4.1 in the above equation we get

Dﬂ,ToEn = [/B(K - 1)7 Un]EO +ck, = (ﬁ(K - 1) - B(K —n- 1))En + ckEy,
=(B(n—1)+c)E,.

A short calculation verifies that Dg -, is indeed an implementation of dg. This completes the
proof. |

Proposition 6.4. There exists a number ¢ such that the implementations Dg ;. : D, — L*(S1)
of dg are of the form

1d
D/BvToo = 600;% + C’
where

oo = lim (B(k) = B(k —1)).

k—o0

Proof. Like in the other proofs we need to understand what the value of Dg - on 1is. A simple
calculation shows that

(Ure 0 f) (@) = fz —0).

It is clear by the invariance properties that there exists a constant ¢ such that Dg, (1) =c- 1.
Notice that D, is the space of trigonometric polynomials on S!. By linearity we only need
to look at Dg _ on e"*. We have

Dgr. (e™) = (Dg o mr (U") — 707 (UM Dg ) - 14 7 (U™ Dg (1)
= [Dgras T (U™)] + 77y (U™) D 1, (1) = 77, (dg(U™)) + Tr (U™) D 7, (1)
(") (B(k +n) —B(k) + mr (U™)(1)e

= 7‘('7_00

- lim
k—o0
_ emm(nﬁ —|—C) _ 5 li(emx) —|—C€m$

> 4 dx ’

It is again easy to verify that Dg, _ is an implementation. This completes the proof. |
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6.2 Covariant derivations

Now let dg be a covariant derivation dg: A — A of the form dg(a) = [UB(K),a], as proved in
Proposition 4.2. Let 7 be a pgp-invariant state.

Definition 6.5. pT: D; — H- is called an implementation of a pp-covariant derivation CZB if
(D, 70, (a)] = 7, (dg(a)) and U, D, U} = D,

We state without proofs the analogs of the above implementation results for covariant deriva-
tions; the verifications are simple modifications of the arguments for invariant derivations.

Proposition 6.6. There exists a function a(k), > |B(k) — a(k)|Pw(k) < oo, such that any
k>0

implementation Dﬁ,m :D,, = H;, of CZB is uniquely represented by
Dyr, f=UBK)f — fUa(K).
Proposition 6.7. The implementation D@TO: D,, — *(N) of czg is of the form
Dp,ry = UB(K),
i.e., on basis elements ﬁg,TOEn = pB(n)Enpi1-
Proposition 6.8. There exists a number ¢ such that any implementation Dﬂﬂ—oo : D, — L*(SY)
of dg 1is of the form
Dﬂ,roo = <B°°1;alc + c> ,
where, as before, oo := kh_)n;()(ﬁ(k) — Bk —1)).

7 Compactness of parametrices

7.1 Spectral triples

We say that a closed operator D has compact parametrices if the operators (I + D*D)*l/ 2 and
(I + DD*)~Y2 are compact. Other equivalent formulations are summarized in the appendix.
Below we will reuse the same notation for the closure of the operators constructed in the previous
section. In most cases it is very straightforward to establish when those operators have compact
parametrices.

Proposition 7.1. The operators Dg r,, 135770 have compact parametrices if and only if B(k) — oo
as k — oo.

Proof. The operators Dg,, are diagonal with eigenvalues §(k — 1) + ¢, which must go to

infinity for the operators to have compact parametrices. The operators Dg ;, differ from the
operators Dg -, by a shift, so they behave in the same way. |

Proposition 7.2. The operators Dg -, DB,TOO have compact parametrices if and only if Boo # 0.

Proof. Similar to the proof of the proposition above, the operators Dg ,  are diagonal with
eigenvalues fSon + ¢, which go to infinity if and only if 8. # 0. |

Proposition 7.3. The operators Dg ., have compact parametrices if and only if
Blk+n—1)—a(k) — oo and Blk—1)—alk+n) — oo

as n,k — oco.
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Proof. The operators Dg ,, can be diagonalized using the Fourier series
F=3 U K) + Y fr (R) (U™
n>0 n>1

Computing Dg -, f = B(K —1)f — fa(K) we get

Dpr,f =Y UMBEK+n—1) = a(K) £ (K) + Y (8K - 1) — (K +n)) f, (K)(U")".

n>0 n>1

It follows that the numbers S(k+n — 1) — a(k) and B(k — 1) — a(k + n) are the eigenvalues of
the diagonal operator, and must diverge for the operator to have compact parametrices. |

Let us remark that, in the last proposition, if for example a(k) = 5(k — 1) —in(k), with B
and (k) real, Y |n(k)|*w(k) < oo, and (k) — oo as k — oo, then
k>0
Bk +n— 1) — (k) ~ foon + in(k) = oo,
as k,n — oo. Similarly, we have
Bk —1)—a(k+n) =~ —Bk +in(k +n) — oo,

as k,n — oo.

7.2 Covariant derivations and normal states

Here we study the parametrices of the pg-covariant operators which implement derivations in
GNS Hilbert spaces Hr, corresponding to faithful normal states. In this section we enhance the
notation for Dg ;- ; we will use instead

Dgawf =UBK)f = fUa(K),

a notation that clearly specifies the coefficients of the operator. Denote by Dg%¥
of Dg o defined on D™ = 7, (A) - [1].
Define the x-algebra

Ag = {a = Z Urat (K) + Za;(K)(U*)”: ax(k) € coo, finite sums},

n>0 n>1

the closure

where cgg are the sequences with compact support, i.e., eventually zero, and let Dg‘io?w be the

closure of Dg .4 defined on DM = 7 (Ap) - [1]. Finally, will use the symbol Dg 4, for any
closed operator in H  such that Dg?a“,w C Dgaw C Dg‘ij‘w
The main objective of this section is to prove the following no-go result.

Theorem 7.4. There is no closed operator Dg ., n H.,, Drﬁn’g‘?w C Dgaw C Dgﬁ’fw, with
Boo # 0, such that Dg . has compact parametrices.

Proof. It is assumed below that S, # 0. The outline of the proof is as follows. First, by
a sequence of equivalences, we show that the operator Dg, ., has compact parametrices if and
only if a simplified version of it has compact parametrices. Since in particular an operator
with compact parametrices has to be Fredholm, the finiteness of the kernel and cokernel implies
certain growth estimates on the parameters. Those estimates in turn let us compute parts of
the spectrum of the Fourier coefficients of Dg ., and that turns out to be not compatible with
compactness of the parametrices.

First we show that (k) can be replaced by its absolute values. We will need the following
information.
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Lemma 7.5. Let {(k)} be a sequence of complex numbers. If B(k + 1) — f(k) — Boo and
Boo # 0, then there exists positive constants c1 and co, and a nonnegative constant cs such that

ok +1) —c3 < |B(K)| < er(k+1).
Moreover ||B(k + 1)| — |B(k)]|| is bounded.

Proof. We will prove first that 5(k) = Soc - (kK + 1)(1 + 0(1)). From this the first inequality
follows immediately. We decompose (k) as follows

B(k) = Boo - (k +1) + Bo(k),

so that Bo(k)—Bo(k—1) — 0 as k — oo, Bo(—1) = 0. Using the notation ¢ (k) := So(k)—Bo(k—1),
we want to show that

k
Bolk)
P
5=0
as k — oo. Given £ > 0 first choose j. so that [1(j)| < e for j > j.. First we split the sum

Je—1 Je—1

k
E: k+1§:W’|+k+1§:W ’—k+1§:W’|+E

7=0 J=Je

and then choose k. so that % < ¢ for k > k.. It follows that BkOJ(rl) =o(1).

The second part of the lemma follows from the estimate

1Bk + D) = [B(R)[] < [B(k +1) = B(k)| < 0. |

Lemma 7.6. The operator Dg o, such that Dg‘gw C Dgaw C DmaX has compact paramet-

rices if and only if the operator D\g| o such that Dﬁn C D\Bl,a,w C Dfﬁli’&w has compact
parametrices.

Proof. Define the unitary operator V(K) by

= exp Z Arg(p ,

and consider the following map f +— V(K)f for f € H,,. This map preserves the domains D"
and DX A direct computation gives that

Dyl = V(K)DpawV (K) 7.
This shows that Dg o and D)g| o, are unitarily equivalent, thus completing the proof. |

Lemma 7.7. The operator Dg ., such that Dwin Dg o C DF has compact parametrices

B,a,w - Ba,w
if and only if the operator Dy, atry,w such that DE% o C Dgyyyadqe,w C© DR o n 0
has compact parametrices for any constants y1 and ~ys.

Proof. Notice that the difference Dg i, aqyow — Dg,aw is bounded, hence the two operators
both either have or do not have compact parametrices simultaneously, see Appendix A. |
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It follows from those lemmas that, without loss of generality, we may assume that G(k) > 0,
where ((k) satisfies inequalities

co(k+1) <B(k) <er(k+1),
1B(k+1) = B(k)| < oo, (7.1)

c1 and ¢y positive.
Next we look at properties of a. For a finite sum

=Y USRI ) + ) fr (K)(UH)"
n>0 n>1
in the domain of the operator Dg o, we can write Dgqf = UB(K)f — fUa(K) in Fourier
components as

Dpauwf =Y UHD5 £1)E) + Y (D [ B)(U)"

n>0 n>1

where

(Dy f)(k) = B(k +n) f(k) — a(k) f(k + 1),
(Dy, f)(k) = alk +n —1)f(k) = B(k = 1)f(k —1).

Lemma 7.8. If the operator Dg . such that Dglio?w C Dgaw C D3 has compact paramet-

K k) 57a7w
rices, then dim coker(D%Y, ) < oo and a(k) has at most finitely many zeros.

Proof. First note that since Dg, ,, has compact parametrices it is a Fredholm operator, so it
has finite-dimensional cokernel. This means that Dglzxw has finite-dimensional cokernel since
ker(Dgo%,)" C ker(Dg,a,w)*. Next suppose that a(k) has infinitely many zeros and then try to
compute ker(Dg‘ZXw)*. In Fourier components this leads to the following equations

(D) f(k) =a(k +n—1)f(k) = (k) f(k+1) =0.

Suppose @(N) = 0 for some N > 0, and consider n = N + 1. Solving recursively the equation
(Dy,1)"f(k) =0 gives that f(k) =0 for all £ > 1. Thus the function

1, fork=0
ky=14" ’ 7.2
xo(k) {0, for k> 1 (7.2)

belongs to the kernel of (Dy, )", and, because of the finite support, xo(k) is in the domain
of ((D&+1)*)min. This works for any N > 0 such that a(N) = 0, producing an infinite-

dimensional cokernel for D3, contradicting the assumption. Thus the result follows. |

As a consequence of the above lemma. and also Lemma 7.7 we will assume from now on that
a(k) # 0 for every k.

We find it convenient to work with unweighted Hilbert spaces. This is achieved by means of
the following lemma.

Lemma 7.9. Let H., be the weighted Hilbert space of Proposition 5.4(1), and let H be that
Hilbert space for which the weight w(k) = 1. The operator Dg q . such that Dyin Dgaw C

B,a,w
DFex has compact parametrices if and only if the operator Dg g1 such that Dg'a, € Dgan C

ﬁ7a7w
Dgfgfl has compact parametrices, where



18 S. Klimek, M. McBride, S. Rathnayake, K. Sakai and H. Wang

Proof. In H., write the norm as
171 = tr(w(R)ff) = b (Fu(K)'2)" (w()2),

and set ¢(f) = fw(K)Y2: H,, — H. Then ¢ is a bounded operator with bounded inverse, and
is in fact an isomorphism of Hilbert spaces. Moreover, we have

w(K)

-1 i - o
QO(DB,oc,wSD f) - UB(K)f fU (K) w(K+ 1)

= Dga1f,

and @D@a,wgo_l: H — H. So Dg . and Dg g1 are unitarily equivalent, thus completing the
proof. Notice also that &(k) # 0, because «a(k) # 0. |

From now on we will work with operators Dmm1 C Dg,a1 C DggY in the unweighted Hilbert
space ‘H. For convenience we define a sequence {,u( )} such that M(O) =1 and

p(k +1)
p(k)

Such p(k) is completely determined by the above equation in terms of a and 5 and will be used
as a coefficient instead of a. We rewrite the four main operators as follows

e v g D))

s (19 sy iy 7%= 0).
(D)0 =Bkt (10 - 20 FO )
uéﬁsz<““‘ﬁngﬁfﬁgﬁén

Next, using Fourier components above, we study the kernel and the cokernel of Dg, 1.

a(k) = B(k)

(Qﬁﬂmzﬁ%+m<ﬂm—

(D, f)(k) = B(k+n—1)

(DR) f)(k) = Bk +n—1)

Flk+ 1)) .

Lemma 7.10. The formal kernels of D) and (D, )* are one-dimensional and are spanned by,
correspondingly

and
fo (k) =1k +n—1) H (J + k).

The operators D;; and (D;5)* have no algebraic kernel; consequently they have no kernel at all.

Proof. We first study D, f(k) = 0; the calculations are the same as in [17]. Solving the
equation D f(k) = 0 recursively, we arrive at

k—1 .
G ) p(0) - F(0) B(n) - Blk 40— 1)
O =150 0@ = uw 50)--sk-1
() Bn) B+ n— 1) BO)-Bn—1) _ £(0) Blk) - Bl +n— 1)
W) BO) - B—T) F0) - Bn—T) ~ ah) BO) =1

Other calculations are similar. This completes the proof. |
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The computations above were formal; to actually compute the kernel and the cokernel
of Dg 1 we need to look at only those solutions which are in the domain/codomain of Dg 1.
It is important to keep in mind the following inclusions

kengfg‘,l C ker Dg o1 C ker Doy,
and
coker D', C coker Dg o1 C coker Dgﬁ;l.

The following lemma exhibits the first key departure from the analogous classical analysis of
the d-bar operator.

Lemma 7.11. If the operator Dg 1 such that Dmm1 C Dga1 C D,B aX1 has compact paramet-

rices, then both ker Dg‘ij‘l and coker Dg“orjl are finite-dimensional.
Moreover, the sums

oo |n—1 oo |n—1

ZHﬂj—i—k lu(k +n— 1) and ZHﬁ]—i—k M(i)Q

k=0 |5=0 k=0 |75=0

are both infinite for all n > ng.

Proof. Let f,;/ and f, be solutions to the equations D f = 0 and (D,,)* f = 0 respectively, as
described in Lemma 7.10. First we study D, f = 0. There are two options

(1) |fiFll < oo for all n, or
(2) there exists ng > 0 such that || £} || =

Consider the first option first, i.e.,

Z|fn+ ZB k);”_l) < 0

for every n, which implies that Dﬁ has an infinite-dimensional kernel. We argue below that

in this case the kernel of Dmm1 is also infinite-dimensional, which is not true in classical theory.
Consider the sequence

+ r
fN(k):{fn (k), fork <N,

0, else.

Notice that, because it is eventually zero, the sequence fx (k) is in the domain of (D)™™ and
fn — fFin £2(N) as N — co. Moreover, a direct calculation shows that

DTJ{fN(k)—{B(n+N)fﬁF(N): Y1 (N), fork=N,

0, else.
From this we see that D" fy — 0 as N — oo since ||f,;|| < oo for all n. This shows that the
formal kernel of (D)) is contained in the domain of (D;")™". This implies that Dg, 1 has an
infinite-dimensional kernel contradicting the fact that Dg, 1 is Fredholm. A similar argument
produces an infinite-dimensional cokernel for Dg, 1 by studying option (1) for (D, )*f = 0.
Consequently, option (1) does not happen in our case, and option (2) must be true. It is clear
from the growth conditions (7.1) that if there exists ng such that || f; || = co then ||fF]| = oo
for all n > ng. But that means that the #2(N) kernels of (Di) and (Di) are all zero for n large
enough. This implies that both ker D37 and coker Dmm1 are finite-dimensional. Moreover,
| £l = oo for all n > ng gives the divergence of the sums in the statement of the lemma. Thus
the proof is complete. |
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It follows from the above lemma, and from the remarks right before it, that all three operators
Dg?’gl’l C Dga1 C Dglygfl have compact parametrices.

Next we discuss the inverses of D and their formal adjoints. Operators D;; and (D;")* have
no formal kernels and can be inverted on any domain of sequences. The other operators preserve
co C F2(N) and can be inverted on ¢y. The corresponding formulas are

1 NBR) Bk —1) ()
(B0 =2 =5 g e

k . . .
B()---B+n—=2) pi+n-1) = .
Z[:)ﬁ(k)-'-ﬂ(k‘—i-n—l)' w(k +n) 97) ifn =2,
(D;)Mg(k) =77 , .
Bk +1) jZOM(J)QU) if n=1,
k —,. —
ey —1 o BG)-BG A1) mk) .
(D)) g(k)j; SE B A 9(h),
OoB(k)-~B(k+n—2).ﬁ(k¢+n—1) N it
BR0) Y =90 =1

Using those formulas we obtain key growth estimates on coefficients u(k) in the following
lemma.

Lemma 7.12. If the operator Dg 1 such that Dglgll C Dgaa C Dglgj‘l has compact paramet-

rices then, for n large enough, (D)™™ and ((D:£)*)™2* are invertible operators with bounded
inverses. Moreover, there exists a number n1 > 0 and a constant C' such that

1

m < u(k)| < C(k+1)™ (7.3)

forn >n;.

Proof. The Fredholm property of Dg,,1 implies that the ranges of D% and ((Dg,a,1)")™*
are closed. By the proof of Lemma 7.11 there exists ng > 0 such that for all n > ng the /2(N)
kernels of D and (DX)* are zero. It follows that Ran(D;, )™ = Ran((D;5)*)™®* = ¢?(N) for
n > ng. In particular this says (D, )™®)~1xo(k) € £2(N), where xo(k) was defined in (7.2). As
a consequence we obtain

1
B(k)? -+ Bk +n —1)*|u(k + n)|?

< Q.

M8

e
i
o

Using the growth conditions (7.1) the inequality above yields

1
(k1% (k+ n2[u(k + n) 2

WE

< 00

iy
o

for n > ng, which gives the left hand side of the inequality (7.3). To the get the right-hand side,
we use (((DF)m)7)~xo(k) € 2(N). .
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Now that we have control over the coefficients of Dg, 1 we can compute the spectrum of
its Fourier coefficients. Notice that, using Proposition A.6 in the appendix, we have that
since ngnl and DmE’LX1 are Fredholm, and Dg, 1 has compact parametrices, then both Dmln
and D% also have compact parametrices. The following calculations are similar to the calcu—
latlons in [6] for the Cesaro operator.

Lemma 7.13. The continuous spectrum o, the point spectrum oy, and the residual spectrum o,
of the operator (D;F )™ have the following properties:

1) oo((D7)"™) = @,

2) {A € C: ReA > 0} C a,((D;f)™ax),

3) {A € C: ReA <K 0} & o,((D;})max),

4) o.((DF)™>) = & or has at most finitely many spectral values.
Proof. The Fredholm property of DF% implies that Ran((D;)™** — AI) is closed, meaning
that o.((D;F)max) = &.

Next we study the eigenvalue equation (D, f)(k) = Af(k), that is
p(k +1)

p(k)
This equation can be easily solved, yielding a one-parameter solution generated by

k—1 . k—1 . .
_ Bj+n)—A\ 1 B +n)—BG)— A\ 1
S =11 < 50) ) i =11 (1 * 50) ) (k)

j=0 Jj=0

Bk +n)f(k) — B(k) [k +1) = Af(k).

The question then is when does fy € £2(N)? To study estimates on fy(k) we use the following
three simple inequalities

1) 14z<e,

R "o kq
2) ln(x):/ dxgz_gl—i—/ —dxr =1+ In(x),
1z par it 1z (7.4)

3) there exists a constant C. such that C.el=97 < 1 42,
for 0 < e < 1 and small |z|.

First we estimate from above each factor in the formula for f) as follows
2

B +n) = BG) = AP B +n) = BG) — A\ | |BG+n) —BG) — A

‘1 " 50) - ke < 50) ) * ' 50)
B(j+n) = BG) = A\ |, |BG+n) = BG) = A
= e (2 Re (PG ) ) |
where we used inequality 1) of equation (7.4). This implies that
k— k— . 2
» (j+n)—B> 1 B +n)—p0)—A 1

Sl e ZO () + 220 50) rGl

Notice that for fixed A\ we have |3(j +n) — 8(j) — A| < const by (7.1) and, because ca(j + 1) <
B(j) < c1(j + 1), we obtain

-1

E‘

2 k—

,_.

B +n)— B0
B(4)

const
(J+

5 < const,

J=0

Q
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which accounts for the second term in the exponent. To estimate the first term we also use 2)
of equation (7.4) to get

AR <ep (S

J=0

const — Re A

< tk+1 (const —Re )
const(j + 1) | ()] = CMHE Y ’

where we applied (7.3) to estimate u(k). This last inequality implies that fy(k) € ¢*(N) if
Re A > 0. This shows that

{A € C: ReA>> 0} C o, ((D;F)™™).

Next we estimate fy from below by using part 3) of equation (7.4) with
(B(j +n) = B() —Re))

=2 . )
B(7)
which, by previous discussion, is small for j large enough. We get the following estimate
. . 2 . .
1 BGAn) =BG Z AT, B AR — BU) — ReA
B(7) B(7)
(B(j +n) — B(j) —Re A))
> exp (2 1—¢ - )
(1=¢) B(7)

valid for large j. By using the conditions on £(j) and u(k), and also 2) of equation (7.4), we get

const

(k)]
This inequality shows that if Re A < 0 then f(k) ¢ ¢2(N). This in turn implies that

k(lfs)(const —Rel) > (Const)k(lfs)(const —Rel) )

|fA(R)| =

{AeC: ReA < 0} & op((D;F)™™).

max

Finally, to determine the residual spectrum of (D;)™** we consider the eigenvalue equation

(D;H)*f(k) = Mf(k), which is the same as

A(k) _
Bk +n)f(k) — Bk — 1)mf(k — 1) = Af(k).
Rearranging the terms in the above equation yields
B e S
A R Ca)

This equation has non-trivial solutions if and only if S(k+mn)— X\ = 0 for some k, which can only
happen for specific values of A. Namely, if \; = (I + n), then the above equation recursively

gives f(0) = f(1)=---= f(l—1) =0 and
f(k+1)=const 5(k)---Bk+1—1)u(l+ k).

If [ is large enough then f(k) ¢ ¢?(N). This means that the residual spectrum of D;I has at most
finitely many values or is empty, proving the remaining part of the lemma, thus completing the
proof of the lemma. [ ]

We can now easily finish the proof of the theorem. As explained in appendix, if Dg%¥
has compact parametrices then its spectrum is either empty, the whole plane C, or consists of
eigenvalues going to infinity. Clearly this is not consistent with Lemma 7.13, and hence Dg 1
does not have compact parametrices. |
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A  Appendix

The main objective of this appendix is to review some generalities about unbounded operators
with compact parametrices. Presumably all of the statements below are known, however they
don’t seem to appear together in any one reference.

Throughout this appendix D is a closed unbounded operator in a separable Hilbert space.
Recall that D is called a Fredholm operator if there are bounded operators ()1 and @2 such that
Q1D—1I and D@Qy—1I are compact. The operators ()1 and ()2 are called left and right parametrices
respectively. Equivalently, D is a Fredholm operator if the kernel and the cokernel of D are finite-
dimensional. A Fredholm operator always has a single parametrix, i.e., a bounded operator Q
such that QD — I and D@ — I are compact. In the literature the case of unbounded Fredholm
operators is usually not discussed directly, however a closed operator can be considered as
a bounded operator on its domain equipped with the graph inner product ||z||2, = ||z||?+||Dz||?.
A good reference on Fredholm operators is [20].

We say that a closed, Fredholm operator D has compact parametrices if at least one of the
parametrices ()1 and )9 is compact. By applying ()1 to DQ2 — I on the left and Q)2 to Q1D — I
on the right, we see that if one of the parametrices ()1 and ()2 is compact so is the other.
Similarly, if @} and @, is another set of parametrices of an operator with compact parametrices,
then both Q] and @) must be comopact. It is sometimes easier to construct separate left and
right parametrices rather then a two-sided parametrix.

Our first task is to work out several equivalent definitions of an operator with compact
parametrices.

For A in the resolvent set p(D) let Rp(\) = (D — M)~! be the resolvent operator.

Proposition A.1. Suppose p(D) # @ and Rp(\) is compact for some \ € p(D), then Rp(u)
is compact for every p € p(D).

Proof. This immediately follows from the resolvent identity. |
First we rephrase the concept of an operator with compact parametrices in terms of resolvents.

Proposition A.2. Suppose p(D) # @ and Rp(\) is compact for some X\ € p(D), then D is
a Fredholm operator with compact parametrices. Conversly, if D is a Fredholm operator with
compact parametrices and p(D) # @ then Rp(\) is compact.

Proof. Consider the following calculations

DRp(A) = (D = AX)Rp(A) + ARp(A) =1+ ARp(N),
and

Rp(A\)D = Rp(A)(D — X))+ Rp(MA =1+ ARp()).

So, if Rp(\) is compact for A € p(D) then D is Fredholm with parametrix ARp(\) which is
compact. Conversely, if D is a Fredholm operator with compact parametrices and p(D) # &
then Rp(A) is compact as a parametrix of D. This completes the proof. |

Next we give a characterization of operators with compact parametrices in terms of self-
adjoint operators D*D and DD*.

Proposition A.3. Suppose (I + D*D)~'/? and (I + DD*)~'/% are both compact. Then D is
a Fredholm operator with compact parametrices. Conversely, if D is a Fredholm operator with
compact parametrices then (I + D*D)~Y2 and (I + DD*)~'/2 are both compact operators.
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Proof. We construct the parametrices of D explicitly. To this end consider the operator
Q := D*(I+ DD*)~L.

Notice that, since (I + DD*)~/2 is compact, (I + DD*)~! is compact. Moreover, we have by
the functional calculus that operator D*(I + DD*)~'/2 is bounded. Consequently we have

DQ=1I-(I+DD*) L.
Writing @ as
Q = D*(I + DD*)"Y2(I + DD*)~'/2,

we see that () is compact and so D has compact right parametrix. Similar argument shows
that @ is also a left parametrix.

Conversely, let () be a compact parametrix of D, i.e., DQ = I + K1 and QD = I 4+ Ko,
where K1 and Ky are compact. Then consider

(I+D*D)"'? = (QD ~ K3)(I + D*D)""? = QD(I + D*D)~"/? ~ Ky(I + D*D) /2.

Since D(I + D*D)~%? and (I + D*D)~'/? are bounded and Q and K are compact, it follows
that the right hand side of the above equation is compact. A similar decomposition works for
showing the compactness of (I + DD*)~'/2 thus completing the proof. |

Corollary A.4. If D is a Fredholm operator with compact parametrices, then D*D and DD*
are Fredholm operators with compact parametrices.

Proof. Notice that (I+D*D)~! and (I +DD*)~! are resolvents of D*D and DD* respectively,
and they are compact by the previous proposition. |

Operators with compact parametrices have the following simple stability property.

Proposition A.5. Suppose D is a Fredholm operator with compact parametrices. If a is
a bounded operator, then D + a is Fredholm with compact parametrices.

Proof. If () is a compact parametrix of D then it is also a parametrix of D + a. |
We have the following “sandwich property” for operators with compact parametrices.

Proposition A.6. Let D; be closed operators for i = 1,2,3, such that D1 C Dy C Ds3. If Dy
and D3 are Fredholm operators and Dy has compact parametrices, then both D1 and D3 have
compact parametrices.

Proof. Since Dy has compact parametrices, there exists a compact @ such that QDy =1+ K
for some compact operator K. Since Di C Dy we have dom(D;) C dom(D2) and therefore
QD) =1+ K. Since D; is Fredholm it has both left and right parametrices. The above shows
that Dy has a compact left parametrix. Consequently the right parametrix of D must also be
compact. A similar argument works for D3. This completes the proof. |

Next we turn our attention to spectral properties of operators with compact parametrices.
As an example consider operators D1, Do, and D3 all equal to %% on absolutely continuous
functions in L2[0,1] but with different boundary conditions: no boundary conditions for D,
f(0) = 0 for Dy, and periodic boundary conditions for D3. Then the spectrum o (D7) of D is all
of C, o(D37) is empty, and D3 has a purely point spectrum. They are all Fredholm operators with
compact parametrices, (I + D;D¥)~'/2 and (I + D}D;)~'/? are compact since D;D} and D} D;

are Laplace operators on L?[0,1] with elliptic boundary conditions.
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Proposition A.7. Let D be a closed operator with compact parametrices. There are exactly
three possibilities for the spectrum of D: 1) o(D) = C, 2) o(D) = @, 3) o(D) = o,(D), the
point spectrum of D. In the last case, either (D) is finite or countably infinite with eigenvalues
going to infinity.

Proof. The examples above demonstrate all three possibilities. Suppose (D) # C, then there
exists a \g such that Rp(\g) exists. Since D has compact parametrices, Rp (o) is compact. By
spectral theory of compact operators we have

a(Rp(Ao)) = {0} Uap(Rp(Ao))

with three possibilities for the point spectrum: it’s empty, finite or countably infinite tending
to zero.

By assumption on A\g we have 0 ¢ o(D — X\oI). We claim that the mapping o,(Rp(Ao)) 2
A= A7t € o(D — M\ol) is a bijection. Consider the following identity

1
Rp(Xo) =M = (D — M) = X[ = —\(D — \oI)7! <(D — Xol) — AI) .
If )\ is an eigenvalue for Rp()\g) then it’s clear that A™! € o(D — X\oI). Now suppose 0 #
A ¢ op(Rp(XAo)), then since Rp(Ag) is compact, Rp(Ag) — A is invertible by the Fredholm
alternative. Then we have the following

-1
<(D “ol) - i]) — “ARp(N) — A Rn(h),

and the right-hand side is a bounded operator, which establishes the claim.

Using the bijection we can get all the information about the spectrum of D, since we have
g(D—Xol) =0(D)— . If 0,(Rp(Ao)) = @ then we get that o(D) = @, if 0,(Rp(Ao)) is finite
then o(D) = 0,(D) and is finite, and finally if 0,,(Rp(Ao)) is countably infinite with eigenvalues
tending to zero, then o(D) = 0,(D) is countably infinite with eigenvalues going to infinity. This
completes the proof. |

The last topic covered in this appendix is an analysis of operators of the form
0 D
which appear in the definition of an even spectral triple.

Proposition A.8. The operator D has compact parametrices if and only if the operator D has
compact parametrices.

Proof. If ) is a compact parametrix of D, let K1 and K5 be the compact operators such that
DQ =1+ K; and QD = I 4+ K,. Using Q we can construct a parametrix of D by
D 0 Q| [I+K; 0
Q 0] 0 I+ K5\’
and similarly for the multiplication in the reverse order. These imply that D has compact

parametrices. Conversely, if D has compact parametrices, its resolvent is compact. We can
write down the resolvent for imaginary —iA as follows

il D]' [—iAA2T+ DD*)"'  D(\I+ D*D)"!
D* QM| T | D*(\I+DD*)"! —i\(\*I + D*D)"

(D+iM)~ = {

Inspecting the diagonal elements of the above matrix we see that D has compact parametrices
by Proposition A.3. |
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