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Remark 3.2. Note that equation (3.1) can also be considered as an equation for the classes
in Rg−2(Mg), once we replace the symbols 〈τd1 · · · τdk〉g by the restrictions to Rg−2(Mg) of the

classes π∗(ψ
d1
1 · · ·ψ

dk
k ), where π : Mg,k →Mg.

Proof. We will use relations in Rg−2+n(Mrt
g,n) given by half-spin relations for A = 2g − 3 + n.

Note that to produce relations D := g − 2 + n must be at least g, and hence we have n ≥ 2.
The restriction toMrt

g,n means that all allowed stable trees must have one vertex vg of genus g,
and all other vertices have genus 0. If we cut vg from such a stable tree, it falls apart in several
connected components, which are called rational tails.

The leaves are then distributed among these rational tails, and this gives a decomposition
JnK =

⊔k
i=1 Ii. If |Ii| = 1, this corresponds to a leaf attached to vg. We will therefore consider all

graphs where the points with indices in Ii lie on a separate rational tail, for every i = 1, . . . , k.
We want to simplify these relations by applying half-spin relations in genus zero to each of

the tails. Hence, we will now consider a particular rational tail that contains points with indices
in I ⊂ JnK, with |I| ≥ 2. Consider the edge that attaches this rational tail to the genus g
component, and assume that it is decorated by ψd at the node on the genus g component. We
call this edge the root edge, er, for this tail.

The total (cohomological) degree of the rest of this tail is given by the number of edges,
excluding this one, together with the total number of ψ-classes, excluding this one. We will call
this degree DI . It cannot be larger than |I| − 2, since dimCM0,|I|+1 = |I| − 2 and the graph is
constructed via pushforward along a map from this space. This means that the end of the root
edge which connects to the rational tail is decorated with ψ` for some 0 ≤ ` ≤ |I| − 2.
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Figure 1. A dual graph of genus g with rational tails and n leaves. The marked points with indices in

Ii ⊂ JnK are attached to the rational tail denoted by RTIi , for all i = 1, . . . , k.

Let us now discuss the coefficient corresponding to the root edge. Using the congruences
for the primary fields for the leaf contributions and the vertex contributions to be non-zero,
together with the fact that all vertices in the rational tail correspond to genus 0 components
and the total number of remaining ψ classes and edges is equal to DI − `, the primary field at
the genus 0 end of the root edge must be equal to b[0] := −3

2 − a[I] + (DI − `). The primary field
at the genus g end of the root edge must be equal to b[g] := a[I] − (DI + d+ 1).

The coefficient of the contribution of the root edge reads:
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