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Abstract. We examine the dipole approximated Pauli-Fierz Hamiltonians of the non-
relativistic QED. We assume that the Coulomb potential of the nuclei together with the
Coulomb interaction between the electrons can be approximated by harmonic potentials.
By an exact diagonalization method, we prove that the binding energy of the two hydrogen
atoms behaves as R~7, provided that the distance between atoms R is sufficiently large. We
employ the Feynman’s representation of the quantized radiation fields which enables us to
diagonalize Hamiltonians, rigorously. Our result supports the famous conjecture by Casimir
and Polder.
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1 Introduction

London was the first to explain attractive interactions between neutral atoms or molecules by
applying quantum mechanics [16]. Nowadays, the attractive forces are called the van der Waals—
London forces, and are described by the potential energy decaying as R~ for R sufficiently
large.! Here, R denotes the distance between two atoms or molecules. It is recognized that
these forces come from the quantum fluctuations of the charges inside the atoms. Because even
a simple hydrogen atom displays a fluctuating dipole, the van der Waals—London forces are
ubiquitous and therefore very fundamental.

Casimir and Polder took the interactions between electrons and the quantized radiation fields
into consideration and perfomed the fourth order perturbative computations [6]. They found
that the finiteness of the speed of light weakens the correlation between nearby dipoles and
causes the attractive potential between atoms to behave as

23/ 1\%21
Ver(R) = —— () —roaap,  R>1, (1.1)

where a4 and ap are the static polarizability of the atoms. The potential Vop is called the
Casimir—Polder potential or the retarded van der Waals potential. For reviews, see, e.g., [5, 11,
13, 18, 19]. Although this result is plausible, Casimir—Polder’s arguments are heuristic, and lack
mathematical rigor.

'More precisely, if one takes the interactions between electrons and the quantized Maxwell field according to
non-relativistic QED into account, the R™® behavior is true for the near-field region (very vaguely “sufficiently
large R but not too large”, and discussed on [7, p. 157] and [21]), but for the far-field region (where “retardation
effects become important”) the presented results show a R™7 behavior. In the approximation where the quantum
fluctuations of the Maxwell field are ignored, only the electrostatic Coulomb interaction remains. In this case,
the binding energy behaves as R~° provided that R is sufficently large. This R~® behavior is well-understood,
mathematically [1, 2, 15, 22].
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There are few rigorous results concerning the Casimir—Polder potential; In [20, 21], Miyao and
Spohn gave a path integral formula for Vop and applied it to computing the second cumulant.
Under the assumption that all of higher order cumulants behave as O(R_g) and their coefficients
are small enough to control, they rigorously refound that Vop behaves as R~7 as R — oo.
Although this assumption appears to be plausible, to prove it is extremely hard. Therefore, to
give a mathematical foundation of the Casimir—Polder potential is an open problem even today.

In the present paper, we will examine the Pauli-Fierz model under the following assumptions
[24, equations (13.127) and (13.123)]:

(C.1) the dipole approxiamtion (see (2.2));
(C.2) the electrons are strongly bound around each nucleus (see (2.3) and (2.4)).

The dipole approximation (C.1) is widely accepted as a convenient procedure in the community
of the nonrelativistic QED [24]. The assumption (C.2) is often useful when we study the low
energy behavior of the system. Under the assumptions, we prove that the binding energy
for two hydrogen atoms actually behaves as R~7. In the context of the Born-Oppenheimer
approximation, this indicates that the effective potential between two hydrogen atoms behaves
as R~ too. This result supports our assumptions for the model without dipole approximation,
and is expected to become a starting point for study of the non-approximated model. Our proof
relies on the fact that the dipole approximated Hamiltoninas can be diagonalized by applying
Feynman’s representation of the quantized radiation fields [8]. It has been believed that the
dipole approximated model also exhibits R~7 behavior by the forth order perturbation theory.
However, the arguments concering the error terms are completely missing. Indeed, this part is
tacitly assumed to be trivial in literatures. In this paper, we actually perform systematic error
estimates which are far from trivial.

In mathematical physics, it is known that rigorous studies of the Pauli-Fierz Hamiltonian
require an extra care due to the infamous infrared problem [4, 10, 24]. Fortunetely, within the
assumptions (C.1) and (C.2), we can control the problem relatively easily.

Before we proceed, we have additional remarks. In his Ph.D. Thesis [12], Koppen studied the
retarded van der Waals potential; he examined the Pauli-Fierz model with the dipole approxi-
mation (C.1), but the condition (C.2) is not assumed in [12]. In contrast to the present study,

he imposed the infrared cutoff ¢ on the Hamiltonian in order to apply the naive perturbation
o.]

theory and obtained an expansion formula for the binding energy: E,(R) = Y ¢'V.?(R). Then
0

1=
he removed the infrared cutoff from each term: V;(R) := hrﬂo V2 (R). Finally, he proved that
og—

some V;(R) satisfies (1.1). His observation could be regareded as a nice starting point of mathe-
matical analysis of the retarded van der Waals potential, however, there are still some problems
to be considered. For example, the magnetic contributions to the —R~7 decay are completely
overlooked. In addition, in the mathematical study of the Pauli-Fierz model, it is well-known

= .

that to prove that lim E,(R) = ) e’ lim V,?(R) is very hard problem, the aforementioned
infrared problem.

Our contributions are

e to provide a minimal QED model which can rigorously explain the Casimir—Polder poten-

tial by a relatively simple and easy way;

e to perform systematic error estimates without the infrared cutoff.

In this way, the present paper and the thesis [12] are complementary to each other.

Since the electrons obey Fermi-Dirac statistics, the wave functions of the two-electron system
belong to (HAH) ®S(L2 (]R3 x {1, 2})), where $) = L? (R3) ®C?, the Hilbert space with spin 1/2,
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the symbol A indicates the anti-symmetric tensor product and § (L2 (R3 x {1, 2})) is the Fock
space over L? (R3 x {1, 2}) Usually, the ground state of this system is a spin singlet. Thus, the
spatial part of the ground state is symmetric and we can end up with minimizing the energy in
an unrestricted manner on (L2 (]R3) ®L? (R3)) ®§(L2 (R3 x {1, 2})) For this reason, we perform
our analysis on (L*(R?) ® L?(R?)) @ §(L*(R® x {1,2})).? However, it should be mentioned
that our observation here can not be extended to general N-electron systems, directly.

In fairness, we mention the following two difficulties of the assumptions (C.1) and (C.2). For
details, see discussions in Section 9.

e The condition (C.2) breaks the indistinguishability of the electrons.

e Under the conditions (C.1) and (C.2), we cannot reproduce the exact cancellation of the
term with R~% decay (the van der Waals-London potential) by the contribution from the
quantized Maxwell field. Note that this cancellation is known to be fundamental to explain
the retarded van der Waals potential [20, 21].

The present paper is organized as follows. In Section 2, we introduce the dipole approximated
Pauli-Fierz Hamiltonian and state the main result. In Section 3, we switch to the Feynman
representation of the quantized radiation fields. This representation enables us to diagonalize
the Hamiltonians as we will see in the following sections. Further, we introduce a canonical
transformation which induces the quantized displacement fields in the Hamiltonians in Section 4.
Section 5 is devoted to the finite volume approximation, which is a standard method in the study
of the quantum field theory [3, 9]. Then we diagonalize the Hamiltonians in Sections 6 and 7.
In Section 8, we give a proof of the main theorem. Section 9 is devoted to the discussions of the
approximations (C.1) and (C.2). In Appendices A, B and C, we collect various auxiliary results
which are needed in the main sections.

2 Main result

Let us consider a single hydrogen atom with an infinitely heavy nucleus located at the origin 0.
The nonrelativistic QED Hamiltonian for this system is given by

1
Hie = 5(—iV — eA(gv))2 —e*V(z) + H;.

The nucleus has charge e > 0, and the electron has charge —e. We assume that the charge
distribution o satisfies the following properties:

(A.1) ¢ is normalized: [p;dzo(x) = 1.
(A.2) o(z) = o(—z). Thus the Fourier transformation ¢ is real.
A3

(

) 0 is rotation invariant, (k) = graq(|k|), of rapid decrease and smooth.

The smeared Coulomb potential V' is given by
V()= [ dka(hy?bl e e,
R3

The photon annihilation operator is denoted by a(k,A). As usual, this operator satisfies the
standard commutation relation:

[a(k, \), a(k', N)*] = Sy d(k — k).

20r we could simply say that one considers the “distinguishable particles”, see Section 9 for detail.



4 T. Miyao

Electron 2
Electron 1
T3
1
NucleﬁsT 1 ro N hkieus 2

Figure 1.
The quantized vector potential A(:B) is defined by

Q 7116-33 * ik-x
dk e(k, A o M\)* + k),

where e(k,\) = (e1(k, A),ea(k, X),e3(k, A)), A = 1,2 are polarization vectors. For concreteness,
we choose as

)\12

(k2, —Fk1,0)

D)= K2

, e(k,2) = — Ne(k,1). (2.1)

K
||
Note that A(z) is essentially self-adjoint. We will denote its closure by the same symbol. The
field energy Hy is given by

Z/ dk |k|a(k, \)*a(k, \).

A=1,2

The operator Hi. acts in the Hilbert space L? (RS) ® g(L2 (Rz X {1,2})), where §(h) is the
[o¢]
bosonic Fock space over h: §(h) = @ h®". Here, ®s indicates the symmetric tensor product.

n=0
To examine the Casimir—Polder potential, we consider two hydrogen atoms, one located at

the origin and the other at r = (0,0, R) with R > 0. For computational convenience, we define
the position of the second electron relative to r, see Fig. 1. Then the two-electron Hamiltonian
reads

Hae = %(_ivl —eA(21))" = €V (x) + %(—iVQ — eA(zy +71))° = €2V (w2)
+ *Vg(z1, z0) + Hp
with
Vi(@r2) = =V{e1 = 1) = Viaz + 1)+ V() + Vi + 22— 1)
= /]Rg dk @(@2“{‘—2(1 _ e—ik.m) (1 _ ei’“'“)eik'f‘,

The operator Ha, acts in L?(R3 ) ® L*(R3,) @ F(L*(R} x {1,2})).
The dipole approximation (C.1) means the following replacement:

A(xy) ~ A(0), A(zg + 1)~ A(r). (2.2)
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By the assumption (C.2), we can take x; and x5 sufficiently small. Therefore, we assume that
the Coulomb potential of the nuclei together with the Coulomb interaction between the electrons
can be approximated by harmonic potentials. Then one has

1
V(zj) ~ —51/021‘? + const (2.3)
with 1§ = £ [dk 6(k)? and
Vr(z1,22) >~ /dk o(k)%eFr (z1- l;:) (z2- 12:) (2.4)
with k = k/|k|. Hence, we arrive at
L. 2 Lo
Hpie = 5(—1V - SA(O)) + 56 vox” + Hy

and
1

1 1 1
Hpoe = 5(—1V1 - €A(0))2 + 56%330% + 5(—iV2 — eA(r))2 + ie%gx%

+ €2 / dk o(k)2e* 7 (21 - k) (22 - k) + Hp.
R3
Note that Hpje and Hpge are self-adjoint and bounded from below [14], because the cross-term
[ dk o(k)%elkr (xl . k) (xg . k) becomes very small provided that R is large enough. As for physical

discussions of the approximation above, see Section 9 in detail.
In what follows, we assume an additional condition:

(A.4) We regard vy as a parameter. Thus, vy is independent of p.
Hence, there are three parameters e, R and 1 in our models.

Theorem 2.1. Let E(R) = inf spec(Hpze) and let E = inf spec(Hp1e), where spec(X) indicates
the spectrum of a linear operator X . Let

kel [18llz2 }

coozmax{\/iemk\_lé L o2
0

Choose e and vy such that coo < 1/2, 1 < \/2evg and \/2¢||6||2 < 1. Then one has
23 (1\? /1 2
lim RT2E - ER))="(—) (>
A B (R) = 1 <2w> <4O‘E’at> ’

where g o = 1/0_2.

Remark 2.2.

1. The constant ag ¢ is the dipole moment of a decoupled atom, i.e.,
2 -1
QEat = §<¢at|x : (hat - 367/0/2) x¢at>7 (25)
2,2
where h,t = —%A + %xQ and 1, is the ground state of h,;. Note that x;1), is or-

thogonal to Yat: (Yat|xj1)ar) = 0. Thus, the vectors (has — 3euo/2)*1xjwat in (2.5) are
mathematically meaningful.
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2. The restrictions of the parameters in Theorem 2.1 come from technical reasons: As we will
see in the later sections, these are needed in order to control the perturbative expansions
for £ and E(R).

Example 2.3. Let n € .%¥ (R3), the Schwartz space. Suppose that 7 satisfies the following:
o 1(0) = (2m) /%
e 1)(k) is real-valued;
i U(k) = nrad(’k")'
For given £ > 0, we define g by
o(k) = n(&k).
Then p satisfies (A.1)-(A.3). In addition, since
l8llzz oc €72, llIKlallzz o €72, Ikl 0]z o €712,
the all assumptions in Theorem 2.1 are fulfilled, provided that £ is large enough. Note that
a typical choice of 7 is (k) = (2r)~3/2e~ Ik,
3 Feynman Hamiltonians

3.1 Preliminaries

To prove our main result, let us introduce Feynman Hamiltonians of the nonrelativistic QED [8].
These Hamiltonians can be diagonalized readily as we will see in Sections 6 and 7.
First, remark the following identification:

L*(R%) = L (R®) ® L3 (R®),
where

L2(R?) = {f € L*(R?) | f(—x) = f(z) ae.},
L2(R?) = {f € L*(R®) | f(—2) = —f(z) a.e.}.

8

For notational convenience, we denote by &;(-,A) the multiplication operator by the func-
tion €;(-, A).
We begin with the following lemma.

Lemma 3.1. Let

ran(e; (-, 2) | LZ(R?)),

3
I
Ce

ran(e; (- 1) [ LZ(R?)),

=
[
C e

<
I
—-

<
Il
-

(5(,2) T L2 (R%)),

=t

I
e

:

(€5~ 1) 1 L3 (RY)),

=

I
.

Z

ra ra

<
Il
-

<
Il
—_

where A | X indicates the restriction of A to X. Then $1, H2, H3 and H4 are subspaces ofL2 (]R3).



Note on the Retarded van der Waals Potential within the Dipole Approximation 7

Proof. Let D = {k € R3|ky # 0,ky # 0,k3 # 0}. Trivially, ¢;(k, ) is well-defined on D.
In addition, e1(k,1)71, ea(k, 1)71, e1(k,2)71, e2(k,2)~" and e3(k,2)"! are well-defined on D.?
Let Cy(D) be the set of continuous functions on D of compact support. Because the Lebesgue
measure of D¢, the complement of I, is equal to zero, Co(ID) is dense in L? (R3). Thus, it holds
that

m(gj(-, 1) [ LE(RS)) = m(gj(-’ 1) I CO,e(D))a J=12, (31>
where Co (D) = {f € Co(D) | f(=k) = f(k)}.

Let F,G € $;. Then there exist ¢,j € {1,2} such that F € tan(e;(-,1) | LZ(R?)) and
G eran(g(-, 1) | L2(R?)). By (3.1), there exist approximating sequences (Fy,) C ran(e;(-,1) |
Co,e(D)) and (Gy) C ran(g(-,1) | Cpe(D)) such that |[F — F,|| — 0 and |G — Gy — 0 as
n — 0. Hence, for each a, 8 € C, it holds that

aF, + G, — oF + BG as n — oo. (3.2)
Note that we can write F, = ¢;(-, 1) f, and G, = €;(-, 1)gn, with fy,, g € Cp (D). Thus, we have
Gn = €j(,1)g,, where g/, = €;(-,1)"te;(-,1)gn. Because ¢;(k,1)"'e;(k,1) is an even function
on D, we see that g}, € Cp (D). Accordingly, aF,, + 8Gr, = € (-, 1)(afn + Bg,) € ran(g(-,1) |
Coe(ID)). Combining this, (3.1) and (3.2), we conclude that aF + G € £, in particular, £; is
a subspace of L? (R3). By similar arguments, we can prove that $9, 3 and $4 are subspaces
of L?(R?). |
Lemma 3.2. We have the following identifications:

L*(R? x {1,2}) = L*(R®) @ L*(R®) = H, ® H2 ® H3 ® . (3-3)
Proof. The first identification in (3.3) is trivial. In what follows, we will concentrate on the
proof of the second identification.

Note that the multiplication operator €;(-,1)~! (j = 1,2) is self-adjoint and dom(e;(-,1)7")
is dense in L?(R?). Because ran(e;(-,1)) 2 dom(e;(-,1)7!) 2 Co(D) for j = 1,2, we obtain
ran(e;(-, 1)) = L?(R3). For each f € L*(R?), we set f.(k) = $(f(k) + f(—k)) and fo(k) =
S(f(k) — f(—k)). Because ¢;(k,1)? is an even function, we have (;(-, 1) fe|e;(-, 1) f,) = 0 for all
f € L*(R?) and j = 1,2, which implies that tan(e;(-,1) | LZ(R?)) L ran(eg;(-,1) [ L2(R?)).
Since

&0 Vf = 50D+ 56D, feL(RY),
~——— ~——

€ran(e;(,1))  €ran(e;(1)[LE(R3))  eran(e;(-,1)[L3(R3))
we conclude that

L*(R®) =tan(g;(-, 1) | LZ(R?)) @ 1an(e;(-, 1) [ L2(R?))
for j =1,2.

For i,i" € {1,2}, we set ,ul(ll,)(k) =¢i(k,1)ey(k,1). Because ,ul(.l.l,)(k) is an even function, we see
that, for each f € L? (R3) and g € L2 (R3),

1

(e D flewr (- D)g) = (Flig'a) = 0.

Therefore, $; L $H3 holds. Because 1 ®$H3z D raTn(sj(-, 1) | L? (RS)) @reTn(sj(-, 1) | L? (R3)), we
finally arrive at L? (R3) = ® H3. By arguments similar to the above, we get that L? (R3) =
H2 D N4 [ |

4
We will construct a useful identification between § (L2 (}R3) @ L? (]R3)) and @ F(Hy) in
A=1

Section 3.4. For this purpose, we recall some basic definitions in Sections 3.2 and 3.3.

These facts immediately follow from (2.1). Here, note that e(k, 2) is written as e(k, 2) = (kiks, kaks, —ki —

k3) /|k|\/k? + k3.
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3.2 Second quantized operators in §F(L?(R?) & L?(R?))
Let a(f1 @ f2) be the annihilation operator acting in §(L*(R* x {1,2})) = F(L*(R?) ® L*(R?)).

As usual, we express this operator as

ahef)= Y [ dkFikatk ).

A=1,2

The Fock vacuum in § (L2 (R3) ® L? (R3)) is denoted by Wy. Let F' be a real-valued function
on R? which is finite almost everywhere. The multiplication operator by F is also written as F.
The second quantization of F' @ F' is then given by

@Zl@ PR 1.

n=1 j=1 h

ANF®F) =0

]t

Needless to say, dI'(F@® F) acts in §(L?(R?) & L*(R?)). It is known that dI'(F @ F) is essentially
self-adjoint on a dense subspace

{U ={¥,}720| ¥, € (dom(F) & dom(F))*",IN € Ns.t. U, =0Vm > N},

where ©® indicates the algebraic tensor product. We will denote the closure of dI'(F' @ F') by the
same symbol. Symbolically, we express dI'(F' @ F') as

NFeF)= ) dk:F Ya(k, \)*a(k, \).
A=1,2

4
3.3 Second quantized operators in @ F($.)
A=1

Let ax(fx) be the annihilation operator on F($)). We employ the following identifications:
a1(f1) = a1(f1) @111, as(f2) = 1®az(f2) @ 1® 1 and so on. Thus, ay(fy) can be regarded
as a linear operator acting in the Hilbert space é F(H2). Let F be a real-valued function on R3.
Suppose that F'is even: F(—k) = F (k) a.e.. dl“/\)\z(lF) denotes the second quantization of F which
acts in §($x). As before, we can also regard dI"y(F') as a linear operator acting in ® F($n).

The Fock vacuum in §($)) is denoted by ¥y. We will freely use the following notatlons
()= [ dkFalk . f e,

dFA(F):/ dk F(k)a*(k, Na(k,)),  A=1,2,3,4.
R3

4
3.4 Identifications between F(L?(R*) @ L?(R?)) and @ F($Hx)
A=1

For each f = (f1, f2) € L*(R3) @ L*(R?), we set
ii(F) = alei(, 1) fr ®ej(-,2) f2),
Czy(f) ar(&i(, D fre) + a2(5( 2) fae) —ias(ei(, 1) f10) —1aa(g;(, 2) f2,0), (3.4)

where f.(k) = (f(k) + ( k))/2 and f,(k ) = (f(k) — f(=k))/2. Let ¥y be the Fock vacuum in
FLAR}) @ L*(R?)): Ug=16080a -
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4
Lemma 3.3. We define a linear operator V: F(L*(R3) @ L2(R3)) — @ F(H»r) by
A=1

4
VI = () Uy,
A=1
N
14 Hbiljl(fe)* Hc’sz[ fé ®\P)\
=1

for each fi,...,fn € L? (R3) ® L? (R?’) and N € N. Then V' can be extended to the unitary
operator. In what follows, we denote the extension by the same symbol. Then we have

Vi (£)V ! = ci;(f) (3.5)

for each f € L? (]R3) @ L? (R3) and i,7 € {1,2,3}, where the bar indicates the closure of the
operator.

Proof. For i,7 € {1,2,3}, we set
ul) (k) = eilk, Deg (b, 1), wl) (k) = eilk, 2)i (k. 2).
For f, f' € L?*(R®) @ L*(R®) and i, 4,7, ;' € {1,2,3}, define
D(fIF )ijrgr = (uluy) £1) + (faluly) £3)-

First, we prove that {b;;(f)|f € L*(R*) ® L?(R?), i,j € {1,2,3}} and {c;;(f)|f € L*(R*) ®
L*(R?), 4,5 € {1,2,3}} satisfy the similar commutations relations, that is,

(03 (f), birye (f)] = D(FIf )it jt» [bi; (f), birjr (F)] =0

and

[cij(f), cirye (F)] = D(FIf )igiirsr» [cij (f), coyr (f1)] = 0.

To see this, note that M(,l,)

(22

<f€|'u’zz go> =0= <fe’li§@-2/)go>7 f7g S LQ(Rg)

Accordingly, we have

* 1 2 1
lcij (F), coryr (f))*] = <f1,e|M£i/)f{,e> + <f2,e!#§¢/)f§,e> + <f1,o|,uz(-¢/)f{,o>
= D(f|f )ijiirj-
To check other commutation relations are easy.
Using the above fact, we readily confirm that

N N/
<[Hbz‘eje(fz)* P Hbi;j,g(fe) ‘1’0>
N’ 4
([ Mewatror| @w | ety @)
/=1 A=1

A=1
for every fi,...fn, i, fi € L? (R3) &) LQ(RB‘) and N, N’ € N. From (3.3), it follows that

(k) and ,ul(f,)(k) are even functions. Thus,

@)

N
the subspace spanned by the set of vectors { [ II bi“'e(fé)*} \Ifo} is dense in S(L2 (R3) & L2 (R3))
/=1

N 4 4
and the subspace spanned by the set of vectors {[ I cl-m(fg)*} X \If,\} is dense in @) 9.
=1 A=1 A=1
Hence, V' can be extended to the unitary operator. To check (3.5) is easy. [
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Lemma 3.4. Let F be a real-valued even function on R3. Assume that F is continuous. Then
we obtain

Var(F o F)Vv! Z dl\(F

Proof. For readers’ convenience, we will provide a sketch of the proof. We will continue to use
the notations in the proof of Lemma 3.3. Set

B’Lj(flava [Hng]z .ff \2[107
4
Cij(f1,..., fn) = chm £ | Q) s
A=1

for f1,....fn € L*(R?) @ L*(R?), ¢ = (i1,...,in), § = (j1,---,jn) € {1,2,3}" and N € N.
4
We define dense subspaces of § (L2 (]R3) & L2 (R?’)) and @) 9\ by
A=1

Uy = Lin {Bij(f1,..., fn) | fi.- -, v € Co(R*) @Co(R?), 4,5 €{1,2,3}", N € N},
Yy = Lln{c’bg(flv . 7.fN) | Ji,-- ., IN € CO(RS)@CO(R3)7 i7j6{17273}Na N e N}? (36)

4
where Lin(S) indicates the linear span of S. As is well-known, dI'(F' @ F') and >  dI'\(F’) are

A=1
essentially self-adjoint on 20y and Vs, respectively. We readily confirm that
N
dI'(F @ F)Bij(f1,..., fn) = Z Bij(f1,....F® Ffa,...,.fn),
v
Zdl—‘)\ ’L] fla"'qu Z iJ fl)"'aF@F.fa7"')fN)'
Therefore, by Lemma 3.3, we obtain
VAD(F @ F)V Z AT\ (F on Y.
This concludes the proof of Lemma 3.4. |

3.5 Definition of the Feynman Hamiltonians

In this subsection, we introduce the Feynman Hamiltonians. To this end, let

o () = / dk \/7{5 (k,1)(a(k,1) cos(k - z) + a(k, 3) sin(k - z))

+e(k,2)(a(k,2) cos(k - x) + a(k,4) sin(k - z)) + h.c.},

4
Hy = dk |kla(k, M) a(k, X).
; ;/R [Fla(k. A)"a(k. )
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Here, h.c. denotes the hermite conjugates of the preceeding terms. Note that o7 (z) is essentially
self-adjoint on Uy defined by (3.6). We denote its closure by the same symbol. By (3.4) and (3.5),
we have the following:

VAz)V ™t =/ (z), VH V™! =H,.

Now we define the two-electron Feynman Hamiltonian Hpoe by

1 1 1 1
Hrao = 5(=iV1 — e/ (0))" + eVt + 5 (=iV2 - et (r))” + Sevias

+e2 [ dko(k)%e*T (1 - l;:) (2 - 12:) + Hp.
R3

4
Remark that Hpac acts in L? (R )@ L*(R3))® ( /@1 5(H A)) and is bounded from below, provided

that R is sufficiently large.
The following proposition plays an important role in the present paper.

Proposition 3.5. If R is large enough, V HpaV ™! = Hpoe.
Proof. Apply Lemmas 3.3 and 3.4. |
As for the one-electron Feynman Hamiltonian, we obtain the following.

Proposition 3.6. Let
L. 2, 1o
HFle = 5(—1V - 6«!27(0)) + 56 vy + H().

We have VHp1.V ! = Hpie.

In Remark 7.2, we will explain why the Feynman Hamiltonians are useful.

4 Canonical transformations

4
Let U be a unitary operator on L*(R? ) ® L*(R2,) ® (/@1 8’(5))) defined by

U = exp{iex; - &7 (0) + iexq - &/(r)}.
Then one readily confirms that

UH(—iV1)U = —iVy + e/ (0),  U*(=iVa)U = —iVs + e ()

and
. 0(k) _
a(k,\) + ie T e(k,\) - (x1 + x2cos(k-r)) for A=1,2,
Ura(k,\)U = A(IL)‘
a(k,\) + ie 0 e(k,A\—2) - xzosin(k - r) for A = 3,4.

2|k|
Here, we used the following fact:

ela(k, Ve ™ = a(k,\) + G(k, \),
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4
where T = Y {ax(G(-,\)) — a(G(-,N)*}**, G(-, \) € H,. Hence, we arrive at?
A=1
1 1 1 1
U*HpooU = —§A1 + 562V2{L‘% — §A2 + 5621/2.%‘% +ex1 - E(0) 4+ exq - E(r) + Hy
+ €2 / dk 6(k)? cos(k - ) (z1 - x2), (4.2)
R3

where 12 = 21/8 and

E(z) = i/R3 dk \/@@(kﬁ){é(k‘, 1)(cos(k: ~x)a(k,1) + sin(k - x)a(k, 3))
+ e(k,2)(cos(k - x)a(k,2) + sin(k - z)a(k,4)) — h.c.}.

4
Let Nt be the number operator defined by Ny = >~ dI'y(1). Applying the “Fourier transfor-
A=1

—imNi/2 in) the Fock space,” we obtain that

mation” e

H = eiﬂ'Nf/2U*HF2eUe—iﬂ'Nf/2

= —%Al + %e%ﬂx% — %Ag + %eQVng +exy - E(0) + exs - E(r) + Hy
+ €2 /RS dk o(k)? cos(k - ) (1 - z2), (4.3)
where
E(z) = /RS dk |k|a(k){e(k, 1) (cos(k - x)q(k, 1) + sin(k - z)q(k, 3))
+ e(k, 2) (cos(k - )q(k, 2) + sin(k - 2)q(k, 4)) } (4.4)
and
a(k,A) = —— (a(k, \) + a(k, \)*).

V2]

Since due to the assumption (A.3) the last term in (4.3) gives a rapidly decreasing contribution
as a function of R to the ground state energy, we ignore this term from now on.
Finally, we define

1 1 A
K= _iA + 5621/2952 +ex - E(0) + Hp.
By an argument similar to the construction of U, we can construct a unitary operator u on

4
L*(R®) ® ( & 3(YJA)> such that K = e™Nt/2y g u~ e 1mNt/2,
A=1

4The reason why the last term in the right-hand side of (4.2) appears is as follows. After performing the unitary
transformation, we see that U*Hp2.U contains the term concerning (1 - k) (z2 - k) and (e(k, \) - 1) (e(k, A) - x2),
which is given by

e2/ dk@(k)%os(k.r){(xl-l;) (22 k) + > (E(k,)\)-xl)(a(k7)\)~xg)}‘ (4.1)

R3 A=1,2

Here, we used the fact that [dk o(k)?sin(k - r)(xl . fc) (xz . l%) = 0. By applying the basic property
S Je(k, M) e(k, )| = 113 — |k)(k|, we conclude that (4.1) is equal to €2 Jrs dk 8(k)? cos(k - r)(z1 - x2).

A=1,2 '

"Let w(k,\) = fﬁ(a(k,)\) — a(k,\)") and ¢(k,\) = %(a(k,/\) + a(k,\)*). We can confirm that
[m(k,A), (k' N)] = —idan8(k — k'). Recalling the fact [—id/dx,z] = —i, n(k,A) and ¢(k,\) can be re-
garded as a mqltiplication operator and a differential operator, respectively. Now, we readily check that
™t/ 27 (k, \)e ™ Ni/2 = ¢(k, \) holds, which corresponds to the relation FzF~! = —id/dz, where F is the
Fourier transformation on L?(R). This similarity is a reason why we refer to the unitary operator '™ £/2 as the
Fourier transformation.
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5 Lattice approximated Hamiltonians

In order to exactly compute the ground state energies of H and K, we will first introduce
the lattice approximation of Hamiltonians. As we will see in later sections, the approximated
Hamiltonians can be regarded as Hamiltonians of finite dimensional harmonic oscillator, which
are exactly solvable.

For each A > 0, let x5 be an ultraviolet cutoff function given by xa(k) = 1 if |k|] < A,
xa(k) = 0 otherwise. We define a linear operator Fj(x) by replacing 4(k) with d(k)xa (k) in
the definition of F(z), i.e., the equation (4.4). We also define Hy » by

4
= dk |k (k)a(k, \)*a(k, \).

The Hamiltonians with a cutoff A are defined by

1 1 1 ) H

Hy=—5A1+ 5621/2:1:1 - —Ag + 5e*v?ad +exn - Bx(0) + exs - Ex(r) + Hoa,
1

Ky = —5A+ 5e2u2x +ex - Ex(0) + Hoa-

We readily see that Hjy and K\ respectively converge to H and K in the norm resolvent sense
as A — oo.
Let M be the (momentum) lattice with a cutoff A, namely,

M ={le (2rZ/L)*||l;| <2rA, i=1,2,3}\{0}.
For later use, we label the elements of M as
M ={ky,...,kn}.

Then the lattice approximated Hamiltonians are defined by

1 1 .
Hpa = —§A1 + 2€2V2131 — fA + fe V2 m2 +exq - EL A0) +exy- EpA(r) + Ho A,
1 1
Krpa = —§A + 5621/21‘ +ex - EL7A(O) + Ho 1A,
where
) o 3/2
Brae) = (7)) 30 W ek 1) (con(l - a)a(h 1)+ sinfl - (0. 3)
keM
+ E(k 2)(cos(k - 2)q(k, 2) + sin(k - 2)q(k,4)) }, (5.1)
Hora =5 ZZ )2+ [k Pq(k, A)%) =2 > [k
)\ 1keM keM

with p(k, A) = 4/ |k|( (k,\) —a(k, \)*). The lattice approximated operators act in the Hilbert

4 4
space L?(R3 )® L*(R3)) ®( X S(ﬁL,A,A)) or L*(R*)® ( X S(ﬁL,A,A)), where H7, 4\ = (2(M)
A=1 A=1
N $H. Here, £2(M) is the £2(M) equipped with a modified norm

N\ 3/4 1/2
£l = (2) (Z \f(k)!2> ,
keM
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and we regard £2(M) as a closed subspace of L?(R?). Note that p(k, A) and ¢(k, \) are essentially
4

self-adjoint on the finite particle subspace of @ §(Hr.a,x). In what follows, we denote their
A=1

closures by same symbols, respectively. ¢(k,A) and p(k, ) is a canonical pair of the photonic

displacement coordinate and its conjugate momentum satisfying the standard commutation

relations:

[p(k‘, )\), q(k', /\,)] = —i(skk/(S)\)\/,
[p(k, A), p(K', X')] = 0 = [q(k, \), q(K', X)].

4
Recall the identification §(C) = L*(R). Using this, we can naturally embed @ F($1.4.,) into
A=1

4 @#M
( R L? (R3)> . In addition, p(k,\) and ¢(k,\) can be regarded as the differential and
A=1

multiplication operators, respectively.
The following proposition is a basis for our computation.

Proposition 5.1. For each z € C\R, one has

lim lim (Hpp —2)" ' = (H —2)7,
A—00 L—00 ’
lim lim (Kpp—2)"' = (K —2)"!

A—oo L—o0

in the operator norm topology.

Proof. See, e.g., [3, 9]. |

6 Diagonalization I: One-electron Hamiltonian

In this section, we diagonalize the one-electron Hamiltonian K, x. To this end, let

N\ 3/2 o\ 3/2

Fulk 1) = (i) Ko(k)cos(k-2),  Fu(k,2) = (2L> Ikl3(k) cos(k - 2).
N\ 3/2 N\ 3/2

Fa(e3) = () IWawsin(e o), Fuka) = () gtk s o)

We define a linear operator T(x) from 2(M x {1,...,4}) to C3 by

T(x)f =Y > lelk, ) Fu(k, \) f(k, \)

A=1keM

for each f = {f(k,\) |k € M, A€ {1,...,4}} € (M x {1,...,4}). Here, we used the following
notation: (k,3) := e(k,1) and e(k,4) := e(k,2). The adjoint of T(z) is denoted by T*(z). Note
that

(T*(x)a)(k, ) = (e(k, ) | a)sFy(k, N, a€C?

where (-|)3 stands for the inner product in C3.

Using the above notations, the interaction term x'ELVA(r) in K p is expressed as :B-ELJ\ (r) =
(T(r)q|z)s = (x| T(r)q)s, where g = {q(k,\) |k € M, X € {1,...,4}}. On the other hand, the
field energy can be represented by

1 1
Hopn= 5(172 + (qlSoq)) — 5“" [ﬁ}v
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where p = {p(k,\) |k € M, A e {1,...,4}} and
k1 |21y )
|2 |* 14
So =
0] ’k‘N’Z]L;

Hence, Ky, 5 can be rewritten as

1 1 1 1
Kpp= _§A + 5621/2%2 + ez |T(r)q)s + 5(192 + (q| Soq)) — 5 tr [v/So].- (6.1)

By setting ¢ = (x,q) and 7 = (—iV, p), one sees that

[t

Kip = 5((aln) + (6]wg)) - 2 tr [@o)] + Sev,

where

2.2
w=uwp+Q, wo = <€(l)/ SO()> ) Q=e <T*0(T) Tgr)> :

The following lemma is a basic input.

Lemma 6.1. If 1 <+/2evy and v/2¢|9||« < 1, then w > 0.

Proof. By (A.3), we have |T(r)f]| < v2|dll||Sy/* | for all f € £2(M x {1,...,4}). Hence,
for all ¢ = (a, f) € C* ® £2(M x {1,...,4}), we have, by the Schwarz inequality,

(elQe)| < 2v2¢]|0].llall3]| Sy ]|
< V2eloll (12 + |5 £])
< V2e| 8|+ {plwop),

provided that 1 < e?v2. This concludes the proof of Lemma 6.1. |
Therefore, the ground state energy of Ky, A is given by the following formula.

Proposition 6.2. Let E 5 = infspec(Kp ). If 1 < v/2evy and v/2el|6||« < 1, then one has

1 3
Era= §tr [f— \/wo} + et
Proof. We provide a sketch of the proof. First, we diagonalize w as
W= U_l diag()\la s 7)\4N+3)U7

where U is a unitary matrix and Ay, ..., Aqn+3 are positive eigenvalues of w. By setting qg =U¢
and 7 = Um, we can express Ky, A as

1, 1,~ . ~ 1 3
Kpp = 5<7r|7r> + §<¢| diag(Aq, ..., )\4N+3)¢> —5 tr[y/wo] + 561/. (6.2)
Because 7; and ¢; satisfy the Weyl relation: eitFieisds = (istiseisdi citfi  the von Neumann's
uniqueness theorem [23, Theorem VIII.14] tells us that there is a unitary operator 7: L? (R4N +3)
— L? (]R4N+3) such that T(;Ejv'_l = z; and 77,7~ = —i0/dx;. Therefore, the right-hand side
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of (6.2) can be regarded as a Hamiltonian for 4N + 3-dimensional harmonic oscillator. Since the
lowest eigenvalue of the Hamiltonian —fAz x is equal to y/A;/2, we obtain that

1 AN+3
3
EL,A— Z«/ —ftr ]+2€V—*tr[f—\/ ]—{— —ev.
This finishes the proof of Proposition 6.2. |

Applying the elementary fact

1/0001 - V4 (6.3)

TJ) oo S2+a

we have that

(o]
ELAzl/ ds tr [w(s2+w)71—wo(82+w0)71] +§eu
' 2 J_ s 2

[e.9]

1

0 [ s () QU ) Y]

j=1 %
1 & o0 3

+ 5 ]Zl(—l)jJrl /_Oo ds tr [{Q(s* + wo)_l}j] + 2V

1

o7 4
Jj=1

([ a6 ) QR 4 w) Y]+ e (6.

Since @ is off-diagonal, (6.4) becomes

A= —% Z/OO ds s? tr [(32 —|—wo)71Q(8)2j] + geVa (6.5)
j=177%

where Q(s) = (s? +wo)_1/2Q(s2 +w0)_1/2. In what follows, we will examine the convergence of
the right-hand side of (6.5). As we will see, this series absolutely converges and (6.5) is rigorously
justified if v is large enough.

We begin with the following basic lemma.

Lemma 6.3. We have the following
@) (52 + So) 2| < V2ol [I(s* + S0) " *T(@)]| < V2ol

for all x € R, where ||f]|« = \/(L”) S |f (k)2 for each f € £2(M).

keM

Proof. For each f € /2(M x {1,...,4}), we have, by (A.3),

“2EIP = (1 T @) Ts(2) )
— (£ (s> + So) "Mz, ) (s* + So) 2 f)

H”]I'(m)(s2 + So)

2
F.(k,\)
< — (kA
% (52 + K2)"/? .
<[ +#) R
Because ||(s*+ 14:2)_1/QFJCH2 < 2[|9]|2, we conclude that ||T(z) (s + SO)_l/QH < V2|6l |
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Lemma 6.4. Let
D(s) = 2¢*s*(s* + 621/2)_1

x (s + ) I+ RP) T k|2 4 (57 1R P) IR 2] 2 (6.6)

Then we have the following:

(i) For all s € R,

v

2n—2
s2tr [(82 +w0)_1Q(3)2"} < (ﬁH@H*) D(s).

(ii) Leta = (?H@H*f If a < 1, then we have

Z s?tr [(s* + wo)le(s)Q”] < LD(s).

“1l—a

Remark that L]im a < (?||@||L2)2 < c% < 1/4 holds for all A > 0 by the assumption in
—00
Theorem 2.1. Thus, the condition a < 1 is satisfied provided that L is sufficiently large.
(iii) D(s) € LY(R) and

1 e
— [ dsD(s) < —|0]|%. )
37 [ s Dls) < D11l (6.7

Proof. We set Ts(r) = T(r)(s* + So)_l/Q. First, consider the case where n = 1. Because

Q(s)? = (s* + 2?7 <TS(T)3T:(T) ’Jl‘*(r)OTS(r)> ; (6.8)

S

we obtain that

s?tr [(s* + wo)_lQ(s)z}

= e?s*(s* + €2V2)_2 tr [Ts(r)T%(r)] + e*s?(s* + 621/2)_1 tr [(s* + So)_lT:(T)Ts(T)]-

By (A.3) and (A.4), we have

« 2 ° 2 2N\ =11 7.12( Ar 10 (2
e [mn]) <2 () X (5 4+ ) kPl

keM

3
tr [(s? + 50)—1T;(T)T8(r)] <2 <2I7j> Z (s + \kl2)—2‘k|2,@(k)|2.

keM

Thus, we get (i) for n = 1.
To prove the assertion for n > 2, we remark that ||Q(s)| < @H@H*, which immediately
follows from Lemma 6.3 and (6.8). Thus, by using the fact Q(s)?" < ||Q(s)|*"2Q(s)?, we have

tr [(82 + wo)_l/QQ(s)zn (52 + wo)_1/2] < 1Q(s)*" %t [(52 + wo)_l/zQ(s)2(s2 + wo)_1/2].

Applying the result for n = 1, we get the desired result for n > 2. (ii) immediately follows
from (i).
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By using the formula (C.1) with a = b = €?v? and ¢ = |k|?, we see that
L[ 2202 4 2,2\ 2||(2 2\=1/25.1 5
ds2e’s*(s* + e*v?) H(s + |k[%) |k|o

21 o

e (2m\* o 2m PO _ e

_ () 2 A g
2r \ L keMQey(ev+\k\) 2v

2
*

2

Similarly, by using the formula (C.1) with a = e?v? and b = ¢ = |k|?, we obtain

o0

ds2e?s®(s* + 62V2)71H (s + \k|2)71\k|@ i

21 o
“(E) S g b < el
= (7 s s kP e(R) [P < -l
2r \ L = 2|k|(|k| + ev) 2v
Inserting these into (6.6), we obtain the assertion (iii). [ |

Corollary 6.5. The right-hand side of (6.5) absolutely converges, provided that v/2|6[« < v,
1 < V2ery and V2e||p||« < 1. In addition, to exchange the series with the integral in (6.5)
(or (6.4)) can be justified.

7 Diagonalization II: Two-electron Hamiltonian

Next we will diagonalize Hy, o. This is actually possible because we employ the Feynman Hamil-
tonian, see Remark 7.2 for details. By an argument similar to that of the proof of (6.1), Hy a
can be expressed as

1 1 1 1
Hypp = _iAI + §€2V2$% — §A2 + §@2V2w% +e(T(0)q|z1)3 + e(T(r)q|z2)3

(p* + (qlSoq)) — %tr [v/So].

+

[N

By setting ® = (z1,x92,q) and II = (=iVy, =iV, p), we have that

1

Hyx = - (I + (B|00)) — %tr [v/Q0] + 3ev,

O |

where

Q=090+ Q1+ Qo,

ev? 0 0 0 0 T(0) 0 0
Q=] 0 &2 0|, Qi=e¢ 0 0 |, Q=e|0 0 T
0 0 Sy T*(0) 0 0 0 T*(r) 0

By an argument similar to that in the proof of Proposition 6.2, we get the following useful
formula.

Proposition 7.1. Let Ef z(R) = infspec(Hp A). If 1 < V/2evy and v/2e||d]« < 1, then Q >0
and

EpA(R) = %tr [VQ = /Q] + 3ev.
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Remark 7.2 (Why are the Feynman Hamiltonians helpful?). From the expression (5.1), we see
that F .a(x) can be written as a sum of multiplication operators q(k, \). As we already knew,
this fact is a key to the diagonalization of Hy, 5. In contrast to the Feynman Hamiltonians, in
the standard representation, E ,A(z) corresponds to the following operator:

- 3/2
<2> >N a(k)e(k, N){ cos(k - z)|klq(k, ) + sin(k - 2)|k| ' p(k, A)}. (7.1)

L
A=1,2 k€M

In (7.1), both multiplication and differential operators appear, provided that x # 0. At first
glance, it appears that diagonalizing the Hamiltonians in this representation requires extra
efforts.

Moreover, it can be readily seen that, by (6.3),

[e.9]

ELa(R)= o Z(—nf’ﬂ/_oo ds 5% tr [(s2 + Q0) " {(Q1 + Qo) (s> + Q) V] + 3ev. (7.2)

To examine this formal series, let us introduce the following notation:

(0102---0y) = S /OO dss*tr [(s* + 90)7101(3)02(3) - On(s)],

27 J_

where O;(s) = (s* + Qo)_1/20¢(s2 + Qo)_l/z. Then (7.2) can be expressed as

Epa(R) =Y (—1)7(Q1 + Qo)+ (Q1 + Q2)) + 3ev

j=1 >
— S 1V *0. ... .- EREVE N
—;( IR (9] ; Q1>+;( 1)71Q, j Q2)
+ > (~17 Qi -+~ Qiy) + 3ev (7.3)
7j=1 iy,e085€{1,2}

{ig,nig}A{1 1,0, 11,{2,2,..,2}

Since @1 and Q)2 are off-diagonal, we have
ELa(R) == (Q1---Q1) = > (Q2--- Q)

- N——r N——
Jj=1 2j Jj=1 2j

_Z Z <Qi1"'Qi2j>+3€V‘

7j=1 i1,-995€{1,2}
{1, igi3#{1,1,...,1},{2,2,...,2}

On the other hand, we remark that, by Corollary 6.5,
ra==3 (@ Qu+ger=-3 (@ -Qy+jen

J=1 2j J=1 2j

provided that v/2||9||. < v, 1 < V2ery and v/2¢||6||« < 1. Thus, we formally arrive at the
following formula:

o0
ELa(R)—2Bpp=—)_ > (Qiy -+ Qiyy)- (7.4)
j=1 i1,ein  €{1,2)

{i150ri i }A{L,1,0,13,{2,2,..,2}
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Our next task is to prove the convergence of the right-hand side of (7.4). For this purpose, we
need some preliminaries. Let

Toj = {I = {i1, ... igj}, i, i € {1,2} [ T # {1,1,...,1},{2,2,..., 2} }.

For each I € 1;, we set [I| =i +ida+---+ ig;. Furthermore, we use the following notation:
Qr=QyQiy - Qiyy, I ={iy,... 005} € Iy;.

Lemma 7.3. Let I € Iy;. If |I] is an odd number, then (Qr) =0

Proof. Note that (sQ—i—Qo)*l, Q1(s)? and Q2(s)? are diagonal operators, while Q1(s)Q2(s) and
Q2(s)Q1(s) are off-diagonal operators, see Appendix A. Hence, if |I| is an odd number, then
(s* + Qo)leil (5) -+ Qiy,(s) is an off-diagonal operator. Accordingly,

-1
tr [(82+QO) Qil(s)”'Qizj(S)] =0
This concludes the proof of Lemma 7.3. |

Let I = {I € Iy ||I] is even}. By Lemma 7.3, we have

the r.h.s. of (7.4) Z > Q). (7.5)

1
=1 rezf?

Lemma 7.4. For each s € R and I = {iy,...,iz5} € 12 )

QI(S) = Qi1 (3) T Qizj(s)

, we set

and
Ej(s) = s tr [(s° + w)_IQ?\{il}(S)QI\{il}(S)],
where Q7 ¢, (5) = (Qnyiny(s))". For all R > 0, we have the following:
(i) For each s €R and I € IS,
s tr [(s2 +w) 7' Qu(s)]| < D(s)V2Er(s)"/2, (7.6)

where D(s) is given by (6.6).
(ii) Recall that a is defined by a = (?H@H*)z If a < 1/4, then

i Y Eile)'?< D@)wﬁ. (7.7)

7= rexfy)
oo
Thus, D(s)Y2>. S Ep(s)Y? € LY(R) and
=1 rerf?

4
S 3 @l < Llal—t

I=1 1Y)

Note that as we mentioned in Lemma 6.4, the condition a < 1/4 is satisfied provided that L
is large enough.
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Proof. For notational simplicity, we set G = (32 +w0)_1. By the Schwarz inequality | tr[A*B]|
< tr[A*A]Y/? tr[B*B]'/2, we obtain
[t [GY2Qi (5) -+ Qua, (5)GM?] | < tr [GY2Qu () Qi (5)GM]
X tr [Gl/QQizj (S)Qizj_1 (8) T Qi2 (S)Qi2 (S) e Qizj (S)Gl/z} 1/27

which implies that

82‘ tr [(s* + w)_lQI(s)] | < {s*tr [(s* + w)_lQil(s)Qil(s)] 1/QE[(,9)1/2.

Because

-1

str [(s® +w)  Qi(s)Qi(s)] < D(s), (7.8)

we conclude (i).
From Lemma 6.3 and (6.8), we obtain that

21 < gl

Hence, Ei(s) < a® 2s%tr [(s* + w)lein(s)Qizj(s)] < a¥72D(s) by (7.8). Therefore, we
obtain (7.7).
One observes that

o [e.e]
Z Z 52’tr[(52+w QI Z Z $)V2E(s)'/? SZszaj_lD(s)
3=t rer?) ) =1 rezy? j=1

4
S _4aD(s).

A

In the second inequality, we have used the fact that #Iéj) < 2% Accordingly, we get

> 4 1
> QIS o gmgr [ s D) < TSl

=1 rezf?

by (6.7). [

Corollary 7.5. If /2|0« < v, 1 < V/2evy and v/2¢|0|« < 1, then the r.h.s. of (7.4) converges
absolutely for every R > 0. In addition, to exchange the series with the integral, i.e., (---)
n (7.4) (or (7.3)) can be justified.

8 Proof of Theorem 2.1

For each I € 12 #1 indicates the cardinality of I. Notice that #I is different from |I| =
Zl +---+ ZQJ

8.1 Amnalysis of (Qr) with #I =2
We claim that

(@1Q2) = (Q2Q1) = 0. (8.1)
To see this, let I = {1,2} or {2,1}. Trivially, |I| = 142 = 3. By Lemma 7.3, we conclude (8.1).
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8.2 Analysis of (Qr) with #I =4

In this subsection, we will examine the following terms:

> (Qi,Qi,Q:,Qi,) = o + B,
i1y ige{1,2}
{i1,.., i }#{1,1,1,1},{2,2,2,2}

o = (Q1Q1Q2Q2) + (Q2Q2Q1Q1) (8.2)

and

B = (Q1Q2Q1Q2) + (Q2Q1Q2Q1) + (Q2Q1Q1Q2) + (RQ1Q2Q2Q1). (8.3)

In Appendix B, we will prove the following lemmas.
Lemma 8.1. We have
23 (1\° (1 2
. . . 7 a2 - -
A, Jim fm B = (2) (4) -

Lemma 8.2. We have

lim lim hm R°(Q1Q2Q:Q1) = hm hm hm RY°(Q2Q1Q1Q) = %,

R—oo A—oco L— 00 A—00 L

where g is a constant independent of e, vy and R. Moreover, (Q1Q2Q1Q2) = (Q2Q1Q2Q1) =0
Thus, lim lim lim R%% = 2g/e?15.

R—00 A—o0 L—00

8.3 Analysis of (Qr) with #I > 6
Let I = {i1,..., i3} € Ié?. We will examine the following two cases, separately.

Case 1: There exists a unique number ¢ € {1,2,...,2j — 1} such that iy + ip11 = 3.

Case 2: There exist at least two numbers m,n € {1,2,...,25 — 1} such that i, + i1 =
in & i1 = 3.

Example 8.3. For readers’ convenience, we provide some examples below:

13+l4 3 i5+ig=3
=N
Case 1: I ={1,1, 1,2 ,2,2,2,2%, {1,1,1,1, 1,2 ,2,2}.
13+14=3 ig+i9=3 i6+i7=3 ig+i9=3

Case 2: I = {1,1, ’f? ,2,2,2, ’5T 1}, {1,1,1,1,1, ’f? , ’Q/T 1}

8.3.1 Casel
In Appendix B, we will prove the following lemma.

Lemma 8.4. Assume that I satisfies the condition in Case 1. If R is sufficiently large, then we
have

A—o0 L—o0 31/2

10]|2,\ #1/22
lim lim [(Qr)] SR‘ga%,at< L) C,

where C' is a positive number independent of e, I, R and vy.
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8.3.2 Case 2

The purpose here is to prove Lemma 8.6 below. To this end, we begin with the following lemma.

Lemma 8.5. Let G = (s* + Qo)_l. For each j € {1,2}, we have
1Q;GIl < D(2),

where D(9) = max {v2e|||k|719||,, X5 H|k‘]g|| }.
Proof. By (A.3) and (A.4), we readily show that

IT(r) (s + So)‘l\

I(s + ¢%2) T ()] < 2|Hk|QH

This concludes the proof of Lemma 8.5.

Lemma 8.6. Let j > 3. For each I € Iéj) satisfying the condition in Case 2, we have

Q)| < ¢ HQ201Q1Q2),

where ¢, = max {D(@), ?H@H*}

Proof. By the assumption in the condition Case 2, there exist at least two numbers m,n €
{1,2,...,2j — 1} such that 4, + 41 = in + int1 = 3. Hence, I can be decomposed as
I = AU {im,im+1} U BU {in,int1} U C. Without loss of generality, we may assume that

(imyims1} = {in, ins1} = {1,2}. Thus,
(Qr) = (QaQ1Q20BQ1Q2Q¢).

Let Q1(s) = Qi (5)Qis(5) -+ Qiy, (). By the Schwarz inequality, we have
| tr [GM2Q1(5)GV?)| < @1 0L/?,

where

Oy = tr [GM2Qa(5)Q1(5)Q2(5)Q2(5)Q1(s) Qi (5)G?],
Dy = tr [G'2Q%(5)Q2(5)Q1(5)Q3(5)QB(5)Q1(5)Q2(s)Qc(s) G2,

First, we estimate ®;. By the cyclic property of the trace, we have

1 = tr [Q2(s)Q1(5) QA ()G G Qa(5)Qu(5)Qa(5)]

= tr [Qa(5)Q1(s)GY2G2Q% (5)GY2G2Qa(s) G2 G2 Q1(5)Qa(5)] -

Because
G'2Qa(s)G™'? = (GQuy)(GQuy) -+ (GQays):
where A = {a1,as,...,a44}, we have, by Lemma 8.5,

HG1/2Q ( 1/2” < D )
Thus, by (8.5) and the cyclic property of the trace,
®1 < D(0)*# 4 tr [GY2Q1(5)Q2(5)Q2(3)Q1 ()G

(8.4)

(8.5)

(8.6)
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As for &9, we have

Oy < [|Qp(s)]% tr [GY2QE(5)Qa(5)Q1 (5)Q1(5)Q2(5) Qe (5)GY2].

By an argument similar to the one in the proof of (8.6), one obtains that

tr [GY2QE(5)Q2(5)Q1(5)Q1(5)Q2(5) Qe (s) G2
< D(0)**¢ tr [GY2Q1(5)Q1(5)Q1(5)Q2(s)GY?]. (8.7)

By using the fact |Qp(s)] < (*2]|a].)*"” and (8.7), we have

/3 24B
22 < (MI@!I*) D@4 11 [GMQa ()1 (5)Q1 (5)Qa(5)G?). (88)
Combining (8.4), (8.6) and (8.8), we arrive at

4B
Q1) < (?H@h) D(0) A (Q1Q2Q2Q1)*Q2Q1Q1Q2)?

FHQ1Q2Q2Q1)VHQ2Q1Q1Q2) V.

Because (Q1Q2Q2Q1) = (Q2Q1Q1Q2), we obtain the desired result. |

8.4 Completion of the proof of Theorem 2.1
First, remark that lim lim EFpr = F and lim lim Ep A(R) = E(R) by Proposition 5.1. We

A—oo L—00 A—o0 L—00

divide Iéj) as Iéj) Zé ])1 U Ié;)Q, where

Tl

2] o {I S IQ °) | I satisfies the condition in Case a} a=12.

Note that #Z57, = 2j — 1 and #I5), < 2%.
By (7.5) and (8.1), one obtains that

2B, A —ELa(R) =+ B+ > (QD)+Y. > (Qn),

323 rezf), 323 rezf?),
where &7 and 2 are defined by (8.2) and (8.3), respectively. Therefore,

|R{2E,n — ELa(R) -} S R'Z+ > Y RUQNI+Y. > ElQnl- (8.9

323 1ex{d), 323 1z,

We will estimate the three terms in the right-hand side of (8.9). By Lemma 8.2, we can easily
control the first term. As for the second term, by Lemma 8.4, we have

N | —2
o o2\’
lim 1 R’ < -2 Ie) ”
dm im0, 2 RlQal < BT (# %
N | —2
) 2 . ”QH%2 !
= R7P2Caf, > (2j-1) 2 . (8.10)

Jj=3
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Note that because [|9]|2,/3v* < 1, the right-hand side of (8.10) converges. On the other hand,
using Lemma 8.6, one obtains that

ST3TRNQN < > (#HIE) e T RTQ1Q1Qe)

- Lemma 8.6
j=3 IEIS)Q j=3

< Z 24V RT(Q2Q101Q2). (8.11)

Jj=3

Note that because Llim €L = Coo < 1/2, the right-hand side of (8.11) converges, provided that L
— 00

is sufficiently large.
Combining (8.9), (8.10) and (8.11), and using Lemma 8.2, we finally arrive at

R’ {QE — E(R) — % (;)2 (iaE’at>2H

< 2+Cgo42(2coo)2j lim lim Llim RTQ10Q2Q2Q1)
—00

: R—o00 A—oo
Jj=3

N 2j-2
R . 101172
+ ngréoR 200&%7% 2(23 -1) ( 31/5 =0.
>3

lim
R—o0

This concludes the proof of Theorem 2.1.

9 Discussions

9.1 Indistinguishability of the electrons

The original Hamiltonian Hye has the indistinguishability of the electrons, i.e., the Hamiltonian
is unchanged under the exchange of x1 <+ x2 + r. In contrast to this, the approximated Hamil-
tonian Hpge breaks the indistinguishability. Nevertheless, the Hamiltonian Hpe, does explain
the Casimi-Polder potential as we show in Theorem 2.1. The distinguishability comes from the
assumptions (C.1) and (C.2). However, to justify the assumptions is still open.

One way to avoid the unjustified derivation of Hpoe is to directly start with the Hamilto-
nian H given by (4.3) without the last term, which can for instance be directly taken from [24,
equation (13.127)] and then extended to the two-particle case. Alternatively and equivalently,
the many-particle case is presented, e.g., in [17, Section 4]. If we start from this form, the
necessary assumptions are stated as follows:

e We assume distinguishability of the two electrons by localizing electron 1 at 0, such that
electron 1 experiences the field E (0), while electron 2 is localized at r and hence experiences
the field E(r).

e We discard all self-interaction terms and approximate the atomic Coulomb potential by
a harmonic potential.

In this manner, we can construct a minimal QED model which describes the Casimir—Polder
potential. Note that, since the particle 1 and 2 only communicate via the photon field, and due
to distinguishability, the actual choice of coordinate systems is insubstantial such that we can
choose for particle 2 a coordinate system that is centered at r.
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9.2 Cancellation mechanism of the van der Waals—London force

As we performed in [20], the attractive R~ decay (the retarded van der Waals potential) appears
due to the exact cancellation of the terms with R~ decay (the van der Waals-London potential)
originating from Vg by the contribution from the quantized radiation field. Note that the
conditions (A.1)-(A.3) are assumed in [20] as well, but (C.1) and (C.2) are not. As we saw
in the present paper, this kind of the cancellation mechanism cannot be reproduced under
the conditions (C.1), (C.2) and (A.1)-(A.4). In this sense, our assumptions, especially (C.1)
and (C.2) would be unphysical.

In many literatures, the retardation on the van der Waals potential is examined under the
condition (C.1) alone. In these studies, the cancellation of the terms with R=® decay is pre-
supposed and only the 4-th order perturbation theory is performed without estimating higher
order terms.® As far as we know, to examine the exact cancellation mechanism under only
the condition (C.1) is still unsolved. This problem could be a key to achieving mathematically
complete understanding of the retarded van der Waals potential.

A  Useful formulas

In this appendix, we give a list of useful formulas. Let Ty(z) = T(z)(s* + 50)71/2. First, we
give some formulas for Q);:

Q1(s) = 6(82 + e2u2)_1/2

—-1/2

Qa(s) = e(s> + e*?)

)
Q1(s)* = e*(s* + 621/2)_1 0
0

1

Qa(s)? = e(s* + e*?)
0

Qi(s)Qa2(s) = (s> +e%?) 7 | 0 0
0

0

Q2(5)Q1(s) = €*(s2 + €2?) ™' | To(r)T2(0) 0

0

Let M(r,7’) be a linear operator on £2(M x {1,...,4}) defined by

4
M(r, ) F) (R A) =D > My (nr) (K, X)), feP(Mx{1,....4}),

AN=1k'eM
My g x(ror") = (e(k, N)|e(K', X)) s Fr(k, N) E (K, N).

The following formulas are readily checked:

T*(r)To(r') = (s2+ So) "/ *M(r, ') (s + So) /2, (A.3)

5A kind of weak cancellation mechanics is discussed in [12] by imposing the infrared cutoff.
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4

To(r)T5(r') =Y 0> ek, A){e(k, M)](s* + k) " F (ke A) Fr (K, A). (A.4)

A=1keM
Note that T*(r)Ts(r') is a map from £2(M x {1,...,4}) to £2(M x {1,...,4}), while T (r)T%(r)
is a map from C3 to C3.
B Numerical computations

B.1 Proof of Lemma 8.1
We will extend the methods in [20, 21]. By (A.1) and (A.2), we have

00 0
Q1(5)2Q2(s)? = el (s> + 22 2 0 0 0 :
00 (r)Ts(r)
which implies that

64 82
(Q1Q1Q2Q2) = 7 /Rds ﬁtr [T%(0)Ts(0)T% (r) Ts(r)].

s2 + e212)

By (A.3) and the fact 3 ({e(k1, A)|e(ka, Ao))3)2 = 1+ (ky - k)” with k = k/|k|, we have
A1, 2=1,2

tr [T%(0) T (0)T% () Ts(r)] = tr [(s* + Q0) "°M(0,0) (s + Qo) ' M(r, 7)]
=5 N (PR (P + k) T (e hr, M) e (Ra, A2))s)?

k1,A1 k2,A2

X k2k25(k1)?0(k2)? cos(ky - 1) cos(ky - 1) (B.1)
= Z Z (82 + k%) -2 (82 + k%)fl(l + (151 : ]%2)2)16%/{%@(161)2@(162)2 cos(ky - r)cos(ksg - ).

ki ks

By using the assumption (A.3), we have

the r.h.s. of (B.1)

=33 (k) (2 k) T (1 (B k2) ) kER3 o0k )20 (k2)? cos((ky + K2) - 7).
k1 ko

Hence, we arrive at

6
(Q1Q1Q2Q2) ¢ <27T> Z |2 k2] 2 (1 + (- /%2)2)é2(k1)é2(/€2)608{(k1 + ko) -1}

2\ L
k1,koeM

x Ip o1 (v k[ [ko|?)

where

1 [ s2
I, myne(a;by¢) = — d 7 7 o B.2
ampone (@3 b5 €) F/oo 8(32+a) “(Z+b) (2 +0)" (B.2)

Thus, we obtain that

el

(Q1Q1Q2Q2) 5

/ dkydka k2 lka 2 (1 + (1 - ka)?) 8% (k1) 0% (ko)
R3xR3

lim lim
A—o00 L—o00
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X COS{(kl + kg) . 7'}127271 (62V2; |]€1|2; ‘k2‘2). (B3)

By scalings Rki ~ k1 and Rko ~ ko, we have

the r.h.s. of (B.3) = 1?,—10624/c1/ﬁdk2 ey 2 ka2 (1 + (Fy - ko)) 02 (k1 / R) 0 (ko) R)e! (1 HH2)
x Iy01 (627/2; |k1 %/ R?; |k2|2/R2), (B.4)
where 7 = r/R = (0,0,1). Let us switch to spherical coordinates (r, ¢, ) by
k= (Ycosg,Ysing, X), X = cosé, Y =siné.
Clearly X2 +Y? = 1. Then we have
12:1 . 12:2 = cos(p1 — p2)Y1Ye + X1Xo

and hence, by taking the symmetry between r; and 7y variables into consideration, we obtain

the r.h.s. of (B.4) = Rm(a; /000 drq /OOO drg /11 dXy /11 dX, S(X1, Xo)
x rirye X1 XL (2% 1Y /R 13 | R?) 6o (11/ R) 5aa (r2/ R),
where
2 2
S(X1,Xo) = /0 d@l/O dea {1+ (cos(pr — p2)Y1Ys + X1X2)2}
= 6% — 27% (X] + X3) + 672 X7 X3. (B.5)

and

I(a;b;¢) = %{127271(61; b;c) + Iz 2(a; b; c)}
By (C.2) and (C.3), we decompose I(a;b;c) as

I(a;b;¢) = Le(a; b; ¢) + Lir(a; b; ¢),

where
Illl(a;b;c)<1 1>
Le(a;bje) = ——7—= -+ =],
ol ) 8vabc A C
Illl(a;b;c) 1 2 1 Illl(a;b;c) 1 2 1
Li(a;b;c) = ——— 22— = 4 — o\ T 2 _
(bie)==p a\atc)T svae clcTa

with A = \/a + Vb, B = Vb + /c and C = \/c + \/a. First, we compute the contribution from
the term I,.. By the formula

L (eQVZ;r%/RZ;'r%/RQ)

R? 1 1 / —t(r14ra)
= + dt e Hrtr2),
8evrira(ev + 11 /R)(ev +12/R) \ev+m1/R ev+mr3/R) Jo

the contribution can be expressed as

63 fe'e) o) o) 1 1
—R™" dt d d
16v /0 /0 7“1/0 "2 <ey+r1/R+eu+r2/R>
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{0 1) = W DX + I X7 (B
where
A1) = (o)™ Bt T [ e a(x)
e ev+r/R 1 '

For readers’ convenience, we will explain how to compute the integral (B.6). Let ¢(x) be the
Fourier transformation of 92 4(r): ¢(z) = (2m) 1/2f e g2 (r)dr. Here, we extend o2,
to a function on R by 2 (—r) = 92 ,4(r) for r > 0. Note that o(x) decays rapidly by the
assumption (A.3). By the convolution theorem in the Fourier analysis, we have

o0 [ o [ . e,se,,12(t+s/R)2—4(1+x/R)2 .
/0 drmr/o 4 /]Rd (1+a/R) {(t—i—s/R)Q—i-(l—i-x/R)Q}g@( ) (B.1)

and

> Wr (™ ae [ de (14 2/ R se—sev 120+ 8/R)? =41+ z/R)*
/0 dTev+r/R_/o 4 /Rd (L+a/B) {(t+s/R)2+(1+x/R)2}3¢( -

[Here, we explain how we derive (B.7). First, we observe that

o) 00 —tr 22
/ dr(l], = 47r/ dr re " Braa 1/ 1) sinr
0 0 ev+71/R

o0
_47r/ dse™* Im dr 14(r )7" e~ (tHs/R)r Qrad(T/R)
0
=:f(r)

where 14 (r) =1ifr > 0, 14(r) = 0if r < 0. By the convolution theorem ((271)1/2 (gﬂ)v = gxh),
we have

(2m) /2 Im /R dr f(r)B2a(r/R)E™ = (op + Im f) (2),

where pr(z) = Rp(Rx) and (g * h)(z) = [z 9(y — y)dy. Because

_1/26513(t + S/R) — 223
{(t+s/R)? + 22}

Im f(z) = (27)

we get (B.7).] Hence, by the dominated convergence theorem, we obtain

1 1
1 — |1
Rl—rggolGV/ dt/ drl/ dr2(ey+r1/R eu—i—m/R)HlH
© (=44 12t2
_7Tqu/ G (A1)’
0

~ 8’ (21 1)°

Similarly, we obtain that

1 1
lim — [ dt [ d d [ X2
Royeo lﬁv/ / Tl/ "2 <ev+r1/R €V+T2/R> (1 [ ]’"

oo —4 +12t2) (=12 + 412
7[-4@4(0)/ dt( + t)( 5 + t)
0 (2 +1)
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gy [ o [T (G ) PO

(—12 + 41?)
= 0'0) /0 L o

Summarizing the above results, we arrive at

/ d?“l/ d’r‘g/ Xm/ dXQG Xl,XQ)T‘lr elrlxlelsz

R . 2373
% oo (20357 203 R2) a1/ R) a2/ R) = 0

M (O)R"+o(R7T),

where we used the following formula in [20]:

* (3 3
/0 dt {2,4@)2 — A(t)B(t) + 2B(t)2} = 9273

with
_ 2 4(— 2
— Lthg and B(t) = (374_153)
(1+1¢2) (1+1¢2)

As for the contribution from Ij;, we have, by an argument similar to that of the computation
concerning with I,

4 oo o0 1 1
e/ d7“1/ d?”g/ Xm/ dXs 6(X1, Xo) Tilr%el”Xl iro Xo
2 Jo 0 -1 1
X Iir(€2V23 T%/RQS T%/RQ)égad(rl/R)éfad(rg/R) = const - R™7 + o(R_9),

To summarize, we obtain that

2 2
lim lim hm R (Q1Q1Q2Q2) = 23 <171> (1aE,at> .

R—o0 A—oo L 871'

Similarly, we get

2 2
lim lim hm R7<Q2Q2Q1Q1> 23 < 1> <1aE,at> .

R—oco A—oo L 8

This concludes the proof of Lemma 8.1.

B.2 Proof of Lemma 8.2

We readily see that (Q1Q2Q1Q2) = (Q201Q2Q1) = 0 by the formulas in Appendix A. In
what follows, we evaluate (Q1Q2Q2Q1) and (Q20Q1Q1Q2). Because the argument here is almost
pallarel to the proof of Lemma 8.1, we provide a sketch only. As before, we have

4

hm hm <Q2Q1Q1Q2> /dkldkz (1+ (kl ) )‘kl‘ ’k2’2 2(k1) (k2)
x cos(ky - 1) cos(ks - ?“)13,1,1(6 )

_ 64 00 fe'e) 1 1 . .
=R 102/ drl/ dT'Q/ Xm/ dXs G(Xl,Xg)réfrégfad(rl/R)Qfad(rg/R)
0 0 —1 -1
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x cos(r1X1) cos(roXa)I3 11 (e*v?; 71/ R*; 13 R?). (B.8)

Remark the following formula:

I311 (ezuz;r%/Rz;rg/Rz) = (61/)_6 +o(R),

(Al )

which follows from (C.4). Inserting this into (B.8), we formally obtain that

. . g -9 -9

Ah_I)Iéo Lll_>II;O<Q2Q1Q1Q2> = WR +0o(R77).

To justify this rough argument, we carefully have to treat the oscillatory integral as we did in

the proof of Lemma 8.1. Similarly, we see that Alim Llim (Q1Q2Q2Q1) = L5 R + O(R_g).
—00 L—00

e216

B.3 Proof of Lemma 8.4

In this case, there exist two numbers m,n € N with m 4+ n > 3 such that (Q;) = <Q%mQ3"> or
(Qr) = (Q3FQ3™). We will study the case where (Q7) = (Q3™Q3") only. By using the formulas
in Appendix A, one obtains that

lim lim m2n
A—>ooL—>oo< 1 Q2>

=ty / dky - - dkmgn Ly pmgamen—t (€203 k)% [men )
)\17~--,>\m+n:172

m+n
< | TT 1kil?@%(ky) | (e1lea)(eales) -+ (emnler) cos(hm - 1) cos(kms1 - 7), (B.9)
j=1
where €j = 6(/€j, )\j) and Im+n’271m+n71 (ao; PN ;am+n) = Im+n,2,1, - 1((10; ceey am+n) with
——r
m+4n—1
1 [ 52
Ino,m,...,nk(am ai;. .. ;ak) = ; / ds ——.

k
(s o)
§=0
By scalings Rk, ~ kn, and Rk, 1~ kpm41, we get

the rhus. of (B.9) = MR 3" / dky - - dkpin
Ay Aman=1,2

X I inoamen—1 (€207 [k s Vet [k [? /R N kmra |2/ R [kmaal®s - - [Rman?)
[ II |k:jr2@2<kj>]<el|sz><52|es>~-<em+n|sl>

j#Fm,m+1
X k|2 |kt 262 (km /R) 0% (ka1 /R) cos(km - 1) cos(kma1 - 7). (B.10)

Switching to the polar coordinates as we did in the proof of Lemma 8.1, we see that

1

m-+n 00
the rhus. of (B.10) = 2™ R}~ 11 / dr; / dx; / dep; [ / dssz}
™ —0o0

Ay Amin=1,2 | j=1
X <Q.R(,rly oo Tm—1,Tm4+25 - - -y T'm4n; S)gR(Tm, T'm+1; 8)
x {(e1lea)(eales) - - - (Emtnler) cos(rmXm) cos(rm41 Xm+1), (B.11)
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where

Fr = (2! + R72s2) """ [ [ rfohaty)(+ R,
Jj#Em,m+1

N R —1 -1

Yr = rizrfn—l-lQ?ad(rm/R)Q?ad(rm+1/R) (32 + rfn) (52 + 7“72n+1)

Next, we will perform Xj- and ¢j-integrations for j # m,m + 1. For this purpose, we remark
that

1 27 -
S [ ax [T aplete et = s

A=1,2""

where 13 is the identity matrix acting in C3. Using this and the fact that

Z (<5m‘5m+1>3)2 =1+ (l%m . ]%m+1)27

Ao Amp1=1,2
we get
4 m+n—2 1 0o
the r.h.s. of (B.11) = M+ g=9 (;) [W/ dSSZ] H /drj TR
—00

]#m7m+1

X |:/d'f'md'l"m+1/dede+1:| S (X, Xnt1)9r cos(rmXm) cos(rm+1 Xm+1), (B.12)

where &(X,,,, Xy, +1) is defined by (B.5). Because
Fr < ()" [ 11 rféfadm)],
JF#m,m+1

we obtain that

Al12 m+4n—2 00
1
the r.h.s. of (B.12) < R <HQHL2> 1/_4/ ds 32/drmdrm+1

3u2 s

—00

X /dede+1 GRS (X, Xm+1) co8(rmXm) cos(rmi1Xm+1)-(B.13)

Here, we used the fact that the factor

/drm/drm+1/dede+1[---]

in the r.h.s. of (B.13) is positive for all s > 0. Using the elementary formula

1 [ s2 1 00
— / dS = = / dt e*t(’f'm+’l"m+1)’
T (2413) (82 +r0g)  TmtTme o

we have

. +n—2
lollz.\"""
302

the r.h.s. of (B.13) = R™? <

ot [Ca{Sum - mi) e @)
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where

0o 1
[ACX)] () = (27) /0 drrie "2 (r/R) / dXer X A(X).

We can compute [1] and [X?] as

| —24¢3 + 24t(1 + 2/ R)?
g /Rd {2+ (1 +z/R)?}"

[[X2]]:/Rdth(1+x/R)gp(m),

p(),

where
(1 —a)t® —2a(a® +a—3)t3 — a’(a® + 3a + 6)t

Fila) =8 (21 a2)"

Since ¢(x) decays rapidly, we readily see that the integral in (B.14) is uniformly bounded
provided that R is sufficiently large.

C Basic properties of I,,_ p,.n.(a;b;c)

Here, we will give a list of basic properties of I,,, n, n.(a; b; c) defined by (B.2).
The following result is easily checked:

1
Il bie) — 1
1,1,1(a; b c) ABC” (C.1)
where A = \/a+ Vb, B =+Vb+ /c and C = \/c + v/a. Using this, we have
1 2 1 1 1
127271(& b, C) = 47\/%1171,1((1, b7 C) {A? + E + E + BC} 5 (C2)
1 2 1 1 1
12’1,2(617 b; C) = 4\/%11,1’1(% b; C) {02 + TC + 370 + AB} (C3)
and
1 2 2 2 1 1
137171(a, b; C) = 82117171((17 b; C) {A2 + @ + E + ﬁ + \/60} . (04)
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