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1 Introduction

Nakajima’s quiver varieties were introduced by Hiraku Nakajima in [11] to study the moduli
spaces of instantons on ALE spaces, and have been extensively studied since then, see, e.g.,
[8, 10, 12, 13]. They provide a modern and significant example of how algebra and geometry
can be sometimes so deeply, yet surprisingly connected: in fact, their main feature is that they
allow one to put in relation some moduli spaces of bundles (or torsion-free sheaves) over certain
smooth projective varieties with some moduli spaces of representations of suitable algebras (the
so-called path algebras of a quiver and quotients of them). A major example of this bridge is
given by the moduli space of framed sheaves on P2, which can be identified with the moduli
space of semistable representations of the ADHM quiver (see [12] for details).

This paper is a contribution to the Special Issue on Noncommutative Manifolds and their Symmetries in
honour of Giovanni Landi. The full collection is available at https://www.emis.de/journals/SIGMA /Landi.html
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The way this relation is usually looked at is the one that inspired Nakajima’s first pioneering
work: the philosophy is to use the algebraic data we get on one side (usually called ADHM
data) to parameterize the geometric moduli spaces we have on the other side, i.e., the objects
we are actually interested in (see for example [4, 6, 14]). But sometimes it may be useful to
switch roles and use the geometric interpretation as a “tool” to prove something interesting
per se on the algebraic side. For instance, this is the case when one deals with irreducibility
problems: to determine whether a variety of matrices is irreducible is known to be a challenging
problem (see [15] and references therein), and in the specific case of Nakajima’s quiver varieties
the conclusive result by Crawley-Boevey stating that all of them are indeed irreducible has been
achieved only by using hyperkahler geometry techniques [5].

In [1] we introduced a collection of new quiver varieties M(Ay,, ¥, we, ¥¢), n > 1 (see below for
the notation); for n # 2 they are not Nakajima’s quiver varieties, as the quivers involved are not
doubles. We proved that M(Ay, U, we, ¥.) is isomorphic to the Hilbert scheme of points of the
total space of Op1(—1), and, in particular, that it is therefore irreducible (as the Hilbert scheme
is so [7]). For n > 2 we only proved a weaker result, i.e., that only a certain connected component
of M(Ay, Vg, we, V) can be identified with Hilb®(Tot(Op1(—n))). However, as M(As, ¥, we, )
is a Nakajima quiver variety, its irreducibility follows from Crawley-Boevey’s result, so that
one only has to determine whether the varieties M(A,, U, we,J¢) are irreducible for n > 3.
In this paper we prove this fact, completing the work of [1], actually showing directly that
Hilb®(Tot(Op1 (—n))) is isomorphic to the whole M(A,,, Uc, we, ¥c). As this technique also works
for the case n = 2 we include it as well.

2 Some background

The quivers we are going to consider are extracted from the ADHM data for the Hilbert schemes
of points of the varieties Hilb(X),), where X, is the total space of the line bundle Opi (—n), and,
in turn, the construction of the ADHM data is based on the description of the moduli spaces
of framed sheaves on the Hirzebruch surfaces ¥, in terms of monads that was given in [2].
We denote by H and E the classes in Pic(X,) of the sections of the natural ruling 3, — P!
that square to n and —n, respectively. We fix a curve ¢, in ¥,, belonging to the class H (the
“line at infinity”). A framed sheaf on 3, is a pair (£, ), where £ is a rank r torsion-free sheaf
which is trivial along £, and 0: E|, — OE‘Z is an isomorphism. A morphism between framed
sheaves (&,0), (£',6') is by definition a morphism A: & — &’ such that 6’ o A, = 6. The
moduli space parameterizing isomorphism classes of framed sheaves (£,6) on ¥, with Chern
character ch(€) = (r, aF,—c— %naz), where r,a,c € Z and r > 1, will be denoted M"(r,a, ).
We normalize the framed sheaves so that 0 < a <7r —1.

A monad M on a scheme X is a three-term complex of locally free Ox-modules of finite
rank, having nontrivial cohomology only at the middle term (cf. [16, Definition 11.3.1.1]). It
was proved in [2] that a framed sheaf (£,60) on X, with invariants (7, a,c¢) is the cohomology of
a monad

M(a,8): 0 Uy —2= V- Wi 0, (2.1)

where k is the quadruple (n,r,a,c), and
Up =05, (0, -1, Vpi= 05, (L -1 005", W= 05, (1,007,
with

1
k1:c+§na(a—1), ko = k1 + na, ks = ki + (n—1)a, ki=k +1r—a.
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The space Ly of pairs in Hom (U, Vi) @ Hom(V, Wy) fitting into (2.1), such that the coho-
mology of the complex is torsion-free and trivial at infinity, is a smooth algebraic variety. There
is a principal GL(r, C)-bundle P over L whose fibre at a point (a, 3) is the space of framings
for the corresponding cohomology of (2.1). The algebraic group

GE = Aut(Z/lE) X Aut(VE) X Aut(W,;)

acts freely on P, and the moduli space M"(r, a, ¢) is the quotient P;/G. [2, Theorem 3.4]. This

is nonempty if and only if ¢ + %na(a — 1) > 0, and when nonempty, it is a smooth algebraic

variety of dimension 2rc + (r — 1)na?.

When r = 1 we can assume a = 0, and there is an identification
M™(1,0,c) ~ Hilb*(%,, \ loo) = Hilb%(X,,).

A first step to construct ADHM data for the Hilbert schemes of points of the varieties X,
is to show that the Hilbert schemes can be covered by open subsets that are isomorphic to the
Hilbert scheme of C2, and therefore have an ADHM description, according to Nakajima. Then
one proves that these “local ADHM data” can be glued to provide ADHM data for the Hilbert
schemes of X,.

Let P"(c) be the set of collections (Ay, A2; C1, ..., Cp;e) in End(C¢)®"*2 @ Hom(C¢, C) sa-
tisfying the conditions

A101A2 = AQClAl, when n = 1,
(P1) A1Cy = AsCyya,

for ¢g=1,...,n—1, when n > 1;
Cqu - Cq+1A2

(P2) Aj+AAj is a regular pencil of matrices, i.e., there exists [y, v2] € P! such that det (v Ay +
v2Az) # 0;

(P3) for all values of the parameters ([A1, Xa], (1, u2)) € P! x C? satisfying
ATH1 + Agp2 =0

there is no nonzero vector v € C¢ such that

ClAQU = —M10,
C,Av = (—1)”#20, and ()\2A1 + )\1142) v =20.
v € kere

The group GL(¢,C) x GL(¢, C) acts on P™(c) according to
(Ai, Cjre) = (p2dior 910505 epr )

fori=1,2,7=1,...,n, (¢1,¢2) € GL(¢,C) x GL(¢, C).
The following result expresses the fact that the collections (A1, Ag; C1,...,Cy;e) satisfying
conditions (P1) to (P3) are ADHM data for the varieties Hilb°(X,,) (this is Theorem 3.1 in [2]).

Theorem 2.1. P"(c) is a principal GL(c, C) x GL(¢, C)-bundle over Hilb®(X,,).

3 The main result

Now we turn to the purpose of this paper, namely, proving that the Hilbert schemes of points
of the varieties X, are isomorphic to moduli spaces of representations of suitable quivers. For
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Figure 1. The quivers Q.

any n > 2 let @, be the framed quiver in Fig. 1, where oo is the framing vertex. Let J,, be the
two sided ideal of CQ,, generated by the relations

a2Cgr1 — a1¢q = 0,
2fatl T o for ¢=1,...,n—1 (3.1)
Cq+1a2 — Cqa1 — iq] =0

Our purpose is to describe the spaces of representations of the quiver @Q,, with relations J,, i.e.,
the spaces of representations of the quotient algebra A,, = CQ,,/J,.

We recall some basic definitions. Given @ = (vg,v1) € N? and w € N, a (¥, w)-dimensional
representation of A, is the datum of a triple of C-vector spaces Vg, Vi, W, with dimV; = v;,
dim W = w, and of an element (Aj, A2;Cy,...,Cps€; f1,..., fn—1) in

Homc (Vo, V1)®? @ Home(V1, Vo)™ @ Home (Vy, W) @ Home (W, V)@t

satisfying the relations determined by equations (3.1), namely

AsCyr1 — A1C, =0
{ 2e+l 1~ ’ for ¢g=1,...,n—1. (Q1)

Cq+1A2 — Cqu — fqe =0

The space Rep(Ay,, ¥, w) of all (¥, w)-dimensional representations of A,, is an affine variety,
on which the group Gz = GL(vg,C) x GL(v1,C) acts by basis change. Indeed, we ignore the
action of GL(w, C) on the vector space W attached to the framing vertex. As usual, to get a well
behaved quotient space one has to perform a GIT construction by introducing a suitable notion
of stability. This was done by A. King [9] and, in a slightly different way, by A. Rudakov [17]. In
the case of a quiver with a framing vertex, the following definition can be shown to be equivalent
to the King-Rudakov one [3, 5].

Definition 3.1. Fix ¢ € R%2. A (¥, w)-dimensional representation (Vp, Vi, W) of A, is said to
be ¥-semistable if, for any subrepresentation S = (Sp, S1) C (Vp, Vi), one has:

if Sp C kere, then ¢ - (dim Sp,dim S7) < 0; (3.2)
if So DIm f; fori=1,...,n—1, then ¥ - (dim Sp,dim S1) < 9 - (vo, v1). (3.3)

A ¥-semistable representation is 9-stable if a strict inequality holds in (3.2) whenever S # 0 and
in (3.3) whenever S # (Vp, V1).

Let Rep(A,,, 7, w) be the subset of Rep(A,,, ¥, w) consisting of 1J-semistable representations.
By [9, Proposition 5.2], the coarse moduli space of (¥, w)-dimensional ¥-semistable representa-
tions of A,, is the GIT quotient

M(An7 Ua ’U), 19) = Rep(An7 /177 U))%S//C:’l7
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It can be proved that the open subset M®(A,,, ¥, w,d) C M(A,,V,w,¥) consisting of stable
representations makes up a fine moduli space. Notice that, for quivers without a framing, this
holds only when the dimension vector is primitive [9, Proposition 5.3], whilst this requirement
is not necessary in the case of framed quivers [5]. Theorem 4.5 of [1] states that the Hilbert
scheme of points Hilb(X,,) can be embedded into M(A,, ¥, w, ) for suitable choices of ¥, w,
and v. Precisely, one has the following result:

Theorem 3.2. For everyn > 2 and ¢ > 1 let
Ue = (¢, 0), we =1, Ve = (2¢,1 — 2¢),
and let H(n,c) be the irreducible component of M(Ay, e, 1,9.) given by the equations

hi=f==f-1=0 (3.4)
Then Hilb%(X,,) ~ H(n,c).

Let pr: Rep(An, U, 1)5, — M(Ay, ¥, 1,9.) be the quotient map. The proof of Theorem 3.2
basically consists in proving that the counterimage pr—(#(n,c)) =: Z,(c) coincides with the
total space of the principal fibration P"(¢) we introduced in Section 2. As it is quite involved
and requires a few intermediate Lemmas and Propositions, we refer the reader to [1] for fur-
ther details. Here we only note that the starting point is given by the stability conditions in
Definition 3.1.

Remark 3.3. The set of (7., w.)-dimensional representations of A, which are semistable ac-
cording to Definition 3.1 does not change if we let the stability parameter vary inside the open
cone

C

—1
Fcz{ﬁ:(ﬁg,’ﬂl)ERQ‘ﬁg>O, —190<191<—C ’190}.

It can be shown that for any stability parameter 9 on the open rays

Ry = {(d9,%) € R? |99 > 0, P + 9 = 0},
Ry = {(¥0,91) € R?|dlo > 0, (¢ = 1)do + cvy = 0}

there exist representations which are J-semistable, but not J.-semistable. So, I'.. is a chamber in
the space R%ﬂo, 91) of stability parameters and the closed rays Ry, Ry are its walls. Furthermore,
inside T'. semistability and stability are equivalent (cf. [1, Lemma 4.7]): in particular, points in
M(Ay,, Ve, 1,9.) can be thought of as G, -orbits of representations in Rep(Ay, Uc, 1).

A full description of the chamber /wall decomposition of the space R%ﬁo, 91) will be the object

of a future work.

We wish to prove that the component H(n, c) of M(A,, ¥, 1,3.) introduced in Theorem 3.2
coincides with the whole moduli space M(A,, 7., 1,9.) (this will be Theorem 3.8). Let us
introduce the following notation

R(An,c) = Rep(Ay, T, 1); R*(An, c) = Rep(Ay, Ve, 1)?956'

Given a representation (A1, A2; Cy,...,Chse; f1,..., fan—1) € R(Ay, ¢), we form the pencil A; +
Ay, with A € C. We recall that a pencil Ay + AAy is regular if there is a point [v1, 5] € P! such
that det(v1 A1 + 19 A2) # 0.
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dn

Figure 2. The quivers @), for n > 3.

To prove Theorem 3.8 it is convenient to introduce “augmented” framed quivers defined as
follows: let Q) = Q2, and, for every n > 3, let @/, be the framed quiver in Fig. 2. Let J) = Jo
and, for all n > 3, let J/ be the two sided ideal of CQ/, generated by the relations

dgr1 —arb, =0
@28q+1 10 o for ¢q=1,...,n—1. (3.5)
dgy1a2 —bgar —iqj =0

We set Al, = CQ/,/J,, for all n > 2. Notice that A}, = Ay; for n > 3, the algebra A,, can be
obtained by taking the quotient of A/, by a suitable ideal. Indeed, let K, be the two sided ideal
of Al generated by the relations

by = d, for ¢=2,...,n—1, (3.6)

where Z is the class in A/, of the element x € CQ/,. Let p,: CQ), — CQ, be the C-algebra
morphism determined by the assignments

Pnlag) = aq, Pn(bg) = cq, Pnldg) = cq, () = J, Puliq) = iq- (3.7)

It is straightforward that p,, is surjective and that its kernel is the two sided ideal L,, C CQ/,
generated by the relations

by = dg for ¢g=2,...,n—1. (3.8)

It follows directly from equation (3.7) that p,, maps the set of generators of .J), (see equation (3.5))
onto the set of generators of .J,, (see equation (3.1)), so that

Pn(Jn) = Jn.

Then it is not hard to check that p,, induces a surjective morphism p,,: A}, — A,,, whose kernel,
by equations (3.6) and (3.8), is

kerp, = Lp/(L, N J)) = K.
In conclusion, we have proved the following lemma.

Lemma 3.4. There is an isomorphism of C-algebras A,/ K, ~ A,.
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One of the reasons to introduce the augmented quivers @), is that their path algebras carry
an action of the group SO(2,C) which descends to the quotient algebra A/,. This action will be
instrumental in proving the regularity of the pencil A; + AAs.

Elements of SO(2,C) will be denoted by v = ( %, ;7). Given arrows

(al,aQ;bl, .. .,bn_l;dg, . ,dn;j;’il, .. 'ain—l)

as above and v € SO(2,C), we set
/ /
<a,1>:1/(a1>, (,bq>zyl<bq) for ¢g=1,...,n—1.
as az q+1 dg+1

The assignment
(ar1,a2;01, ..., bp—1;day ... dp; J5i1, .. yin_1)
— (ah, ai by, Vg dy, o dps i, i),
induces an action
®,: SO(2,C) = Aute_14(CQ;),
which leaves invariant the generators of the ideal J),, that is,
(571(”) (J;L) =Jp
So one has an induced action

By: SO(2,C) = Aut_y1o(A)).

We wish now to study the space Rep(Al,.,1) = R(Al,c) of (¢,c)-dimensional framed
representations of A;, and its open subset Rep(A,, v, 1)§ = R*(A},c) of ¥ -semistable rep-
resentations (defined analogously to Definition 3.1). For m = 2 there is nothing new, since
R(A), ¢) = R(Ag,¢) and R*¥ (A}, c) = R*®(Ag,¢). For n > 3, R(A},, ¢) is the affine subvariety of
the vector space

Homc (Vo, V1)®? @ Home (V1, Vo) #2" 2 @ Home (Vo, W) @ Home (W, Vo)1

whose points (A1, A2; Bi,...,Bn—1;Da,..., Dy, e; f1,..., fn_1) satisfy the relations determined
by equations (3.5), namely,

{Aqu+1 = A B,,

for ¢g=1,...,n—1. (Q1")
Dyi1A2 = ByAy + fye

Lemma 3.5. R*(A},, c) is the open subset of R(AL,c) determined by the conditions:

(Q2') for all subrepresentations S = (Sp,S1) such that Sy C kere, one has dim Sy < dim St
and, if dim Sg = dim Sy, then S = 0;

(Q3') for all subrepresentations S = (Sy, S1) such that Sy 2 Im f;, fori=1,...,n — 1, one has
dim S() S dim Sl.

Proof. Given a subrepresentation (Sp,S1), we set s; = dim S;, ¢ = 0,1. By substituting the
definitions of ¥, and . given in Theorem 3.2 into equations (3.2) and (3.3) one gets

if Sy C kere, then sg < 51 — ﬂ; (3.9)

2c
1
if SgDIm f; fori=1,...,n — 1, then sg 381—1—5—;—1. (3.10)
c
Whenever s; > 0, one has 0 < 3L < 1; hence, equation (3.9) is equivalent to condition (Q2’).

On the other hand, as 0 < § — 5L < &, equation (3.10) is equivalent to condition (Q3'). [
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Proposition 3.6. For each point of R®(A}, ¢) the associated matriz pencil A1+ AAsg is regular.

Proof. Let (A1, A9; By,...,Bp_1;Da,...,Dy,e; f1,..., fn—1) be a point of R*(A/ , c), and as-
sume that Ay + AAs is singular. If ¢ = 1, then A7 + AAs is singular if and only if A; = A3 = 0.
But this implies the subrepresentation (Vp,0) does not satisfy condition (Q3’). Hence we can
assume ¢ > 2. The fact that the pencil A; + AAs is singular implies that there is a nontrivial
element

€

v(A) = (=N)*0s € Vo ®c C[A (3.11)
a=0
such that
(A1 + AA2)v(A) =0 for all A € C. (3.12)

By arguing as in the proof of [1, Lemma 4.11], one can show that the minimal degree polynomial
solution v(A) for the pencil A; + AAy has necessarily degree € > 0. Let us inductively define the
vector spaces {U; }ien as follows:

Uy = (vo, - .-, 0e),

Usi+1 = A1(Usk) + A2(Uag) for k>0,
n—1 n

Usk = Y By(Usp—1) + > _ Dg(Usp—y) for k> 1.
q=1 q=2

Note that each Uj, with j even, is a subspace of Vj, while each U;, with j odd, is a subspace
of V1. So, if we introduce the subspaces

So = ZU% C Vo, S1 = Z Usk+1 C V1,
k=0 k=0

it follows that (Sp,S1) is a subrepresentation of (Vp,Vi). We will show that this subrepresen-
tation fails to satisfy either condition (Q2’) or condition (Q3’) of Lemma 3.5, so that one gets
a contradiction.

By substituting equation (3.11) into equation (3.12) one finds out that

Alv() = 0,
A1vg = Agva_1, a=1,...,¢, (3.13)
AQUE = 07
so that
U1 = <A11)1, ceey Al’l)5> = Al(U()) (3.14)

There are two possible cases, either i) Uy C kere, or ii) Uy € kere.
i) If we suppose that Uy C ker e, equation (3.13) and condition (Q1’) imply that

n
Up =Y DyAi(Uy).
q=2
By letting wg,o = DgA1va, o =1,... ¢, for each ¢ = 2,...,n we obtain an element

(Wg1,- - wee) € USE
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e—1
such that > (—=A)*wg a1 is a polynomial solution for the pencil A; + A3 of degree ¢ —1. Since
a=0

we have supposed ¢ to be minimal, one has (wg1,...,wqc) = 0. From that it is easy to deduce
that Uy = 0 and that (Sp, S1) = (Up,U1). So, since ker A1 N Uy # 0 by equation (3.13), then
equation (3.14) entails that (Sp, S1) is a subrepresentation violating condition (Q2’).

ii) Suppose now that Uy is not contained in kere. So, there is at least one v € {0, ..., e} such
that e(vy) # 0. Condition (Q1’) implies that

Im f, = (fye(vy)) CUy  forall g=1,...,n—1. (3.15)

To simplify computations, we may assume v = 0 and e(vg) = 1. Actually, one checks that
the SO(2,C) action on A}, induces an action on R(A,c), which commutes with the Gz, ac-
tion defined on the same space, and therefore it restricts to an SO(2,C) action on R*(A}, ¢).

Moreover, this action preserves the regularity of the matrix pencil A; + AAs. An element
Vi Vo

v =1y, 1) €S0(2,C) produces a change of basis

(V055 0e) = v (v, -2y 0e) = (V). ., VL),

so that

Since (e(vg),...,e(ve)) # (0,...,0), there is v € SO(2,C) so that e(vy) # 0. Moreover, e(v()
can be assumed to be 1.

Next, by using condition (Q1’) and equation (3.13), along with the identity As(Im f,) =
(Aafq(1)) = (Aafq(e(vp))), it is not hard to show that

Ax(Im fy) € A1 (Us) forall ¢g=1,...,n—1. (3.16)
Now we show that
k
Uakt1 C ZAI(UZI) (3.17)
1=1

for all £ > 1. Assume k = 1. By using equations (3.13), (Q1’) and condition e(vg) = 1, one gets
fqe(va) = €(va)Dg+1 4101

for ¢ =1,...,n — 1. Hence, by using equations (3.13) and (Q1’) again one shows that

Uy =) DyAi(Uo).
q=2

Then Us is spanned by the sets of vectors

{A1 DA 10 }g=2,..n C A1(Us), {A2DyA 100 }g=2,..n. C A2(Us)

=1,...,e =1,...,e
and it follows directly from equations (Q1’) that AsDyA1v, € A1(Uz), for ¢ = 2,...,n. So
Us C Aq(Us).

Let us now suppose that equation (3.17) holds true for 1 < k < m, with m > 1. This means
that Usy,41 is spanned by vectors of the form Ayw with w € Uy, [ = 1,...,m. By noticing that
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Uzm+2 is spanned by vectors of the form B,Ajw and DyAjw’, with w € Uy and w' € Uy for
I,I!=1,...,m, and by using equation (Q1’) and the inductive hypothesis one finds out that

Usm+2 € ZZD A (Uy) +Zlqu

=1 q=2

From this it follows

A1(Uam2) + A2(Uam+2) = Uamys

m n n—1
- Al(UQ(erl)) + Z Z AQDqu(UQl) + Z AQ(Im fq)
=1 q=2 q=1

- Al(UQ(m_H )+ A1 (Us) ZZ 2D A1 (Uy), (3.18)
=1 q=2

where in the last step equation (3.16) has been used. For ¢ = 2,...,n, equation (Q1’) implies
that

AsDyA1(Uar) € A1(Usi41y)-

Thus, from equation (3.18) we may conclude that

m+1

Unmany+1 © D Ar(Ua),
=1

so that the inclusion (3.17) is proved.
This and equation (3.14) imply that

o k o
ZU%—H CAU0)+ D) Ai(Un) =D A(Uy) = (Z U2k> A1(50).
k=1 =1 k=0

But A1(Sy) C S, so that
S1 = A1(So).

By equation (3.13), one has ker A1 N Sy # 0, and therefore dim.S; < dim Sy. Finally, equa-
tion (3.15) implies that the subrepresentation (S, S1) violates condition (Q3’). [

When n > 3, there is a map R(A,,c) — R(A],c) given by
(Al,AQ; Cl, .. .,Cn; e, fl, ey fnfl) —> (Al,AQ;Cl, .. .,Cnfl; CQ, .. .,C’n,e; fl, ey fnfl).

This map provides a G -equivariant isomorphism of R(A,, c) onto the subvariety of R(AL,c)
cut by the equations

B, =D, for ¢g=2,...,n—1

(cf. equations (3.6)). Through this isomorphism R (A, ¢) may be regarded as a closed subvariety
of R(A),, ).

Lemma 3.7. When n > 3, one has that

RS (An, ¢) = R¥(AL, ¢) VR (An, ¢).
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Proof. Semistability is a numerical condition which is to be checked on the set of all submodules
of a given representation. Hence, it is enough to show that for any left A,,-module M, an abelian
subgroup N C M is a left A,-submodule if and only if it is a left AJ,-submodule (notice that M
has also a natural structure of left A/,-module, induced by restriction of scalars; cf. Lemma 3.4).
However, precisely because the algebra A,, is a quotient of A}, the category A,-mod is a full
subcategory of A/-mod, and this implies in particular that the set of all subobjects of a given
A,-module is the same in the two categories. |

Theorem 3.8. The component H(n,c) of the moduli space M(Ay,, V., 1,9.) defined by equa-
tions (3.4) coincides with the whole of M(Ay,, Ve, 1,7,.).

Proof. For each representation (A1, A2; Cy,...,Chs€; f1,. .., fn—1) ER*(An, ¢), equations (3.4)
hold if and only if the pencil A; + AAs is regular (condition (P2) in Section 2 and in [1]):

e in the proof of Proposition 4.9 of [1] it has been shown that condition (P2) holds in
Zy(c) = pr=Y(H(n,c)); i.e., equations (3.4) imply the regularity of the pencil;
e further on, in the proof of Theorem 4.5 of [1] it has been shown that Z,(c) actually

coincides with the open subset of R%(A,,c) (denoted R, (c) in [1]) where condition (P2)
is satisfied; i.e., the regularity of the pencil implies equations (3.4).

So, the orbit of a ¥.-semistable representation
(Ala AQa Clv ceey Cﬂa €; fla ey fnfl) S RSS(Aruc)

lies in H(n,c) if and only if the pencil A; + AAsg is regular. Then the conclusion follows from
Proposition 3.6 and Lemma 3.7. |

4 A remark involving the 2-Kronecker quiver

We want to rephrase Proposition 3.6 is a slightly different way which involves the Kronecker
quiver with two arrows Qg

ai

\_/

a2
The new claim, Proposition 4.2, may be regarded as a statement in relative Geometric Invariant
Theory.

The vector space of U, = (¢, ¢)-dimensional representations of Qx is the space Rep(Qx, U.) =

Homc (Vp, V1)®2. Since Definition 3.1 only applies to framed quivers, we need a slightly different
notion of semistability. So we recall from [9, 17] that, given ¥ € R?, a #,-dimensional represen-

tation of QQ is said to be ¥-semistable if, for any proper nontrivial subrepresentation supported
by (So, S1) € (Vo, V1), one has

ﬁ-(dimSo,dimSl) < 19175
dim Sg +dimS; — 2¢

(4.1)

A ¥-semistable representation is ¥-stable if strict inequality holds in (4.1).
As in Section 3, we set ¥. = (2¢,1 — 2c¢).

Lemma 4.1. A point (A1, As) € Rep(Qx, U;) is Yc-semistable if and only if the matriz pencil
Ay 4+ AAg is regular.
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Proof. Let (A1, A2) be a representation of Qi supported by the pair of vector spaces (Vp, V1),
and consider a proper subrepresentation supported by (Sp,S1). If the stability parameter is
¥e = (2¢,1 — 2¢), the inequality (4.1) is equivalent to

2c¢dim Sp + (1 — 2¢) dim S < 1
dim Sp + dim .57 -2’

which is in turn equivalent to

dim Sp < dim ;. (4.2)
It is not hard to show that (4.2) implies

dim(A1(S) + A2(S)) > dim S for all vector subspaces S C Vj. (4.3)

Conversely, if condition (4.3) is satisfied, then, given any subrepresentation supported by S =
(S0, S1), one has

dim S; > dim(A41(So) + A2(Sp)) > dim Sy.

Finally, by [1, Lemma 4.10] condition (4.3) is equivalent to the fact that the matrix pencil
A + AAs is regular. |

Recall that R(Ay, ¢) is the affine subvariety of
Rep(Qn, ¥, 1) = Homg (Vp, V1)®? @ Home (Vi, Vo)®" ® Home (Vo, W) @ Home (W, Vo)1

defined by equations (Q1). Let us denote by m,: R(A,, ¢) — Rep(Qxk, ¥;) the restriction of the
natural projection Rep(Qy,, ¥, 1) — Homg(Vp, V1)®2 = Rep(Q, Ue).

As a straightforward consequence of Lemma 4.1, Proposition 3.6 may be rephrased in the
following terms.

Proposition 4.2. Fach (0., 1)-dimensional ¥.-semistable representation of A, is mapped by my,
to a U.-dimensional 9.-semistable representation of Qx :

7 (R* (A, ¢)) € Rep(Que. 10)5,.
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