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Figure 1. A surface integral and a corresponding surface layer integral.

that the Lagrangian is of short range in the sense that Lκ(x, y) vanishes unless x and y are close
together. In this situation, we get a contribution to the double integral (2.23) only if both x and y
are close to the boundary ∂Ω. With this in mind, surface layer integrals can be understood as an
adaptation of surface integrals to the setting of causal variational principles. This consideration
is illustrated in Figure 1, where the range of the Lagrangian is denoted by δ (for a more detailed
explanation see [23, Section 2.3]). Therefore, in the setting of causal variational principles, they
take the role of surface integrals in Lorentzian geometry. We remark that in applications in
Minkowski space or on a Lorentzian manifold, the Lagrangian typically decays on the Compton
scale 1/m (where m denotes the rest mass of the Dirac particles).

Surface layer integrals were first introduced in [23] in order to formulate Noether-like theorems
for causal variational principles. In particular, it was shown that there is a conserved surface
layer integral which generalizes the Dirac current in relativistic quantum mechanics (see [23,
Section 5]). More recently, in [24] another conserved surface layer integral was discovered which
gives rise to a symplectic form on the solutions of the linearized field equations (see [24, Sec-
tions 3.3 and 4.3]). A systematic study of conservation laws for surface layer integrals is given
in [25]. Finally, in [16, Proposition 7.1] a surface layer integral was introduced which is not
conserved, but positive. We now collect all the surface layer integrals to be considered in this
paper:

Definition 2.2. For any jets u, v and a subset Ω ⊂ M , we define the following surface layer
integrals:

◮ conserved one-form

γ(v) =

ˆ

Ω
dρ(x)

ˆ

M\Ω
dρ(y)

(

∇1,v −∇2,v

)

L(x, y) (2.24)

◮ symplectic form

σ(u, v) =

ˆ

Ω
dρ(x)

ˆ

M\Ω
dρ(y)

(

∇1,u∇2,v −∇2,u∇1,v

)

L(x, y) (2.25)

◮ surface layer inner product

(u, v) =

ˆ

Ω
dρ(x)

ˆ

M\Ω
dρ(y)

(

∇1,u∇1,v −∇2,u∇2,v

)

L(x, y) (2.26)

◮ positive surface layer integral

−

ˆ

Ω
dρ(x)

ˆ

M\Ω
dρ(y)∇1,v∇2,vL(x, y) . (2.27)


