Symmetry, Integrability and Geometry: Methods and Applications SIGMA 17 (2021), 008, 35 pages

Pfaffian Point Processes from Free Fermion Algebras:
Perfectness and Conditional Measures

Shinji KOSHIDA

Department of Physics, Faculty of Science and Engineering, Chuo University,
Kasuga, Bunkyo, Tokyo 112-8551, Japan
E-mail: koshida@phys.chuo-u.ac.jp

Received July 23, 2020, in final form January 16, 2021; Published online January 26, 2021
https://doi.org/10.3842/SIGMA.2021.008

Abstract. The analogy between determinantal point processes (DPPs) and free fermionic
calculi is well-known. We point out that, from the perspective of free fermionic algebras,
Pfaffian point processes (PfPPs) naturally emerge, and show that a positive contraction
acting on a “doubled” one-particle space with an additional structure defines a unique PfPP.
Recently, Olshanski inverted the direction from free fermions to DPPs, proposed a scheme
to construct a fermionic state from a quasi-invariant probability measure, and introduced
the notion of perfectness of a probability measure. We propose a method to check the
perfectness and show that Schur measures are perfect as long as they are quasi-invariant
under the action of the symmetric group. We also study conditional measures for PfPPs
associated with projection operators. Consequently, we show that the conditional measures
are again PfPPs associated with projection operators onto subspaces explicitly described.
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1 Introduction

1.1 Pfaffian point process

In this paper, we assume that X is a countable set. The collection of point configurations in X
is identified with Q = Q(X) = {0,1}¥, which is equipped with the product topology to be
a compact topological space. We regard each element w € 2 as a function w: X — {0,1} or
a collection of points w = {z; € X};. We adopt the o-algebra of Borel sets ¥. Then, for distinct
points z1,...,x, € X, the cylinder set

Qg = {w e Qw(zy) = =w(zy) =1}

is measurable. Given a probability measure M on (€2, ), the n-point correlation function p,
n € N is an n-variable symmetric function defined as the probability weight of cylinder sets:

piL\/[(l‘la s ,LUn) = M(Qxlv--axn)’

where z1,...,z, € X are distinct. It is conventional to extend p}! to a function on X" so that
it vanishes if any two points coincide. Note that a system of correlation functions { pM }n N
determines the probability measure M uniquely since the cylinder sets generate . A random
variable X with values in (£2, X)) is called a point process in X. We also call a probability measure
on (€2, X) a point process not distinguishing a random variable from its distribution.

To define a Pfaffian point process, we need to fix some notations. Suppose that a (2 x 2)-
matrix-valued function K(-,-): X x X — M (2;C) satisfying the anti-symmetry

K(z,y)" = K(y,z), =zyek (1.1)
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is given. For any n € N, we adopt the following identification of vector spaces:

M(2;C) ® M(n;C) = M (2n;C),

€i,j & €L, — eQ(k—l)+i,2(l—1)+j7 Z?] = 1a 2a kal = 17 cee,n,

where e; ; is the matrix with entry 1 at the (i,j)-position and 0 elsewhere. Given points
z1,...,%, € X, we understand [K(z;, z;)]1<i j<n as a (2n X 2n)-matrix under the above identifi-
cation and by regarding x1, ..., z, as legs for M (n;C). The anti-symmetry (1.1) of the function
K(-, ) ensures the anti-symmetry of the (2n x 2n)-matrix [K(z;,2;)]1<i j<n so that

[K(x“ xj)]rlrgi,jgn = [K(.fj, xl)T] 1<i,j<n = _[K(xi’ xj)]lgi,jﬁn'
Therefore, the Pfaffian Pf[K(x;, z;)]1<i j<n is defined.

Definition 1.1. A probability measure M on (2,%) is a Pfaffian point process (P{PP) if
there exists a (2 x 2)-matrix-valued function KM (-,-): X x X — M(2;C) satisfying the anti-
symmetry (1.1) such that every n-point function with n € N admits a Pfaffian expression

pM(zy, ... x,) =Pf [KM($1', ;)] I<ij<n’

We call the matrix-valued function KM (-,-) a correlation kernel of the PfPP M.

For a PfPP M, we write its correlation kernel as

KM (z,y) KM(zy)
M . 11\, Y 12\, Y
K “’”‘<K%<x,y> KM(ry)) —SYEF

If, in particular, K} (z,y) = K} (z,y) = 0 identically holds, we have

PE[KY (21, 25)] ) o, iy = det [Kig (@i, 25)] o i

Therefore, we may naturally have the following definition as a special case of PfPPs.

Definition 1.2. A PfPP M on (£, Y) is called a determinantal point process (DPP) if K{4 (x,y)
= K} (x,5) = 0 identically. In this case, each correlation function admits a determinantal
expression

P (@1, 2g) = det [KM (27, 27)] KM(2,y) = KM (), ayeX

1<i,j<n’
We adopt the abuse of terminology to call the function K™ (-,-) on X x X a correlation kernel
of the DPP M.

DPPs form a significant class of point processes that have many applications to random
partition and asymptotic representation theory [6, 7, 8, 9, 35, 36, 37] (see also [5, 17, 26, 49]). The
analogy between DPPs and fermionic calculi is well-known [27, 28, 39, 47, 48, 50]. In particular,
a quasi-free state of a certain class over an algebra of anti-commutation relations gives a DPP.
Compared to DPPs, there seem to be less attempts to unify an interplay between PfPPs and free
fermions, while there are many preceding studies on concrete examples (incomplete references
include [10, 16, 21, 31, 32, 33, 43, 54, 55]). One of the aims of this paper is to extend a portion
of the insight on DPPs found in the above mentioned literatures and to establish a framework
to study PfPPs from free fermionic perspectives. Many settings, notations and problems are
motivated by [39].
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1.2 From a positive contraction to a PfPP

A well-known construction of a DPP on X [49] starts from an operator K on £?(X) such that
K = K*and 0 < K < 1, namely, a positive contraction on £2(X). Given a positive contraction K
on /2(X), there exists a DPP M% on X such that each correlation function is given by

K
oyl (@, ) = det[K (2, 2))l1<ij<n, K (2,y) = (62, Key) ).

Here e, € (?(X), x € X is a function defined by e, (y) = 64,4, y € X. Then the collection {e; }cx
forms a complete orthonormal system of £2(X).

Here, we give a direct generalization of this result to PfPPs. We define the complex con-
jugate J of £2(X) as an anti-linear operator on it that fixes each function e, z € X. We set
K = (2(X) @ £2(X) and take an anti-unitary involution T' on X defined by

r— (3 g) (1.2)

according to the prescribed direct sum decomposition. For this pair (X,I"), we consider the
collection of operators

UK, T)={SeB(K)|0<5=5"<1,5=1-5}, (1.3)

where B(X) is the set of bounded operators on X, and for any operator A € B(X), we write

A :=TAT'. We will show that each operator S € Q(K,I") uniquely determines a PfPP.

Proposition 1.3. Let us take S € Q(K,I") and write it as

S11 Sz
S = .
(521 S22>

There exists a PfPP M*® on X such that each correlation function is given by

PM (21, ) = PEKs (@i, )] 1< j<ns
where
(ex, Sa1ey) 2y (e 522€y)e2(x))
K ’ _ ) Yy € X. 1.4
S(x y) <(6I7 (Sll - ]_)ey)eg(x) (63” SlQ@y)[?(x) x y ( )

Remark 1.4. If S is diagonal; S13 = So; = 0, the PfPP M* is a DPP.

Remark 1.5. For S € Q(XK,I'), the function Kg(-, -) satisfies the required anti-symmetry (1.1).
In fact, the self-adjointness of S gives S7; = Si1, S59 = S22, S7s = S21, and the identity
S =1— S implies JS11J = 1 — S99, JS19J = —So1. In particular, we have S}; = —S519,
SQTl = —591. Therefore,

ez, S21€y)2(x) = —(€y, S21€2) (%)

€z, S12ey)2(x) = —(€y, S12€2) 2 (%),

ez, S22ey)2(x) = (€y, J(1 = S11)Jex) 2y = —(ey, (S11 — D)ex) 2y,
ex, (S11 — 1)ey)zx) = —(ey, JS22Jea) 2 (x) = —(ey, Sazea)2(x)

for any z,y € X, which implies the anti-symmetry (1.1).
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It is standard to restate Proposition 1.3 in terms of a Fredholm Pfaffian. Let us assume
that a matrix-valued function K: X x X — M(2;C) is finitely supported. We take another
matrix-valued function J: X x X — M(2;C) defined by

0 1
J(:’U’ y) = 61’,y <_1 0> ) x7y 6 f‘

Then, the sum J + K still exhibits the anti-symmetry (1.1). For each Y = {z1,...,z,} C X, it
can be verified that [43]

PF[(J +K) (@i, 2))l1<ijan = 1+ Y PHK(z, )2 yex,
XCY

where the sum runs over non-empty subsets X C Y. Since K is now supposed to be finitely
supported, this description gets stable under the limit ¥ — X so that the following definition of
the Fredholm Pfaffian makes sense:

PEJ+Klx =1+ Y PHK(@,y)]ayex,
XCcx

where the sum over X in fact reduces to a finite sum. It is, of course, possible to extend the
definition of Fredholm Pfaffian to a not-necessarily finitely supported function K, but we will
not need such a generality.

Let a: X — R be a function such that a(z) > 1, 2 € X and a— 1 is finitely supported. Given
an anti-symmetric matrix-valued function K: X x X — M (2;C), we understand a new function

denoted as o — 1K/ — 1 as

(Va—1KvVa —1) (z,y) == Voa(z) — 1K(z,y)Va(y) — 1, z,y € X.

Obviously, the new function /o — 1Ky/a — 1 again exhibits the anti-symmetry (1.1) and is
finitely supported. To such a function «, we can associate a multiplicative functional ¥, which
is a measurable function on (2, 3) defined by

Uy (w) = H a(x), w e Q.

Notice that the infinite product reduces to a finite one since o — 1 is finitely supported. In terms
of these notions, Proposition 1.3 is equivalent to the following one:

Proposition 1.6. Let S € Q(X,T). There is a unique PfPP M*° on X possessing the following
property: for any function o on X such that a(x) > 1, x € X and o — 1 is finitely supported,

/Q\lla(w)MS(dw) =Pf [J+ Vo - IKgVa — 1] ,.

The equivalence between Propositions 1.3 and 1.6 basically follows from [43]. We will present
a proof of this equivalence in Section 2 for readers’ convenience.

Remark 1.7. In [30], the author considered a problem concerning the existence of an a-
deformed PfPP for a given correlation kernel. Note that the case of @ = —1 is that of
PfPPs. To compare the result at &« = —1 therein to ours, we regard a matrix-valued func-
tion X x X — M(2;C) as an operator on K. Notice, in particular, that the function J is
identified with

(5 0)
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according to the direct sum decomposition K = ¢2(X) @ £2(X). The case considered in [30] was
that, for a correlation kernel K, the product JK is self-adjoint and the author gave sufficient
conditions so that there is a corresponding PfPP. On the other hand, in our case, a correlation
kernel Kg is related to S € Q(X,T") as

I 0 0 I
VKS—S—<O 0>, where V—<I 0).

Hence, in particular, VKg is self-adjoint. When we further impose that JKg is self-adjoint, we
must have Sjo = Sa1 = 0. Therefore, the intersection between the result in [30] at & = —1 and
ours is the case of DPPs. PfPPs of the same symmetry class as in [30] have also been studied
in [19, 20] using quaternion determinants.

An interesting subclass of PfPPs obtained in this manner consists of those associated with
projection operators. We write the collection of projection operators in Q(X,I") as

Gr(X,T) = {P € QX,T)|P*=P}.

This notation is, of course, motivated by the fact that a projection operator P € Gr(X,T")
determines a closed subspace PK C X and, therefore, the collection of projection operators can
be regarded as an analogue of the Grassmann variety. Let Py € Gr(X,I') be the projection
operator onto the first component of the direct sum decomposition X = ¢2(X) @ ¢?(X), which is
expressed as

By = <é 8) : (1.5)

For each n € Z>q, we write Q, = {w € Q|#w = n} for the collection of n-point configurations
and set Q° = (J77, y, which consists of configurations of finitely many points.

Proposition 1.8. Let P € Gr(X,I') be a projection operator such that P — Py is of Hilbert—
Schmidt class. Then the associated PfPP MY is supported in Q°. Equivalently, a point process X
in X obeying M satisfies #X < 0o almost surely.

1.3 CAR algebra and quasifree states

We introduce an algebra of canonical anti-commutation relations (CAR algebra, for short) with
a general one-particle Hilbert space following [2, 3]. Another style of, but equivalent, definition
of a CAR algebra, can be found in, e.g., [12] (see Remark 1.11 below for the equivalence). Let K
be a complex Hilbert space of infinite dimension and I' be an anti-unitary involution on X. The
algebra Co(X,T") is a x-algebra over C generated by B(f), f € K subject to the relations

B(af + Bg) = aB(f)+BB(g), f,9e€X, «a,BeC,

B(f)* = B(I'f), feX,
{B()7 ()}:(f7 )9(7 fageva
where {-,-} is the anti-commutator; {a,b} := ab + ba. It is known that the algebra Cy(X,I")
admits a unique C*-norm || - ||. We denote the C*-completion by C(X,T") = Cy(X, F)”'H and call

it the (self-dual) CAR algebra with one-particle space (K,I'). To those who are more familiar
with regarding ¢?(X) as a one-particle Hilbert space, we emphasize that we adopt a “doubled”
space as a one-particle Hilbert space.

For a general C*-algebra 2, a state over it is, by definition, a linear functional ¢: 2l — C
satisfying the conditions that
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1) for every A € 2, p(A*A) > 0 holds,

2) it is normalized:
el := sup {[o(A)| | |A| = 1} = 1.

Note that, from these properties, it can be deduced that ¢(1) = 1 (see, e.g., [51, Chapter I,
Section 9]). Since any positive element B € 2 admits an expression B = A*A with some A € 2,
the first condition is equivalently stated that ¢(B) > 0 for all positive elements B € 2.

Definition 1.9. A state ¢ over a CAR algebra C(X,T) is said to be quasi-free if the moments
admit Wick’s formula, i.e.,

p(B(f1) - B(fan+1)) =0,

P(B(f1) - B(fan)) = (=1)""2 Y “sgno [ [ o(B(fo(i) B(foitn):
o =1

where o runs over permutations in &g, such that (1) < --- < o(n) and o(i) < o(i + n),
1=1,...,n.

It is immediate from the definition that, for a quasi-free state ¢ over C(X,TI'), a 2n-point
correlation function is expressed in terms of a Pfaffian so that

@(B(fl) : B(f2n)) = PfAAO(fly-n’an)a

where A, (f1,..., fon) is the unique anti-symmetric (2n x 2n)-matrix defined by

Ap(fiy- oo fan)ig = (B(fi)B(f5)), 1<i<j<2n.

By definition, a quasi-free state over a CAR algebra is uniquely determined by the two-point
function. In fact, we have the following.

Lemma 1.10 ([2]). The collection of quasi-free states over C(X,I') is in one-to-one corre-
spondence with the collection of operators Q(X,T") defined in (1.3), under which an operator
S € Q(K,TI') corresponds to the quasi-free state pg defined by

es(B(f)*B(g)) = (f.S9)x,  f.geX.

We will give a proof of Lemma 1.10 in Section 2 for readers’ convenience.

As we have announced, we work on the case when K = £2(X) @ ¢2(X) equipped with I' given
by (1.2), and will adopt this pair (X, I") in the sequel without any specification. The associated
CAR algebra C(X,I') is generated by a; = B((0,e;)) and a’ = B((ez,0)), = € X. Notice
that the notation is compatible with the #-involution since I'(e;,0) = (0,e;). Then, from the
definition of a quasi-free state, we have

ps(ay, - - ay g, - az,) = PKg (i, 25)]1<ij<n, (1.6)

where the matrix-valued function Kg(+,-): X x X — M (2;C) was defined in (1.4) associated with
the operator S. In fact, the values of the matrix-valued function Kg(:,-) is written in terms of
the quasi-free state as

_ ps(azay) ps(azay)
KS(:L" y) B <¢S(aa:a2;) - 6z,y @S(a:pay) ’ Ty € X

At this stage, we can find an analogy between this expectation value and a correlation function
of a PfPP.
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Remark 1.11. We may define functionals a*: ¢2(X) — C(X,T') and a: 2(X) — C(X,T) by
extending the assignments e, — a} and e; — a,, © € X linearly and anti-linearly, respectively.
In other words, these functionals are defined by a*(u) = B((u,0)), a(u) = B((0, Ju)), u € £*(X).
Then, we find anti-commutation relations that are widely accepted [12]:

{a*(u),a”(v)} = {a(u),a(v)} =0,  {a(u),a*(v)} = (w,v)e@E),  wvel*(X). (1.7

Conversely, when we have linear and anti-linear functional a*, a satisfying the anti-commutation
relations (1.7), the generators of C(X,T") are recovered as B((u,v)) = a*(u) + a(Jv), (u,v) € K.

Let us consider a commutative algebra topologically generated by ara,, z € X, which is
identified with the algebra C'(£2) of continuous functions on 2 by the correspondence

* . .
H%ia:vi = Xy Z1,...,%T, € X: distinct.

In the sequel, we regard C(Q2) as a subalgebra of C(X,I") under this correspondence.

Our strategy to prove Proposition 1.3 is to identify the above expectation value (1.6) with the
correlation function of the desired PfPP, expecting that for a quasi-free state g, there exists
a probability measure M® on (2,%) so that the restriction of @5 on the subalgebra C(Q) is
identical to the integration with respect to M*:

ws(F) :/QF(w)MS(dw), F e o).

Then, the probability measure M?® is automatically a PfPP. We will see in Section 2 that this
indeed happens to prove Proposition 1.3.

Remark 1.12. It seems highly nontrivial if our construction can be extended to the case of
continuous systems. If the space is continuous, the field operators a(x), a*(z) labeled by points
x in the space are no longer operators. Instead, they are operator-valued distributions. Hence,
for a suitable test function w, their integral a(u) = [u(z)a(z)dz, a*(u) = [w(z)a*(z)dz make
sense as operators. On the other hand, in the context of point processes, it is natural to consider
an integral of the form p(u) Z [ u(z)a*(z)a(z)dz for a test function w. In fact, the existence of
such operators allows us to have

sos(p(M)"'P(un));/ (Hdm) ur(@1) -+ un(on) PEHKs (@i, 25)|1<ij<n
=1

under a quasi-free state pg and to identify the integrated Pfaffian as a correlation function of
a PfPP. Tt is, however, not ensured that the integral p(u) does make sense in general.

1.4 Perfectness of a probability measure

As we have seen in Lemma 1.10, the set Q(XK,I") labels quasi-free states over C(K,I"). In this
sense, Proposition 1.3 states that associated to a quas-free state, a PfPP exists. Recently,
Olshanski [39] proposed a scheme to invert this correspondence, which is outlined here.

Let & be the group of finite permutations of X. The assumptions are

1. A probability measure M on (€2,3) is &-quasi-invariant.

2. The set X is equipped with a linear order < so that the ordered set (¥, <) is isomorphic
to Z or N.
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We consider the gauge invariant subalgebra A(X,I") C €(X,I') topologically generated by aja,
z,y € X. Under the above assumptions, we can associate to the probability measure M a repre-
sentation T of the gauge invariant subalgebra A(X,T) on the Hilbert space L?(Q, M). Then,
we immediately obtain a state ™ on A(X,T") by

oM (4) = (I, M (A)D) Ae A(K,T),

L2(Q,M)’
where I € L?(2, M) is the unit constant function on Q. By construction of the representa-
tion TM, the action of C(Q2) on L?(Q, M) is just given by the multiplication. Therefore, we
have

M (F) = (I FI) p2qr) = /Q F)Mdw), Fec(),

which implies that the state ¢ restricted on the commutative subalgebra C(Q) is just the
expectation value with respect to the probability measure M and, in particular, if M is a PfPP,

oM restricted on C(Q) admits a Pfaffian expression.

Definition 1.13. Let M be a S-quasi-invariant probability measure on (£2,%) and assume
that X can be equipped with a linear order < so that (X, <) is isomorphic to Z or N. The
probability measure M is said to be perfect if there exists a quasifree state ¢ on C(X,I") such
that the resulting state ¢ on A(K,T) is realized as

SOM = ‘P’A(K,F)'

1.5 Schur measures

Schur measures form a family of DPPs on X = Z + £ introduced in [35] that includes the
Plancherel measure and the z-measure as special cases. Let Y be the collection of partitions,
each element of which is a sequence of non-increasing integers A = (A\; > A2 > --- > 0) such
that there exists £ € N and Apy1 = 0. To each A € Y, we associate a subset

M(/\):{/\i—iJr;

ieN}c£

which defines an embedding M: Y < Q. Therefore, given a probability measure on Y, we obtain
one on (€, X) by pushing it forward via M.

Let T be the collection of data p = («; 3), where a = (a1 > ag > --- > 0) and f = (1 >
fg > -+ > 0) satisfying ijl a;j + 2]21 Bj < 1. It is known that T parametrizes Schur-positive
specializations of the ring of symmetric functions.

We introduce a subset T° consisting of p = (a; ) such that a3 < 1 and 8; < 1. Note that the
difference T\T® consists of two elements (1,0,...;0,0,...) and (0,0,...;1,0,...). The Schur
measure M,(,) associated with p € T° is defined by

2 = M(A
M) (w) o ) w ( ) w e,
0, otherwise,

where s)(p) is the Schur function associated with A\ € Y specialized at p. Note that, in general,
we are allowed to have a weight at w = M()) proportional to sy(p)sx(p’) with possibly different
specializations p and p’, but we concentrate on the spacial case when p = p'.

Theorem 1.14. Assume that a Schur measure M) for p € T° is &-quasi invariant. Then it
1s perfect.
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1.6 Conditional measures of PfPPs
Let X and X’ be disjoint finite subsets in X and take a cylinder set
CX, X")={we|X Cw, X' Nw = o},

which consists of configurations such that every points in X are occupied and those in X’ are
unoccupied. We identify the cylinder set C(X, X') with Q(X\(X U X")) := {0, 1}¥\XUX) yig
the map

Fxx: C(X,X") = QX\(XUX");  wew\X.

For a probability measure M on (€2, X)), assume that the cylinder set has strictly positive weight:
M(C(X,X")) > 0. We define the conditional measure of M on (X, X’) by

M |C(X,X’)

MX,X’ = (FX,X’)*W-

We focus on PfPPs associated with projection operators. For a subset A C X, we set

K = Span{(es,0) |z € A}, X, = Span{(0,e;) |z € A}

and K4 = JCJAf ® X, which is the direct sum of Hilbert spaces. It is obvious from the definition
that I preserves the subspace X 4. Thus, we can write I'y := I'|x,.

Let X and X’ be finite disjoint subsets of X and take a projection operator P € Gr(X,T").
Then, PX C X is a closed subspace. We define a new closed subspace

PXx xr = (PX+ (K% © X)) N K\ (xuxr)

in fo\(X,JX/) and a projection operator Px x/ as the orthogonal projection onto PXy x/ in
K\ (xuxr)-

Lemma 1.15. Let X and X' be finite disjoint subsets of X. Then, we have
Px x € Gr(Ka (xuxn), Day(xux7))-
Let us also introduce the notion of regularity.

Definition 1.16. Let X and X’ be finite disjoint subsets of X. A projection operator P €
Gr(X,T) is said to be (X, X')-regular if

PX N (Xy ®Xy,) = {0}.
The following result is an analogue of [39, Proposition 6.13] for PfPPs.

Theorem 1.17. Let X and X' be finite disjoint subsets of X. Assume that a projection operator
P e Gr(X,T) is (X, X')-reqular. Then, we have
MY = (MF) ., = MPxx'

In particular, it is a PfPP associated with a projection operator.

Remark 1.18. A similar problem has been studied in [13]. Our result describes the reduction
of a projection operator, which is new.

A natural application of Theorem 1.17 is a proof of quasi-invariance of PfPPs with respect
to the symmetric group along the line of [14, 38, 39], which is set aside for a future work.
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Organization

In Section 2, we recall the Fock representations of a CAR algebra and prove Propositions 1.3, 1.6,
and 1.8. In Section 3, after recalling the procedure of obtaining a state over the gauge-invariant
subalgebra of a CAR algebra from a probability measure proposed in [39], we give a proof
of Theorem 1.14. Section 4 is devoted to a proof of Theorem 1.17, which includes a one of
Lemma 1.15 as a part. In Appendix A, we illustrate that the shifted Schur measures are
understood as examples in our perspective from a CAR algebra.

2 Existence of Pfaffian point processes

2.1 Fock representations

Here, we see Fock representations of C(X, I'), which play prominent roles in the theory of a CAR
algebra.

2.1.1 General construction

Let 3 be a Hilbert space. For each n € N, we write \" H for the n-th wedge product of K,
which is generated by the vectors u; A -+ A uy, u1,...,u, € H subject to the anti-symmetry:

up A Aty = 8g0(0)Ug(1y A A Ug(n)s o€ G,

When we take {ei}i:1727_,_ for a complete orthonormal system of H{, then the vectors e;; A---Ae;,,,
iy > -+ > i, form a complete orthonormal system of A" 3. The Fermi Fock space over H is
defined by

F) =P N\
n=0

where we set /\OiH = C1. The Fermi Fock space admits the natural inner product induced
from each component of the direct sum and becomes a Hilbert space, i.e., the direct sum is
understood in the topological sense.

For each u € 3, the creation operator aj (u) is an operator on F(3{) defined by

aj(u): n—=uAn, n € F(H).

The annihilation operator as¢(u) is defined as the adjoint operator of aj (u). By definition, it is
obvious that creation and annihilation operators act as
n+1

n n n—1
ag(u): /\3—(% /\9{, age(u): /\f}{% /\9—(.

We can also see that the assignment u — aj;(u) is linear and u — ag¢(u) is anti-linear.

2.1.2 Fock representation and a quasi-free state

Let us take a projection operator P € Gr(X,I'), associated to which we can construct a rep-
resentation of C(X,T") on a Fock space F(PX). To describe the action, notice that, from the
property 1 — P = P, we can see that the projection to the complementary subspace of PX is P.
Let us set

P O(K,T) = BE(PK);  B(f) > apg(Pf) + apsc(PLf),  fe€X.
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Then, it is known that (7p, F(PX)) is a faithful and irreducible representation of C(X,I"). When
we set

ep(A) = (1, 7p(A)1)5(px), A€ CX,T),

we can verify that pp is exactly the quasi-free state corresponding to P in the sense that it
possesses the property required in Lemma 1.10
In particular, when we take Py € Gr(X,T'), we have PyX ~ (%(X), and the map 7p, is
described as
TR (" () = apx(w),  wp(a(u) = apac(u),  u e PK = 3(X).

Let us describe a standard complete orthonormal system of the Fock space F (62 (%)) Since X
is countable, it can be equipped with a linear order <. For each w = {z1 > -+ > x,} € Q°, we
set

€y =€z N Neg,.

Then the collection {e, },ecqe forms a complete orthonormal system.

Proof of Lemma 1.10. Let ¢ be a quasi-free state over C(X,I"). Then the assignment

Qp: X xXK—C; (f,9) = w(B(f)"B(g))

defines a quadratic form on K. It follows from the relation in the CAR algebra that

B(f)*B(f) < B(f)*B(f) + BB = fI>. fex

Since the norm of a state is unity, we have Qu(f, f) < |B(f)*B(f)|| < ||f||? for any f € X,
which implies that @, is a bounded quadratic form. Therefore, owing to the correspondence
between bounded operators and bounded quadratic forms (see, e.g., [23, Chapter 1]), there exists
a bounded operator S € B(X) such that Q. (f,9) = (f,59)«, f,g9 € K. It also follows from the
positivity of the state that the quadratic form @ is positive, and therefore, S = S* > 0. Again,
from the relation in the CAR algebra, we have

(fv Sg)ﬂ( = (fvg)fK - (Fg,SFf)j{ = (fag)ﬂc - (f?gg)g@ f?g € Kv

which implies that 'ST =1 — S. Since I'ST > 0, we can see that S < 1.
Conversely, given an operator S € Q(X,I"), we define the following operator

S 51/2(1 . S)1/2
Fs = <51/2(1—5)1/2 1-8 >

acting on X = X @ K. Notice that the assumption 0 < § = §* < 1 ensures that the square
roots S/? and (1 — 5’)1/ 2 make sense. Let us equip this Hilbert space with the anti-unitary
involution

= r o
I'= <0 —F) '

Then, it can be checked that Pg € Gr (9/%, f), which implies that the functional pp, defined by
pps(A) = (1,7pg (A>1)?(PSJA<)’ Ae G(JC,P)

is a quasi-free state over G(U/%, f) Now, since T acts diagonally along the direct sum decompo-
sition, C(X,I) is regarded as a subalgebra of €(X, f) and the restriction pg = ppglex,r) is the
quasi-free state corresponding to the given S. |
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2.2 Proof of Proposition 1.3

Now, we are at the position of proving Proposition 1.3. Our strategy is to check the criteria by
Lenard [24, 25].

2.2.1 Lenard’s criteria

Suppose that a system of functions { Pn: X" — R}zozl is given. A question is if there exists
a probability measure M on (Q, %) such that its n-point correlation function p} coincides with
the given function p,, for every n € N. Lenard [24, 25] clarified the necessary and sufficient
conditions for this to happen.

Theorem 2.1 ([24, 25]). A system of functions {pn: X" — ]R}:;l is a one of correlation
functions for a probability measure on (2, %) if it possesses the following properties:

1. Symmetry: each function p, is a symmetric function, i.e.,

pn(l'a(l), cee 7330(71)) = pn(l'l, ) xn)
for arbitrary o € &,, and x1,...,x, € X.

2. Positivity: for any system of functions ® = {<I)n: X" — R}gzo (®o is understood as
a constant) with finite support such that

N
Qo+ > Y Ou(wiy,...,wi,) =0 (2.1)
n=1141,....in €I
distinct

holds for any w = {x;}icr € Q, we have

N
@O—FZ Z D, (1, ..oy xn)pn(x1, ... xy) > 0.

n=1zy,...cneX

Therefore, Proposition 1.3 reduces to the following assertion.

Lemma 2.2. Let S € Q(K,TI'). Then the system of functions
pn(ml,...,xn):Pf[Ks(:Ei,xj)]lgi,an, T1,...,Tn € X, neN

satisfies the symmetry and positivity conditions.

2.2.2 Proof of Lemma 2.2

As we have seen, each correlation function is realized as

Pn(@1,. .., 3n) = pg(ah, -+ ak ag, - ag,).
Then, the symmetry condition is obviously satisfied since

* * _ * *
a ...axnaa:n...azl_a cee @ a ..az

1 To(1) To(n) Fo(n) o(1)

holds for all o0 € G,,.
To show the positivity condition, let ® = {<I>n: X" — R}g:o be a system of functions
satisfying (2.1). We can see that

N
(I)O+Z Z ¢n($17"'7xn)pn(xl7"'axn) :QDS(A@)’

n=1x1,....2n€X
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where we set

N
Ap = Og + E E Qp(w1,. .., x0)ay, - -Gy, Gy, - Gy

n=1x1,...,.tn€X

Therefore, owing to the positivity of a state over a C*-algebra, it suffices to show that Ag €
C(XK,T) is a positive element, which can be checked in any faithful representation. In fact, when
we take a faithful representation (7, 3), we may regard C(X,T") as a C*-subalgebra of B(H) via
the embedding 7. Since the spectrum of an element in a C*-subalgebra coincides with that in
a whole algebra (see, e.g., [11, Proposition 2.2.7]), the relevant element Ag € C(X,T") is positive
if and only if 7 (Ag) is a positive operator on H.

We can, in particular, take a Fock representation (7TP0, ?(62(%))).

Lemma 2.3. In the Fock space ?(62(%)), the complete orthonormal system {e,}weqe diagonal-
izes mp,(As) so that

N n
TP, (A@)ew: @0+Z Z (I)k((l}il,...,l’ik) Cw, w:{x1>-~>xn},

k=141,...,ip=1
distinct

Proof. This follows from a direct computation. Let us notice that ay, ---a; az, - -az, = 0if
any two points from x1,...,x, coincide. Hence, we have

N n
A<1>:(I)0+Z Z @n(xl,...,xn)l_‘[a;ia%.
=1

n=1x1,...,tn€X
distinct

We can also see that 7p,(a}az)ew = X[zew)w; T € X, w € Q°. Therefore, the desired result is
obtained. n

The eigenvalues of mp,(As) are non-negative from the assumption implying that Ag is a
positive element, and therefore, the system of functions {p, }7° ; fulfills the positivity conditions.
Now, the proof is complete.

2.3 Restatement in terms of the Fredholm Pfaffian

Here, we see the equivalence between Propositions 1.3 and 1.6. First, notice that a multiplicative
functional ¥, associated with a function « is identified with

U, = H (a(z)ayay + azal,)

reX

in C(Q) C ¢(K,T'). Since a — 1 is finitely supported and {a,, a%} = 1, factors except for finitely
many ones in the product are unity. We can see that ¥, can also be expressed as

U, =[] ((e(z) = Dajar +1) =1+ Y ] (a(z) - Daja.. (2.2)

reX XCXzeX

Therefore, it is immediate that, for the the probability measure M*® associated with S € Q(X,T)
in the sense of Proposition 1.3, the expectation value of ¥, is

/ a@)MS(dw) =1+ Y [] (al2) = 1) PfKs(z, y)]eyex-

XCXzeX
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When we write D z=7: X x X — M (2;C) for the matrix-value function

D /ii(z,y) = bay (Mﬁ)i_l oz(ﬂ(c)) = 1) ’

we have

[] (a(z) = 1) = det[D 5= (z, y)]ayex-
rzeX

Due to the formula Pf (BT AB) = (det B)(Pf A) for an anti-symmetric matrix A and an arbitrary
matrix B of the same size, we have

/Q\Iia(w)MS(dw) =1+ Z Pf [(Va —1KgVa — 1)(9:,y)]m7y€X = Pf[J + Kg]x
XCX

as has also been shown in [43].

Conversely, let M*® be the probability measure associated with S € Q(K,T") in the sense of
Proposition 1.6. For a finite subset X C X, we set ax = xx + 1, where xx is the character-
istic function of X. Then ax — 1 is finitely supported and a(z) > 1, z € X. Owing to the
expression (2.2), we have

\I’OCX = ]' + Z Xﬂyl ,,,,, yn?
Y:{yl ----- yn}CX
and therefore,

S
/\Ifax(w)MS(dw) 1+ Y M),
@ Y={y1,myn}CX

On the other hand, from the characterization of M?, it follows that
| Bar@@w) = 1+ 3 P 0) ey
Q YCX
If we define vectors
MS(

vs = (0" (21, ’xn))X:{xl,...,xn}Cf’ Ws = (Pf[KS(w,y)}w,yEX)ch

with understanding (vs)y = (Ws)z = 1 and a matrix A = (Axy)x,ycx by

{1 xow
o 0, otherwise,

we have Avg = Awg. Since the matrix A is triangular with respect to the partial order induced

from the inclusion relation with unit diagonal, it is invertible. Therefore, vg = wg implying

that

MS
(

p T1,..., .Tn) = Pf[KS(IZ, xj)]lgi,jgny T1,...,Tpn € X: diStil’lCt,

which is the desired property.
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2.4 Unitarily implementable Bogoliubov automorphisms
2.4.1 Bogoliubov automorphisms

Let us consider the following collection of operators:
IK,T) ={V e d(X)|V =V},

where {(X) is the set of unitary operators on X. It obviously forms a group. Given an operator
V € J(X,T'), we can define an automorphism ay of C(X,T) by ay(B(f)) := B(Vf), f € X,
which is called the Bogoliubov automorphism associated with V. When we have a state ¢
over C(X,TI"), we can twist it by a Bogoliubov automorphism to obtain a new state ¢ oy, which
defines a right action of the group J(K,I") on the collection of states. On the other hand, the
group J(XK,I') also acts on Q(XK,I') from the right via

K, T) x I(K,T') — Q(K,TI); (S, V) — V*SV.
When the state is quasi-free, then these two actions are compatible:
Lemma 2.4. For S € Q(X,I') and V € J(X,T'), we have pgoay = py+sy.
Proof. It is easily checked that

psoav(B(f)'Blg) = ¢s(B(Vf)'B(Vg)) = (V[f,SVg)x = ev-sv(B(f)*B(g))
for any f,g € K, which implies the desired equality. |

It is obvious that the group action by J(X,I") preserves the collection Gr(X,I") of projection
operators. Moreover, we have the following:

Lemma 2.5. The group J(X,T') acts on Gr(K,T') transitively.

Proof. For projection operators P, P’ € Gr(X,T'), let us take complete orthonormal systems
{fi}ticr and {g;}icr of PX and P'XK, respectively. Then {f;,I'f;}ic; and {g;,T'g;}ics are both

complete orthonormal systems of K. If we define an operator V' by

VY (aifi +bTfi) =Y (aigi+bTg),  anb€C, i€l
i€l iel

it is a unitary operator such that V*P'V = P and commutes with I". |

2.4.2 Unitary implementability

Let P € Gr(X,T') be a projection and take an operator V' € J(K,I"). We say that the Bogoliubov
automorphism «y is unitarily implementable on the Fock representation (rp, F(PX)) if there
exists a unitary operator U on F(PX) such that

wpoay =Ad(U*) omp.

Since ay is an automorphism, 7p o ay is an irreducible representation and is identified with the
Fock representation my+py. It is known that the unitary implementability is equivalent to the
quasi-equivalence of two representations wp o ay and wp, which is, therefore, equivalent to the
quasi-equivalence of quasi-free states y«py and ¢p.

The following criterion is well-known:

Theorem 2.6 ([2, 42, 46]). Let P, P’ € Gr(X,TI") be projection operators and take an operator
V € J(X,T) such that P' = V*PV. Then V is unitarily implementable on the Fock representa-
tion (mp, F(PX)) if and only if P — P’ is of Hilbert-Schmidt class.
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2.4.3 Proof of Proposition 1.8

Let P € Gr(X,TI') be such that P — Py is of Hilbert—Schmidt class as assumed in Proposition 1.8
and take V € J(X,T') so that P = V*PyV. Then, it follows from Theorem 2.6 that there exists
a unitary operator U on F(¢£?(X)) such that

ep(A) = (1, mp (av(A)Dgex)) = (UL, 7p, (AUL)g(2x)), A€ C(K,T).
We may expand Ul € F(¢*(X)) in the complete orthonormal system {e, }uecoeo as
Ul = Z P (w)ey, F(w) ec, w e N°.
weNe

It is obvious that MP := ‘CP ()‘2 defines a probability measure supported on 2° such that

/ F(w) VP (dw) = pp(F) = / P)MP(dw),  F e
Q Q

Therefore, we can conclude that MP = MP and, in particular, M¥ is supported on Q°.

2.4.4 Straightforward generalization of Proposition 1.8

The above proof suggests a straightforward generalization of Proposition 1.8. Let us take a subset
X C X and write Qi for the subset of  consisting of w such that (¥\X)Nw and X \w are both
finite. Note that, if X is a finite set, then Q_f)l(n = °. Let P)fén be the orthogonal projection onto
IK;\ v @ Kx. Then we have the following:

Proposition 2.7. If P € Gr(X,T') is such that P — P)ﬁ(n is of Hilbert—Schmidt class, then the
associated PfPP MY is supported on Q{;(n

2.5 Example

In view of Proposition 1.3, one may associate PfPPs to a bilinear Hamiltonian system of quantum
physics. Let us illustrate this correspondence with a simple example. We assume that X = Z+ %,
and take an even function T: X — R and an odd function A: X — C. We decompose the Hilbert
space K = (2(X) @ (*(X) into K = @,y Ky with K = C(ez,0) ® C(0,e—5), x € X, where, as
usual, € is understood as the completed direct sum of Hilbert spaces. Accordingly, we define

an operator H = H; by
_ (X(z) Alz)
m= (30 )

with respect to the basis ((es,0), (0,e—3)), * € X. It is readily to see that H is self-adjoint and
satisfies H = —H. Each H,, z € X has eigenvalues £\, with \, = /T(z)2 + |A(z)]? and, as
normalized eigenvectors corresponding to the eigenvalues +\,, we can take

vE = ut(es,0) +u¥,(0,e_y),

where

ut = 1 T(z) ol _ 0, x> 0,
@ = A\l5 <1:|: \/T($)2+ |A($)|2> ) bx {argA(a:), 2 <0 (2.3)

Note that, though arg A(z) is only defined modulo 27, €%+ is still well-defined. Under this
setting, we consider the following series of examples.
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Proposition 2.8. For 3 € R, we define Sg := (1 + e_ﬁH)_l by means of the spectral decom-
position of H. Then, we have Sg € Q(K,T"). The corresponding correlation kernel Ksg, is given

by

1P £ = |ug [*+e= e (1—|ug |2)
1te Prz b—gUz Oz4y,0 Ite Brz Ozy
Ksﬂ(x’y): +12 —BA +2 _ 8 ) x,y € X.
dPotte e (-uf 2) s 1meBhe g~ s
1+e*¢3)\ac z,Y 1+efﬁ)\z z Y—zV%z+y,0

Furthermore, the weak limits Sy := Blim Sg and S_o = ﬁlim Ss exist and St € Gr(XK,T).
—00 ——00

The projection operators S and S_o are the orthogonal projection onto the closed subspaces
generated by {7 : x € X} and {; : x € X}, respectively.

Proof. For each x € X, we write P, for the orthogonal projection in X, onto the subspace
spanned by ;. Explicitly, it is the matrix

+2 + -
Pz_<|zim| uu) (2.4)

ulyug  fug?

in the basis ((ez,0), (0,e_z)). Then, the operator admits the spectral decomposition

Spg = Z ((1 + efﬁ)‘z)_lpx + (1 + eﬁ’\z)_l(_fw — Px)), (2.5)
zeX

where I is the identity operator on X, z € X. Noting that I': K, — K_,, we observe from (2.3)
and (2.4) that P_, = I, — P,. Since the assignment x — ), is an even function on X, we can
see that

S5= ((1+ e )L — P+ (1+7%)7'R)
reX
=N (- (1 +e®) P~ (14+P) 7 (1, — Py)) =1 - S5.
reX

Notice that Sg is clearly self-adjoint and satisfies 0 < S < I. Hence, we conclude that Sz €
Q(X,TI). It is a straightforward manipulation to derive the expression of Kg, from (1.4), (2.4)
and (2.5).

Existence of the weak limits Sy is ensured by the spectral decomposition (2.5) and the
dominated convergence theorem. It is also obvious from construction that Seo = > 3 Pr is
the projection onto the closed subspace generated by {’y;{: r € X}, and that S_oo = > Lz —
P,) = I — Sy is that onto the closed subspace generated by {’y; 1T € %} |

Remark 2.9. The property H = —H of the operator H ensures that the family {eitH 1 te R} is
a one-parameter subgroup of J(X,I"). Hence, it generates a one-parameter group of Bogoliubov
automorphisms agitm, t € R to give the CAR algebra C(X,T") a structure of a C*-dynamical
system. Given a C*-dynamical system, it is natural to study its ground states and Kubo-—
Martin—Schwinger (KMS) states. For these notions of a C*-dynamical system, ground states
and KMS states, we refer readers to [12, Chapter 5.2]. In fact, under the correspondence in
Lemma 1.10 between quasi-free states and operators in Q(X,I"), each Sg, 5 € R corresponds to
the 5-KMS state and S is the ground state.

Let us apply the criteria in Propositions 1.8 and 2.7 to the projection operators Sy, and S_ .

Proposition 2.10. Assume that |A(z)|/Y(x) = o(|z|~Y/?) as || — oo Then the PfPPs MS>
and M5 are supported on Q° and Qgie“, respectively. In other words, if a point process X
obeys M= then we have #X < oo almost surely, and if it obeys M -, we have #X\X < o0.
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Proof. As before, we write Py for the orthogonal projection to the first component of X =
02(X) ® (*(X). Then, Pin = J — P, is the projection to the second component. Due to Proposi-
tions 1.8 and 2.7, our task is to estimate the difference

Seo—Py=(I —S_o)— (I = PI") = —(S_oc — PI™)

of projection operators. We may decompose Py as Py = Y (Fo)z according to K = P, 5 K.
Then, we can see that, for each x € X,

+12 _ 1 + -

ulpur fug

and
2 _ _

TI‘g{m ((Pl? - (P0>I)2) = (1 - |u;cr‘2) + Q‘Utmux |2 + ’uz |4'

Hence, we have
2 - -
Troc ((Soo — PO)Q) = Z ((1- |u:|2) + 2lut uy |+ |uy |4).
z€X

On the other hand, we observe from (2.3) that

ui |* =1+ 0((1A@)I/T(@)?),  |uz "= O((A@)|/T(x))?)

as |x| — oco. Therefore, if |A(x)|/T(z) = o(\x|_1/2) as |z| = 00, Sec — Py = —(S-00 — PiM) is
of Hilbert—Schmidt class, which implies, due to Propositions 1.8 and 2.7, that the PfPPs M S~
and M*°-= are supported on Q° and Q{%n, respectively. |

3 From measures to states

3.1 Quasi-invariant measures and representations

This and next subsections are devoted to an exposition of a construction of a state over the
gauge-invariant subalgebra of a CAR algebra from a probability measure that was proposed
in [39].

3.1.1 Koopman-type construction

Let G be a countable group of automorphisms of (£2,%). Then, G naturally acts on the collection
of measures on ({2, %) by

IM(A) = M(g"'(A)), A€X, geG.

Two measures M; and M, are said to be equivalent if they are absolutely continuous with
respect to each other and, in this case, we write M7 ~ Ms. By means of this notion, we say that
a measure M is G-quasi-invariant if M ~ 9M for arbitrary g € G.

Since the group G acts naturally on the commutative algebra C(2) of continuous functions
on 2, we can consider a semi-direct product of C*-algebras C(£2) x G. Take a G-quasi-invariant
measure M on (,3). We define a representation of C(Q2) x G on L?*(Q, M) following the
Koopman-type construction:

TM(F)h := Fh, FeC(), helL*Q,M),
(T (9)h) (W) = h(g ' W)ew,9)'?,  geG, hel)(QM), weq,
where ¢ is the 1-cocycle defined by
IM

qb((d,g) = ﬁ(w)’ w e Qa g€ G.

Notice that the G-quasi-invariance ensures the existence of the Radon—Nikodym derivative.
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3.1.2 Arising of the gauge-invariant subalgebra A(XK,T)

Hereafter, we assume that Q = {0,1}* and G = & = &(X) that consists of finite permutations
of X. The wreath product & Zs is realized as the semi-direct product & x &, where € is the
commutative algebra generated by €., z € X with the relations €2 = 1, € X. The covariance
structure reads

gerg L= Eg(z)s g e e, x e X.

For each z € X, we define d, € C(2) by dz(w) =1 — 2w(z), w € Q.

Proposition 3.1. Let us write C*[& 1 Zsa] for the C*-algebra completion of the group algebra
C[&1Z3]. We have an isomorphism

C(Q) x & — C*[&12Z4),

which is characterized by the assignment d, +— €., x € X and the natural identification of & in
both sides.

Let M be an G-quasi-invariant measure and T be the associated representation of C(9) x &
on L?(Q, M). Then, due to the above isomorphism, it is regarded as a representation of C*[&1Zs)].
We introduce a two-sided ideal

[={(1 = s5)(1 =)L —£,), (1 = 50,)(1 + €)1+ 5,): 2,y € X)

of C*[& 1 Zs], where we write s,, for the transposition of z and y. Since it is generated by
self-adjoint elements, the quotient C*[S ¢ Zs]/I is a C*-algebra.

Proposition 3.2. For an &-quasi-invariant measure M, the representation TM factors through
the quotient C*[&1Zs]/1.

To define a morphism C*[&Zs] — A(K,T'), we further assume that X is equipped with
a linear order < so that, as an ordered set, (X, <) is isomorphic to Z or N. In particular, we
assume that each interval is a finite set. We write

Ne =1 —2a}a,, rEX
and

MNz,y) = H UED z,y € X.

r<z<y
Notice that n,, x € X are commutative and the ordering of the product does not matter.

Proposition 3.3. We defina a morphism p: C*[&1Zs] — A(K,T) by

p(ez) := N,y r e X,

L+ n.my 14 namy + (1= 10emy) )
2 2

P(Szy) = (azay + ajaz), x<y.

Then, p is a surjection and kerp = I. Hence, in particular, C*[& 1 Zs]/I ~ A(K,T).
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3.2 Construction of states

When M is a probability measure on (£, %), we may define a state ™ over C*[& 1 Za]/I ~
A(X,T) by

oM (A) = (LT (A)) A € CH[S 1 Zy) /T ~ A(X,T),

L2(Q,M)?

where I € L?(£2, M) is the unit constant function. When we restrict this state on the subalgebra
C(Q2), we see that

M (F) = / Fl)M(dw), FeoQ)
Q

which is exactly the expectation value of F' under the probability measure M. Therefore, if M
is a PfPP,

M M
ettt an) = [ M) = PR )] e
Therefore, we are tempted to expect that the state o is quasifree, but it is not obvious.

3.3 Perfectness: Warm-up

To illustrate an idea of proving Theorem 1.14, let us start with a simple example. Let us take
linearly independent vectors v = {v, € (*(X)|n = 1,...,N} and let Ky be the orthogonal
projection to the subspace spanned by v. Then, the projection P, = (I — JK,J) ® K, on X
lies in Gr(X,T). Since, in particular, it preserves each component of X = ¢2(X) @ /2(X), it
determines a DPP M with correlation kernel Ky (z,y) = (s, Kvey).

Proposition 3.4. Let us expand each vector vy as v, = Y cx vn(T)ez, n=1,...,N. If
det(vi(x]‘))lgi,jSN >0, xry >+ >IN,
then the DPP M*™ s perfect.

Proof. It is immediate that P, — Py is of Hilbert—Schmidt class as far as NV < oo. Therefore,
the Bogoliubov automorphism induced from a unitary V4 such that P = VP,V is unitarily
implementable on (WPO,S'"(EQ(%))). Let us denote such a unitary operator by V,. Since the
representation (7rp0 oay, ?(62(}:))) is the GNS representation of ¢p, , we have

PP, (A) = (17\73”1‘—’0 (A)Vvl)gr(gz(x))y A€ G(UC,F).

Let us take an orthonormal basis {¢, 7];7:1 of the space Span{fun}ffz1 and expand each of them
as ¢n = Y cx Pn(T)es. In the particular case we are considering, the unitary operator V, acts
on the vacuum vector as [45]

Vvl = apg(d1) - apx(dn)1l = e Z det (¢i($j))1§i,j§]v Cw

w={z1> >N }EQN

with some constant 6 € [0, 27) independent of w € Q. Now, there exist constants Zy > 0 and
¢ € [0,27) independent of z1,...,zN such that

; ~1/2
e'? det (d)i(xj))lgi,jgN =2y /2 det (vi(mj))lgi,jgN'
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Note that the right hand side is non-negative from the assumption. Therefore, we have

Vol =€) N M (w)/ e, (3.1)

wENN

Here, we can choose 6 = ¢ without loss of generality.
Next, we construct an injective homomorphism ¢: L?(Q, M) < F(¢£%(X)) of Hilbert spaces.
Noting that L? (Q, MP") is realized as £2 (suppMP", MP")7 we define it as

v 6 MY (W) %e,,

where 6, w €  is the unit function supported at w. Then it is obviously an isometry. In partic-
ular, the unit constant function I is mapped to V1. It remains to show that the homomorphism
L intertwines the representations 7" and TPy:

Lo TM™(A) = np,(A) o1, A€ AK,T).

In fact, it implies that oM = ©p, la@,r)-
Let us investigate the actions 7wp, (p(ez)), © € X and 7p, (p(Sz,y)), © < y. It is immediate that
TP, (p(€z))ew = dz(w)ey,, which implies that

R (F)ey = F(w)ey, w e N°, FeC©Q).

To investigate the action of mp, (p(sz,y)), ¢ < y, we take w € Q° arbitrarily and set w’ = s, ,(w).
We consider the following distinct cases:

1. When w does not contain neither x nor y, we have w’ = w. We have
* *
TR, (azay + ayaz)e, = 0.

Hence,

1
TRy (P(Szy))ew = §7TP0(1 + Nty )ew = €w = €y

2. When w contains both x and y, we again have w’ = w. In this case,
* * * *
TR, (azay + ayaz)e, = —mp (ayay + azay)e, = 0.

Hence,

1
TP, (P(Sz,y))ew = §7TP0(1 + N2My)ew = €w = €.

3. When z € w and y € w, ' = w\{z} U{y}. Suppose that e, has the form

ew: /\éy/\ /\em/\’
01 12

where €, means that e, is removed from the corresponding position. Then, we have
TPy (ayay + ayaz)e, = (—1)atl(—1)be, = (—-1)2ey,
7P, (1 + n2my)ew =0, T, (1 — nzny)ew = 2y, TP (N(a,y))w = (—1)%2e,.
These properties verify that

TPy (p(sx,y))ew = €ey.

4. When « ¢ w and y € w, the same property is verified in a similar argument.

To conclude, we have 7p, (p(g))ew = €4(w), 9 € ©.
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For F' € C(Q), it is obvious that
Lo TM™ (F)8, = MP ()2 F(w)ey, = mp, (F) 0 18, w e Qn.
For g € G, we have

MPv IM* 2 Py(, \1/2
o T " (p(9))dw = Loy(w) <Mpv (9(@)) =M™ (W) ey,  weQy,

while, on the other hand,
T (p(9)) © 18, = 7Ry (p(9)) M ™ (w) Py = M () ey, we Q.

Therefore, we can conclude that ¢ intertwines representations T™ ™ and Tp,, and the proof is
complete. [

Notice that, in the above arguments, it is essential that the coefficients in the expansion (3.1)
are non-negative; in general, the squared absolute value of each coefficient gives a weight of the
probability measure.

Example 3.5. Suppose that X C R with the induced order. For a weight function W (z) such
that

Z 22NW (2)/? <

zeX

we take v, = :UN*”W(x)l/Z, n=1,...,N. The corresponding DPP M is a discrete orthogonal
polynomial ensemble [22]. Tt is immediate that

det («) ='W (2)'?) s oy HW )2 @i—x) =0, a>->a

1<i<j<N

Therefore, M is perfect as was shown in [39] by directly estimating the correlation kernel.

3.4 Schur measures
3.4.1 Schur functions and positive specialization

Let A, = C[z1,...,2,]%" be the ring of symmetric polynomials of n variables. We write A =
%nn A, for the projective limit in the category of graded rings and call it the ring of symmetric
unctions. Note that an object like [[,~(1+x;) is not, counter-intuitively, a symmetric function.
We set p, = > ,~; ] and call it the n-th power-sum symmetric function. Then, the power-
sum symmetric functions freely generate A so that A = C[py,p2,...]. The ring of symmetric
functions A admits a distinguished basis {s) | A € Y} constituted with the Schur functions, which
are characterized in several manners (see [29]).

An algebraic homomorphism 7: A — C is said to be Schur-positive if 7(sy) > 0 for all A € Y.
It is a classical result [1, 15, 52] that Schur-positive specializations are parametrized by the set T
in the way that p = («; 3) gives a Schur-positive specialization 7, defined by 7,(p1) =1 and

)= al+ (=" s n>2

i>1 i>1

For a symmetric function F' € A, we often write its image under 7, as F(p) instead of 7,(F).
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3.4.2 Free fermion description
Here, we consider the case when X = Z + 2 Let us write PO for the orthogonal projection

onto JCJF Lo+l &) 9(7 1. Then, it is obvious that Py € Gr(X,T). It is standard to realize the

correspondlng Fock space F (PSSC) as a space of infinite wedges. Let Q5 be the collection of
w € €2 such that

1 1
Wi i=wn (Zzo + 2) and w_ = <Z§0 - 2) \w

are finite. Equivalently, each element w € Q3 is a collection {x; > x5 > ---} such that z; < oo
and ;11 = x; — 1 for all sufficiently large j. Then, the Fock space (POSfK) admits a complete
orthonormal system {e, |w € Q°}, where

Cw = €z Negy Ny w={x1 >x3>---} €5

The action of the CAR algebra C(X,T") has a natural description:
WP()s(a;)n =€y A1, x e X, nE?(POSUC),

and 7 PS (ay) acts as its adjoint operator. The cyclic vector 1 is identified with
l=e_ypNegph---

Under the embedding, M: Y < Q, the image is included in Q5. Strictly speaking, the image
is isomorphic to a subset of Q5 consisting of w such that #w, = #w_. Under the inclusion M,
the empty partition is mapped to the cyclic vector 1.

We set DS = Span{ew |w € QS} for a dense subspace of the Fock space ?(POS.‘K) Observe
that, as operators on F(P5X),

n = Z WPOS (a;kc—na%)? ne Z\{O}

zeX

make sense with a dense domain DS and exhibit the Heisenberg commutation relations [fy,, k] =
MOmin0, m,n € Z\{0}. Notice that h} = h_,, n € Z\{0}. For each p € T°, we introduce
operators on ?(POSUC) by

E+(p) = exp ( pnép) hin) .
n=1

Proposition 3.6. For p € T°, the operators Z4(p) are well-defined with a dense domain DS.

Proof. First, let us verify that Z,(p)e, € D is at most a finite linear combination of e,
w € 05, To this aim, we introduce the following energy operator:

H = Z:mrps ayay +Z TI'PS azay).

>0 <0

Then the complete orthonormal system {ew |w e QS} diagonalizes H. In fact, for w € QS, we
have

He, = Zx—l— Z(—

TEWL TEW—
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In particular, we see that the spectrum of H coincides with %Zzo- We can also show, by direct
computation, that [H,h,| = —nhy,, n € Z, which implies that each operator h, lowers the
eigenvalue of H by n. Hence, for any w € Q5, Py - hpge, = 0 whenever ny + - -+ + ny, is
sufficiently large. Therefore, 2 (p)e, € DS.

Next, we show that |2_(p)1|| < oo if p € T°. From the properties Z4(p)* = E4(p) and
Z,(p)1 = 0, we can see that the squared norm ||Z_(p)1||> appears in a commutation relation as

E+(0)Z-(p) = [IE-(M1IPE- () =+ (p)-

Hence we have ||Z_(p)1]|?> = exp (ZOO_ M). If p is trivial; ag = B1 = 0, then ||[Z_(p)1]| =

n=1 n
e < co. Let us assume that a; > 0. For any n € N, we find the following estimation

2 2n n

Za?%—(—l)”_lZﬂ}l <af"+ ZO&j"’Zﬁj + 207 Zaj—l—ZBj ;

j21 j=21 Jj=2 g2l j=2 Jj=21

where, by assumption, a; and Zj>2 o+ Zj>1 B; lie in (0,1), and so does their product. Hence,
we have

exp (1 - (ijl aj+ 3 1 5j>2>
(1-aj) (1 - (Ejzz aj+ 1 5]')2) (1 - <2j22 aj+2 5 Bﬂ'))z,

which is finite by assumption. If a; = 0, the above estimation works by using [ instead of «;.
Finally, for general w € Q5 we see that

I=-(p)ewll® = - () 1IIE+ (p)ew]?

is finite. [ |

IE-(p)1]* <

Significantly, we have (e.g., [35, Appendix A])
E-(p)1= Z sx(p)em(n)- (3.2)
AeY
We define a state ¢y,), p € T° over C(X,T") by

(E_(p)1, Tps(A)E —(P)l)g(Posﬂc)

Ps(p)(A) = TERPIE ., AeeXT).

Proposition 3.7. The state p,(,) is a quasi-free state and

/f M,,)(dw), Fec@).

Proof. When we set

= pn
2. (0) = exp< )

it is immediate that they are defined on a dense domain D5. Moreover, we have 21 (p)Z(p) =
Z+(p)E+(p) = 1 on DS. Hence, it is verified that Z4(p) = Z4(p)~'. This properties allows us
to have

Qos(p)(A> = (177rPOS(p)(A)1)3F(pOSgQa A€ G(JC,F),
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where we set
T (A) = Z4(0)E- (p) ' mps(AE_(P)Z4 ()", A€ C(X,T).

It is obvious that the assignment A — Tps( p)(A) gives a representation. Therefore, computation
of ¢4(p) admits Wick’s formula, implying that it is a quasi-free state. |

3.4.3 Proof of Theorem 1.14

The property (3.2) implies that

L 1 p)l = Z Mg, 1/2€w,
BT 2

where the coefficients are all non-negative; recall that this was a prominent observation in the
proof of Proposition 3.4.
Now, it suffices to show that the embedding defined by

L: LQ(Q M (p)) — ?(POSJC), 0w = Ms(p)(w)l/Qew

intertwines the representations TMs() and Tps, which can be checked in the same manner as in
the proof of Proposition 3.4.

4 Conditional measures

4.1 Proof of Lemma 1.15

First, we notice that the subspace PXx x/ consists of vectors v € K\ (xx/) such that there
exist a € iK}, a' € Xy, and v+a+a’ € PX. Due to the property I‘iK)i{ = JC):F(, we can see that

F%\(XUX’)P:KX,X/ = (FJC + (fK;( @ K}/)) ﬂfo\(XUx/) = FfKX/’X

We can also see that (PJCX,X/)J- = ?.’KX/’X. In fact, for u € PKx x» and v € FUCng, we can
take a € K%, @’ € Ky, b € K, and b’ € XY, such that

u+a+ad € PX, v+b+b e PX.
Now, since a, d’, b, b’ are mutually orthogonal and orthogonal to v and v, we have
(V)5 xoxry = (Wt atad,v+b+b)x =0,

which 1mphes (Pj{)gx/)l = PSK:X’,X‘ Therefore, PX7X/ =1- PX,X’ holds.

4.2 Conditioning on the CAR algebra
For finite disjoint subsets X, X’ C X, the characteristic function on the corresponding cylinder
set C(X, X') is identified as
C(X,X") H a’ 2z H axaj; € C(Q) C G(K,F)
zeX reX’
In general, given a state ¢ over C(X,T") its conditioning over C'(X, X') is a state defined by (see,
e.g., [44])

o(Xox,x)Axcx,x1))
SO(XC(X,X'))

e(Alxcxxn) = ,  AcCX,I).
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According to the decomposition X = X U X' L X\ (X U X’), we have a decomposition

C(K,T) = C(Kxux, Pxuxr) @ C(Kax\ (xuxr),

which enables us to regard C(Ky\ (xux7), [x\(xuxn)) as a subalgebra of C(X,I') that coin-
cides with the subalgebra realized as x¢(x, X/)C(SK, I) Xc(x,x1)- Therefore, the conditional state
¢(Ixc(x,x1) is regarded as a state over C(Kx\ (xux7), [x\(xux)) and computed as

SO(AXC(X,X'))

) Ae (X , ’I‘ ).
e(xcx,x)) (K (xuxr) Ty (xuxn)

SO(A\XC(X,X/)) =

In particular, in the case when ¢ = pg is a quasi-free state associated with S € Q(X,T'), we
have

s (Flxcrxn) = / F@)M$ o(dw), FeC@@E\(XUX)).
Q(X\(XUX"))

4.3 Some observations

We see that obtaining Py x/ from a projection operator P € Gr(X,I') is decomposed into
fundamental steps.

Lemma 4.1. We have the following decomposition properties.

1. When X, X' C X are disjoint finite subsets, we have

Px x' =Py x)xe = (Px,2)o x- (4.1)
2. When X = X1 U Xo C X is a disjoint union of finite subsets, then

PX,@ = (PX1,@)X2,®-
3. When X' = X1 U X}, C X is a disjoint union of finite subsets, then

P@,X’ = (PQ,X{)Q,Xé'

Proof. We only prove (4.1) since the other two follow from arguments of the same type. We
have noticed that PX consists of vectors u € Kx\(xx) such that there exist a € IK}, ad e Xy,
and u + a + o’ € PX. This exactly means that

U-FCLE{UE:KX\X/‘HG,IEKX/,U-i-a/EPg(:},

while the latter set is just PXg x/. Therefore, PKx x» = (PXg x/)x,z. The other relation
PXx x' = (PXx,z)z,x' is also shown. Consequently, we reach (4.1). [ |

We also notice that the regularity is inherited along decomposition.
Lemma 4.2. We have the following properties regarding the regularity.

1. For disjoint finite subsets X, X' C X, a projection operator P € Gr(X,T") is (X, X')-regular
if and only if one of the following equivalent conditions holds:
(a) P is (X,@)-regular and Px g is (&, X')-regular.
(b) P is (&, X')-reqular and Py x+ is (X, @)-reqular.
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2. When X = X1UXs is a disjoint union of finite subsets, a projection operator P € Gr(X,T")
is (X, @)-reqular if and only if P is (X1, @)-regular and Px, & is (X2, @)-regular.

3. When X' = X{UXJ is a disjoint union of finite subsets, a projection operator P € Gr(X,T")
is (&, X')-regular if and only if P is (&, X{)-reqular and Py x; is (@, X2)-regular.

Proof. We only prove the equivalence to the item (a) in (1) since the others are shown in similar
arguments. Suppose that P € Gr(X,T") is (X, X')-regular. Then, it is obvious that P is (X, @)-
regular. Now, PXx g consists of vectors u € Ky x such that there exists a € fK; and u+a € PX.
Let us take a vector ug € PKx g NXY,. Then, there exists ag € SK} such that ug + ag € PX,
while we also have ug + ag € UC} ® X'y, which implies that ug + ap € PX N IK} ® Ky, = {0}
by assumption. Therefore, we must have ug = 0 and see that PKx g is (&, X ")-regular.
Conversely, let us suppose that P is (X, @)-regular and Px g is (&, X’)-regular. Take
a nonzero vector u; € PKnN IK} ® X, Since P is (X, @)-regular, when we write u; = a1 + af,
a1 € X%, d’ € KXy,, we must have a} # 0. On the other hand, by definition, @} € PXx &, which
implies that a] € PXx g N X, contradicting the assumption that Py g is (@, X')-regular.
Therefore, P is (X, X')-regular. [ |

Lemmas 4.1 and 4.2 verify that it suffices to prove Theorem 1.17 in the case when (X, X') =
({z},9) and (@, {z}) with = € X. Let us introduce subspaces

Ry(x;K) = {uEJC](?C{ix},u)K:()}, x € X,

and set Ry (z; PK) = PKNR4(x;K). When we write an element u € PX as u = (f, g) according
to the direct sum decomposition KX = £2(X) @ £2(X), these are just

Ri(z; PK) ={(f,9) € PX| f(z) =0},  R_(z; PK) ={(f,9) € PX|g(x) =0}.

Then, we can see that PXy,) o is the image of R_ (z; PX) under the orthogonal projection
onto Ky\ (4}, and similarly, PKg r,y is the image of Ry (x; PX) under the orthogonal projection
onto Kx\{m}

4.4 Computation of Pp,; , and Py (43

We introduce a lemma found in [14, Section 7] that plays prominent roles in computation
of P{x},@ and sz{x}.

Lemma 4.3 ([14]). Let H be a Hilbert space, H = Hy @ Hy be its direct sum decomposition such
that dim Hy < oo and write w1 : H — Hy for the canonical projection. Let L C H be a closed
subspace and write the orthogonal projection P onto L in the form of

A B
r=(e3)
according to the direct sum decomposition H = Hy @ Hy, where A € B(H;), B € B(Hsy, Hy),
Ce %(9{1,3{2), and D € %(9{2)

1. We define a subspace L1 := LN Hi of Hy and write Py for the orthogonal projection
onto L1 in Hy. If D is invertible, i.e., L+ N Hy = {0}, we have P, = A — BD~'C.

2. We define a subspace Zl :=m1(L) of Hy and write P for the orthogonal projection onto le
in 1. If 1 — D is invertible, i.e., LN Hy = {0}, we have P, = A+ B(1 — D)~1C.
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Proof. Since P is an orthogonal projection, we have A* = A, B* =C, D* = D and
A% + BC = A, AB + BD = B, CA+DC =C, CB+ D? = D. (4.2)

1. Set P] := A— BD~1C, which is obviously self-adjoint and is also checked by means of (4.2)
to be an idempotent. Therefore, Pj is the orthogonal projection onto a closed subspace £} C 3.
Suppose that £ € £1. Then (&,0) € H; ® Hs belongs to £ and fixed by P:

A B\ (&) (¢

C D)\o) \o)’
which is equivalent to A = ¢ and C¢ = 0. Therefore, & is fixed by P| implying that £ C £].
Conversely, suppose that £ € £]. Then, we have (A — BD‘lC)f = ¢ implying that

(€, A8) - (¢, BDTICE) = (£,€).
Since P is an orthogonal projection, we have (£, A) < (£,€). Due to the property B* = C, the
operator BD~1C is a positive operator and ({, BDfle) > 0. Therefore, we must have A = ¢
and C¢ = 0 implying £} C £;.

2. The operator A+ B(1— D)~1C is self-adjoint and shown to be an idempotent. An element

€= (&1,&) € Hi @ Hy belongs to L if and only if

A&+ B = &, C& + D& = &o.
Since we have assumed that 1 — D is invertible, the latter equation gives us & = (1 — D)~1C¢&;,
substitution of which into the former one gives (A—I—B (1— D)_IC’)& = &;. Therefore, we obtain
the desired result. [ ]

Now, we can obtain explicit expressions of P(,) & and Py r,3. Let us first write P € Gr(X,T)

as
P Pro
P =
<P21 P22>
according to the direct sum decomposition K = ¢2(X) @ ¢*(X), and further write

(@i b S
P’Lj - (cz] d”> 9 Z:] - 1727
according to the direct sum decomposition ¢?(X) = 2(X\{z}) ® 2({z}).

Proposition 4.4. Under the above notation, we have, if P is ({x}, &)-regular,

P _ <a11 — biadyy a1 + bii(1 —di1) " tenr ara — biadag can + by (1 — dn)_lcu)
{z}.2 a1 — baadyy co1 + bar(1 —di1) "terr asa — bagdys ca + bar (1 — di1) " tera

and, if P is (&, {z})-regular,

P _ <a11 — biydyern + bia(1 — daz) " tear  arg — biidifern + bia(1 — d22)1022)
74w} ag1 — bardy e + baa(1 — dag) “tear  agg — bardyy cia + baa(1 — dag) tean

according to the direct sum decomposition Ky\ 15y = :K:—if{_\{z} @ :K;E\{a:}'
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Proof. As we saw in Remark 1.5, Pjo and P»; are anti-symmetric; in particular, dio = do; = 0.
We also saw that ;1 and Py are self-adjoint and JPj1J = 1 — Pao, which implies di1 = 1 — dao.

Let us derive the expression of Py} 5. By assumption that P is ({x}, @)-regular, we have
di1 # 1 and dgo # 0. Therefore, the desired expression makes sense. It is convenient to write P
as

A b by
P = C;F d11 0
Cg 0 dgg

. . . o, . o Jr —
according to the direct sum decomposition X = Ky\ (53 &K {z} e XK (= where

ail ail12 b11 b12
<a21 a22> ’ ! (b21> ' 2 <b22> ’
ClT = (011 012) ) C;F = (021 022) .

Notice that R_(z; X) = Xx\{z}@fK?z}. Since dgg # 0, we can apply the formula (1) in Lemma 4.3
for H; = R_(2;K) and Hy = JC{;} to express the orthogonal projection onto R_(z; PX) in
R_(x;K) as

A b\ (b i ooy (A= badyel by
<C1T d11> (0)d22 (2 0= et diy

according to the direct sum decomposition R_(z;K) = K\ (51 © K?x}. Recall that PK ;) o is
the image of R_(x; PX) under the projection onto Kx\{z}- Now, since di; # 1, we can apply
the formula (2) of Lemma 4.3 for 3{; = Kx\ () and Hy = JCE;} to express P(;) o as

P{x}@ =A- bgd2_2lcg + bl(l — dll)flcrlf,

which is exactly the desired result for Pp,y 5. The expression of Py ;) can also be derived in
a similar way to prove the desired result. |

4.5 Correlation functions of conditional measures

Let us proceed to computation of the correlation functions under conditional measures. Let
us take P € Gr(X,T) that is ({z}, @)-regular. In this case M*(C({z},@)) = K%P(x,x) =
(ez, Pagey) is non-zero. Therefore, the conditional measure M {1; 1o O Q(X\{z}) is well-defined.

Due to the arguments in Section 4.2, a correlation function of M f is computed as

z},o

*

MP pplal, --ak ag, - agaiay)  PHKp(@s25)]0<; i<p
P {z}’g(l'l)"'?xn): * = MP s
pp(ajaz) Ky (z,z)
where we set zp := z and z1,...,z, € X\{z} are distinct. It is standard to express the above

quantity in terms of the Pfaffian of a matrix of smaller size. In fact, by means of the formula
Pf(BYAB) = (det B)(Pf A) for an anti-symmetric matrix A and a matrix B, we can see that

MP K
prre(zy, . an) = PEK(zi,25)] o oo
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where

P P P P
K" @)K (@.2) | K @ o)KY (@,2)

K y 2 :KMP ,R) — ,
11y, 2) 1 (¥,2) K%P(:c,a:) K%P(x’x)
P P P P
Ki2(y, 2) = K%P(y ) — K5 (y,2)K13 (z,2) n KM (y, 2)KE (z, 2)
) - Pl P 5 ,
~ P KMP ’x KMP QE,Z KMP y,,f[,’ KMP x,z
Koo (y, 2) = KM (y, 2) — =22 (v, 2)Kqy ( )+ 12 (v, 2)Kg ( )’

K{VQ’P (z,x) K%P (z,x)

for y,z € X\{z}. Note that the other component Ka1(y, 2) is determined by the anti-symmetry
K(y7 Z)T = _K(Za y)

We next assume that P € Gr(X,T) is (3, {z})-regular. Then, M¥(C(2,{z})) =
K%P (z,x) = (eq, Pr1ey) is non-zero. Therefore, the conditional measure Mg{x} on Q(X\{z})
is well-defined. A correlation function is computed as

ng,{z} (wl’ N ,xn) _ @P(GL .. a;nawn’; .. axlaxa;) _ Pf[KIP(l'i]a\/[lg)]Ogi,jgn
ep(agat) 1-K% (z,2)
where we set xg := x, x1,...,2, € X\{x} are distinct and
KP(xmxj)? 1<Z7] <n,
P

(exapllez]) (eam 126%) : i — 0, 1 S j S n,

(61‘7 P21€(DJ) (eza P22€zj)
K})(az,, :L‘j) = (69317 P22€I) (6 Pglex) 7 1 § i S n, j= 07

(61’17 P12€:v) (61’17 Plle:c)

0 (ezapllex) . .
, 1t=75=0.
L (exv (PQZ - 1)€x) 0

Again, we write the correlation function in terms of the Pfaffian of a (2n x 2n)-anti-symmetric

matrix. Consequently, we obtain

MP K
pretet (zy, . an) = PEK(wi,25)] oo

where

P P P P
Kl (v, 2)Ki3 (z,2) +K% (v, 2)KY (x,2)

K ,2) = KMP ,2) — ,
11(y ) 11 (y ) 1 —K%P(IIZ,IE) 1 —K%P(CC,.’L')
P P P P
Rialy. 2) = KM (. 2) — Bl @0K3 (@.2) | Kiy (00K} (2,2)
’ 2 1— KM (z,2) 1 - KM% (z,2)

N KMP KMP KMP KMP
Kon(y, 2) = K%P(% 2) — 12 (yaﬂf)Pm (2, 2) 4 222 (Z/»ﬂﬁ)Pu (z,2)
1—KM" (z,2) 1 - KM (z,2)
for y,2 € X\{z}, and the other component is determined by the anti-symmetry ]K(y,z)T =
_K(Z7y)
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4.6 Proof of Theorem 1.17

It remains to show that K(y, z) = Kp,, . (y,2) and K(y,z) = Kp, (o) (¥,2), y,2 € X\{z}. It is
straightforward that

~ P P. P P
Ki1(y, 2) = (ey, Paes) — (ey, Paoes)(es, Porez) | (ey, Pores)(ex; Priez)

(€:D7 P22€a:) (6337 (1 - P11>e:c)
T <6y7P22€x)(6m7P2262) (ey7P21€:v)(eac7P12€z)
KlQ(:Ua Z) = (eya P22€z) -
(ez, P226x) (ez, (1 — Pll)ea;)
- (ey7P12€z)(€:c;P226z) (eyypllex)(eanPlQez)
K ,2) = (ey, P1aey) — .
2(9:2) = (e Procs) = = ) (0, (1— Prr)es)

Comparing these descriptions with the result of Proposition 4.4, we conclude that ]K(y,z) =
Kpy .0, 2), y, 2 € X\{z}. It also follows from

> P T J?7P z 7P T .Z‘)P z
Rir(y, 2) = (g Prres) — (eyPorex)(ex, Priez) | (ey, Pazea)(ex, Prre:)

(ex, Pr1es) (€z, (1 — Pa2)es)
- (eyPoiez)(€x, Proez) | (ey, Proes)(ex, Paze:)
K , ) = (€ aP € -

12(y, 2) = (ey, Pazez) (ez, Pri€g) (ex, (1 — Pao)ey)
=N (eypllex)(exa P12€z) (ey, PlQem)(ew’ P22€z)
K 72 = (e ’P e -

22(y, 2) = (ey, Pr2es) (ez, Prieg) (ez, (1 — Py)ey)

and Proposition 4.4 that the other desired coincidence HA{(y, z) = Kp, ,,(v,2), y,2 € X\{z}
holds.

A Shifted Schur measures

The shifted Schur measures were introduced in [53] associated with the Schur Q-functions. It
follows from the result in [31] that they are defined in terms of quasi-free states of a CAR algebra,
as we overview in this appendix. Note that a free fermionic approach to shifted Schur measures
has also been proposed in [55] relying on a different algebra from the one adopted in [31] and
here.

A.1 Definition of shifted Schur measures

The notations regarding symmetric functions are inherited from Sestion 3.4. A partition A =
(A > A2 >---) €Y is said to be strict if A\; > Ay > ---. We write D for the collection of strict
partitions. We do not contain here a definition of the Schur Q-functions (see [29, Chapter III,
Section 8]), but just say that, for each strict partition A € D, the Schur @Q-function @, € A is
defined as the Macdonald symmetric function at the parameter (¢,t) = (0,—1) and the Schur
P-function is Py = 27N Q,, where £(\) is the length of the partition. Another significant
property of the Schur Q-functions is that, when we write A°dd for the subring generated by
power-sum symmetric functions p,, n = 1,3,5,... of odd degree, then @), A € D form a basis
of A°dd,

Positive specializations of the Schur Q-functions were classified in [18, 34]. Let Tqg be the
collection of data p = (a1 > ag > -+ > 0) such that } .-, a; < 1. Associated to such data p,
we define an algebraic homomorphism 7,: A°4 — C by 7,(p1) = 1 and 7,(p,) = > g>1 Q>1
for n = 3,5,.... As usual, for a symmetric function F € A°dd and p € Tg, we write the
specialization as F(p) := 7,(F). Then, it is known that Qx(p) > 0 for all A € .

Let X =N ={1,2,...}. Then, a strict partition A € D gives a subset {)\i}f(:’\l) C X, inducing
a bijection D — Q := Q(X). We consider the subset Tg) of Tq that consists of data such that
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a1 < 1. Equivalently, it is Ty = To\{(1,0,...)}. For p € Tg), the associated shifted Schur
measure Mg, is the probability measure on (Q, %) defined by

Mg (A) o< Qa(p)Pr(p), A eD =

Note that, in general, the specializations for @), and P, can be different. In this sense, we
focus on special cases of shifted Schur measures. Some particular examples related to projective
characters of the infinite symmetric group have been studied in [4, 40, 41].

A.2 CAR algebra formalism

Recall that we are working on X = N. Let Py € Gr(X,I") be the projection defined by (1.5) and
consider the corresponding Fock representation (mp,, F(£%(X))).

We write S(—1I) for the second quantization of —I € £((¢*(X)) (see [12, Section 5.2.1]). For
a positive odd integer n, we define

n—1
h =Y 7Ry (afant;) + ES(—I)WPO(%) + > (=1)7p (ajan—)
j=1 j=1
and
anl
* - * 1 * 1 * *
o = iy = Do (@) + o (@)S(-D) + (-1 (a;,a3).
j=1 j=1

Then, these operators exhibit the Heisenberg commutation relations [A,, hn] = 5 0min0-
Let p € T¢) and set

—_ Pn
E+(p) == exp Z yhin

n62220+1

Then, it is obvious that 24 (p)* = Zx(p). The verification of these operators goes in a similar
manner as the one in Section 3.4 for Schur measures. The following theorem is an immediate
consequence of [31].

Theorem A.1l. For p € Tg), the functional pg(,) defined by

(E—(p)1, 7R, (A)Z-(p)1)5(2(x))
Fan (= NI Ao

is a quasi-free state over C(K,T') and

¢qMﬁ=%ﬁ@M%@va fecm).

Outline of proof. A significant observation is as follows: recall that the Fock space & (82 (%))
admits a complete orthonormal system

ex=ex N---ANey, )\:()\1>"'>)\g)E]D)

We have [31, Proposition 3.2]

E_(p)1 =) 27NV (p) (A1)

AeD

The remaining part of the proof is similar to that of Proposition 3.7 for the Schur measures. W
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From the definition of Mg,y and the expansion (A.1), we have

(P)1=7 Mog)(N)'ex.

1 =

Therefore, relying on a similar argument as the proof of Theorem 1.14, we have the following
result.

Theorem A.2. Assume that a shifted Schur measure Mg, is &-quasi-invariant. Then it is
perfect.
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