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Abstract. We study a particular class of infinite-dimensional representations of osp(1|2n).
These representations L., (p) are characterized by a positive integer p, and are the lowest com-
ponent in the p-fold tensor product of the metaplectic representation of osp(1|2n). We con-
struct a new polynomial basis for L, (p) arising from the embedding osp(1|2np) D osp(1|2n).
The basis vectors of L, (p) are labelled by semi-standard Young tableaux, and are expressed
as Clifford algebra valued polynomials with integer coefficients in np variables. Using com-
binatorial properties of these tableau vectors it is deduced that they form indeed a basis.
The computation of matrix elements of a set of generators of osp(1]|2n) on these basis vectors
requires further combinatorics, such as the action of a Young subgroup on the horizontal
strips of the tableau.
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1 Introduction

In representation theory of Lie algebras, Lie superalgebras or their deformations, there are often
three problems to be tackled. The first is the existence or the classification of representations.
The second is obtaining character formulas for representations. And the third is the construction
of (a class of)) representations. Concretely, this third step consists of finding an explicit basis for
the representation space and the explicit action of a set of algebra generators in this basis (i.e.,
find all matrix elements). Mathematicians are primarily interested in the first two problems
and often ignore the third one. This goes together with the impression that the third problem
is computationally quite hard and not necessarily leads to interesting mathematical structures.
For applications in physics however, the third step is often indispensable, as one needs to compute
physical quantities such as energy spectra coming from eigenvalues of Hamiltonians, or transition
matrix elements coming from explicit actions, e.g., [15]. A typical example of the third problem
is the construction of the Gelfand—Zetlin basis for finite-dimensional irreducible representations
of the Lie algebra gl(n) or sl(n), see, e.g., [25].

In this paper we are dealing with a class of representations of the orthosymplectic Lie super-
algebra 0sp(1]2n). The representations considered here are infinite-dimensional irreducible low-
est weight representations, with lowest weight coordinates (5,5,...,5), for p a positive inte-
ger [1, 8, 9]. As we shall see in the paper, the construction of basis vectors and generator actions
leads to many interesting mathematical and combinatorial concepts.
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The Lie superalgebra osp(1|2n) plays an important role in mathematical physics. For n = 2,
this superalgebra describes the supersymmetric extension in D = 4 anti-de Sitter space ([7], see
also [16] and references therein). Supersymmetric higher spin extensions of the anti-de Sit-
ter algebra in four dimensions are realized in other orthosymplectic superalgebras, including
osp(1|2n) and osp(m|2n) [29, 31]. Our own motivation for studying the class of osp(1]|2n)
representations mentioned in the previous paragraph also comes from physics: this class of rep-
resentations corresponds to the so-called paraboson Fock spaces. Parabosons were introduced
by Green [12] in 1953, as generalizations of bosons. Parabosons have been of interest in quan-
tum field theory [27], in generalizations of quantum statistics [2, 14] and in Wigner quantum
systems [19, 21]. Whereas creation and annihilation operators of bosons satisfy simple commu-
tation relations, those of parabosons satisfy more complicated triple relations. Moreover where
there is only one boson Fock space, there are an infinite number of paraboson Fock spaces, each
of them characterized by a positive integer p (called the order of statistics). Many years after
their introduction, it was shown that the triple relations for n pairs of paraboson operators are in
fact defining relations for the Lie superalgebra osp(1|2n) [11] and that the paraboson Fock space
of order p coincides with the unitary irreducible lowest weight representation L, (p) of osp(1|2n)
with lowest weight (5,5,..., ) in the natural basis of the weight space.

The construction of a convenient basis for L, (p), with the explicit action of the paraboson
operators, turns out to be a difficult problem. In principle, one can follow Green’s approach
[12, 18] and identify L, (p) as an irreducible component in the p-fold tensor product of the boson
Fock space of 0sp(1]2n) (which is L, (1)). However, there are computational difficulties to finding
a proper basis this way.

Some years ago [22], a solution was found for the construction of a basis for L, (p), using
in particular the embedding osp(1|2n) D gl(n). This allowed the construction of a proper
Gelfand—Zetlin basis for L, (p), and using further group theoretical techniques the actions of the
paraboson operators in this basis could be computed [22]. This offered a solution to a long-
standing problem. A disadvantage of this solution and the Gelfand—Zetlin basis is the rather
complicated expressions for the generator matrix elements, involving square roots and elaborate
Clebsch—Gordan coefficients. For the basis constructed in this paper, all generator matrix ele-
ments are integers, calculated through combinatorial considerations. Moreover, the individual
basis elements of our construction are described by concrete polynomial expressions. This is
another difference with the Gelfand—Zetlin basis, which is essentially just a labelling of basis
vectors without a concrete functional description.

In the present paper, we construct a new polynomial basis for these representations L, (p).
Starting from the embedding osp(1|2np) D osp(1|2n), L,(p) can be identified with a submo-
dule of the decomposition of the osp(1|2np) Fock space Ly,(1). Equivalently, the Howe dual
pair (osp(1]2n), Pin(p)) for this Fock space can be employed. Using furthermore the character
for L,(p), this yields a polynomial basis consisting of vectors wa(p), labelled by semi-standard

Young tableaux A of length at most p with entries 1,2,...,n. The construction of this basis is
carefully developed in Sections 2-5. Each basis vector w4 (p) is a specific Clifford algebra valued
polynomial with integer coefficients in np variables z;, (i =1,...,n; « =1,...,p), thus invol-

ving p Clifford elements e,. The 0sp(1|2n) generators X; and D; are realized as (Clifford algebra
valued) multiplication operators or differentiation operators with respect to the x;,’s. These
are given in Section 2, where the definition of osp(1|2n) is recalled and L, (p) is defined. In Sec-
tion 3 a module V,,(p) is constructed, which is a natural induced osp(1|2n) module. A useful
homomorphism W¥,: V,,(p) — Ly (p) is considered, yielding the conclusion that L, (p) is a quo-
tient module of V,,(p). In Section 4 we introduce the above mentioned tableau vectors wa(p)
as candidate basis vectors for L,(p). The same is done for tableau vectors v4(p) of the mod-
ule V,,(p). In this section, the knowledge of the characters of L, (p) and V,,(p) in terms of Schur
polynomials plays an essential role. In order to show that the tableau vectors w4(p) consti-
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tute indeed a basis for L, (p), their linear independence must be shown, and this is established
in Section 5. The proof is non-trivial and depends on a total ordering for the set of semistan-
dard Young tableaux with entries from {1,2,...,n}. This allows the identification of a unique
“leading term” in w4(p) which does not appear in wp(p) if B < A. In Section 6 we compute
the action of the osp(1|2n) generators X; and D; on the tableau vectors w4 (p) of Ly(p). This is
rather technical: rewriting X;w4(p) or D;wa(p) as linear combinations of tableau vectors wp(p)
is not trivial. Fortunately, also here the identification of “leading terms” is very helpful to solve
the problem. We also give some examples, making the technical parts comprehensible. Finally,
in Section 7 we consider as an example the case n = 2 in detail.

To improve the readability of the paper, we make a list of the commonly used symbols. Here
n,p € Nand i € {1,...,n}.

Hn(p) Irreducible lowest weight osp(1|2n)-module with lowest weight (5,...,5)
C¢, Complex Clifford algebra with p positive signature generators, e,
C[R"™] Space of polynomials in np variables, z; o, with complex coefficients
A Space of Clifford algebra valued polynomials, A := C[R"?] ® C/,
L, (p) Realization of H,(p) in A generated by the osp(1|2n)-action on 1 € A
Xi, D; Generators of the osp(1]2n)-action on L, (p) and A
V(p) Induced osp(1]2n)-module with lowest weight vector |0) of weight (5,...,%)
B}, B, Generators of the osp(1|2n)-action on V,,(p)
Maximal non-trivial osp(1|2n)-submodule of V,,(p)
Realization of H,(p) as the quotient module V,,(p) := V,,(p)/M,(p)
U, The map V,(p) — L,(p) mapping BZ e B;:\O> = X - X5, (1)
Y, Set of semistandard Young tableaux with entries in {1,...,n}
) Set of semistandard Young tableaux in Y, with at most p rows
T(A,p) Set of column distinct Young tableaux of shape A with entries in {1,...,p}
) Set of Young tableaux of shape A with entries in {1,...,p}
A, ba Respectively the shape and weight of a tableau A € Y,
wa(p) Basis vector of Ly (p) corresponding to A € Y, (p)
@4(p) Normalized vector propotional to w4 (p)
va(p) Basis vector of V,,(p) corresponding to A € Y,
xzar Monomial in C[R"] corresponding to A € Y,,(p) and T' € E(A, p)
er Element in C¢, corresponding to T € E(A, p).
D4 Young tableau of shape A4 with k’s in all entries of the k’th row, for all k&
ca(y) Coefficient of the monomial [}, []2_;(@i€a)? in the expansion of &4(p)

2 The polynomial paraboson Fock space L, (p)

The Lie superalgebra osp(1|2n) is usually defined as a matrix Lie superalgebra [10, 17]. It can
also be defined as a symbolic algebra with generators and relations [11]. Adopting the latter
definition osp(1|2n) is generated by 2n odd elements B;" and B;, for i € {1,...,n}, satisfying
the structural relations

[{B;. B}, Bf] = (e — £)8;uB + (e —1)3;uB; (2.1)
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for 4,7, € {1,...,n} and n,¢,§ € {4+, —}, to be interpreted as +1 in the algebraic relations.

The brackets [-,-] and {-,-} in (2.1) denote commutators and anti-commutators respectively.

We endow osp(1]2n) with a unitary structure given by the anti-involution B +— (BF)f := BF.
The Cartan subalgebra b of 0sp(1|2n) has a basis consisting of the n commuting elements

hi = %{BJ,B;}, (2.2)

for i € {1,...,n}. Letting ¢;, for i € {1,...,n}, be the corresponding dual basis for h*, we are
able to define the lowest weight modules we are interested in. Fixing {ej,...,€,} as basis for h*,
the notation (p1,...,p,) will from now on be used for the weight " | p;e; € h*.

Definition 2.1. Given p € N, let H,(p) be the unitary irreducible lowest weight module
of 0sp(1]2n) of lowest weight (5,...,%) and with lowest weight vector |[0). The actions of
the generators B;" and B; , for i € {1,...,n}, of 0sp(1|2n) on H,(p) are defined by relations

B;[0) =0, and {Bi", B; }|0) = pdi ;0), (2.3)
for all4,j € {1,...,n}.

These modules were originally introduced in the context of parastatistics with #,,(p) as the
Fock spaces of n parabosonic particles of order p. Here they are usually referred to as paraboson
Fock spaces [12, 14]. When p = 1, the parabosonic particles revert to usual bosonic particles,
and H, (1) becomes the usual boson Fock space. From a different point of view #,(1) is the
Hilbert space of the quantum harmonic oscillator and is for that reason also referred to as the
oscillator representation [26].

From now on we will consider n and p to be fixed positive integers. The treatment of the rep-
resentation H,,(p) will be carried out through a certain polynomial realization, the construction
of which will take up the rest of this section.

The Clifford algebra C¢, is generated by p elements e,, for a € {1,...,p}, satisfying

{ea,e5} = 2043,

for all o, € {1,...,p}. Let C[R™] denote the space of polynomials in np variables z; .,
forie {1,...,n} and a € {1,...,p}, with complex coefficients, and define

A= C[R™] & Ct,,

to be its Clifford algebra valued counterpart. We will in general suppress the tensor products
when dealing with elements of A. For each non-negative integer n x p matrix v € M, ,(Np) and
each 7 € NJj we define the following monomials

n p

7= H H z)v* € C[R™] and eli=el' - el €Cly. (2.4)

i,
i=1a=1

In the context of such monomials we will refer to v as the exponent matrix. We note that
e = e if and only if 1, = n., mod 2, for all & € {1,...,p}. As a vector space A has a basis
consisting of the vectors z7e", for v € M, ,(No) and n € Z5. The basis is orthonormal with
respect to the following canonical inner product

(e, 27 e ) 1= 0ny 116y (2.5)

for all v,7" € M, ,(No) and n,n’ € Z5.
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Denoting the 2np odd generators of osp(1]|2n)nnp by B;Ea we can consider C[R™] as an
osp(1]2n)nnp-module with action

B;faaﬂ = Tk and B o7 = 05027,
for alli e {1,...,n}, a € {1,...,p} and v € M, ,(Ny), where 0;  := 8:6 . The relations

0,0, T5,8] = 61,5008,

fori,7 € {1,...,n} and o, 8 € {1,...,p}, imply the structural relations (2.1) of osp(1|2n)nnp.
In fact C[R™] = H,p(1) as 0sp(1]2n)nnp modules. Similarly we can consider A as an osp(1]2n)-
module by defining operators

p p
X; = Zwi7aea and D, := Z 0. aCa) (2.6)
a=1 a=1

and letting
B;’(:ﬂe”) = X;(x7em) Z ziar)eqe", (2.7)
B (z7€") := D;(x7e") Z Oi.axeqe, (2.8)

for all i € {1,...,n}, v € M, ,(No) and n € NJ. It is easily verified that A is an osp(1|2n)-
module by checking that the actions (2.8) satisfy the relations (2.1). It can furthermore easily
be verified that the inner product (2.5) on A respects the unitary structure of osp(1]2n), thus
making A a unitary osp(1]|2n)-module.

The subsequent result, Proposition 2.3, tells us that A has an irreducible submodule isomor-
phic to H,(p). The shape of the operators in (2.6) is that of the Green’s ansatz [12] with the
internal components here being realized using Clifford algebra elements. This type of realization
of the Green’s ansatz dates back to [13, 14].

The module A admits the Howe dual pair [5] (0sp(1]2n), G), where G = Pin(p) when p is even
and G = Spin(p) when p is odd. This gives a multiplicity free decomposition of A into a direct
sum of irreducible modules of 0sp(1]2n) X G of the form Hosp (1) @Hea (V) [3, 4, 28]. Here Hosp (1)
denotes an irreducible lowest weight module of osp(1]2n) of lowest weight i, and H¢(v) denotes
an irreducible highest weight module of G of highest weight v.

We are interested in exactly one of the irreducible modules in this decomposition, namely
the one with the constant polynomial 1 ® I € A as lowest weight vector. Here I € C¢, is the
identity element in the Clifford algebra. We shall from now on use the notation 1 :=1® I € A.

Definition 2.2. Let L, (p) be the submodule of A generated by the action of osp(1|2n) on 1 € A.

Proposition 2.3. The module L, (p) is equivalent to the irreducible lowest weight osp(1|2n)-
module Hn(p).

Proof. In the module A the basis for the Cartan subalgebra of 0sp(1]|2n), as described in (2.2),
is represented by operators

S

1 p
hi — §{X17Di} =5 + lei,aai,aa
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for all i € {1,...,p}. Since

1 D
Dl(l) =0 and i{XZ’DJ}(l) = 5(5@]'(1),
for all 4,5 € {1,...,n}, it follows that 1 is a lowest weight vector of weight (%, ey g) As men-

tioned above, the module A decomposes into a direct sum of irreducible lowest weight modules
of osp(1]2n) as a result of admitting the Howe dual pair (osp(1[2n),G). It follows that L, (p)
must be one of the components in the decomposition and hence be irreducible. It can thus be
concluded that L, (p) is equivalent to H,(p). [

In the following sections we will construct a basis for L, (p) together with formulas for the
action of 0sp(1|2n) on the basis.

3 The induced module V ,(p)

In this section we introduce the induced module V,(p) which was used in [22] to study the
paraboson Fock space. We relate this module to L, (p) via a surjective module homomorphism ¥,,
and prove that the kernel of this map can be identified with the maximal non-trivial submodule
of V,.(p). The relationship between V,,(p) and L, (p) described by ¥, will be used throughout
the following chapters and serves as a valuable tool in the proof of Theorem 5.7.

Following [22] we consider the parabolic subalgebra of osp(1]2n) given by

L= span{{Bj,B;},B;,{B;B;}: i,je{l,...,n}}.

Let |0) describe the lowest weight vector of the module H,,(p), then the action (2.3) of I3 on |0)
generates a one dimensional B-module denoted C|0). As in [22] we let V,,(p) denote the induced
module of osp(1]2n) relative to B, see [10],

Va(p) == Indg?" " o).

We let V,(p) denote the irreducible module obtained by taking the quotient of V,(p) by its
maximal non-trivial submodule M, (p),

Viu(p)/Mn(p).

Va(p) :

By construction V,,(p) is then isomorphic to #H,(p) as an 0sp(1]2n)-module.
Let osp(1]2n)" denote the subalgebra of 0sp(1|2n) generated by B;", for i € {1,...,n},

0sp(1|2n)* == span {B;", {B{", B} } : i,j € {1,...,n}}.

As a vector space 0sp(1]2n) = osp(1]2n)" @B. The definition of the induced module V,,(p) then
implies the following result that will be used in the proof of Theorem 5.7.

Lemma 3.1. The map
®,: Uosp(1]2n)T) = V. (p), B — B|0),
1 an tsomorphism of vector spaces.
We relate the modules V,,(p) and L, (p) by the module homomorphism

Wy, Vialp) = Lu(p),
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for which W, (|0)) := 1. This means that U, (Bifv) = X;U,(v), and ¥, (B; v) = D; U, (v), for all
i€ {l,...,n} and v € V,,(p). To continue, the following notation is needed. For each k € N,
consider the index set

Z(k) i={ (i1, ig) € {L,...,n}Frip < <y}

To each I = (i1, ..., i) € (k) we assign the following antisymmetric sums of operators acting
on L, (p) and V ,(p) respectively.
X7 = Z sgn () Xi, g+ Xiy (3.1)
oc€Sk
and
+ . + ... Rt
Bf =Y sgn(o)B; | B (3.2)
ocESk

where Si denotes the k’th symmetric group. Whereas B;r # 0, for all I € Z(k) and k € N,
it holds that X; = 0if k > p and X7 # 0 if k < p. This is verified by a short calculation showing
that

X; =k Z Tison ** Tipap€ar - Eaps (3.3)
at,..,ar€{l,...,p},
ozﬁéaj, when 7,75]
where the sum is over all sets of k£ mutually distinct integers in {1,...,p}.

Lemma 3.2. The map ¥V, is a surjective osp(1|2n)-module homomorphism with kernel
ker W), = M, (p)
generated by the action of osp(1|2n) on the vectors B} |0) with I € Z(p+1).

Proof. The surjectivity of the osp(1|2n)-module homomorphism ¥, follows essentially from
the way it is constructed. The discussion preceding (3.3) implies that Bf[0) € ker ¥, for all
I € Z(p + 1), and that these are non-zero vectors. The maximality of M, (p) implies that
ker U}, C M, (p), and thus that B |0) € M, (p), for all I € Z(p+1).

From the construction in [22] of a Gelfand-Zetlin basis for V,(p) it follows that M,(p) is
generated by the action of osp(1]|2n) on the Gelfand—Zetlin basis vectors with top row

(1,1,...,1,0,0,...,0),
——
p+1

in their Gelfand—Zetlin labelling. These vectors can be naturally indexed by the set Z(p+1) such
that the vector with index I € Z(p+ 1) has weight €7 := 2 1" | ¢;+ Y771 ¢;,. The weight space
of M, (p) corresponding to the weight ¢ is 1-dimensional and Bj |0) is a vector of weight ¢;. This
means that M, (p) is generated by the action of osp(1|2n) on the vectors By |0), for I € Z(p+1),
and thus that ker U, = M, (p). [

Recalling that H,(p) = V,.(p) = V,u(p)/M,(p) this result implies Proposition 2.3. Further-
more it implies that V,,(p) = L,(p) when p > n, since in that case Z(p + 1) = @ and thus
M, (p) = {0}. This observation is in fact closely related to a more general result [6], [20, The-
orem 1.1]. In the context of the present paper the result can be stated as follows. Let W be
any irreducible factor in the decomposition of A. Denote the lowest weight of W by u € h*
and let V() denote the corresponding induced module, constructed in much the same way as
we constructed V,(p). Then W =2 V(i) whenever p > 2n. As mentioned above this condition
reduces to p > n for the modules we study here, namely the paraboson Fock spaces. This is a
consequence of the fact that they have a unique vacuum, contrary to a general irreducible factor

of A.
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4 Tableau vectors in L,(p) and V,(p)

The main result of this paper is the explicit construction of bases for the modules L, (p)
and V,(p) which are related by the map W,. In this section we will construct the sets of
vectors that will be our candidates for the desired bases, see Definition 4.2. Proving that they
are indeed bases for the modules is postponed to the next section. As touched upon in Section 3,
bases for the modules V,,(p) and V,,(p), which are related by the quotient map

Va(p) = Va(p)/Mn(p) = Va(p),

are found and studied in the paper [22]. These basis vectors are identified only with their
labellings by Gelfand—Zetlin patterns relative to the gl(n) subalgebra of osp(1|2n). The new
basis constructed in this section, on the contrary, will consist of explicit polynomials in L, (p).

Partitions, Young tableaux and symmetric functions will be used throughout this paper.
In the interest of consistency, we will be using the notation established in Macdonald [24].
Let the set of all partitions be denoted by P, and let £(\) be the length of the partition A € P.
Let Y,, denote the set of semistandard (s.s.) Young tableaux with weights in N{j, that is with
numbers in the set {1,...,n} as entries. Let Ay € P and p4 € Njj denote the shape and weight
of A € Y, respectively and let

Yn(p) = {A € Yp: £(A4) < p}

be the set of s.s. Young tableaux in Y,, with at most p rows. S.s. Young tableaux are enumerated
by Kostka numbers

K, = #{s.s. Young tableaux of shape A and weight x}. (4.1)

The first use we shall make of this terminology is to describe the weight space dimensions
of L, (p) and V,,(p) as sums of Kostka numbers. This description will serve as the main inspira-
tion for defining basis vectors for the modules. The action of B;E on any weight vector of L, (p)
or V,,(p) changes its weight by +e¢;, for any i € {1,...,n}. Therefore, any weight corresponding
to a non-zero weight space of either module will be of the form

p._ p P "
u+2—u+<2,,2> Eba

for some p € Ni. We will use the notations V,,(p) p+ 2 and Ly (p),.+ 2 respectively for the weight
spaces of V,(p) and Ly (p) corresponding to the weight p + &, for any p € Njj.

Lemma 4.1. For any p € Nj,

dim Vo (pugz = Y K ps and  dim Lo (p),z = Y K (4.2)
AEP AEP,
£A)<p

Proof. The character formulas of V,,(p) and V,,(p) were obtained in the papers [23], [22, Theo-
rem 7). Recalling that V,,(p) = L,,(p) these character formulas are

char V,(p) = (t1 -+ tn)2 Z sx(ti, ... tn),
AEP

and

char L,,(p) = (t1 - -tn)% Z Sx(tiy ... tn),

AEP,
L(N)<p
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where s) denotes the Schur function indexed by A € P, and ¢; denotes the formal exponential e.

The lemma then follows by recalling two facts. First, in the character formulas the coefficients

p Y4
of monomials t‘fH_Q ---tﬁ"+2, for p € NJ}, describe the dimensions of the weight spaces of the

relevant modules corresponding to the weight p + £. Second, by [30], the monomial expansion
of the Schur function indexed by A € P is

Sa(try.ootn) = Y Kty thn, [
HeENG

Recalling how the Kostka numbers enumerate s.s. Young tableaux we may interpret Lem-
ma 4.1 as saying that the modules V,(p) and L, (p) admit bases indexed by the tableaux in Y,,
and Y, (p) respectively in such a way that the weights of the s.s. Young tableaux are related to
the weights of their corresponding basis vectors by the addition of (g, ey %)

The existence of such bases is not significant in itself unless we can find relatively simple
descriptions of the vectors in terms of the corresponding tableaux. For the construction of the
basis vectors for L,(p) and V,(p) the idea is to interpret each column of a given s.s. Young
tableau A € Y,, as an operator of the form (3.1) or (3.2) and then let each such operator act
on the lowest weight vector with the leftmost column acting first.

To formalize this we need some notation. Given a partition A € P, we denote the conjugate
partition by ). Let a; denote the I’th column, counted from left to right, of A € Y,,, for all
le{l,...,4(N,)}. Since the entries of the columns of A are strictly increasing downwards we
can naturally consider ¢; as an element of Z((X,);), for all I € {1,...,¢(X,;)}, noting here that
the amount of columns in A is indeed ¢(X)).

Definition 4.2. Given A € Y,, we let m = £(X,) and define

UA(]?) = B;rm T szrl‘o> € Vn(p)v and WA(p) = Xam T Xa1<1) € Ln(p)'

In Section 5 we will prove that these vectors form bases for V,,(p) and L,(p) respectively.
There it will be useful to know that they satisfy the following properties.

Lemma 4.3. Let A € Y,,, then va(p) and wa(p) both have weight pa + 5. Furthermore

_ Jwalp), if AeYn(p),
\I/p(UA(P)) = {07 if Ad Ya(p).

In order to illustrate the above-mentioned concepts, consider an example. Let n = 5, Ay =
(4,3,1), pa = (2,2,3,1,0) and

1]2]3]
313

A=

’H;I\DH

The columns of A are then a; = (1,2,4), a2 = (1,3), ag = (2,3) and a4 = (3). In that case

va(p) = B;Ba,g)Ba,g)Bag,@m and wa(p) = X3X(2,3)X(1,3)X(1,2,4)(1)’

where B, and X,,, for I € {1,...,4}, are defined in (3.2) and (3.1) respectively. In the case
p >3, va(p) # 0, wa(p) # 0. On the other hand, if p < 3, then v4(p) # 0 and wa(p) = 0.
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5 Bases for L,(p) and V,(p)

The goal of this section is to prove that the sets {va(p): A € Y, } and {wa(p): A € Y,(p)},
defined in Definition 4.2, form bases for V,,(p) and L, (p). This is the content of Theorem 5.7.
The main difficulty lies in proving mutual linear independence of the vectors in {wa(p): A €
Y, (p)}, the rest is achieved by applying results from the previous sections. To prove this linear
independence we construct a total ordering of Y,,(p) with the following property

wa(p) ¢ span{wp(p): B € Y,(p), B < A}.

Given that the weight spaces of L,,(p) are finite dimensional by Lemma 4.1, the existence of such
a total ordering implies linear independence.

Definition 5.1. Given A € Y,, and k € {1,...,n} the k’th subtableau of A is defined to be the
tableau A* € Y,, obtained by truncating A to only the entries containing the numbers 1,. .., k.

For example, we have

_[1]1]2]4] 4 5 [1]1]2] o [1]1]2] 1_
A=ty = Al=4, A=, =5 and A'=[1]1].

To define the total ordering of Y,, we endow both Nfj and P with the graded lexicographic
ordering, both denoted by <. The definition of these orderings are given in the Appendix A.

Definition 5.2. Given A, B € Y,, we write A < B if ua < pp in Njj, or if p4 = pp and there
exists k € {1,...,n} such that, for all [ < k,

)\Al = )‘Bl and )\Ak- < )\Bk in P.

The relation < on Y,, defined above is a total order. This follows from the fact that the
graded lexicographic order gives a total ordering of both Nj and P. The total ordering of Y,
defined above is inherited by Y, (p).

To get a feel for this ordering of Y,, consider the following example. Let n = 5, and consider
the ascending chain of all 13 s.s. Young tableaux of weight u = (2,1,1,1,0):

1]1]
11 1[1[4] [1[1 i[1[3]
20 < [2[El < [Z <23<;§4‘<l <;}13\<;1|3|4\
ua 3 3 1 1 12]
1] 0] 2] 4] 14]

1[1]2]

< I3 _ éi2\< é1|2|4\< 4111|2|3\<'
1 3] 14]

To see the connection between this ordering and the prospective basis for L, (p) we need to
consider the expansion of the vectors w4 (p) into monomials. To do so, a new class of tableaux
is needed. Let

T\, p) := {

Fillings of the Young diagram of shape A € P with
numbers 1,...,p occuring at most once in each column [

We will refer to the tableaux in T(A, p) as column distinct (c.d.) Young tableaux. Some examples
of these are:

aT1[2]1
313(3(3],
1[4 113 13

w

[\
| =
w
w
[\
W
DO
—

€ T((4,4,2),4).
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From now on we shall adopt the slightly abusive notation of writing A both for a partition
in P and for the set of coordinates in the corresponding Young diagram. That is,

A={(k,D):1e{l,....6(\)} and k € {1,..., A},

for all A € P. With the notion of c.d. Young tableaux the following monomials in C[R"?] and C/,,
can be defined. Given a tableau C' € T(\,p) and A € Y,,(p) of shape A = A4 € P. We denote
the entries of A and C by ay; and ¢ respectively, for all (k,1) € X. Letting m = ¢(X\") be the
number of columns in A and C we define monomials

ec = (€, 'eCAémm) o (ee eCA’l,l) eCt, (5.1)
and
TAC = H Zag,eny € C[R™]. (5.2)
(k,Dex

For example, consider the case n = 4, p = 4, and

112 213
A=|2]3 and C=|3|1].
3|4 114

The monomials defined in (5.1) and (5.2) will then take the form
ec = e3zeleqegeze] = €€y

and
TAC = x1,2$§,39€§,1954,4-

To each partition A\ € P we associate the following factorial:
A=A e N

Recalling how w4(p), ec and z 4 ¢ where defined in Definition 4.2, (5.1) and (5.2), respectively,
a short calculation using (3.3) gives the following monomial expansion of w4(p).

Lemma 5.3. For all A € Y,,(p), we have

wa(p) = Aa! Z TACEC-

C€eT(Aa,p)

To illustrate Definition 4.2 and Lemma 5.3 we consider as an example n =2, p =2 and

1[1]2]
2

A=

Definition 4.2 gives
wa(p) = Xo X1 X12 =2 (w2161 + w2 2€2) (21,161 + @1 2€2)(T1,102,2€1€2 + X1 222 1€2€1).

On the other hand Lemma 5.3 gives

wa(p) = 29«“(\1\1\2\ \2\1\2\)6\2\1\2\+21‘(\1\1\2\ \1\2\1\)6\1\2\1\+2x<\1\1\2\ ) ¢ T
eI [ EIglP 2 eI 1

+2x(m1m Wm)@mmﬁﬁ(uum \1\1\1\)\‘@\1\1\+2x(m1\2\ Hmw)e@zm

+2$(\1\1\2\ \1\1\2\)6\1\1\2\ + 233(\1\1\2\ \2\2\1\)6\2\2\1\
(2] [2]

=
l\.’)

) B 1
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Both formulas give the expansion

2 2 2
wA(p) = —4x1121272 1722 — 271121 275 €162 — 207 9T 172 2e1€2 + 227 1 T2,172 2€1€2
2 2 .2 2 .2
+ 2:6171561721:2726162 + 2x1711’2’2 + 21‘1’2‘%271.
When looking at an expansion such as the one in Lemma 5.3, it is natural to ask the following

questions. Given A € Y,,(p) and C' € T(\4,p), does there exist C’ € T(\4,p) with C' # C” such
that

TACcec = TxACIEC.

If so, which C” € T(\ 4, p) has this property. As is demonstrated by the following example, (5.3),
the answer to the first question is in some instances yes, though we will shortly describe a class
of c.d. Young tableaux for which the answer is always no, see (5.7),

T e = T{9%921%1.1T22 = T, e . 5.3
(B ) B T G ) B o

The second question will be dealt with in more detail in Section 6. However we will make some
preliminary considerations here. For any exponent matrix v € M,, ,(Ng) we denote the row and
column sums as follows

p p n n
o (S e €8t = (S S ) €
a=1 a=1 =1 =1

The definitions of ec and z4 ¢ in (5.1) and (5.2) then imply that for each pair of tableaux
A € Y,(p) and C € T(A4,p) there exists a positive integer N(C) € N and a unique exponent
matrix y4,c € Mpp(No) with g, o = pa such that

zacec = (~1)NOgracehac, (5.4)

recalling that 27 and e”4.¢ were defined in (2.4). A combinatorial formula for determining
(—1)N(©) s given in (6.10). We note that

(Va,0)ia = #{(k,1) € Aa: agy =i, 051 = o} (5.5)

for all i € {1,...,n} and a € {1,...,p}. Using (2.5) we denote the normalized coefficient
of z7e™ in w4 (p) by

1

ealr) = o {a"ewa®)),

for all v € M, ,(No), n € Nj and A € Y,,(p). The expansion of wa(p) presented in Lemma 5.3
implies the following result.

Lemma 5.4. Let A € Y,,(p), then

wa(p) = Aal Z ca(y)xvem,

'YeMn,p(NO)
Hy=HA

where

cal)= Y, ()N, (5.6)

CET(Aa,p)
Ya,0=7
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Since the coefficients c4(7y) are integer, the expansion of w4(p) into monomials z7e™ has
integer coefficients. As we shall see in Section 6, this is part of the reason that the generator
matrix elements turn out to be integers.

While it is true, as illustrated by (5.3), that some terms appear multiple times, possibly with
different signs, in the expansion from Lemma 5.3 other terms are more special. Specifically,
it will be proven in Proposition 5.5 that the terms corresponding to c.d. Young tableaux of
the following type are linearly independent of the rest of the terms in the expansion. Given
A e Y,(p), let

Da € T(Xa,p) (5.7)

be the c.d. Young tableau with all 1’s in the 1st row, 2’s in the 2nd row and k’s in the kth row.
For these tableaux (5.5) implies that v4 p, is lower triangular and that

(74,04 )i,a = #{i’s in the a’th row of A}. (5.8)

As an example of these tableaux,

111123 1(111]1
if A=(2(2|3|4|, then Dy =[2|2(2]|2
3|4 313

Proposition 5.5. Let A, B € Y, (p) with A < B and A = A4, then

A DX -1

(a) calyap,) = (—1)2==1 2 #£0,
(b) ca(vB,py) =0.

In other words, the expansion of w4 (p) described in Lemma 5.3 contains a unique leading term
za,p,ep, Which is linearly independent of all the other terms in the expansion. Furthermore,
if A < B, the leading term zp p,ep, of wp(p) does not appear in the expansion of w4(p).

Proof. We begin with the proof of statement (a). A short calculation based on (5.4) shows that
A G-DAOS-1)

(—1)NDPa) = (—l)zjzl ~ 2 . Recalling (5.6) it is then enough to prove that y4p, = va,c
ifft Dy = C, for all C € T(Ag,p). One implication is trivial. To prove the other we suppose for
contradiction that there exists C' € T(A4,p) such that 4 p, = va,c and Dy # C. We shall use
the notation v = y4,p, and ¢ = y4,¢ for the remainder of the proof of (a).

The assumption that v = ( together with the formula (5.5) and the fact that ~ is lower
triangular, implies that

Akl = Ckl, (5.9)

for all (k,1) € Aa.

Recall that the (k,1)'th entry of Dy is k, for all (k,1) € A4. The second assumption, namely
that D4 # C, implies that there exists (ko,lo) € Aa such that cy,;, # ko. Let s = ay,,, then
among the possible options we may chose (ko,lp) such that s is as small as possible and kg is
as large as possible. In other words (kg,lo) is chosen such that ¢;; = k for all (k,l) € Ay with

a; < s, or with a; = s and k > kg. Since the entries in the lo’th column of C' are distinct,
our choice of (ko,lo) together with (5.9) imply that cy,;, = t, for some t € {ko + 1,...,s}.
Furthermore, since t > kg, our choice of (ko, ly) also implies that ¢;; =t for all l € {1,...,(Aa)¢}

with a;; = s. By (5.8), we have thus found 1 + 7, distinct coordinates (k,l) € A4 such that
ap; = s and ¢y = t. By (5.5) this means that {s; > 1 + v, and thus that v # (. This
contradicts our initial assumption, finally proving that yv4 p, = ya,c iff Da = C.
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To prove statement (b), let A,B € Y,(p) with A < B. By (5.6) it is enough to prove
that vg.p, # va,c, for all C € T(Ag,p). This statement is trivial if pp = pa. We assume
therefore that A and B have the same weight and consider an arbitrary C' € T(A4,p). For the
remainder of this proof we shall use the notation v = yg p, and { = ya,¢. By Definition 5.2
the assumption A < B implies that there exists s,t € {1,...,n} such that

)\Ai = )\Biy (AAS)a = ()‘Bs)a and (AAS)t < ()‘Bs)“

for all i < s and o < t. Using this together with (5.8) and the fact that in each column of C' the
entries are mutually distinct, we can make the estimate

Z Cia < Z()\As)a < Z()\BS)C( = Z Yio
1<s,a<t a<lt a<lt 1<s,a<t
This clearly implies v # ¢, which proves (b). |
One should note that Dy4 is not the only c.d. Young tableau in T(\ 4, p) with the properties

described in Proposition 5.5. These properties are satisfied by any tableau in T(A 4, p) for which
all entries of any single row are equal.

Corollary 5.6. For any B € Y,,(p), wp(p) # 0 and wp(p) ¢ spanc{wa(p): A < B}.

We can now finally prove that the vectors defined in Definition 4.2, with properties described
in Lemma 4.3, form bases for the modules V,,(p) and L (p).

Theorem 5.7. The modules V ,(p) and Ly(p) have bases
{va(p): AeYn}  and  {wa(p): A€ Ya(p)}-

Proof. We begin with {wa(p): A € Y,,(p)}. It is enough to prove that we have bases for each
of the weight spaces of L, (p). That is, it is enough to prove that, for any p € Ni, the set

{wa(p): A€ Y,u(p), pa = p}

is a basis for Ly (p),+ B By Lemma 4.3 they have the right weight. Since the set is finite, linear

independence follows from Corollary 5.6. Lemma 4.1 and (4.1) tells us that the cardinality of
the set {wa(p): A € Y,(p), pa = p} agrees with the dimension of the weight space, proving
that we indeed have a basis.

To prove that {va(p): A € Y,,} is a basis for V,,(p) we consider q € N, with ¢ > n. The com-
ments following Lemma 3.2 tell us that ¥,: V,,(q) — Ly,(g) is an isomorphism of osp(1]2n)-
modules. This together with Lemma 3.1 implies that the composition of ¥, and ®,,

W0 ®q: Ulosp(1|2n)t) — Ln(q),

is an isomorphism of vector spaces. Following the notation used in Definition 4.2 we define
elements

B} =B/ ---Bf €U(osp(1]2n)"),

for each A € Y,,, where m = £(\,). Noting that ¥, 0®,(B}) = wal(q), for all A € Y,,, it follows
that the set {B}: A € Y,,} is a basis for U(0sp(1/2n)*) and thus by Lemma 3.1 that

{valp) = BX|0) = @,(B}): A€ Y},
is a basis for V,,(p) regardless of the value of p. [
The proof of this Theorem yields the following corollary.
Corollary 5.8. The set
{Bl:=B} ---Bf:A€Y,},
where m = ((X,), for each A, forms a basis for U(osp(1|2n)™).
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6 Action of osp(1|2n) on tableau vectors w4 (p)

In this section we will obtain formulas for the action of the osp(1|2n) generators X; and D; on
the basis for L, (p) constructed in Definition 4.2. More precisely, considering the normalization

1

wa(p) = TA!WA(p)’

for all A € Y,,(p), we want to obtain coefficients ¢p(i,p, A) and ép(i,p, A), for all i € {1,...,n}
and A € Y, (p), such that

XZ(:}A(p) = Z EB(i7p7 A)@B(p)a (61)
BeY,(p)

Diwa(p) = Z ¢p(i,p, A)wp(p). (6.2)
BeYx(p)

Regarding the actions of B; and B; on the basis vectors 94(p) = ﬁUA(p) of V.(p), the
corresponding expansion coefficients can be calculated from the coefficients in (6.2). The details
of this will be discussed at the end of this section after we obtain formulas for the calculation
of the coefficients ¢p(i,p, A) and ég(i, p, A), see Proposition 6.6.

Before producing general formulas for obtaining the expansions in (6.2), we take a look at
a few cases where the actions of X; and D; on @4(p) are particularly simple. First, if (ua); =0
then D;wa(p) = 0. Second, if i is greater than or equal to the topmost entry of the rightmost
column of A, then X;0(p) = ©p(p), where B is the tableau obtained by adding a single column

2]3]
11— then

containing only the box [¢] to the right side of A. For example, if A =

Xiw (p) = W pEm(p),

[=]

for all ¢« > 3.
The vectors X;04(p) and D;wa(p) are weight vectors, for all i € {1,...,n} and A € Y, (p),
specifically

Xiwa(p) € Ln(p)MAJre#g and D;wa(p) € Ln(p)#A_qu%.
This fact leads to the following observation
Remark 6.1. For alli € {1,...,n} and A, B € Y,,(p),
cpi,p,A)=0 if pp#pate
and
¢pli,p, A) =0 if pp#pa—e.
Given a weight € Nij we let d, be the dimension of the weight space Ln(P)M+g7 see (4.2),
d, = dian(p)u—F%

Remark 6.1 then tells us that X;04(p) and D;wa(p) are linear combinations of at most d, ,ye;
and d, , ., tableau vectors respectively.

The remaining coefficients in (6.2) can be obtained by solving the system of linear equations
that comes from comparing the monomial expansions, Lemma 5.4, of X;04 and D;@ 4 with those
of Wp(p) for up = pa + €¢; and up = pa — €; respectively. This process is very inefficient as it
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entails calculating all the coefficients in the monomial expansion of the involved vectors. Our
approach will be to reduce the number of coefficients we need to determine to only the necessary
ones and subsequently to find formulas for calculating them.

Given A € Y, (p) and C € T(Aa,p) the coefficient of x4 cec in the monomial expansion of
a given vector v € Ly (p) is equal to

(xacec,v).
Given p € Ny we denote the d;, s.s. Young tableaux Ay, ..., Aq, of weight y in such a way that
Ay <o < Ay,

Define the d,, x d,, matrix U, and the vectors f,(v) € C%, for all v € Ln(p)u+g, as follows

(Uu)k,l = <xAk,DAk €Dy, > wa, ()

and

(fu)k(v) = <xAk1DAk. €Da, > ’U>,

forall k,1 € {1,...,d,}. The (k,1)’th entry of the matrix U, is thus the coefficient of the leading
term x40, €p,, of wa,(p) as it appears in wy, (p).

Proposition 6.2. For any u € Ny, the matriz U, € Mg, q,(Z) is integer and upper unitrian-
gular. Furthermore, for any v € Ln(p)#+§, we have

du

v="> (U" fulv),@a,(p)

- Z (=" H(Uu)lsfl,zs(fu)zt@Ak (p).
s=1

k=1 t=0 k:l0<"'<lt§dp

Since X;wa(p) and D;@4(p) are weight vectors this result provides formulas for calcula-
ting the coefficients ¢p(i,p, A) and ¢g(i,p, A), only dependent on Uy, 1, and f,, ¢, (Xi@0a(p)),
and U, ,—e, and fj,,—¢,(Di@a(p)), respectively.

In Lemma 6.3, we will see that the entries of the matrices Uy, , +, and vectors f,, , y¢,(Xi@a(p))
and fu,—c,(Diwa(p)), are algebraic expressions in coefficients cp(y). Recalling Lemma 5.4,
this means that the coefficients ¢g(i,p, A) and ¢ép(i,p, A), also known as the generator matrix
elements, are integers.

Proof. The expansion in Lemma 5.3 implies that the matrix U, is integer, and Corollary 5.6
implies that it is upper unitriangular. Together Corollary 5.6 and Theorem 5.7 gives
du

<xAk7DAk €Da, > v) = Z<xAk7DAk €D 4, WA (p)){@a,(p),v)
I=1
dy
= (@a,(p),v) + Z <xAk7DAk €D, > WA, (p)) (@4, (p),v)-
I=k+1
By moving the sum to the other side of the equation and substituting the inner products by
definitions of U, and f,(v), we get

du

(@a,(p);0) = (Fr(0) = D (U)ki(@a,(p), v). (6.3)

I=k+1
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One may recognize this as the backward substitution formula for calculating linear equations of
the form Ax = b, where A is a upper unitriangular matrix. Whence,
du
-1 ~
v= (Uu ) f#(v))kw/lk (p)-
k=1

Repeated use of (6.3) shows that

dy dy—k

EEDID DD DR C Y | (CATREATIN S .
s=1

k=1 t=0 k=lo<--<l:<dy,

The following is a sketch of how to determine the expansion of X;w(p) using Proposition 6.2.
We do not include calculations of the entries of U, and f,(X;0a(p)). Consider the case n = 4,
p=2,1=1and

2]3]
4

A=

Then X (2) is a linear combination of the vectors wp(2), for B € Y4(2) of weight pu =

pa+e€ = (1,1,1,1). Since d, = 6, there are 6 s.s. Young tableaux of weight (1,1,1,1). These
are, in increasing order,

1{3 1|34 214
A1:247 A2:2 | ‘7 A3: ) A4:3 | ‘7

1(2
As = 4 |3" Aﬁ:'

—_
[\
—_

Had we instead chosen p > 4, then we would also have to take into account the 4 remaining

4]

s.s. Young tableaux of weight (1,1,1,1): and . When p = 2 no basis vectors

[eo] ] =

ldkll\.’) —_
[oo|w =

correspond to these tableaux as they have strictly more than 2 rows.
Calculating the coefficients of the relevant terms we get

1 -10 0 1 1 0
0 1 0 0 0 -1 -1
0 0 1 -1 -1 —1 ) 1
U=1lo 001 o 1 and - fu(XNopm) = |
00 0 0 1 -1 1
0000 0 1 0

Note that in general the entries of U, take values in all of Z and not just in {£1,0}. Calculating
the inverse of U, we get

1100 -1 -1
0100 0 1
4 oo 11 1 1
Ui 0001 0 -1
0000 1 1
0000 0 1
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and
-1 ~ .
Uy f(Xidge@) = (-2,-1,2,0,1,0)

Using Proposition 6.2 this tells us that

X1@(2) = —2@(2) - 0(2) + 2@(2) + @(2)'

To determine general formulas for the entries of U, f.(X;@a(p)) and f,(D;@a(p)) we first
write them as functions of the coefficients cp(y) introduced right before Lemma 5.4. Simple
calculations and applications of definitions yield the following formulas.

Lemma 6.3. Let A,B € Y, (p) and i € {1,...,n}. Then

(zB,DpeDy,wa(p)) = cB(vB,Dg)cA(Y

!
| @

— —

il

,D
a

iS]

(B, DyeDy, Xiwa(p)) = cB(VB,Dg) (—1)PBeq(vB.py — €ia)s

Q
Il
—
TT

—_ =

(=1)X5 ((y5,pp)ia + )ea(ve,pp + €ia),

M%

(B ppeDg, Diwa(p)) = cB(VB,Dy)

Q
Il
—
T
—

where cA(YB,py — €i.a) =0 if (YB.Dp)i,a = 0, and where €; o € M, ,(No) is the matriz with

(€ia)j,8 = 0ij0a,s,
foralli,je{l,....,n} and o, B € {1,...,p}.

Lemma 5.4 already gives a formula for cg(yp,p,). The rest of this section will be dedicated to
obtaining concrete formulas for the calculation of c4(vy) given any A € Y, (p) and v € M, ,,(Np).
Consider first the expression given in Lemma 5.4

= 3 (~)VO,

CGT()‘A )p)v
T=7A,C

where N(C) € Ny is a number such that
TAcec = (_1)N(C)$7A,Ce77wx,c.

The general idea behind our approach to the calculation of c4(y) is to determine the set
{C e T(Aa,p): vac =7}

and for each element in this set calculate the number (—1)N(©). Consider the following more
general class of Young tableaux,

E(A, p) := {fillings of the Young diagram of shape A € P by numbers 1,...,p}.

We shall refer to the elements of E(), p) as Young tableaux. Note that T(\,p) C E(\,p). The
definitions (5.1) and (5.2) can naturally be extended to hold, for any A € Y, (p) with A = A4
and T € E(\, p), by letting m = (A4)1 and defining

er = (etl’m e ewmm) . (e,gL1 cee 67&/1,1) € Cl,
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and

;M Ny,

— . . ce np
TAT ‘= (xal,m,th xd}\/m tyr ,m) (:Cal,l,tl,l xak’l,vt)\’l,l) € C[R ]

Let furthermore y4 7 € My ,(Ng) and N(T) such that x4 rer = (—1)N(T)x7AvTe"”A,T. Define
now, for each p € N, the following permutation group,

Sy =Sy, X o+ X Sy,

The reason for introducing these objects is that the set E(\,p) carries a useful action of the
permutation group S, for each A € Y, (p) with pa = p and Ay = A. To define this action, let

yA(i75) = (kA(’i,S),lA(i,S)) € A4,
forie {1,...,n} and s € {1,...,(pa):}, be the coordinates of A4 such that
Agi — Agi1 = {yA(ia 5): s € {17 ) (/'LA)Z}}a

and l4(4,1) > -+ > la(i,(na);). Here Agi — Ayi—1 is the set of coordinates y € A4 whose
corresponding entries a, in A are i. Specifically

(A i1
Ia(i, 5) :max{l e{l,...,Oa)i}is= 5 O — (AAi_l);},

r=l
ka(i,s) = (Aai)i (0.0
Note that these coordinates cover all entries of A4
g = {yA(i,s): ie{l,...,n},s€ {1,...,(,u,4)i}}.

In the terminology of Macdonald [24], {ya(i,s): s € {1,...,(1a)i}} is the ¢’th horizontal strip
of A consisting of the boxes [] and indexed from right to left by s. As an example consider

1[1[1]2]2]
A=[2]2]3
3]

Then py = 3, g =4 and pus = 2. For i = 2, the coordinates y4(2,s) € Ay for s € {1,2,3,4} are
given by

ya(2,1) = (1,5), ya(2,2) = (1,4), ya(2,3) =(2,2) and ya(2,4) = (2,1).

Visually these coordinates refer to the gray boxes in the Young diagram A4:

-

The action
TA: S,uA X ]E()‘Avp) — E()‘A7p)a

is defined by letting T4 := 7w4(0,T) be the Young tableau with entries tZ’A, for y € Ag,
defined by

g,A

yalis) =t

(6.4)

ya(io; (s))
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for all s € {1,...,n} and s € {1,...,(pa);}. Consider A as in the previous example, and let
p =4 and

1[1]2]2]

T = € T((5,3,1),4).

’oo.nw
5
w

Let I denote the identity permutation, and let o, 7 € S, = S3 x 54 x Sy with
o= (I,(13),1I) and 7= (1,(2413),1).

The 74 action of these permutations only permutes the entries of T corresponding to the coor-
dinates of the 2nd horizontal strip of A. The boxes corresponding to these coordinates are
marked with gray below:

Note here that T4 € T((5,3,1),4), whereas T4 ¢ T((5,3,1),4).

Lemma 6.4. Let A € Y, (p) and T,T' € E(Aa,p), then xar = xa 1 if and only if there exists
o €8,, such that T' = T4,

Equivalently this lemma states that
{T' ceE\a,p): yar = ’)’A,T} = {T‘T’A: o€ S,UA}.

Proof. Let ay, t, and t;, for y € A4, denote the entries of A, T and T” respectively. Note first
that, for all 0 = (01,...,0,) € S,,,

n (pa)i n (pa)i
TAT = H H xayA(i,S)’tyA(i,S) = H H x“yA(z‘,s)atyA(i,afl(S» = TAToA-
i=1 s=1 i=1 s=1 v

This yields one of the implications stated in the lemma. If x4c = 24 ¢ then, for all i €

{1,...,n},

(1a) (1a)i
H Lay i)ty i) — H xayA(i,s)vt;A(z',s)'
s=1 s=1
.. . / / ;
This implies that the vectors (tyA(i,l)v . ’tyA(i,(uA)i)) and (tyA(i,l)’ . ’tyA(iy(,U«A)i)) contain the
same amount of a-entries, for all a € {1,...,p}, letting us construct a permutation o; € S(MA)l.
such that

/ _
byais) = bya(iori(s))

for all s € {1,...,(na)i}. Repeating this process for all @ € {1,...,n} and defining o :=
(01,...,00), it is clear that o € S, and T" = ToA, [ |

A Young tableau T, 4 € E(A4,p) for which VAT, 4 =7 can be constructed in the following
way. For all « € {1,...,p}, i € {1,...,n} and s with Zg;i Vip < 8 < Y5y Vi we define the
entry of T, 4 at the coordinate y4(i,s) to be

(ty,A)yais) = @ (6.5)
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That is, for any given i € {1,...,n} we let the boxes of the ’th horizontal strip be filled, from
right to left, by 751 1’s, then 7; 2 2’s, followed by «; 3 3’s and so on.
As an example consider n = 3, p = 4,

1[1]1]2]2] 2100
A=(2(2]3 and y=10 2 1 1 (6.6)
13 0020

In that case

The gray boxes correspond to the 2nd horizontal strip. A notable feature of this construction is
that T’YA,DAvA = Dy.

By applying Lemma 6.4 we can now calculate c4 (7). This is the content of Proposition 6.5.
For any A € Y,,(p) and v € M, (p) with pu, = pa, let

fra(o) ==

N(TZ4
{(_1) Ta) it 174 € T(Aa,p), (6.7)

0, otherw1se,

for all o0 € S,,. Here TU: is the permutation of T, 4, defined in (6.5), by o via the action
defined in (6.4).

Proposition 6.5. For any A € Y, (p) and v € My(p) with j1y = pa,

ca = I = D Fral (6.8)

1<i<n Vi, a S
1<a<p

In (6.8) the constant preceding the sum can be considered an over-counting factor since

[T vial=#{0" €S0 T4 =174 (6.9)
1<i<n
1Za<p

To obtain a simple formula for the signs (—1)N(™) we consider the following total order on
the coordinates (k,l) of A € P

(k1) < (K',1) if and only if 1>, or L= and k<K,
that is

(LA < < (N, h1) <0 < (1,1) < -0 < (A, ).
This ordering is motivated by the definition

er = ey, ”'et(k;l,m ey e s
for all T € E(A, p). With it we can write

er = (—1)#{EDFI)ER: (kD)>(K'I') and t(k,l)<t(,€/}l/)}€§7]"/A,T)1 L pMar)e
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which implies that
(_1)N(T) _ (_1)#{(k,l),(k’,l’)€)\: (k,1)>(kK',l") and t(k,l)<t(k/,z/)}. (610)

We have now reached a point where any coefficient of the form ca(vy) can be explicitly
calculated. To show how such a calculation is done consider A and 7 as in (6.6), with n = 3
and p = 4. Here pa = (3,4,2) meaning that S,, contains |S,,| = 3!4!12! = 288 different
permutations. Taking the over-counting factor (6.9) into account the total number of Young
tableaux generated by the permutation action w4 is

oA B |Sual 314121
#{Tfy’A'O—ES#A}_ |I W— 23 = 36
1<i<n ’
1Za<p

Out of these 36 tableaux 19 are not column distinct and thus contribute with factors of 0 to ca(7),
see (6.7). An example of this is obtained by letting 7 = (I, (2413), I). The corresponding tableau

1[1[3[4]
2[3

T7A J—
T%A -

’OON)[\’)

has two entries containing a 2 in its first column and is thus not column distinct. The remaining
17 tableaux are column distinct and each contribute with a factor of £1 to ca(y). Examples
from these 17 tableaux include the ones corresponding to permutations

o= (I,(13),I) and k= ((13),(2413),1).

Those are
2[1[1[2]3] 1[1[2]3]4]
T;’;;;‘:§23 and ij:§23

Calculated with (6.10) the contributions of these tableaux are
CONTTD = (c)M = 1 and (DN = ()2 =1

Out of all 17 column distinct tableaux one will find that 9 have positive sign and 8 have negative
meaning that

ca(y)=9-8=1

Obtaining the coefficients c4 () in this way requires the construction of all the relevant Young
tableaux. Formulas for doing these calculations without explicitly constructing the tableaux
become rather complicated. For the interested readers such formulas are included in Appendix B.

In this section, we have so far explained how to calculate all the coefficients in the expansions
from (6.2). Such calculations are done by combining Proposition 6.2 with Proposition 6.5 and
Lemma 6.3. Proposition 6.6 shows how, using the coefficients from (6.2), we can obtain the
expansions for the actions of B} and B; on the basis vectors 94(p) = /\%!v A(p) of Vi,u(p).

Proposition 6.6. Leti <€ {1,...,n} and A, B € Y,,, then

Bfta(p) = > epli,n, A)ig(p), (6.11)
BeY,
B va(p) = Z (n+1—-p)ép(i,n, A) — (n—p)ép(i,n + 1, A))vs(p). (6.12)

BeYy,
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By Theorem 5.7, formulas corresponding to (6.12) also hold for the actions of X; and D;
on L,(p), though with the sums only being over B € Y, (p). Proposition 6.6 tells us that
by using the tools presented in this section to determine matrix coefficients of the X; and D;
actions on L,(n) and L,(n + 1) we can determine the matrix coefficients of any other action,
be it on L,(p) or V,,(p), by simple linear combination of coefficients.

Proof. Let |0) be the lowest weight vector of V,(p). Corollary 5.8 tells us that there exist
coefficients dp(i, A), independent of p, such that

Bfia(p) = Bff </\'B+) Z dp(i, A) —BJr |0) = Z dp(i, A)0p(p).

BeY, BeY,

Since W¥,, is an isomorphism of vector spaces with ¥,,(wp(n)) = vp(n), it follows that dp(i, A) =
¢p(i,n, A), for all B € Y,, = Y, (n), when we compare with the coefficients in (6.2).
Using (2.1) we can find BV T (4, j, A), B> (i, A), B3t (i, A) € U(osp(1|2n)") such that

By B} = ( > BY(i, 4, A){B; Bj}) + B*>* (i, A) + B>* (i, A)B; .
1<i<j<n

Corollary 5.8 together with (2.3) then tells us that there exists coefficients dy (i, A) and d%(i, A),
independent of p, such that

Broat) = 5; (1 ,B+>|o> (6.13
= D dpli A)A Be{B, BI0) + ) dii BE!0> (6.14)
BeY, BeY,
= D (d(i, Ap + dh(i, 4)) s (p). (6.15)
BeYn

The fact that ¥, and ¥, ; are isomorphisms of vector spaces with ¥, (op(n)) = 0p(n)
and U, 41 (wp(n+1)) = 0p(n+1) lets us compare coefficients with (6.2) and obtain the equations

dy (i, A)n + d%(i, A) = ép(i,n, A),
and

dh(i, A)(n+1) +d%(i, A) = ég(i,n + 1, A).
Solving these equations for dk(i, A) and d%(i, A) and inserting the results into (6.15) gives the
statement of the proposition. |
7 Example: the case n = 2

In the simplest non-trivial case, that is when n = 2, the action of 0sp(1|4) on the tableau vectors
is particularly simple. The illustration of this is the subject of this short section. For any
k,l,m € Ny we let A(k,l, m) denote the following s.s. Young tableau in Yo (p)

A(k,l,m) =] 1Al 2] 2]
Y Y
X ; l k

m
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Any s.s. Young tableau from Y(p) can be written in this form. We note that in this description m
refers to the number of columns in A(k,l,m) and similarly that [ and k denote the number

of [} and [2}-columns in A(k,[,m) respectively. The corresponding tableau vector is then
wWakLm) () = X3 X[ X1, Xa]™.

The actions of the generators X1, X2, D1 and Dz of osp(1]4) on w4k, (p) are then given as
follows

X1wa(em) (P) = WAkt 1,m) () + (=1 [Klow agk—1,1.m+1) (D), (7.1)
XoWA(k1,m) (P) = WA(k+1,1,m) (D) (7.2)
(=1 (2m + (2p — 4)[ml2)wager1,,m—1)(P) (7.3)
+ (4 (D((=1)™p = 14 4[mla) []2) W A(k1—1,m) (P) (7.4)
+ (-1 (7.5)
( (7.6)

(7.7)

D1w A (e,1,m) (D)
)

k
[k]2(1 — [1]2)WA(k71,172,m+1)(P),
— )M 2m + (2p — 4) [m]2)w Ak 141,m-1) (P)
+ (k+ (2m+p — D[k]2)wag—1,,m) (D),

Dow p(,1,m) (P) =

where [k]o = 0 if k is even and [k]a = 1 if k is odd.

The actions in (7.7) hold for any p € N. When p = 1 we have [X1, X5] = 0, meaning that the
tableau vectors reduce to regular monomials when we disregard the, in this case, trivial Clifford
algebra part. That is, wa(k,0)(1) = xlg’lxllyl and Wy (k,,m) (1) = 0, for all k,1 € Ng and m > 0.
The actions of the osp(1]|4) generators similarly reduce to those of usual variable multiplication
and differentiation.

A Graded lexicographic order

The definitions of the graded lexicographic ordering on Nij and P were omitted in the main text.
For the readers unfamiliar with these orderings the definitions are included here.

Definition A.1. Given p,v € Nj we say that p < v with respect to the graded lexicographic
ordering if |p| = >0 i < |v| = Y7 v, orif |u| = |v| and p; < v; for the first j, where p;
and v; differ.

For n = 4, the u € N} with |u| < 2 are ordered as follows,

(0’ 07 07 0) < (0? 07 07 1) < (07 07 ]‘70) < (07 1707 O) < (1707 07 0) < (07 07 07 2)
<(0,0,1,1) < (0,0,2,0) < (0,1,0,1) < (0,1,1,0) < (0,2,0,0)
< (1,0,0,1) < (1,0,1,0) < (1,1,0,0) < (2,0,0,0).

Definition A.2. Given A, x € P we say that A < k with respect to the graded lexicographic
ordering if |A| < |k|, or if |A| = |k| and \; < k; for the first j, where \; and r; differ.

The A € P € Njj with |[A| < 4 are ordered as follows,

0)<(H)<(,)<2)<(L,L,)<(2,1)<3)<(1,1,1,1)<(2,1,1) < (2,2) < (3,1) < (4).
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B Alternative formula for c4(7)

We present here a formula for calculating the coefficients c4(7y) of @wa(p) that is more explicit
than the one produced at the end of Section 6. What follows are two technical lemmas in
which constituents of the final formula are obtained. Following those lemmas the final formula
is presented, marking the end of this appendix. Due to them being technical and not very
enlightening the proofs of the following results are omitted.

Consider the function

V=1, if 1<V <k,
GULkI)=X1"~k, if I<k<U,
0, otherwise,
for all [, k,l" € Ny.
Lemma B.1. Given A € Y,,(p) and v € My(p) with 1y = pua, then

er, o = (=1)M O AFN2 (3 A) ey

where

Zg:1 Yi,B (/\Az" )1

o' —1
Nl(’}/’A) = Z Z ( Z 71"757 Z ()‘Az Al’ 1 l7 Z’% ,/3>
1<a<a/<p, s= 1+ZB 1B p=1 1=la(i,s)+1
1<i<i'<n

and

51 %.8 (A
Nao(v,4) = Y > <Z%,B7 Z (M)t = g bZ%,B)

1<a<a’<p, s:1+zg:i Yi.p = 1=l 4(i,8)
1<i'<i<n =

Let k € N and consider a k-tuple of positive integers L = (L1,..., L) € Nk If L, # Ly,
for all m # m’, then we define o7, € Sy to be the permutation such that

Lg(l) << La(k)-

With this we can define the sign of L to be

(L) sgn(or), if Ly # Ly, for all m # m/,
sgn(L) =
s 0, otherwise.

Lemma B.2. Given A € Yy, (p), 0 € Sy, and v € M, ,(No) with p1y = pa, then

€ro,A, 'Lf T eT )\Aa )
sgn(o H sgn(Ly a(o, o)) (— I)NO(“Y A)eT%A = T A (Aa.p)
0, otherwise,

where

23:1 Vi, 8 ()‘Ai’)l

a—1
NO('%A) = Z Z G(Z’W/,ﬁ: Z ()\Az )\AL’ 1 17271 ,B)
B=1

1<a<p, 5147971, [=laGs)+1
1<i<i'<n N
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and L,YA(O' o) € Nhe defined such that, for all « € {1,...,p}, i € {1,...,n} and t with
Z] 1'7]a<t<23 1 Vi

i—1 a—1
(L%A(J, Oz))t =1y i,U;I t— Z’}/j,a + Z’)’i,ﬁ
j=1 p=1

If (ny)a =0, then sgn(L, a(o, ) := 1.

Proposition B.3. Let A € Y, (p) and v € M, ,(No) with p, = pa, then

=> ]I —sgn (o) (=1)NOA) sgn(L (o, @),
o€Su, 1<i<n Vi, a
A 12a<p

where N(v, A) = No(v, A) + Ni(v, A) + Na(v, A).
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