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Abstract. Let V be the weighted projective variety defined by a weighted homogeneous
ideal J and C' a maximal cone in the Grobner fan of J with m rays. We construct a flat
family over A™ that assembles the Grobner degenerations of V' associated with all faces of C.
This is a multi-parameter generalization of the classical one-parameter Grobner degeneration
associated to a weight. We explain how our family can be constructed from Kaveh—-Manon’s
recent work on the classification of toric flat families over toric varieties: it is the pull-back of
a toric family defined by a Rees algebra with base X¢ (the toric variety associated to C) along
the universal torsor A™ — X. We apply this construction to the Grassmannians Gr(2, C")
with their Pliicker embeddings and the Grassmannian Gr(3, (C6) with its cluster embedding.
In each case, there exists a unique maximal Grobner cone whose associated initial ideal is
the Stanley—Reisner ideal of the cluster complex. We show that the corresponding cluster
algebra with universal coefficients arises as the algebra defining the flat family associated
to this cone. Further, for Gr(2,C") we show how Escobar-Harada’s mutation of Newton—
Okounkov bodies can be recovered as tropicalized cluster mutation.

Key words: cluster algebras; Grobner basis; Grobner fan; Grassmannians; flat degenerations;
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1 Introduction

The theory of Grobner fans, introduced by Mora and Robbiano [40], is a popular tool in commu-
tative algebra, and one of its modern applications is degenerating ideals into simpler ones such
as monomial, binomial or toric ideals. More precisely, let K be an algebraically closed field and
J C K[z1,...,z,] a d-weighted homogeneous ideal for some d € ZZ,. The Grébner fan of J is
a complete fan in R™ whose elements represent weight vectors on the variables z1,...,x,. Two
weight vectors lie in the same open cone if and only if they give rise to the same initial ideal of J,
see Definition 2.3. The ideal J defines a weighted projective variety V inside the weighted pro-
jective space P(d). Every open cone in the Grébner fan gives rise to a one-parameter flat family
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degenerating V to the variety defined by the associated initial ideal of J. This construction is
realized by choosing a weight in the relative interior of the cone.

We modify the classical one-parameter construction as follows: for a maximal cone C' in
the Grobner fan of J we choose integral generators of its rays r1,...,7, and denote by r the
(m x mn)-matrix whose rows are 71,...,7y,. For an element f = ZQGZ% cax® of J, we define

pu(f) € Z™ as the vector whose i-th entry is min.,.o{r; - @}. Then the lift of f is

fi= f(tr'elxl, . ,tr'e"xn)t_“(f),

i=1Y

is the ideal generated by the lifts of all polynomials in J. We prove that J is generated by the
lifts of elements of the reduced Groébner basis for J and C, see Proposition 3.9. The lifts of these
elements are independent of the choice of r and homogeneous with respect to the d-grading
on z;’s, see Proposition 3.3. Consequently, J is independent of the choice of r and it defines
a variety inside P(d) x A™. Our first main result is the following.

where t2 for a € Z™ denotes the monomial [, t%. The lifted ideal J C K1, ..o tm]lw1, .. 20

Theorem 1.1 (Theorem 3.14). Let J be a weighted homogeneous ideal, C a mazimal cone in
the Grobner fan of J and r an (m x n)-matriz whose rows are integral ray generators of C.
Then the algebra A :=Klt1,... ,tn][x1,...,25)/J is a free K[t1, ..., tm]-algebra. It defines a flat
family

Proj (121) —— P(d) x A™
Am

such that for every face T of C there exists a, € A™ with fiber 7' (a,) isomorphic to the variety
defined by the initial ideal associated to T. In particular, generic fibers are isomorphic to Proj(A),
where A = K[z, ...,x,]/J, and there exist special fibers for every proper face T C C.

Next, we explain how the algebra A arises in Kaveh-Manon’s recent work on the classification
of affine toric flat families of finite type over toric varieties [33]. Consider a fan ¥ defining a toric
variety Xs which contains a dense torus 1. Then a toric family is a T-equivariant flat sheaf A
of positively graded algebras of finite type over Xy such that: (i) the relative spectrum of A has
reduced fibers and (%) its generic fibers are isomorphic to the spectrum of some positively graded
K-algebra A. Such families are classified by so-called PL-quasivaluations on A whose codomain
is the semifield of piecewise linear functions on the intersection of ¥ with the cocharacter lattice
of T (see [33, Section 1.1] or Section 3.1 below). Given a PL-quasivaluation, Kaveh-Manon
construct a sheaf of Rees algebras on Xy that is a toric family. In the special case when X
is a cone, their construction yields a single Rees algebra rather than a sheaf. We prove the
following result:

Theorem 1.2 (Theorem 3.19). Let J C K[zy,...,x,] be a weighted homogeneous ideal and C
a mazximal cone in the Gréobner fan of J. Let Rc(A) be the Rees algebra associated to the
PL-quasivaluation on A = K[z, ...,x,]/J defined by C and let v: Spec(Rc(A)) — X¢ be the
corresponding toric family. The morphism m: Spec (A) — A™ fits into a pull-back diagram as
follows:

Spec(R¢(A)) +—— Spec (A)

| Iy

Xo 4 A™.
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Here pc: A™ — X is the universal torsor of Xc (see (3.10) for details) and m is the number
of rays of C'. Both flat families, the one defined by v and the one defined by w, are direct sums
of line bundles indexed by the standard monomial basis associated to the mazimal cone C'.

Toric degenerations are a particular class of flat families with a single special fiber that is
a toric variety. They are of significant interest and have been widely studied in recent years.
Among the faces of the maximal cone C one may find binomial prime initial ideals that hence
define toric Grobner degenerations of V. Such faces lie in the tropicalization of J denoted
Trop(J), which by definition is the subfan of the Grébner fan consisting of cones whose associated
initial ideal does not contain monomials. Let X be the intersection of C' with the tropicalization
of J. Then the affine space A™ contains the universal torsor 7y, of the toric variety Xx and all
fibers of 7~!(7Tx) — Tx, correspond to initial ideals of cones in . In Corollary 3.20 we show how
the family defined by 7|-1(7;,) also arises as a pull-back from a toric family defined by a sheaf
of Rees algebras on Xy.

Grassmannians and cluster algebras. The interest of studying toric degenerations in the
context of cluster algebras has grown in the last years (see for example [9, 28]). Therefore,
we would like to understand the framework introduced above from the perspective of cluster
algebras. As a first step in this direction, we analyze in depth the situation for the Grassmannians
Gr(2,C") and Gr (3, (CG) whose coordinate rings are cluster algebras.

For Gr(2,C"™) we choose its Pliicker embedding and obtain the homogeneous coordinate
ring Ay, as a quotient of the polynomial ring in Pliicker variables Clp;;: 1 < i < j < n]
by the Pliicker ideal I3 . It was shown in [23] that A, is a cluster algebra in which the cluster
variables are in one-to-one correspondence with Pliicker coordinates p;; € As ,, and the seeds are
in one-to-one correspondence with triangulations of the n-gon. Every triangulation of the n-gon
gives rise to a toric degeneration of Gr(2,C") obtained by adding principal coefficients to Az,
at the corresponding seed [28]. Principal coefficients were introduced by Fomin and Zelevinsky
in [25] and are a core concept in the theory of cluster algebras. A central piece of the construc-
tion is endowing every cluster variable (i.e., every Pliicker coordinate) with a so-called g-vector
depending on the fixed seed. We want to understand the toric degenerations coming from prin-
cipal coefficients in the context of Grobner theory: to achieve this first fix a triangulation 7.
We use g-vectors for Pliicker coordinates to construct a weight vector wr, see Definition 4.35.
In Proposition 4.36 we prove that the initial ideal with respect to wr is binomial and prime,
hence wr lies in the tropicalization of I,,. Moreover, the central fiber of the Grobner degen-
eration induced by wrp is isomorphic to the central fiber of the toric degeneration induced by
endowing A, , with principal coefficients at the seed determined by 7', see Corollary 4.45.

There is a single object in cluster theory that simultaneously encodes principal coefficients
at all seeds and thus the g-vectors of all Pliicker coordinates with respect to all triangulations.
Namely, the cluster algebra with universal coefficients Agf;i" associated to As,, see Defini-
tion 4.24. In spirit, this algebra is very similar to the algebra defining the flat family associated
to a maximal cone in the Grébner fan of I, as it encodes various toric degenerations of Gr(2, C™)
at the same time. It is therefore natural to ask if the cluster algebra with universal coefficients
fits into the above framework. The following result answers this question for Gr(2,C"):

Theorem 1.3. There exists a mazimal cone C in the Grobner fan of I, whose rays are in
bijection with diagonals of the n-gon. Moreover, the unique cone C' has the following properties:

(1) The standard monomial basis for Asp associated with C' coincides with the basis of cluster
monomials (Proposition 4.43).

(i) For every triangulation T' of the n-gon the weight vector wr lies in the boundary of C' and
the intersection of C with the tropicalization of Iy, is the totally positive part of Trop(I2.,)
(Proposition 4.44 and Theorem 4.46).
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(#i7) Let I~2,n be the lift of I, with respect to C' and denote by Ag,n the quotient Clt;;: 2 <
i+1<j<nlpiy:1<i<j<n|/lry,. Then there exists a canonical isomorphism between
the cluster algebra with universal coefficients A3V and Az (Theorem 4.50).

(iv) The monomial initial ideal of I, with respect to C is squarefree and coincides with the
Stanley—Reisner ideal of the cluster complex (Corollary 4.59).

Similarly, we describe the cluster algebra with universal coefficients for Gr (3, (Cﬁ) from the
viewpoint of Grobner theory. In this case, we fix its cluster embedding obtained as follows:
consider the Pliicker embedding and let A3 be the homogeneous coordinate ring. As a clus-
ter algebra of type D4, A3 has 22 cluster variables, 20 of which are the Pliicker coordinates.
The additional two cluster variables are homogeneous binomials in Pliicker coordinates of deg-
ree 2. Hence, we can present Azg as the quotient of a polynomial ring in 22 variables by
a weighted homogeneous ideal denoted by I°*. This yields an embedding of Gr (3,@6) in the
weighted projective space P(1,...,1,2,2), where the Pliicker coordinates correspond to the coor-
dinates of weight one, and the additional cluster variables to those of weight two, see Section 4.4.
Our main result is the following:

Theorem 1.4. There exists a unique mazimal cone C in the Grébner fan of I°* such that

(i) The algebra /~1376 is canonically isomorphic to the cluster algebra with universal coeffici-
ents Agfg", where rays of C are identified with mutable cluster variables of Asg (Theo-
rem 4.53(ii)).

(it) For every seed of Asg there exists a face of C whose associated initial ideal is a totally
positive binomial prime ideal. More precisely, the intersection of C' with Trop(I®*) is the
totally positive part of Trop(I®*) (Theorem 4.53(ii7)).

(13i) The monomial initial ideal inc (1) associated to C is squarefree and coincides with the
Stanley—Reisner ideal of the cluster complex. In particular, the basis of standard monomials
associated to C coincides with the basis of cluster monomials (Corollary 4.59).

As mentioned before, the toric fibers of the above families are of particular interest. They arise
from maximal cones in the tropicalization whose initial ideal is binomial and prime; such cones
are called mazimal prime cones. The corresponding projective toric varieties (respectively, their
normalizations) have associated polytopes. Following [34] these polytopes can be realized as
Newton—Okounkov bodies of full rank valuations constructed from maximal prime cones. In the
recent preprint [19] Escobar and Harada study wall-crossing phenomena of Newton—Okounkov
bodies associated to maximal prime cones that intersect in a facet. They give piecewise linear
maps called flip and shift that relate the Newton-Okounkov bodies. For cluster algebras like A3 ¢
and Aj , it has been shown in several cases that Newton-Okounkov bodies can equivalently be
obtained from the cluster structure (see, e.g., [6, 8, 26, 46]). Hence, one might wonder how
Escobar—-Harada’s wall-crossing formulas can be understood in the context of cluster algebras.
In the particular case of Ag, each Newton-Okounkov body arising from Trop([lz ) is unimod-
ularly equivalent to the convex hull of g-vectors of Pliicker coordinates for some triangulation.
More precisely, we obtain the following result:

Corollary 1.5 (Corollary 4.64). Let o1 and o be two mazimal prime cones in Trop(l2,) that
intersect in a facet. Then their associated Newton—Okounkov bodies are (up to unimodular
equivalence) related by a shear map obtained from tropicalizing a cluster mutation.

In combination with Escobar—Harada’s results about the flip map for Gr(2, C™) this corollary
implies that it is of cluster nature (for details see Section 4.6).

We would like to remark that this paper is not the first to make a connection between cluster
algebras and Grobner theory. In [41] Muller, Rajchgot and Zykoski obtained presentations for
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lower bounds of cluster algebras using Grobner theory. Further, it is worth noticing that the
theory of universal coefficients for cluster algebras is particularly well-developed for finite and
surface type cluster algebras, see [44]. We believe that the above results can be extended to
projective varieties containing a cluster variety of finite type. It is further an interesting and
challenging problem to extend the results of this paper to cluster algebras of (infinite) surface
type as it would involve Grobner theory of non-Noetherian algebras.

Structure of the paper. In Section 2 we recall the background on weighted projective varieties
and Grobner basis theory. In Section 3 we introduce the construction of the flat families and
prove the main theorem. We relate to Kaveh—Manon’s work in Section 3.1. In Section 4 we turn
to the Grassmannians Gr(2,C") and Gr (3,C%). We recall the background on cluster algebras
and universal coefficients in Section 4.1. We explain in detail how toric degenerations from cluster
algebras arise as Grobner degenerations for Gr(2,C") in Section 4.2. Then we apply the main
construction to Gr(2,C") in Section 4.3 and afterwards to Gr (3,C%) in Section 4.4. We explore
further connections to Escobar—-Harada’s work in Section 4.6. Finally, in the Appendix A we
present computational results used for the application to Gr (3, (C6).

2 Preliminaries

We first fix our notation throughout the note. Let K be an algebraically closed field. We are

mainly interested in the case when K = C. In the polynomial ring Klz1,...,z,], we fix the
notation x* with a = (a1, ...,a,) € Z%, denoting the monomial x{" ...z%". Throughout when
we write f = ZangO cox® for f € Klzy,...,zy,] we refer to the expression of f in the basis

of monomials.

2.1 Weighted projective varieties

Fix a vector d = (dy,...,d,) € R™. Let Kq[z1,...,x,] be the polynomial ring K[zq,...,z,]
endowed with the R-grading determined by setting deg(z;) = d; for i =1,...,n.

Definition 2.1. For ¢ € K* and a = (ay,...,a,) € Z%, the weight of the monomial cx® €
Kalz1,...,2p] isd-a = Y 1" dia;. We extend this definition and say f € Kq[z1,...,2,] is
d-homogeneous if f can be expressed as a sum of monomials of the same weight. Similarly,

an ideal J C Kq[x1,...,zy] is d-homogeneous if it is generated by d-homogeneous elements.
Assume d € ZZ%;,. In this case Kq[z1,...,2,] is Z-graded and we can define the weighted
projective space P(dy,...,d,) as the quotient of K™ under the equivalence relation

(T1,...,Tp) ~ ()\dlml,...,)\d”xn) for X\ eK*.

For K = C it is well-known that P(dy,...,d,) is a projective toric variety [15]. Moreover,
as a scheme P(dy,...,d,) is the homogeneous spectrum (or Proj) of Kq[z1,...,2,] [17, Nota-
tion 1.1]. For simplicity, we denote P(dy,...,d,) by P(d) and let [z1 : --- : z,] denote the class
of (x1,...,x,) in P(d). Given a d-homogeneous ideal J C Kq[z1, ..., z,] its set of zeros is

V(J)={lz1: - :ap) €P(d): f(z1,...,2,) =0 forall feJ}.

Conversely, given a subset X C P(dy,...,d,), its associated ideal I(X) is generated by polyno-
mials:

{f € Ka[z1,...,zp]: f is d-homogeneous and f(p) =0 for all p € X }.



6 L. Bossinger, F. Mohammadi and A. N&jera Chavez

Subsets of P(d) of the form V(J) for some weighted projective ideal J are called weighted
projective varieties. These sets are the closed sets of a Zariski-type topology on P(d). The the-
ory of weighted projective varieties is very similar to the theory of usual projective varieties and
background on this theory can be found for example in [17, 30, 45]. In particular, the projective
space P! can be realized as P"~! = P(1), where 1 = (1,...,1) € Z". So every projective
variety can be considered as a weighted projective variety of P(1).

Definition 2.2. The weighted homogeneous coordinate ring of a weighted projective variety
X CP(d) is defined as

S(X) :=Kqlzy,...,zn]/1(X).

By construction, S(X) is a positively graded ring. Moreover, the weighted homogeneous
coordinate ring of a projective variety (considered as a weighted projective variety) coincides
with its homogeneous coordinate ring. There is a natural notion of morphism between weighted
projective varieties which we will not need in this work. It will be sufficient to recall that if X C
P(dy,...,dy) and Y C P(d},...,d,,) are weighted projective varieties, then an isomorphism
between the graded rings S(X) and S(Y) induces an isomorphism of the weighted projective
varieties X and Y.

2.2 Grobner basis theory

We first review some results in Grobner basis theory in order to fix our notation and keep the
paper self-contained. Most of the material here is well-known and we refer to Buchberger’s
thesis [11] and standard books (e.g., [1, 29, 37, 51]) for proofs and more details.

Definition 2.3. Let f = Zaezgo cox® € Klzy,...,z,]. Given a weight vector w € R™ the

initial form of f with respect to w is defined as

ing(f) := Z CaX®,

o w-a=a

where a = min{w - a: ¢, # 0}. For an ideal J C K[z, ..., z,] its initial ideal with respect to w
is defined as iny (J): = (iny(f): f € J). A finite set G = {g1,...,9.} C J is called a Grébner
basis for J with respect to w if iny, (J) = (iny(g1), - - ., inw(gr))-

Definition 2.4. A monomial term order on K[z, ..., x,] is a total order < on the set of monic
monomials in K[z1,...,z,] such that for every «a, 8,7 in Z%y we have that

(1) 1<x% and (i1) if x* <x® then x*t7 <x’t,

The initial monomial of an element f = Zaezg cax® € Klzy,...,z,] with respect to < is
>0

inc(f) := cx”, where x® = max.{x%: ¢, # 0}. The initial ideal of an ideal J C K[z1,...,zy]
with respect to < is defined as in<(J) := (in<(f): f € J).

Recall that given an ideal J C K[zy,...,z,| and a monomial term order < there always
exists a weight vector —w € ZZ, such that in,,(J) = in<(J), see, e.g., [29, Theorem 3.1.2] (Note
the sign switch here, this is due to our min-convention for initial ideals with respect to weight
vectors and max-convention for initial ideals with respect to monomial term orders.) On the
other hand, if in,,(J) is generated by monomials and there exists a monomial term order < such

that in,(J) = in<(J), then we say that w is compatible with <.

Definition 2.5. Let in.(J) be a monomial initial ideal of the ideal J for some monomial term
order < on K[zy,...,z,]. Then the set B. = {X%: x* ¢ in.(J)} is a vector space basis
of K[zy,...,z,]/J (and K[z1,...,2,]/inc(J)) called standard monomial basis.
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Theorem 2.6 (the division algorithm). Fiz a monomial term order < on K[z1,...,z,] and
let g1,...,9gs be non-zero polynomials in K[z1,...,x,]. Given 0 # f € K[zy,...,x,] there exist
fla“'vfsaf/ € K[.Th...,xn] with f = flgl + +fsgs +f,7 such that

(7) if f' # 0 then no monomial of f' is divisible by any of the monomials in<(g1),...,in<(gs);
(id) if f; # 0 then inc(f) > in<(f,g,) for all .
We say that f reduces to f with respect to {gi,...,9s}-

Definition 2.7. Let < be a monomial term order on K[z, ...,z,] and G = {g1,...,¢s} a finite
generating set of an ideal J. Then the S-polynomial of g; and g; is defined as

lem(in<(g;),in<(g; lem(in<(g;),in<(g;
S(gi, 95) = ( irfi()gi) (gj))gi— ( irff(Lj) (9,) ;.

We say that Buchberger’s criterion holds if for all 1 < i < j < s, the S-pairs reduce to zero with
respect to {g1,...,9s}. If Buchberger’s criterion holds, then G forms a Grobner basis for J with
respect to <. Moreover, a Grobner basis G for J with respect to < is reduced if

(7) in<(g;) is monic for all 1 <14 < s, and
(1) for ¢ # j no monomial in g; is divisible by in<(g;).

A reduced Grobner basis for J with respect to < always exists and is unique, see, e.g., [29,
Theorem 2.2.7]. We let G (J) denote the reduced Grobner basis for J with respect to <.

Studying all possible initial ideals of a given ideal leads to the notion of Grébner fan (see,
e.g., [51, Proposition 2.4]):

Definition 2.8. Let J C Klz1,...,x,] be an ideal. The Grébner region of J denoted by GR(J)
is the set of w € R™ such that there exists a monomial term order < with in(in,(J)) = in<(J).
The Grobner fan of J denoted by GF(J) is a fan with support GR(J) in which a pair of elements
u,w € R™ lie in the relative interior of the same cone C' C R" (denoted by C°) if and only if
in,(J) = iny(J). We introduce the notation inc(J) := in,(J) for any w € C°. By definition
of GR(J), for every full-dimensional cone C, there exists a monomial term order < such that C'
is the topological closure of {w € R™: in,(J) = in<(J)}. Moreover, we define the lineality
space L(J) as the linear subspace of GF(J) that contains all elements u for which in,(J) = J.

Integral weight vectors in GF(J) can be seen as points in a lattice NV = Z" whose dual lattice
M = (Z™)* contains exponent vectors of monomials in K[zy,...,z,]. Consequently, for w € N
and a € M we denote by w - a the pairing between the two lattices.

Remark 2.9. Proposition 15.16 in [18] gives a criterion for whether a weight vector is compatible
with a monomial term order < for J, or not. Namely, a weight w is compatible with a monomial
term order < if and only if in,,(g) = in<(g) for every element of G (.J). Let C be the topological
closure of the corresponding Grobner cone of <, then w € C' if and only if in<(g) = in<(in,(g))
for every g € G(J).

Lemma 2.10. Letd € Z%, and J C Kq[z1,..., 2] be a d-homogeneous ideal. Then d € L(J).
More generally, L(J) contains all elements u € R™ such that J is u-homogeneous.

Proof. Observe that for every d-homogeneous polynomial f € Kq[zi,...,z,] the equality
ing(f) = f holds. Next, every f € J can be uniquely written as a finite sum f = E?:o fi
for some d € Z>g and f; € J of d-degree i (see [30, Lemma 3.0.7]). Then ing(f) = f;, where
j = min{i: f; # 0}. In particular, for any f € J we have that inq(f) € J. Therefore,
ing(J) = J. m
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Lemma 2.11. Fiz an arbitrary monomial term order <. Then for every £ € L(J) and every
g € G(J) we have ing(g) = g. In particular, if J is d-homogeneous then so is every g € G(J).

Proof. Consider a Groébner basis F := {fi,..., f;} of J with respect to a fixed element
¢e€ L(J). Then J = iny(J) is generated by in(F) := {ing(f1),...,ine(fy)}. In particular, we
have ing(ing(f)) = ing(f) for all f € F. From the set I’ we can construct the reduced Grébner
basis G (J) by doing the following three steps: First, extend F to a Grobner basis H with res-
pect to < by adding S-pairs using Buchberger’s criterion. Then if necessary eliminate elements
from H until the outcome is a minimal Grébner basis G (see [1, Corollary 1.8.3]). Finally, reduce
all elements in G to obtains G (J) (see [1, Corollary 1.8.6]). We invite the reader to verify that
the property ing(g) = g holds for all g € H, hence for all g € G and finally for all g € G-(J). R

Recall from [40, Corollary 5.7] that for a d-homogeneous ideal J C Kq[x1, ..., zy] the support
of its Grobner fan, i.e., GR(J), is R"™. In other words, there exists a compatible monomial term
order for every maximal cone C' € GF(/J).

Lemma 2.12. Let J C Kq[z1,...,zy,] be a d-homogeneous ideal, C € GF(J) a mazimal cone,
and < a compatible monomial term order of C. Consider v € C'\ C° and u € R™ such that
w:=u-+v € C° Then for every g € G-(J), we have in(g) = iny,(g) = iny(in,(g)).

Proof. Consider an element g in G- (J). Since w € C° we have in<(g) = in,(g). On the other
hand, since v € C, by Remark 2.9 we have that in.(g) = in<(in,(g)). This implies that in,(g)
is a refinement of in,(g). In other words, in,(g) contains the monomial in,(g) with possibly
some extra terms which will disappear after taking its initial form with respect to u. |

We note that Lemma 2.12 does not hold for arbitrary elements of J. See Example 4.55.

Lemma 2.13. For every cone C € GF(J) C R", the cone C := C/L(J) C R"/L(J) is strongly
convez, that is C N (—C) = {0}.

Proof. As we have chosen J to be d-homogeneous every cone in GF(J) is a face of a full-
dimensional cone. Hence, we may assume without loss of generality that C is a cone of dimen-
sion n. Let < be the corresponding monomial term order and g € G-(J). Let v and —v be
in C'\ C° and choose u,u’ € R"™ such that u + v,u’ — v € C°. By Lemma 2.12 we have that
in<(g) = iny(iny(g)) = iny(in_,(g)). However, in.(g) cannot simultaneously be a monomial
in in,(g) and in_,(g) unless v € L(J). [ |

Definition 2.14. For a d-homogeneous ideal J C Kq[z1,...,z,] we define its tropicalization
Trop(J) := {w € R": in,(J) does not contain any monomial}.

In fact, Trop(J) is a d-dimensional subfan of GF(.J), where d is the Krull-dimension of Kq[z1, .. .,
xn)/J.

Definition 2.15. An ideal J C Rz, ..., x,] is called totally positive if it does not contain any
non-zero element of R>o[x1,...,2z,]. For a d-homogeneous ideal J C R[xy,...,z,] the totally
positive part of its tropicalization is defined as

Trop™(J) := {w € Trop(J): iny(J) is totally positive}.

Due to [50] Trop™(J) is a closed subfan of Trop(J) (that may be empty).
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3 Families of Grobner degenerations

In this section, we introduce the main construction of the paper. Let J C Kq[xi,...,z,] be
a d-homogeneous ideal, C' a maximal cone in GF(J) and A the quotient Kq[z1,...,zy,]/J. Our
aim is to construct a flat family of degenerations of Proj(A) that contains as fibers the varieties
corresponding to the various initial ideals associated to the interior of the faces of C. To achieve
this we generalize the following classical construction: take w € C° and consider the ideal

J ;:< S coxapwomin{wsicatol, § ¢ xa e J> C K[Y][z1,. .., zn]. (3.1)

aEZgo aEZgo

Remark 3.1. The ideal J,, induces a flat family Spec (K[t a1, ... ,:L'n]/jw) — Spec(K[t]) whose
fiber over the closed point (t) is isomorphic to Spec(K[z1, ..., zy]/in,(J)) and the fiber over any
non-zero closed point (¢ — a) is isomorphic to Spec(A), see [18, Theorem 15.17]. In fact, (3.1)
and [18, Theorem 15.17] hold more generally for arbitrary cones in GF(J). However, for the
following generalization we focus on maximal cones for simplicity.

To generalize the construction (3.1) we fix vectors 71, ..., 7, € C such that {71,...,7,,} is the
set of primitive ray generators for C, which is possible due to Lemma 2.13. Using Lemma 2.10
we may assume if necessary that r1, ..., r, are non-negative or positive vectors. We denote by r
the (m x n)-matrix whose rows are r1,...,7,. Additionally, we write < for a monomial term
order compatible with C' and denote by G the associated reduced Grobner basis.

Definition 3.2. For f = Zaezgo cox® € J set pp(f) == (ming,2o{ri - }),_, € Z™,

that is we think of ur(f) as a column vector with m entries. We define the lift of f to be the
polynomial fr € K[t1,...,tm][z1,...,2,] given by the following formula

fr = fr(t,x) = ft5 %2, .. ,tr'e"a:n)t”‘r(f) = Z caxtr (),

aEZ%O
Similarly, we define the lifted ideal as

Jp 1= <fr: fe J> CK[t1,. .., tm][z1, -, n],

and the lifted algebra as the quotient

Ar = K[tl,...,tm”wl,...,l'n]/jr. (32)

We proceed by showing that the lifted algebra A, is independent of the choice of vectors
T1,...,Tm € C that represent the primitive ray generators 71, ..., Ty, of C. For this, we identify
generators of the ideal J, which is a crucial matter for applications.

Proposition 3.3. Suppose r{,...,r,, € C are such that T, = 7; in R"/L(J). Let r' be the

r'm
/

m X n)-matriz whose rows are ry,...,r. . Then for g € G we have that gy = Gy.
1 m

Proof. We have that r, = r; +[; for some [; € £(J). Let L be the (m x n)-matrix whose
rows are lq,...,l,. In particular, ¥ = r + L. Write g = Zan’;O caX®. Since g € G we have

by Lemma 2.11 that the value ;- « is the same for all o« with ¢, # 0. Let a; be this common value.
Observe that min., 4o{7; - @} = ming, £o{r; - @} + a;. In particular, we have that the column
vector (ai,...,an) is equal to L - « for all o with ¢, # 0 and therefore py (f) = pe(f) + L - c.
Finally, we compute

gr’ = Z Caxatr/‘ai’u’rl(g) = Z Caxatr'aJrL'a*(Nr(g)ﬁ*L-a) _ gr- n

a€Zl, a€Zl,
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In the following, when there is no risk of confusion, we write J for Jj, f for fr and A for A,.

Notation 3.4. For a = (ai,...,an) € K™ denote by (t — a) the maximal ideal (¢; — ay, ...,
tm — am) of K[t1, ..., tmy]. Then we denote by fl\t:a the tensor product A®K[t1,...,tm}K[t17 eyt
/(t—a). Additionally, for f € K[t1,...,tn][z1,...,2s] let flt=a € K[x1, ..., z,] be the evaluation
of f at t; = a; for i € [m]. Similarly, denote by J|t—a the ideal of K[zy,...,z,] generated by the
set {fle=a: f € J}. For aset B C K[t1,...,tm][z1,... 2] let Blt—a := {blt—a: b € B}. Recall
the isomorphism K[t1,...,t,]/(t —a) — K that sends an element f to f|i—a. It extends to an
isomorphism A|t:a = Klzy,...,zn)/ J |t—a, which explains our choice of notation.

Denote 1 := (1,...,1) € Z™.

Lemma 3.5. Let w = (wi,...,wy) =71+ +7m, andw' = (=1,..., =1, wy,...,w,) € Z™™,
where w; is the weight of x; and —1 is the weight of t; fori=1,...,n and j=1,...,m. Then
for every f € J its lift f is w'-homogeneous. In particular, the ideal J is w'-homogeneous.

Proof. Let f = Zaezgo cax®. Then the lift of f is by definition f = S eax®tr o H) | Notice

that the w'-weight of a monomial coxt* > #() in f is

m m m m
wra—1-(r-a— = Ti 00— T o+ min(r; - §) = min(r; - ).
(r-a— u(f)) ; i ; ok ) min(ric ) = 3 min(ri- f)
This implies the first claim. The second claim is immediate as J = (f: f € J). [ ]

Remark 3.6. In Lemma 3.5 more generally we can choose v = cir1 + -+ - + ¢rm € C° with
¢ € Rsp and v’ = (—c¢1,...,—Cm, V1, ..., Uy). Then J is v'-homogeneous.

Lemma 3.7. Let h € J be w'-homogeneous with w' as in Lemma 3.5. Then h = tuf for some
feJ andueZY,.

Proof. Let h = Zlepifi with f; € J and p; € K[ty,...,tm][z1,. .., z,] w-homogeneous. Then

hle=1 = > i 1 pilt=1fi € J. Furthermore, since h is w’-homogeneous, h = t"hlg=1 for some
u € Z7,. Hence, we can take hlt—1 as f. |

Lemma 3.8. Consider f = Zango caX® € J with a unique monomial cgx® € in(J). That is,

for every o # B with cq # 0, there exists no g’ € G such that x is divisible by in<(g'). Then

J? _ Z Caxatr-(oz—ﬁ) — CﬁXﬁ + Z CaXatr'(a_’B)a (3.3)
a€Zy, aFp

contains a unique monomial with coefficient in K. In particular, this is the case for elements of
the reduced Grobner basis G.

Proof. The assumption that only the monomial ngﬂ of f is contained in in.(J) ensures
that CBXB is also a monomial appearing in in,, (f) for all i. To see this, assume there is a ray r;
such that cgx” is not a monomial in in,, (f) and let w’ = >_jziTj- By [38, Lemma 2.4.5] we can
find an € so that ing .y, (f) = iny (ing, (f)). As we assumed csx” is not a monomial in in,, (f), it
is also not a monomial in ing,y 4, (f). But ew’+r; € C° and s0 ineyr 4, (f) € e, (J) = ine(J).
This however is a contradiction as we assumed that 05x5 is the only monomial in f that is con-
tained in in(J). Therefore, r; - § = min., o{r; - a} for all i and r - 8 = p.(f). Assume on
the contrary that there exists another monomial c,x” in f with r -+ =r- 3. Then ¢,x" is also
a monomial in in,, (f) for all i. Moreover, for w = r; +---+ry,, € C° the initial form in,(f) con-
tains both monomials cgx” and c,x?. But as in,(J) = in<(J) this implies that ¢,x? € in(J),
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a contradiction. Hence, cgx” is the unique monomial in f with i, (f) = r- 3 and we obtain (3.3)
asrt- (a— ) #0 for all & # 8. This completes the proof of the first claim.

To prove the second part, assume that g € G has a monomial term c,x” € in.(J) with
cyxY # inc(g). Then by the definition of the reduced Grébner basis, ¢,x” is not divisible
by in<(¢’) for any ¢’ € G\ {g}. Hence, it should be divisible by in(g), but this cannot happen
as g is d-homogeneous by Lemma 2.11. |

We extend the monomial term order < on K[zi,...,x,] to a monomial term order < on
the polynomial ring K[t1,...,tm,®1,...,2y,) in such a way that t; < x; for all 1 <4 < m and
1 <j<mn,and

x“ < xPt* ifand only if (i) x®<x? or (i) x¥=x" and t* <, th. (3.4)

Proposition 3.9. The set G = {g g € G} is a Grébner basis for J with respect to <. In par-
ticular, G is a generating set for J.

Proof. Since J is w’ -homogeneous by Lemma 3.5, it is enough to show that for every w'-
homogeneous polynomlal h € J there exists some § € G whose initial term divides 1n<<(h)
Let h € J be w'-homogeneous. By Lemma 3.7 there exist f € J and u € Z% such that h = tuf.
We compute

ine (h) = t%ine (f) "L ¢V ing (f) 7 £ ¢V eox@in (g) "R 8 60 e, x® ing (§),

where ¢ is a suitable element of the Grobner basis G for J and v € ZTZ”O. As g € Q, this shows
that G is a Grobner basis for J. Hence, by [29, Theorem 2.1.8] G is a generating set for J. W

As a direct consequence of Proposition 3.3 and Proposition 3.9 we obtain that the lifted
algebra is independent of the choice of vectors ri,..., 7.

Corollary 3.10. Forr and r’ as in Proposition 3.3 we have that A, = A,

The algebras /~1|t:a constitute the fibers of a flat family introduced below. The following
result leads to fibers over different points being isomorphic if they have zero entries in the same
positions.

Proposition 3.11. Consider a = (a1,...,am) and b = (b1,...,by) in K™ with the property
that a; = 0 if and only if b; = 0. Then the algebras Alt—a and Alt—yp are isomorphic.

Proof. Let ¢ be the K-algebra automorphism of Klty, ..., t,] defined by ¢(t;) = Z—:ti if b; £ 0
and ¢(t;) = t; if b = 0. Then p(t —a) = (t — b), so the claim follows by Notation 3.4. [ |

Remark 3.12. For computational reasons it might be desirable to work with ray generators
for C' that are not representatives of primitive ray generators for C. Let r and r’ be two
choices of ray matrices whose rows satisfy Pj = ¢;7; with ¢; € Q for all j. Then we still
have an isomorphism between flr\t:a and flr/\t:a for all a € K™. For the proof it is neces-
sary to extend the polynomial ring Kltq,...,ty] to a ring K[t?, .. ,t;QﬁL], where the ¢;’s are
allowed to have rational exponents. The automorphism of K[t?, e t%] defined by h(t;) = t¥
extends to an automorphism of K[t?, . ,t% [x1,...,x,] with the property h( f,.) = fu for all
d-homogeneous polynomials f € J. The rest follows from Proposition 3.11.

Before presenting our main result we explain how the ideal jr is related to the ideal jw
n (3.1).
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Proposition 3.13. Consider a face T of C spanned by a subset {ri,,...,ri.} of {ri,....,rm}
and the lineality space L(J). We define t; € K[t]|"™ by

(tT)k::{ i kE i) for k=1,....m

1 otherwise,

Then for wy =i, + - - - + 13, we have J|—t, = Jo, .

Proof. Let < be the monomial term order compatible with C. Consider an element g =
Zan’;o caX® in G with in(g) = cgx”. Since the vectors w,, w := w, —r;, and r;, are all in C,
by Remark 2.9:

inc (ing, (9)) = in< (iny(g)) = inc(iny,_(9)) = in<(g) = csx”.

This implies that the initial forms of iny. (g), inw(g) and in,, (g) contain cgx”. In other words,

gll;lén{wT a}—wT-B:(w+ris)'B, g;é%{wa}:w/@a g;%{ris'a}:ris'ﬁ'
Therefore,

(w+ri,)-B= Crg;%{(w +7i,) - af = gl;%{w al+ g;%{ns -aj.
Using the same argument multiple times we obtain that
s s
3;%{@”’) } = 2 min{ry o)
Now the claim follows by comparing the generating sets of ij and J lt=t., - |

We are now prepared to present our main theorem:

Theorem 3.14. Let J be a d-homogeneous ideal in Kq[z1,...,x,], A = Kqlz1,...,2,]/J, C
a mazimal cone in GF(J) with compatible monomial term order < and r an (m x n)-matric
whose rows are representatives of the primitive ray generators of C' C R™/L(J). Then:

(i) The algebra Ay is a free K[t1, ..., ty]-module with basis B, the standard monomial basis
of A with respect to in(J). In particular, we have a flat family

Proj(A (d) x A™
& /

(ii) For every face T of C there exists a, € A™ such that 7~ (a;) = Proj(Kq[z1,..., 2]/
in;(J)). In particular, generic fibers are isomorphic to Proj(A) and there exist special
fibers for every proper face T C C.

Proof. (i) We extend < to a monomial term order < on K[t1,...,tm,z1,...,2,] as in (3.4).
Let B« be the standard monomial basis for A, induced by in (Jr) Then B is a basis for A,
as a K-vector space and a generating set for A, as a K[t1,...,tm]-module. By Proposition 3.9
and [29, Proposition 1.1.5] we have

Be = {fﬁia: ing () ft°x* for all g € G}, Be = {x*: inc(g) fx* for all g € G}.
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Observe that B can be reduced to a K[ty, ..., t,]-basis of A, by defining
]B/<< = ]B<< \ {EB)_(Q 3 EW)_(& S ]B<< with Yy < ﬁ},

where v <  means that 7; < §; for all ¢ and v; < §; for some j. Note that B C B/.. Now
assume there is a monomial t9%* € B’ \ B<. By Proposition 3.9 we have that ing (j) lt=1 =
in<(J). Hence, B/, |t—1 = B«|t=1 = B<. In particular, this implies that X* € B.. But as
B. C B« this is a contradiction to the definition of B/, .

For the second claim, let K[t1,...,ty]alz1,-..,zy] denote the polynomial ring in x1,...,z,
with coefficients in K[ty, ..., ;] and grading induced by d. Then by Lemma 3.8 and Proposi-
tion 3.9 J C K[t1,...,tmlalx1, ..., x,] is d-homogeneous. This yields the embedding Proj (A) —
P(d) x A™. The projection P(d) x A™ — A™ induces the flat morphism 7: Proj(A) — A™ as
A has a K[ty, ..., t,]-basis by the first claim.

(ii) Every face 7 of C induces a face 7 of C' with primitive ray generators 7;,, ..., 7;, for some
i1,...,9s € [m]. We define

0 if ke{i,..., is},
(ar), = ' _{zl is} for k=1,...,m.
1 otherwise,

Then by Proposition 3.13 we have J|—a, = Ju, |i=0 which is equal to in,(J) by Remark 3.1. W

3.1 Torus equivariant families

We explain how the above results are related to Kaveh-Manon’s recent work [33] on the classi-
fication of torus equivariant families.

Consider the lattice N = Z", its dual lattice M = N* and a fan ¥ C N ®z R. We write Xx.
for the toric variety associated to . Furthermore, we define On to be the semifield of piecewise
linear functions on N and Oy the semifield of piecewise linear functions on || N N. For
a,b € Ox, we have a®b := a+b and a ® b := min{a, b}, where the minimum is taken pointwise.
In particular, Oy is partially ordered: a > bif a @ b =0b. A PL-quasivaluation on an algebra A
is a map v: A — Os, that satisfies: (i) v(fg) > v(f) +v(g) and (i2) v(f + ¢g) > min{v(f),v(g)},
where the minimum is taken pointwise in Os. If (i) is an equality, v is called a PL-valuation.
If Ais a graded algebra A = @, ., A, then v is called homogeneous if it is compatible with the
grading, i.e., for f =3 _, cugn with g, € A, and coefficients ¢, we have v(f) = v(gx) for the
smallest k& with ¢x # 0.

Given a sheaf of algebras A on Xy its relative spectrum denoted by Spec(A) is the scheme
obtained from gluing affine schemes Spec(A(U;)), where | J; U; is an open cover of Xy, and A(U;)
is the corresponding section of A.

Theorem 3.15 ([33, Theorem 1.1]). Let A = €, An be a positively graded algebra and
a domain over an algebraically closed field of characteristic zero and ¥ a fan in N ®z R. Then
the following are equivalent information:

(i) a Tn-equivariant flat sheaf A of positively graded algebras of finite type over Xy such
that Spec(A) has reduced and irreducible fibers and its generic fibers are isomorphic to

Spec(A);

(13) a homogeneous PL-valuation v: A — Os; with finite Khovanskii basis. (Given v: A — Os,
for every ray p € ¥ one constructs a quasivaluation v,: A — Z U {oo} with associated
graded algebra gr,(A), see [33, Section 4.1]. A Khovanskii basis for v is a subset B C A
such that for every ray p € X the image of B in grp(A) is a set of algebra generators.)
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Consider a presentation of A, i.e., a surjection pr: K[z, ..., x,] — A whose kernel is a weig-
hted homogeneous prime ideal J and so it induces an isomorphism of graded algebras A =
K[z1,...,2z,]/J. Take a cone o in GF(J). Then o defines PL-quasivaluation v,: A — O,
as follows: let C' be a maximal cone in GF(J) with face ¢ and denote by B. the standard
monomial basis associated to C' (here < is the compatible monomial term order). If in,(J)
is prime, then v, is a PL-valuation. Then for x* € B. we have v,(X%) := — - «a: 0 — Z,
where — - — is the pairing between the lattices N and M, as above. For an arbitrary element
feAwrte f =3 cacp_ caX® Then v,(f) := min.,x{vs(X%)}.

Definition 3.16 ([33]). The PL-quasivaluation v,: A — O, defines a filtration on A with
filtered pieces Fp,(vs) = {f € A: v,(f) > —-m} for m € M. The Rees algebra of the PL-
valuation v, is Ry (A) := @,,car Fm(vs)t™, where we think of £ as a character of the torus
Tn = N ®y C*.

More generally, a PL-quasivaluation can be obtained from a collection of equidimensional
cones o1,...,0, in Trop(J) which are faces of the same maximal cone C in GF(J). Let
Y C Trop(J) be the subfan whose maximal cones are o1q,...,0; and vy: A — On be the
corresponding PL-valuation. By Kaveh—Manon’s classification of toric families this yields a flat
family

: Spec(Rs(A)) —» Xs. (3.5)

Here Ry(A) is the Tv-equivariant flat sheaf of Rees algebras on Xy. The scheme Spec(Rx(A))
is glued from Spec(R,) for o € ¥. For p € Ty C Xy we have ¢~ 1(p) = Spec(A). Moreover, ¥y,
has a special fiber over every torus fixed point of X. More precisely, let p,, be the torus fixed
point corresponding to the (maximal) cone o; € ¥.. Then

¥ (ps,) = Spec (Klz1, . .., 2]/ ing, (J)). (3.6)

Note that we can apply the construction of Definition 3.2 to the ideal J and the maximal
cone C' € GF(J). In what follows we explore the relation between the flat families from (3.5)
and Theorem 3.14. Before stating our results (Theorem 3.19 and Corollary 3.20), we recall
necessary background from [33]. We fix a maximal cone C' in GF(J), denote by G the associated
reduced Grobner basis and let B be the standard monomial basis for the compatible monomial
term order <.

Definition 3.17 ([33]). The PL-quasivaluation ¢ : K[z, ..., z,] — O¢ associated to C' is defi-
ned by g (x%) = —-a: €' — Z. For a polynomial f = ) cox® we have e (f) := min,, 2o{—a}.
The associated Rees algebra is Ro(K[z1, ..., 2,]) = @,,cr Fm(o)t™, where Fy,, (o) is defined
analogous to Fy,(b,) in Definition 3.16.

The PL-quasivaluation vo: A — O¢ is obtained as a pushforward of the PL-quasivaluation
we: Kz, ..., z,] = O¢ along the morphism pr: Klzy,...,z,] = A. An adapted basis for ve
is a vector space basis B for A such that BN F,,(v,) is a vector space basis of Fy,,(v,) for every
m € M. By [33] the standard monomial basis B is an adapted basis for ve. Similarly, the
monomial basis of K[z1,...,z,] is adapted to . Hence, R (A) is a free K[S¢]-algebra with
basis B« and R (K[zq, ..., zy]) is a free K[S¢]-algebra whose basis is the monomial basis, where
Sc := —CY NZ"™ due to our min-convention. In particular:

Re(Klzy, ..., zn]) 2 K[Sc][z1, ..., 2] (3.7)

Manon explained the proof of the following proposition to us. It follows from results in [33].
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Proposition 3.18. For any mazimal cone C' € GF(J), the Rees algebra Rc(A) has an explicit
presentation of form K[S¢][x1, .. l‘n]/J More precisely, the ideal J is generated by homoge-
nizations of elements in the reduced Grobner basis G: let g = X7+ cox® € G and X7 = in¢(g),
then the homogenization of g is

g=x"+ Z caxt’ with ~v—a=p € Sc. (3.8)

Proof. Consider f € K[z1,...,2zn]. It can be written as f = > acp_ caX® + 3 a5 cpxP.
In particular, if we(f) > —-min O¢, then ve(pr(f)) > —-m. So the morphism pr: K[z, ..., z,)
— A induces a map pr,,: Fp,(toc) = Fp (o) for all m. Further, every element in B. N F,(v¢)
is the image of a monomial in F,,(w¢). Hence, pr,, is surjective and we obtain:

@ pr,,: Ro(Klzy,...,z,]) = Re(A).

me(Zm)*

By (3.7) this implies the first claim. Now let J be the kernel of pr. Then J = Doems I,
where J,, = ker(pr,,) C Fp(toe). Now consider an element g € G of form x7 4+ 3 ¢,x® with
X7 = in¢(g). We want to show that the element § defined in (3.8) lies in J for all g € G. Recall
that by the proof of Proposition 3.13, v is such that w-v < w -« for all w € C and all a with
¢a # 0 in g. Hence, w - (v—a)<0and so B=+v—a¢€ —C". In particular, this implies that
g€ J,C Fy(wg). R R )
Lastly, we need to show that J is generated by {g: ¢ € G}. Consider h € J. As J =
D.cmr Jn, we may assume that h € Jy,. Further, as J,, C F(ve) € Klzy,...,2,] we can
think of h as an element of K[zy,...,z,] as well as an element of R¢(K|[x1,...,z,]). Then
inc(h) = x*in<(g) for some g € G of form g = x7 + ) cox® with X7 = in.(g). In particular,
similar to the above the exponent of in. (x*g) = x**7 has the property that w-(u+v) < w-(u+a)
for all w € C and all a with ¢, # 0 in g. So, h — x*g € F,,(t¢). In particular, the division
algorithm with respect to G takes place inside F,(to¢) and yields an expression of A in terms
of {g: g € G}. |

We now recall the Cox construction [14] for toric varieties and refer to [15, Section 5] for
more details. Let ¥ = C'N'Trop(J) and ! denote the dimension of £(J). Fix an (m X n)-matrix r
whose rows 71,. .., 7, are representatives of the primitive ray generators of C' C R"/L(.J). The
rays of ¥, denoted by ¥(1), form a subset of {ri,...,m,}. Recall the definition of the lifted
algebra A, from (3.2). We can apply the Cox construction in two ways, to X¢ and to Xy: First,
let X be the affine toric variety associated to C. Recall that a quasitorus is a product of a torus
with a finite abelian group. Then X is isomorphic to the almost geometric quotient A™//G
(see, e.g., [15, Theorem 5.1.11]), where the group G by [15, Lemma 5.1.1(b)] is the quasitorus

G ={(t1,... tm) € (CHY™: 11 .. .¢Tme =1V € [n]}. (3.9)

One can easily check that if p,g € A™ lie in the same G-orbit, then 7 1(p) = 77 1(q) by Propo-
sition 3.11. Hence, the flat family 7: Spec(Ay) — A™ induces the commutative diagram

Spec(A;)

py l (3.10)

X ¢ A

If p, ¢ € X¢ lie in the same torus orbit, then (pc o m)~!(p) = (pc o w)~1(q) by Proposition 3.11.
Note that po: A™ — X¢ is indeed a morphism. Namely, it is the universal torsor for X¢.
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Similarly, we can apply the Cox construction to the toric variety Xy. For simplicity we
assume that (1) = {ry,...,r,}. In this case the construction has two steps: first we remove
the locus of A™ that does not correspond to torus orbits in Xy, denoted by Z(X). Recall that
C C{r1,...,rm} is a primitive collection for X, if (i) C ¢ o(1) for all o € X, and (i7) for every
c'cce there exists 0 € ¥ with ¢’ C (1). Then by [15, Proposition 5.1.6]

Z(%) = U V(ti:r; €C) C A™. (3.11)

C primitive collection

Now X7y is isomorphic to the almost geometric quotient (A™ — Z(X))//G, where G is as in (3.9)
(see, e.g., [15, Theorem 5.1.11]). In contrast to the morphism po: A™ — X¢ from (3.10),
we obtain a rational map py;: A™ --» Xy as py is only defined on Ty, := A™ — Z(X). Moreover,
py: Ty — Xy is the universal torsor of Xx. Similarly to the first case, this gives the diagram:

) «— Spec(A4,)

T
sz/ lﬂ Ciiry lﬁ (3.12)

> A™

which is commutative. The fibers of the family defined by px. o 7|17,y coincide with the fibers
of 1 defined in (3.5): (px o 7)~L(x) =~ 1(z) for every z € Xy, see (3.6).

In the following, we explain how the flat family of Theorem 3.14 is related to Kaveh—Manon’s
flat family associated to a maximal cone in the Grobner fan.

Theorem 3.19. Let J C Kq[z1,...,x,] be a d-homogeneous ideal and C' a mazimal cone
in GF(J). Letr be an (m X n)-matriz whose rows are representatives of primitive ray generators
for C. Then the morphism m: Spec (Ar) — A™ fits into a pull-back diagram

Spec(R¢) «—— Spec (flr)

‘| I

Here po: A™ — Xo is the universal torsor of X¢ obtained from the Cox construction as
n (3.10).

Proof. We prove equivalently that the corresponding diagram between the algebras is a push-
out. Hence, it suffices to show that

I

Re ®K[Sc] K[t1,. .., tm] = A.

Note that the map pc: A™ — X corresponds to pc K[Sc]—K]t1,...,tm]. In particular,
for a character ¢t~ € K[S¢] with 7f € CV C M the dual of r; € C C N we have pﬁ(t*r;)
=t; € K[t1,...,tm]. Then under the extension of scalars (i.e., applying the functor — ®gg,
K[t1,...,tn]) the homogenization g of an element g € G is sent to the lift g. This can be seen as
follows: by Lemma 3.8 we have §j = x” + 3" ¢,x?t* (=7 By Lemma 2.11 for every ¢ € £(.J) we
have ing(g) = g. In particular, /- = £-y and so a—~ € (L(J)NN)L. Let {¢1,...,4;} be a basis
for L(J)NN. Then {r1,...,rm,¥l1,...,0x} spans N and {r{, ooy} spans (£(J)NN)*t C M.

So every a — < has an expression of form a—vy=> ¢r;. We compute

#
p—(a=) — y—art | y—emry, POy et = gr(e=), (3.13)
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Note that v has the property that r; - v = min., 2o{r; - a}. So, 75 - (@ — ) > 0 and therefore
a —v € CV. Hence, we have

Proposition 3.18
~

Re QK[Sc] K[tl, o ,tm] = (K[Sc] [wl, e ,(L‘n]/j) AK[S¢] K[tl, R ,tm]

1 -
= K[t1,...,tw][z1, ..., 20|/ = A. |

Corollary 3.20. Let J C K|z1,...,z,] be a weighted homogeneous ideal as in Definition 2.1
and C' a mazximal cone in GF(J). Letr be the matriz whose rows are representatives of primitive
ray generators for C and denote Ay by A. Let X be the intersection of C' with Trop(J). Then
the restriction of morphism m: Spec (A) — A™ to 77 1(Tx) = Spec (A) — 7 Y(Z(X)) fits into
a pull-back diagram

Spec(Ry) +—— 7 (Tx)

wi l’f‘wfl(&)

XZ(TE

Here py,: Ty, — Xy is the universal torsor of Xx, obtained from the Cox construction as in (3.12).

Proof. The scheme Xy, and the sheaf Ry, are defined locally for affine pieces U, = Spec(K[S,])
C Xy for 0 € X. Algebraically, for every o € ¥ the pull-back of 1) and py corresponds to the
following push-out diagram:

Ry —— Ry ®K[sg] K[tl, cee atm] (ti: rido)
K[Sa’] _ K[tl, e ,tm](ti: 7"1'€0'>-

Observe that by (3.11) the localization Kl[t1, ..., tm], . r,¢0) corresponds to an affine piece in A™
that does not intersect Z(X). So it is in fact an affine piece of Ts;. We have to show that

Ro ®xs,) Klt1, - tmliti: rigo) = Atti: rego)-

As o is a face of the maximal cone C' by [33, Proposition 3.13] we have R, = R¢ ®x(s,,] K[Ss]-
Using Theorem 3.19 we compute

Ro Qx(s,] Klt1, - tmliti: rigoy = (Re Okise) KISo]) ks, Kltts - - - s tml s rigo)
= RC ®K[Sc] K[tl, cee 7tm} (ti: rido) = A(ti: riZo)- n

4 Grassmannians and cluster algebras

We now apply the machinery developed in Section 3 to the Grassmannians Gr(2,C") and
Gr (3, (CG). Our aim is to make this paper as self-contained as possible and accessible to readers
of broad mathematical background. Therefore, we recall background on tropical Grassmannians
below, on cluster algebras and the cluster structure of Gr(2,C") in Section 4.1 and then in Sec-
tion 4.2 we translate between toric degenerations obtained from the tropicalizations and from
the cluster structure. In Section 4.3, we turn to the application of the flat families introduced
in Section 3 and show how to recover the cluster algebra with universal coefficients in this case.
Similarly, in Section 4.4 we treat the case of Gr (3, (C6).

We first fix our notation for Gr(2,C™). Denote by S the polynomial ring in Pliicker variables
Clpij: 1 < i < j < n]. Here, Pliicker variables are associated with arcs in an n-gon whose
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vertices are labeled by [n] in clockwise order. Hence, we think of [n] := {1,...,n} as a cyclically
ordered set. In particular, i < j < k < [ indicates that in clockwise order starting at the
vertex ¢ the other vertices appear in order j, k, [. Note that in general we might not have
1<i<j<k<l<n. Weset the convention p;; := —pj;;. In S we define for every ¢ < j <k </
the Plicker relation:

Rijri = pijpkl — PikPj1 + Papjk € S-

The ideal I, C S generated by all Pliicker relations R;;j; is called the Pliicker ideal. The quo-
tient As,, := S/Iy, is the Pliicker algebra which is the homogeneous coordinate ring of the
Grassmannian Gr(2,C") with respect to its Pliicker embedding into P(3)~1. The cosets of Plii-
cker variables in the quotient are denoted by p;; € As, and are called Pliicker coordinates.
Denote by d := 2(n — 2) the dimension of Gr(2,C"), so d + 1 is the Krull-dimension of Aj j,.
In S, we fix the notation p™ with m = (m;;);; € Z(zzo) denoting the monomial [T, _;, p?}ij.
The maximal cones in the Grobner fan GF(l2,) are those of full dimension in the ambient
space R(2) with associated monomial initial ideals. The lineality space La, = L(I2,) C
GF(I3,,) is n-dimensional and spanned by the elements /s for s € [n] which are defined by
1 if s=1¢ or s=j
£y)ii = ’
(£s)i {O otherwise.

Note that 1 :=(1,...,1) € R() lies in Lo ,. The Grobner fan of the Pliicker ideal has a subfan
that is particularly interesting when studying toric degenerations of Gr(2,C").

Definition 4.1. The tropical Grassmannian is a simplicial (d+1)-dimensional subfan of GF(I5,,)
defined as Trop(I2,).

Maximal cones in Trop(lz,) are called tropical maximal cones. They are in correspondence
with trivalent trees with n leaves as shown by Speyer and Sturmfels in [49]. To a trivalent tree T
one associates a weight vector in the relative interior of the corresponding cone of Trop(l2,) by

w¥ (pij) := —#{edges on the unique path i — j in T}. (4.1)
To simplify notation we denote iny(I) := in,r(1).

Theorem 4.2 ([49]). For every trivalent tree T with n leaves the ideal iny (I) is toric, i.e., bino-
mial and prime. Moreover, it is generated by iny (Rijp) for all1 <i<j <k <l<n.

Definition 4.3. The totally positive tropical Grassmannian is Trop™ (I2,,).

In [50, Section 5], it was shown that maximal cones in Trop™ (I2,) are in bijection with planar
trivalent trees, i.e., trivalent trees whose vertices are labeled 1,...,n in a clockwise manner.

4.1 Preliminaries on cluster algebras

The Pliicker algebra As j, is in fact a cluster algebra (see Definition 4.4) whose cluster structure
is closely related to the combinatorics governing the tropical Grassmannian. To exhibit this
connection, we recall some facts about skew-symmetric cluster algebras following Fomin and
Zelevinsky [23, 25]. Afterwards, we define finite type cluster algebras with frozen variables
and universal coefficients.

Let m, f € N be positive integers and F = C(uz, ..., Um4y) be the field of rational functions
on m + f variables. Here m stands for mutable and f for frozen. A seed in F is a pair (i, E),



Families of Grébner Degenerations, Grassmannians and Universal Cluster Algebras 19

where X = {x1,...,Znmys} is a free generating set of 7 and B = (bi;) is an (m+ f) xm rectangular
matrix with the following property: the top square submatrix of B (that is the m x m submatrix
of B formed by its first m rows) is skew-symmetric. We call B an extended exchange matriz and
refer to its top square submatrix B as an exchange matriz. We call x = {x1,...,x,} a cluster,
{@m41, .-, Tmyyp} the set of frozen variables and X an extended cluster.

Given k € {1,...,m}, the mutation in direction k of a seed (:7(, E) is the new seed pu (>~<, E) =
(i' . B ), defined as follows:

e The extended cluster X’ = x \ {z1} U {z} }, where

TRT) = H :c?““—k H avi_b““. (4.2)

i: b >0 i: b <0
We call an expression of the form (4.2) an exchange relation and the monomial xjx)
an exchange monomial.

e The extended exchange matrix B’ = (b;) is defined by the following formula

ro —bij if i=k or j:k,
& bij + sgn(bix) max(bixby;,0) else,

where
-1 if by <0,
sgn(bix) = =140 if by, =0,
1 if by > 0.

Definition 4.4. The cluster algebra A()Nc, E) associated to a seed ()Nc, E) is the C-subalgebra
of F generated by the elements of all the extended clusters that can be obtained from the initial
seed ()~<, E) by a finite sequence of mutations. The elements of the clusters constructed in this
way are called the cluster variables. If f # 0 we say that the cluster algebra A(i, E) has frozen
variables, namely, Ty, 41, .., Tt

Remark 4.5. It can be easily verified that, up to a canonical isomorphism, A(;c, E) is inde-
pendent of X. Therefore, we write A(B) instead of A()NC, B).

Remark 4.6. Fomin and Zelevinsky usually define cluster algebras over Q. We recover the
construction described above applying tensor product with C to Fomin and Zelevinsky’s con-
struction.

Theorem 4.7 (|25, Laurent phenomenon)). The cluster algebra A(E) is @ Clzmgt, ..., Tmyrl-
subalgebra of C [xlil, e ,a:,inl, Trtly - ,xm+f] .

Definition 4.8. The cluster algebra with principal coefficients associated to an m x m skew-
symmetric matrix B is the cluster algebra A(BP""), where BP''™ is the 2m x m matrix whose
top m X m square submatrix is B and whose lower m X m square submatrix is the identity
matrix 1,,.

The notion of cluster algebras with principal coefficients is central in cluster theory. Its rele-
vance in the framework of toric degenerations of cluster varieties was highlighted in [28]. In par-
ticular, in loc. cit. the authors work implicitly with cluster algebras with frozen variables and
principal coefficients. This is precisely the notion we need here.
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Definition 4.9. Let B be an extended exchange matrix. Let B be the (m + f) x (m + f)
skew-symmetric square matrix whose left (m + f) x m submatrix is B and whose bottom
right f x f square submatrix is the zero matrix (this information fully determines B since
it is skew-symmetric). Denote by t1,...,t, s the variables of A(Eprin) associated to the last
m+ f directions, which in this case are the frozen directions. Then the cluster algebra with prin-
cipal coefficients and frozen variables A(Eprin) associated to B is the Clt1, ..., tm4y]-subalgebra

of A(Epri“) spanned by the cluster variables that can be obtained from the initial extended
cluster by iterated mutation in the first m mutable directions.

Theorem 4.10 ([16, Theorem 1.7]). Let X be a cluster variable associated to A(Eprin). By

Theorem 4.7 we know that X € Clty,... tyf] [xid,...,xil,:cmﬂ,...,mmﬂ]. Let X|¢=o be

the Laurent polynomial in (C[xicl, e x;tnl,a:mﬂ, e ,xm+f] obtained after the evaluation of X
atty = 0,...,tmqr = 0. Then X|t—o is a non-constant Laurent monomial with coefficient 1.

In other words, for a non-zero vector g(X) = (gf(, e ,gfn(+f) € Z™*F we have that

m+f

g

X‘t:() = H xl- .
i=1

Moreover, if X and X' are different cluster variables then g(X) # g(X').

Definition 4.11. Let X be a cluster variable associated to A(Eprin). The vector g(X) €
Z™*F introduced in Theorem 4.10 is the g-vector associated to X. We refer to the vector
(gf( - ,gﬁ) € Z™ as the truncated g-vector of X. The set of (truncated) g-vectors associated

to B is the set of (truncated) g-vectors of all the cluster variables in A(Eprin).

Remark 4.12. Let X|¢—; be the Laurent polynomial in C [:L‘lil, e ,xﬁl, Tty - - - ,xm+f] obtai-

ned after the evaluation of X at t; =1,...,t,4+s = 1. Then X[t is a cluster variable of A(B).
By a slight abuse of terminology we say g(X) is the g-vector of the cluster variable X |¢—1.

Universal coefficients. We now turn to the definition of finite type cluster algebras with
frozen variables and universal coefficients. This notion is a natural (and slight) generalization
of the usual notion of universal coefficients for cluster algebras without frozen variables intro-
duced by Fomin and Zelevinsky in [25, Section 12]. The difference between these notions arises
from the distinction we make between coefficients and frozen variables, notions that are usually
identified. This distinction was first suggested in [9] and is of particular importance in the study
of toric degenerations of cluster varieties. It was shown in [25] that finite type cluster algebras
can be endowed with universal coefficients. This construction was categorified in [42] and the
categorification was used to perform various computations in the following sections. To further
clarify the preceding discussion let us first recall the notion of finite type cluster algebras with
universal coefficients.

Definition 4.13. An ice quiver is a pair (Q, F'), where @ is a finite quiver with the vertex
set V(Q) and F' C V(Q) is a set of frozen vertices. The vertices in V(Q)\F are called mutable.
If (Q, F) is an ice quiver then the corresponding [V(Q)[ x [V(Q) \ F| matrix is B(q r) := (bis),
where

bij := #{arrows i — j in Q} — #{arrows j — i in Q} (4.3)

for i € V(Q) and j € V(Q) \ F. Note that (4.3) can be similarly used to recover (Q,F)
from B r). The quiver mutation is the operation induced by matrix mutation at the level of
quivers. If F' = () we set Bg := B(q,g)-
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Theorem-Definition 4.14 ([43, Corollary 8.15]). Let Q be a quiver of finite cluster type, that
18 Q is mutation equivalent to an orientation of a Dynkin diagram. The cluster algebra with
universal coefficients associated to Q) is A(Bg“"), where

: B
Buniv _ < DQ >
Q Ug

and Ug is the rectangular matriz whose rows are the g-vectors of the opposite quiver Q°P.

Observe that we have described the rows of Ug but did not specify in which order they appear.
Any order we choose provides a realization of A(Béniv) since a rearrangement of the rows of Ug
amounts to reindexing the corresponding coefficients. So any choice gives rise to an isomorphic
algebra. It can be verified that the cluster algebra with universal coefficients associated to @
is an invariant of the mutation class of Q. In other words, if )’ is mutation equivalent to Q
then A(Bé“i") is canonically isomorphic to A(Bg,’iv). The canonical isomorphism is completely
determined by sending the elements of the initial cluster of B(E,ni" to those of ng}iv.

Remark 4.15. Cluster algebras with universal coefficients as treated by Fomin and Zelevinsky
are defined by a universal property [25, Definition 12.1]. We have chosen Reading’s equivalent
definition since we will not use the universal property here.

If @ is a bipartite orientation of a Dynkin diagram A then the matrix B‘éni" has a particularly
nice and explicit description. More precisely, let ®¥ be the root system dual to the root system
associated to A. Fix ®Y C ®" a subset of positive coroots with {1, .., a,} C ®Y the set of sim-
ple coroots. The almost positive coroots are the coroots in the set @Y _; := @iu{—al, cey =}
The cardinality of <I>\£_1 coincides with the number of cluster variables in A(Bg‘i") which is the
number of coefficients for A(Bgzni"). Hence, we may consider {ya o€ <I>\2/71} as the set of coeffi-
cients for A(Bb“i"). Next, for a coroot 8 =Y 1" | cia; we define [3 : a;] := ¢;. With this notation
we have the following description of Bg™" which is a reformulation of [25, Theorem 12.4].

Proposition 4.16. The entry in Béni" in the column © and the row corresponding to yg is
[B:«ay] if i is a source and —[B : o] if i is a sink.

Definition 4.17. Let (Q, F) be an ice quiver whose mutable part is a quiver Q™" of finite
cluster type. The associated cluster algebra with universal coefficients is A(Bun“’ ), where

(Q.F)
univ. - __ [ 7BLQLF) B
(Q’F) UQmut

and Ugmu is the matrix whose rows are the truncated g-vectors of the opposite quiver (Qmutyop,

Remark 4.18. The algebra A(Bzgi})) satisfies a universal property which is a straight forward
generalization of the universal property of a cluster algebra without frozen directions and with
universal coefficients, see Remark 4.15.

The Grassmannian cluster algebra A, ,,. We now turn to the cluster algebra that is of most
interest to us, and use the combinatorics governing the cluster structure of As ,,: triangulations of
an n-gon. The vertices of the n-gon are labeled by [n] in the clockwise order. An arc connecting
two vertices ¢ and j is denoted by ij and we associate to it the Pliicker coordinate p;; € A .

Definition 4.19. A triangulation of the n-gon is a maximal collection of non-crossing arcs
dividing the n-gon into n — 2 triangles. To a triangulation T" we associate a collection of Pliicker
coordinates xp := {ﬁij: ij is an arc in T} which is the associated cluster. The elements of xp
are the cluster variables. The monomials in Pliicker coordinates which are all part of one cluster
are the cluster monomials.
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Note that every triangulation T contains the boundary edges 12,23,...,n1. The correspon-
ding cluster variables pi2, P23, ..., P1, are frozen cluster variables. All other variables p;; with
i # j & 1 are mutable cluster variables. To every triangulation T we associated an ice quiver.

Definition 4.20. For a triangulation 7', we define its associated ice quiver (QT, FT): the vertices
V(Qr) are in correspondence with arcs and boundary edges ij € T; Two vertices L and vg;
are connected by an arrow, if they correspond to arcs in one triangle. Inside every triangle,
we orient the arrows clockwise. The set Fr consists of vertices corresponding to the boundary
edges of the n-gon, hence F' does not depend on T'. We neglect arrows between vertices in F,

see Figure 1.

6’ g

Figure 1. On the right a triangulation 7" of the 8-gon and its corresponding quiver Q7. On the left its
corresponding extended tree Dp dual to T which is a trivalent tree with 16 leaves.

We first recall some classic results due to Fomin—Zelevinsky and Fomin—-Shapiro—Thurston.

Theorem 4.21 ([23]). For all n > 3 the ring As, is a cluster algebra with frozen variables.
More precisely, if (QT,FT) is the ice quiver associated to a triangulation T of the n-gon then
Aoy = A(B(Q%FT)) as C-algebras. Moreover, the cluster variables associated to B, ) are
precisely the Plicker coordinates and the exchange relations are precisely the Pliicker relations.

Theorem 4.22 ([21]). The set of all cluster monomials is a C-vector space basis for the alge-
bra As, called the basis of cluster monomials.

We endow A, with universal coefficients associated to its mutable part. This is an example
of a cluster algebra with frozen directions and coefficients in the sense of [9].

Notation 4.23. Let (QT, FT) be the quiver associated to a triangulation of the n-gon. We de-
note by Q" the full subquiver of Q7 supported in the mutable vertices V(Qr) \ Fr. In par-

ticular, Q7" is mutation equivalent to an orientation of a type A Dynkin diagram.

Definition 4.24. Let T be a triangulation of the n-gon. The Plicker algebra with universal

coefficients 52;" is the cluster algebra defined by the extended exchange matrix

Buniv _ < ?QQLET) ) .

(Qr.FPr) — Ugmut
T

Up to canonical isomorphism, 52;" = A(BE‘CS;’ FT)) is independent of T.

The quivers QF" and (Q%ut)Op define canonically isomorphic cluster algebras whose cluster
variables (denoted by p;;) are both in bijection with arcs ij of the n-gon for which 2 <i+1 <
j < n. Hence, the rows of Uth are also in bijection with these arcs. We write y;; for the

coefficient variable of Ag’nﬁ" corresponding to the arc ij.
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Figure 2. A triangulation of the 5-gon and the associated matrix B(QT Fr):

Example 4.25. Let (QT, FT) be the ice quiver associated to the triangulation of the pentagon
depicted in Figure 2. The corresponding rectangular matrix for universal coefficients can be
found on the right side of Figure 2. Incidentally, in this case the rows corresponding to the uni-
versal coefficients coincide with the rows corresponding to the frozen part of (QT, FT). However,
for polygons with more than 5 sides this will not be the case.

To get a better understanding of the cluster algebra Sr;;v we now turn to the combinatorial

gadgets that govern its definition: g-vectors of Pliicker coordinates. Their description involves
two more combinatorial objects associated to a triangulation 7', namely its dual graph D and
its extended dual graph ﬁT. Recall that non-interior vertices of a tree graph are called leaves.
Moreover, two leaves that are connected to the same interior vertex form a so-called cherry.

Definition 4.26. Fix a triangulation T of the n-gon. The trivalent tree Dp is the dual graph
or ribbon graph of T'. It has n leaves and its interior vertices correspond to triangles in 1. Two
interior vertices are connected by an edge if their corresponding triangles share an arc. Vertices
corresponding to triangles involving a boundary edge ¢ — 1,7 are connected to the leaf 7. The
trivalent tree lA?T is obtained from Dy by replacing every leaf ¢ by a cherry with leaves ¢ and 7,
where (in the clockwise order) ¢’ labels the first leaf. We call Dy the extended tree dual to T.

Note that the tree Dy is by definition planar. See Figure 1 for an example. Moreover,
the extended tree Dr can alternatively be defined as the dual graph of a triangulation 7' of

the 2n-gon with vertices 1/,1,2/,2,...,n/,n in the clockwise order. Here T is obtained from T
by replacing every boundary edge i — 1,7 by a triangle with a new vertex labeled by /. Then
Dr = Dy

We now focus on giving a combinatorial definition of the g-vector associated to a Pliicker
coordinate with respect to a triangulation 7. The reader can find an equivalent definition above
in Definition 4.11. The g-vectors can be read from the extended tree ﬁT. First, observe that
the interior edges of lA?T correspond to the arcs and the boundary edges in T" and, therefore to
the cluster variables of the associated seed.

Sign conventions for g-vectors. Consider a path in the tree ﬁT with the end points
in {1,...,n} (not in {1’,...,n’}). Say the path goes from i to j. For simplicity, we fix an ori-
entation of the path and denote it by i ~» j (what follows is independent of the choice of
orientation). As BT is trivalent, at every interior vertex the path can either turn right or left.
Denote by ez the edge in ﬁT corresponding to an arc ab € T and let v, and vgg be the

vertices in Dy adjacent to e_;. Given the path i ~» j we associate signs a?fij € {-1,0,+1} to

every ab € T as follows:

1. If the path ¢ ~ j either does not pass through ez, or it passes through e_; by turning
right at Ve and turning right at vepe, or it passes through e by turning left at vqp. and
turning left at vgpg: then o =.

i~ g
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2. If the path i ~ j passes through the e_; by turning left at vy and turning right at vgpq:
then ogﬂj =41

3. If the path i ~ j passes through the e_; by turning right at v, and turning left at vgpqa:

b
then o’ ; = —1.
Cases 2 and 3 are depicted in Figure 3. We leave it to the reader to verify that ofij = a;‘ii.

Later we replace the end points ¢ and j by the interior vertices of f)T and use the same symbol.

Figure 3. Sign conventions to compute g-vectors.

Definition 4.27. Let {fab}@eT be the standard basis of Z2"~3. For the Pliicker coordinate Dij
consider the path from ¢ to j in ]371. The g-vector of p;; with respect to T' is defined as

T L ab
gij ‘= E O'iwjfab-
abeT

Similarly, we define the g-vector of a cluster monomial as the sum of the g-vectors of its factors.

Note that for ij € T we have gij = fij. When there is no ambiguity, we write g;; instead
of gz;

Figure 4. Combinatorial translation between laminations on triangulations (as in [22]) and paths on trees
(as in Definition 4.27) to compute truncated g-vectors. The red lines corresponds to the simple lamination
associated to ij.

Lemma 4.28. Let T be a triangulation of the n-gon. The g-vector gg; of a Pliicker coordinate D;;
with respect to T introduced in Definition 4.27 coincides with the g-vector g(p;j) (from Defini-
tion 4.11) of the cluster variable p;; of A(B(Q%FT)).

Proof. We use some of the terminology of cluster algebras associated to surfaces developed
in [22]. The algebra Ay, is a cluster algebra arising from an orientable surface with marked
points, in this case a disc with n marked points in its boundary. As such, the truncated g-vectors
of its cluster variables can be computed using laminations in the surface as explained in [22,
Proposition 17.3]. To be more precise, the truncated g-vector of p;; is the vector containing
the shear coordinates of the internal arcs of T" with respect to the simple lamination associated
to the arc ij. The key observation is that the combinatorial rule defining shear coordinates
translates to our combinatorial rule to compute gz; In Figure 4 we visualize the translation
from our combinatorial rule to the one defining shear coordinates from [22, Definition 12.2,
Figure 34]. Shear coordinates are only associated to internal arcs and, therefore, can only
compute truncated g-vectors. However, the extended exchange matrix E(QT, Pr) is the submatrix

of Bg.. .. associated to the internal arcs of the triangulation T of the 2n-gon. As a consequ-
QT? T N

ence g(pij) = glig [
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Figure 5. The full subtree of ﬁT with leaves i, i’, j, k, | and labeling as in the proof of Lemma 4.31
(ignoring ', d, v') and Proposition 4.34. Blue marks refer to certain paths in the tree and the labels v;,
vj, Uk, U1, v, V' to the corresponding elements of 7273, We follow the convention in Figure 3.

Example 4.29. Consider the triangulation 7' depicted in Figure 1 and its corresponding
tree Dp. Then g;; = f;; for ij € T. We compute the g-vectors of the remaining Pliicker
coordinates:

g15 = fir — far + fa5, 86 = fir — for + fs6, 837 = far — fia,

g4 = fl2 — fiz3+ fa4,  8or = fio— fuu+ far, 835 = fas — fia,

gos = fi2 — fia + fas,  8os = fi2 — fir + frs, 838 = frs — fi7,

816 = far — for + fse,  8as = fra— fir + frs, 826 = fi2 — fia + far — f51 + fres
gss = frs — far + fas,  8es = fs6 — for + frs, 836 = —f1a+ far — f51 + fre-

4.2 Toric degenerations

In this section, we use the g-vectors from Definition 4.27 to obtain a weight vector for every
triangulation of the n-gon. The initial ideals of I, arising this way are toric. Throughout this
section we fix a triangulation 7.

Definition 4.30. Consider a quadrilateral with vertices 4, j, k, [ inside the n-gon. The arcs ik
and jl are called crossing arcs, if when drawn inside the n-gon the corresponding arcs cross
each other. Let My, be the set of crossing monomials p;;p;i, where in the quadrilateral with
vertices i, j, k, [ the arcs ik and jl are crossing. Let Ma, C S be the monomial ideal generated
by Ms .

Lemma 4.31. Given a Plicker relation p;jpr — pikpji +pupjx with i < j < k <[ the multidegree
induced by the g-vectors for the triangulation T on the monomials agrees for exactly two terms.
Moreover, one of those terms is the crossing monomial p;pji.

Proof. Consider the extended tree BT and restrict it to the full subtree with leaves ¢, 7, k, L.
By definition, the subtree has four leaves and edges of valency three or less. Without loss of
generality we may assume the leaves are arranged as in Figure 5. Two vertices of the subtree
are trivalent, namely the one where the paths ¢ ~» j and [ ~» j meet, respectively where
the paths j ~» i and k ~~ 7 meet. Assume these vertices come from triangles in T' labeled
by a1, b1, c1, respectively ao, bs, co. Denote the vertex of lA)T corresponding to the triangle
ay, by, ¢ (respectively ag, ba, c2) by Ay (respectively Ag). We compute the g-vectors for all
Pliicker coordinates whose indices are a subset of {i,7,k,l}. To simplify the notation in the
computation we use the following abbreviations

o pq o pq — pq o pq
Ui = E :inalfpm vy = E :UjWAprqv v = E :leAlme Vg = E :UkwAszQ'

pgeT pgeT pgeT pgeT
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So v; is the weighted sum (with respect to the sign convention as in Figure 3) of the edges on
the path from i to the vertex Ay excluding fo,c,, etc. Further, let v := 3 U%WAQ fpq- Then

aicy a1by azcy azbz
g] - vl + O—zwj falcl + O-zw] falbl + v + O—zw] fa202 + 0—7,«/»] fab + Uj:

aicy a1by asco baco
8ik = VU + O—zwj falcl + Uzw] falbl +v+ (1 + sz] )fa202 + Uzwkfb202 =+ Uk,

gjt =+ ijl L fore — (1— Uf«f)]l)falbl + 0+ 0727 fage, + Uﬁf}zf@bg + vy,
gk = v + ijl e — (1= Ufib;)falbl +v+ (1+ Uficf)fagcQ + o2 f v,
ga=v+(1+ Uf$§1)fa1c1 —(1- Ufifll)fblcl + vy,
gir=v; — (1+ afibf)fam (1+ afffﬁ)fbgcg + vg.
In particular, we have g;; + gu = gir + &1 7# i + k- [ |

Recall from (4.1) how to obtain a weight vector from a trivalent tree with n leaves in
Trop(l2,,). The following corollary is a direct consequence of the proof of Lemma 4.31.

Corollary 4.32. Without loss of generality by Lemma 4.31 assume that for i < j < k < I,
gij + 8k = ik + &j1 7# i + 8jk- Then inp,.(pijpri — PikPji + PiaPjk) = PijPki — PikPjl-

Definition 4.33. A quadrilateral weight map for a triangulation T is a linear map wy : R?"~3
— R, such that for every quadrilateral abcd with diagonal @¢ in 1" we have:

Wy (fad + foe) > wr(fap + fea)- (4.4)

Note that (4.4) is equivalent to saying that for every mutable vertex ac of the quiver Qr we
require wT(Zm e 8pg) > wr( Yo P 8pq). Before we show that quadrilateral weight maps
do in fact exist (in Lemma 4.39, using Algorithm 1) we proceed by showing how they can be
used to construct weight vectors in Trop(lz,,) from g-vectors.

Proposition 4.34. Consider any i < j < k <1 with g;j + g = gir + 1 # i + gjx and any
quadrilateral linear map wr: R*™3 — R. Then wr(gij + 8kt) = wr(ik + &j1) < wr(gi + jk)-

Proof. Without loss of generality assume that the full subtree of lA?T with leaves i, j, k, I
is of form as in Figure 5. For s = 1,2 let Ag be the vertex of lA)T corresponding to the tri-
angle ag, bs, cs in T. We proceed by induction on the number of edges along the unique path
from As to Ay, denote it by p.

p = 1: In this case we have a; = d = ag and b; = ¢ in Figure 5. Note that every quadrilateral
linear map wy satisfies W (fage; + foges) > W (fagby + fese, ). Using Lemma 4.31 we compute

wr (it + jk) = Wr(8ij + 8kt + faser + fooco — fasbs — feser) > wr(Gij + rt)-

p > 1: Assume that the result holds for p. When the number of edges along the path from vg,p,c,
t0 Vaybye, 1S P+ 1 we know there exists at least one leaf of form either ¢/ with ¢ < i’ < j or &/
with k < k' < I. We treat the first case, where i’ exists depicted in Figure 5. The proof of the
second case is similar. All expressions of g-vectors for Pliicker variables in the relation R;jx
appear in the proof of Lemma 4.31. The g-vectors involving 7’ can be computed similarly.
By induction we know that for the relation R;j we have wr(gi; + gin) < wr(gi + 8ij)-
Further, by assumption on wr we have wr(fa,d + fooes) > WT(fashy + fepd). One verifies by
direct computation that

wr(gi + &jk) = wr(a + &) + wr(jk — ij)

> wr(gij + k) + wr(gjk — Girj + it — ki)
= wr(8ij + 8kt) + W (fagd + fooes — fasby — fera) > wr(8ij + 8r1)- L
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Definition 4.35. Fix a quadrilateral linear map wz: R?*»~3 — R. We define wr € R() the
weight vector associated to T and wr as (Wr)ij == wr(8ij)-

Proposition 4.36. For each quadrilateral weight map wr: R**™3 — R, the initial ideal
inw, (I2,) is toric. Moreover, every binomial in the minimal generating set of inw,.(I2,) cor-
responds to a quadrilateral and it contains the monomial associated to the crossing in that
quadrilateral.

Proof. By Proposition 4.34 and Corollary 4.32 we have inp,(Rijx) = inw, (Rijr) for every
Pliicker relation R;;;;. By Lemma 4.31 these initial forms are binomials and one monomial
corresponds to the crossing in the quadrilateral ijkl. By [49, Proof of Theorem 3.4] we know
that inp, (l2,n) is generated by inp, (Rijx) for all 1 <i < j < k <1 < n. Moreover, by [49,
Corollary 4.4] the ideal inp,.(I2,) is binomial and prime. [

Remark 4.37. As shown in Proposition 4.36, each triangulation of the n-gon gives rise to
a Grobner toric degeneration of Gr(2, C™). For general Grassmannians, there are other examples
of combinatorial objects leading to toric degenerations such as plabic graphs [7, 46] and matching
fields [12, 13, 39]. All such degenerations can be realized as Grobner degenerations, nevertheless,
this is not true in general; see, e.g., [32] for a family of toric degenerations arising from graphs
that cannot be identified as Grobner degenerations.

Existence of quadrilateral weight maps: For every triangulation 7" we give a weight map
obtained from a partition of the cluster xp, which is the output of Algorithm 1. We use it to
define a linear map vy : R?*~2 — R and show in Lemma 4.39 that it is quadrilateral for 7.

Input: An initial cluster xp with its corresponding triangulation 7" and its quiver Q.
Output: A partitioning of the initial seed indices.

Initialization: 7 + 0;

T < the corresponding triangulation of x7;

Q + Qr;

while T' is not empty do

Vi :={v: v is a frozen vertex in @) and a sink};
foreach triangle t in T do
if t has an edge whose corresponding vertex in @ is in V; then
T < T\ {t} (Remove the triangle ¢ from T');
Q < Qr;
end
end
11+ 1;
end
Vi e xr \ (Vi U+ U Vi q);
return (Vp,...,V;);

Algorithm 1: Partitioning the cluster xp based on its triangulation 7" (union of triangles).

Description of Algorithm 1. The input of the algorithm is a triangulation T of the n-gon.
The output is an ordered partition of x7. We repeatedly shrink 7" to obtain a quiver associated
to smaller triangulations. More precisely, in step ¢ we identify the frozen vertices of Q1 that are
sinks, i.e., they have no outgoing arrows. Then we add the corresponding arcs to the set V; and
remove the corresponding triangles from 7. Note that in this process, we might remove edges
whose corresponding vertices are not in V;, but they are part of a triangle with an edge in V;.
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Let Vp,...,V; be the partition of the initial seed indices obtained by applying Algorithm 1
to the triangulation T' associated to the initial seed x7. Refining the output of the algorithm
yields an ordering on the variables of our initial seed, or equivalently the arcs of our initial
triangulation.

Example 4.38. We continue with our running example and compute a partition of the initial
seed indices as Vy = {56,12,78}, Vi = {13,45}, Vo = {17,14,47} and V3 = {57, 34,23,67,18}.

Lemma 4.39. Given a triangulation T consider the partition of xp = Vo U --- U Vs obtained
from Algorithm 1. Let vp: R?™3 — R be the linear map defined by sending basis elements fij
with ij € T to q, where ij € Vy. Then vr is a quadrilateral linear map for T'.

Proof. Consider a quadrilateral i < j < k < [ in T with ij, jk, kl, li and ik € T. As the
algorithm ends when there is only one triangle or one arc left, there are two possibilities: either
one of the triangles ijk, kli is cut off first, or both triangles are cut off at the same time. In the
first case we may assume the triangle ijk is removed first. Then ij € V,,, [k € V, and jk,il € Vj
for some p < ¢ < s with p < s. In the first case p and ¢ are different, while in the second they
are equal. So in either case, we have vr(fi;+fr) =p+q < s+s=vr(fjr + fu) |

4.3 A distinguished maximal Grobner cone

In order to apply the construction from Section 3 in this section we identify a particular maximal
cone C in GF(I,). We analyze the cone C' and apply Theorem 3.14. In the following section
we will show how this construction is related to adding universal coefficients to the cluster
algebra Ag .

Definition 4.40. Let u € Q(g) be the weight vector such that the weight of p;; is:

2
U(Pij)iz—(j—i—g> for 1<i<j<n.

Example 4.41. For n = 8, the Pliicker variables associated to boundary arcs receive the lowest
weight, which is —9. Mutable Pliicker variables have the following weights:

0, if min{|j —1i|,|i—j|} =4,
w(pij) =< —1, if min{|j —i|,|i — j|} = 3,
—4, if  min{|j —i|,i — j|} = 2.

Lemma 4.42. With u as in Definition 4.40 we have in,(I2,) = Ma, from Definition 4.30.

Proof. Consider the quadrilateral with vertices ¢ < j < k < [ and its corresponding Pliicker
relation R;jk = pikPji — PijPki — PiaPjk- Lhe arcs ik and jl are crossing, hence we have to show
that (a) in,(Rijki) = pikpji and (b) the crossing monomials generate in,(I2,). To prove (a) we
verify that

u(pikpji) = w(papjr) +2(5 — i) — k) > u(papjr),
w(pikpji) = u(pijpr) +2(k — j)(n +1i — 1) > u(pijpr)-
To establish (b), we apply Buchberger’s criterion and show that all the S-pairs S(Rijxi, Rabed)

reduce to 0 modulo {R;jki }1<icjck<i<n. If ing(R;jr) and iny, (Rgpeq) have no common factor, then
S(Rijkl, Ravea) reduces to zero (see, for example, [29, Lemma 2.3.1]). Assuming that in,(R;jx)
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and in, (Rgpeq) have a common factor we distinguish two cases, in each we underline the crossing
monomials. Consider R;j;s and R, where without loss of generality i < j <k <l <71 < s:

S(Rijis; Rikir) = PrrPisPij + PkrDjiDis — PjsPikPir — PjsPirDki

= _pinles - pistle + perijk:s + pk:lRijrs-
The second case for R;jx; and Rjpyy, with @ < j < k <1 <m is similar. [ |

Let C' € GF(I3,,) be the maximal cone corresponding to the monomial initial ideal My ,, and
let < denote the compatible monomial term order on S. By definition the standard monomial
basis B< (see Definition 2.5) is the set of monomials that are not contained in the ideal generated
by crossing monomials. So we call it the basis of non-crossing monomials.

Proposition 4.43. The basis of non-crossing monomials of Ay, coincides with the basis of
cluster monomials (see Theorem 4.22).

Proof. For every standard monomial p"™™ with m € Z(>20) we draw all arcs i in the n-gon, for
which m;; # 0. By definition there is no pair of crossing arcs. Hence, the set of arcs can be
completed to a triangulation and p” is a cluster monomial for the corresponding seed. On the
other hand, every cluster monomial is contained in B which completes the proof. |

Proposition 4.44. The monomial ideal Ma,, is the unique common monomial degeneration of
the toric ideals iny(Ia) associated to triangulations T constructed in Proposition 4.36.

Proof. For every weight vector wp associated with a triangulation 7" and a quadrilateral lin-
ear map wr we have in, (ian (1—2’”)) = Dy, (inu(Ig,n)) for w as in Definition 4.40. Given
i < j < k <1, we choose a triangulation T containing the arcs ij, jk, ki, li and ik. Then
inw, (Rijr1) = pijpri — Pikpji by Proposition 4.34 and Corollary 4.32. Now consider 7" obtained
from T by flipping the arc ik, so T' contains jl. Then in,, (Rijx) = —pikpji +Paljk- SO —DikPji
is the only monomial that simultaneously is an initial of iny, (Rjx) and inw,, (Rijr) for all
1<j<k<l |

As mentioned in Remark 4.37 there are various ways to associate a toric degeneration to a tri-
angulation or more generally a seed. The most general construction is the principal coefficient
construction introduced by Gross-Hacking—Keel-Kontsevich in [28, Section 8]. We can now
relate their construction to the Grébner toric degenerations for Gr(2,C") in Proposition 4.36.

Corollary 4.45. The quotient S/iny(I2,,) is isomorphic to the algebra of the semigroup gene-
rated by {gij: 1 < i < j < n} C 723, In particular, the central fiber of the toric Grébner
degeneration induced by T is isomorphic to that of the degeneration induced by principal coeffi-
cients at T'.

Proof. The quotient S/inr(I3,) has a vector space basis consisting of standard monomials
with respect to C. By Proposition 4.43 this basis is in bijection with cluster monomials which
are further in bijection with their g-vectors. In particular, S/inr (I3 ,,) is a direct sum of cluster
monomials with multiplication induced by the addition of their g-vectors by Proposition 4.34.
Hence, it is isomorphic to the algebra of the semigroup generated by {g;;: 1 < i < j < n}
C Zan?)_

Moreover, by [28, Theorem 8.30] the central fiber of the toric degeneration induced by adding
principal coefficients to the seed corresponding to T is defined by the algebra of the semigroup
generated by {g;;: 1 <i < j<n}cCZz>3. |
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Theorem 4.46. In R(3) we have C' N Trop(I2,,) = Trop™t (I2,). In particular, every (d + 1)-
dimensional face of C' corresponds to a planar trivalent tree and Trop™ (I2,,) is the closed subfan
whose support is the set of (d + 1)-dimensional faces of the cone C.

Proof. Every planar trivalent tree with n leaves arises as the dual graph of a triangulation T°
of the n-gon. By Proposition 4.36, every weight vector wr gives a toric initial ideal. Hence,
wr lies in the relative interior of a maximal (i.e., (d + 1)-dimensional) cone o in Trop™ (I2,,).
Furthermore, op is a face of C' by Proposition 4.44. The opposite direction follows from the
following claim.

Claim: Let T be a trivalent tree with n leaves. If iny(R;;x) contains the monomial p;p;; for
all 1 < j < k <l then T is planar.

Let T be a non-planar trivalent tree. Without loss of generality we assume that 1 < i < j <
k < I < n are labels of T appearing either in clockwise order: i, k, j, | or in anticlockwise
order: ¢, k, j, l. We prove the claim for the clockwise case, the anticlockwise case is analogous.
We consider the full subtree with leaves i, j, k, [ (similar to the picture in Figure 5, but ignoring
the doubled leaves and exchanging k£ and j). Then iny(Rijr) = pijPrl + PiPjk, & contra-
diction. |

Corollary 4.47. The cone C is defined by the lineality space Lo, and additional (g) —n rays
rij € RG) with 2 <i+4+1<j<n defined by

-1 if keli+1,j]Fl or k&li+1,j]31,

(rij)e = ,
0 otherwise.

Moreover, C is a rational simplicial cone whose faces correspond to collections of arcs in the

n-gon.

Proof. As we have identified a fan consisting of all (d + 1)-dimensional (closed) faces of C, all
the rays of C (i.e., (n + 1)-dimensional faces, where n = dim Ls,,) are also rays of Trop™ (I2,).
By the combinatorial description of Trop(I2,) from [49], we know that the rays correspond to
trees with only one interior edge (corresponding to a partition of [n] into two sets). The rays of
the cones corresponding to planar trivalent trees are therefore in correspondence with partitions
of [n] into two cyclic intervals. To a (non-trivalent) planar tree we associate a weight vector as
in (4.1). n

Let r denote the matrix whose rows are %rij for all 2 < i+ 1 < j < n and recall the lifting
of elements from Definition 3.2 (and Remark 3.12). In the following we denote fr by f for
all felS.

Proposition 4.48. For alli < j < k <[ we have that Rijkl = Riju(t), where

Rijri(t) := —pixpji + putpjk H tab + PijPkI H tab-
a€li,j—1], be[k,l—1] a€lj,k—1],bell,i—1]

Proof. We show that every variable t,;, occurs with the same exponent in Rijkl and R;jp(t).
For simplicity, we adopt the notation R;ji = —p©kTetl 4 peiteir 4 peister To compute the
exponents of a variable t,, in Rijkl we have to distinguish several cases. We give the proof for
only two of them as all others are similar.

Case 1. Assume that i € [a + 1,b] Z j,k,l. Note that due to symmetries this is equivalent to
assuming ¢ & [a+1,b] 3 j, k,I. Then %rab (e +ej) = %Tab (e +ejr) = %rab- (eij +ew) = —%.
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Hence, in Rijkl the variable t,;, does not appear. One can see that t,; also does not appear in
R;jki(t), since neither b € [I,i — 1] nor b € [k,l — 1].

Case 2. Assume that i,j € [a + 1,b] Z k,l. Note that this is equivalent to assuming i,j ¢
[+ 1,b] 3 k,I. Then %rab (e +€j1) = %rab - (eir + €j5) = —1 and %rab - (eij + ext) = 0.
Hence, in Rijkl the variable t,, does only appear with exponent 1 in the coefficients of the
monomial p;;pr. As we assumed 7,5 € [a + 1,b] Z &, it follows that a € [[,4 — 1] and b €

[7,k —1]. So in Ry;ii(t) the variable t,, appears also with exponent 1 in the coefficient of the
monomial p;;ppi- |

Corollary 4.49. The algebra flgm =S[ti;:2<i+1<j< n]/fg,n is a free Cltj;: 2 <i+1<
Jj < m]-module with basis given by the cluster monomials. Moreover, fibers of the flat family

LT n(n—3) . . . .
m: Proj(Asn) — A~ 2 are in correspondence with collections of arcs in the n-gon.

Proof. The first part is a direct corollary of Proposition 4.48, Theorem 3.14(i) and Proposi-
tion 4.43. The second part follows from Theorem 3.14(ii) and Corollary 4.47. [

We are now prepared to state and prove our main result for Gr(2,C").

Theorem 4.50. The Plicker algebra with universal coefficients ‘2“;;" is canonically isomorphic
to the quotient Az’n =St;:2<i+1<y< n]/fgn

Proof. Recall that A‘Q‘f}iv has the same set of (frozen and mutable) cluster variables as Ag ,,
namely {p;;: 1 <i < j < n}, and additionally coefficients {y;;: 2 <i+1 < j <n}. We define
e S[tir2<i+1<j<n]— AR,
Dij — Dij for 1<i<j<n,
tij = Yij for 2<i+1<j<n.

This morphism of C-algebras induces the desired isomorphism between Agf}i" and flgm. By Pro-

position 3.9 the li~fts of Pliicker relations Rijkl generate the lifted ideal ig}n. We proceed by
showing that \If(Rijkl) is the corresponding exchange relations in Agf}i". Since the mutable

parts of BE‘Z?“;’ Fr) and B, ry) coincide for every triangulation 7' there is a natural bijection

between cluster monomials of As, and Ab‘;‘iv. It is the only bijection that sends the initial
cluster variables of B, r,) to those of B&S‘;’ Fr) and commutes with mutation. Further, it

induces a bijection between the exchange relations associated to B(g,. p;) and B](JCIQHTY Fr) which
yields bijections between the sets:

R” M € Lo with quadrilaterals with vertices exchange relations
05k, L€ [n], 1 < j < k <!lin the n-gon of Auniv '
i<j<k<l 2.n

Consider a quadrilateral with vertices i < j < k < [ in the n-gon and fix a triangulation 7" in
which this quadrilateral occurs. So without loss of generality we have ij,ik,il, jk, kl € T (see,
e.g., left side of Figure 6). The exchange relation of ‘2“};" associated with the quadrilateral
1< j<k<lis of form:

univ

ijkl ‘= —PikDjl + PijPkl H Yab + DilPjk H Yabs
(&)y)ik=—1 (&)y)ik="+1

where g, is the ab' row of Uguue and (gcvbb)i . 18 its entry in the column of BE‘S?’ Fp) COrTesponding

to the mutable variable p;;. Hence, we need to compute those rows of UQ¥ut with non-zero entries
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~

A
A\
¥

Figure 6. A quadrilateral i < j < k < [ in a triangulation T and the reflected triangulation T from
which truncated g-vectors with respect to (Q?ut)Op (i.e., columns of UQ,%M) can be read off.

in the ik column. To do so, we embed T into R? and consider a hyperplane H C R? which

does not intersect T. Let T be the image of T under the reflection sy with respect to H and

denote m' := sy (m) for all m € [n]. Naturally, we have Q7v = (Qr)°P, so QI = (QImut)°P.

Using the right side of Figure 6 we compute the ik entry of truncated g-vectors with respect
to QpY*:
+1 if a€li,j—1] and belk,l—1] (or vice versa),
()it =14 —1 if a€[jk—1] and be[l,i—1] (or vice versa), (4.5)

0 otherwise.
We compute:

~ o o (45) i
U(Rijrr) = —PirDji + Dubijk 11 Yab + DijDri 11 Yab = Eijii -
acli,j—1], be[k,1—1] a€lj,k—1], bell,i—1]

In particular, ¥ induces a surjective map U: Agm — Agf}iv. By Corollary 4.49, len is a free
Clt;j]-module whose basis are the cluster monomials. Similarly, after identifying ¢;;, 2 <i+4+1 <
J < n, with ¥(t;;) = vij, gf;;v is a free C[t;j]-module with basis given by the cluster monomials
by [28, Theorem 0.3 and p. 502]. Hence, V¥ is also injective and the claim follows. |

As A‘Qlfg" is by definition a domain the following is now a direct consequence.

Corollary 4.51. The ideal I5,, C S[t] is prime.

univ

Example 4.52. We list the lifted Pliicker relations, respectively the exchange relations of AY%Y,
associated to our running example. These relations also constitute a Grobner basis for f2,5, the
crossing monomial of each relation is the first one. As Lemma 3.8 predicts, this is the only term
with coefficient in C. Pliicker variables of frozen cluster variables are marked in blue:

1?1234 = pi13P24 — DPi2P3atasales — pirapastis,
Rizss = pispes — pispastiztia — pr2psstos,
Risgs = puapzs — Pr2pastostss — pispatia,
Rizss = prapss — pispsatliataa — P13 pastss,
Roszas = poapss — Dp2spastiztss — paspsatos.

4.4 The Grassmannian Gr (3, C°)

We now turn to the case of Gr (3, (CG) and prove an analogue of Theorem 4.50. To highlight var-
ious important differences between this case and the case of Gr(2,C™), we focus more on explicit
computations. We believe that the explicit computations help to understand the difficulties that
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may arise when studying other compactifications of finite type cluster varieties such as Gr(3, C7),
Gr(3,C?) or (skew-)Schubert varieties inside Grassmannians as in [48].

Denote by A3 the homogeneous coordinate ring of the Grassmannian Gr (3,(@6) with res-
pect to its Pliicker embedding. We use the cluster structure on Az to consider Gr (3,@6) as
a weighted projective variety as follows. The cluster algebra A3 g has 22 cluster variables, out of
which 20 are the Pliicker coordinates and the 2 additional elements are X = PiasDPaze — P123P456
and Y = P1o5Pas6 — P126P345, see [47, Theorem 6]. We systematically write the frozen Pliicker
coordinates in blue. We list the 22 cluster variables of A3¢ in the following order and fix this
order for later use

D123, D124, D125, D126, D134, P135, D136, D145, D146, D156, D234, D235, D236, D245,
D246, D256, D345, D346, D356, D456, X, Y. (4.6)
Every seed s of A3 ¢ consists of the six frozen variables pi23, P23, P35, Pase, P156, P126 and four

additional mutable cluster variables. Consider the following bijection that sends the Pliicker
variable p;;i to the Pliicker coordinate p;;, € A3g and X to X € AzgaswellasY to Y € Azg:

{p123, ..., pa56, X, Y} «— {cluster variables of A3}. (4.7)

Denote by d € Z?? the vector (1,...,1,2,2). That is, the first 20 entries of d are 1 and the
last two are 2. The bijection (4.7) induces a surjective map

¢ Calpios, ..., pase, X, Y] — Asg. (4.8)

Let I°* := ker(¢), so we obtain a ring isomorphism A := Cgq[pi23,...,pas6, X, Y]/T* =2 As.
Moreover, the weighted projective variety V(I°*) C P(d) is isomorphic to Gr (3,C%) as a weig-
hted projective variety. Indeed, d was chosen so that every exchange relation in the cluster
structure of As g is identified with a d-homogeneous element of Cq[pi23,. .., pas6, X, Y] and 1°*
is prime (hence, radical) since A3 is a domain. Therefore, I(V(1°*)) = I°* and ¢ induces an iso-
morphism of Z-graded rings S(V (1°*)) — Az . One can verify (e.g., using Macaulay2 [27]) that
the ideal I°* is generated by all three-term Pliicker relations and the following seven additional
relations:

P145D236 — D123D456 — X, P136D245 — P126D345 — X, P146D235 — D156D234 — X,
D124P356 — P123P456 — Y, D125P346 — P126P345 — Y, D134P256 — P156P234 — Y,
D135P246 — P134P256 — P126P345 — P145D236- (4.9)

Note that with exception of the last relation all of them correspond to exchange relations in Az .
We study the Grobner fan of 19*. It contains the lineality space L£(I1°¥) generated by

=(1,1,1,1,1,1,1,1,1,1,0,0,0,0,0,0,0,0,0,0,1,1),
=(1,1,1,1,0,0,0,0,0,0,1,1,1,1,1,1,0,0,0,0,1,1),
=(1,0,0,0,1,1,1,0,0,0,1,1,1,0,0,0,1,1,1,0,1,1),
54 =(0,1,0,0,1,0,0,1,1,0,1,0,0,1,1,0,1,1,0,1,1,1),
s =(0,0,1,0,0,1,0,1,0,1,0,1,0,1,0,1,1,0,1,1,1,1),
6 = (0,0,0,1,0,0,1,0,1,1,0,0,1,0,1,1,0,1,1,1,1,1).
The order of the entries corresponds to the order on cluster variables of A3 in (4.6). Note that
d= %(61 + -+ ¥g). In the Grobner fan GF(I*) we identify a maximal cone C' and consider

its image C' C GF(I°*)/L(I°¢). The cone C is strongly convex (by Lemma 2.13) and simplicial.
We choose the following representatives of the 16 minimal ray generators of C"

r = (0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0),
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=(1,1,2,1,1,2,1,2,1,2,1,1,0,1,0,1,1,0,1, 1,2, 2),
=(0,0,1,1,0,0,0,0,0,1,0,0,0,0,0,1,0,0,0,0,0, 1),
(1,0,1,2,0,1,2,0,1,2,1,2,2,1,1,2,1,1,2, 1,3,
=(1,1,1,1,1,1,1,2,1,1,1,1,0,1,0,0,1,0,0,1,2, 1
=(1,1,1,0,1,1,0,2,1,1,1,1,0,1,0,0,1,0,0, 1,2, 1),
(

= (

= (2,

2),
)

)

r7 = (0,0,0,0,0,0,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0),

1,2,1,1,1,0,0,1,1,0,1,0,0,1,1,0,1,1,0,1,1,2),

2,3,2,1,3,2,1,3,2,1,2,1,0,2,1,0,2,1,0,2,3,3),
no:( 03,2,1,3,2,1,3,2,2,2,1,0,2,1,1,2,1,1,2,3,4),
r1=1(2,3,3,2,3,2,1,3,2,2,2,1,0,2,1,1,2,1,1,2,3,4),
re =(1,1,1,2,0,0,1,0,1,1,1,1,2,1,2,2,1,1,1,1,2,2),
rs=(1,1,0,1,1,0,1,1,1,0,1,0,1,1,1,0,1,1,0,1,2,1),
ra = (1,0,0,1,0,0,1,0,1,1,1,1,2,1,1,1,1,1,1,1,2,1),
rs = (1,1,0,0,1,0,0,1,1,0,1,0,0,1,1,0,1,1,0,1,1,1),
( )

re =(1,2,1,1,1,0,0,1,1,1,1,0,0,1,1,1,1,1,0,1,1,2). (4.10)

From now on, we denote by r the (16 x 22)-matrix with rows r1,...,r;s. Recall that a monomial
is called squarefree if the exponent of each variable in it is either O or 1.

Theorem 4.53. There exists a unique mazimal cone C' € GF(I%*) with the following properties:

(i) the associated initial ideal inc (1) is generated by squarefree monomials of degree 2 and
it contains all exchange monomials;

(7i) the free C[ty, ..., ti6]-algebra associated to C' and r defined in Definition 3.2 has the pro-
perty

Ar = (C[tla .. 7t16”p1237 cee 7p4567X7 Y]/frex = A}‘}l,%w7

(tii) for every seed s in the cluster structure of Asg the cone C has a 10-dimensional face s
whose associated initial ideal in., (I%*) is a totally positive binomial prime ideal (hence Ts €
Trop™ (I*¥)). Moreover, C' N Trop(I®*) = Trop™* (I*X).

Before we prove Theorem 4.53 we explain the conventions we use to describe the exchange
relations of Aumv. The algebra Aum" is of cluster type Dy. In particular, as explained in Sec-
tion 4.1, we label the coefficients of Ag%‘v with the set of almost positive coroots <I>> 1 in the
root system dual to a root system of type Dy. For this we fix an initial seed for AumV such that
the mutable part of its quiver is a bipartite orientation of D4. We choose the seed that contains
the mutable variables poyg, p346, P124 and pasg together with the frozen variables. The part of the
quiver that involves only the vertices corresponding to these variables is the following;:

P345 P346 D456

/NN

D234 P246 *P256 P156

N/ N/

Pp123 P124 P126
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The coefficients are labeled by ¥ _; and can be realized as frozen vertices of the quiver. In order
to compute the arrows between the coefficient vertices and the vertices corresponding to cluster
variables we identify the mutable vertices of this quiver with {1,2,3,4}: let pasg correspond to 1,
346 t0 2, p124 to 3 and posg to 4. Now Proposition 4.16 contains all the information necessary to
compute the arrows. As the resulting quiver is rather complicated, we refrain from visualizing
it here. It is available for download on the homepage [4] in a format that can directly be opened
in quiver mutation app [35]. Finally, we use the quiver mutation app to compute all exchange
relations. They can be found explicitly in the Appendix A.

One more ingredient we need for the proof of Theorem 4.53 is the basis of cluster monomi-
als for gfg".‘ By [28, Theorem 0.3 and p. 502] cluster monomials form a Cly,: a € ®Y_,]-
basis for Ag%Y. If z and x' are cluster variables that do not occur together in any seed,
then any monomial divisible by xz’ cannot be a cluster monomial. In fact, using [36, Theo-
rem 7.12(b)] this gives us the following characterization of cluster monomials. Write X* € Agfg",

a € Z2220, to denote a monomial in the (mutable and frozen) cluster variables p1a3, . . ., Pase, X, Y.
Then

X" e Ag%iv is a cluster monomial if and only if m [ X for all m € M3, (4.11)

where M3 = {exchange monomials} U {)_(17,1313513246}. We write M3 ¢ to denote the Cly: a €

®Y_,]-basis of cluster monomials for AYY".
Proof of Theorem 4.53. We prove the statements of the theorem in order.

(1) In Macaulay2 [27] we compute the initial ideal of I** with respect to the cone C. For the
computation, we fix the weight vector w = r; 4 - - - 4+ 716 in the relative interior of C:

w = (16,19, 16,16,16, 11, 10, 19, 16, 16, 16, 10,7, 16, 11, 10, 16, 10, 7, 16, 27, 27).

We compute a minimal generating set of ino(/¥): it has 54 elements, 52 of those are exchange
monomials, and the other two are pi35p24¢ and XY. This implies the first claim of the Theorem.
(7i) We prove this part in three steps: first, we compute the generators of the ideal .fl‘?x, then
we define a surjective map A, — }3"%1", and lastly, we show that the map is also injective.
Step 1: By Proposition 3.9 the lifted ideal I~§X is generated by the lifts of elements of a Grobner
basis for I* and C. As a Grobner basis we choose the exchange relations (whose initial forms
are the exchange monomials), the four-term relation in (4.9) (whose initial form is pi3spa46) and
the following element (whose initial form is XY):

S (P134p256 — p156P234 — Y, P134X — DP136P145P234 — P123p146p345),

which is computed explicitly in Example 4.55 below. By the proof of (i) above, the set of
exchange relations together with the four-term relation (4.9) and the above S-pair form a (mini-
mal) Grobner basis for I with respect to C. The reduced Grobner basis Go(I°*) consists of the
52 exchange relations and the additional two elements

f = p135p246 — P156P234 — Y — P123Das6 — X — D126P345,
g = XY — p123(p156P246P345 + D156D234P456 + D126D345P456)
— p126(P135P234P456 + P156D234P345)- (4.12)

The first monomial in f (and g) is its leading monomial. We now compute the lifts of the
elements in G (1) with respect to the matrix r in Definition 3.2, which are given explicitly
in Appendix A.
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Step 2: Ag%i" has 22 cluster variables (in one-to-one correspondence with those of Asg) and
16 coefficients labeled by almost positive roots of type Dy: y, with @ € ®Y ;. We extend
the morphism ¢ in (4.8) to ¥: Clty, ..., t16][p123,- - -, P56, T, Y] — A‘g%i" by sending t;’s to y,’s
according to the following identification:

Y—ay < tie, Yoy < t14, Yar+az < te, Yar+as+aq < to,

Y—ay < t12, Yoz <> L0, Yar+az < la, Yar+astaz < 12,

Y—az < 15, Yaz < 13, Yar+aq < 113, Y201 +as+aztas < U5,

Y—ay < t7, Yay < s, Yar+az+aqs < 11, Yor+az+az+as < L1 (4'13>

We now verify that I C ker(¥): the lifts of those elements in I°* that correspond to exchange
relations in Az are sent to exchange relations in Ag%i" by W, so they lie in ker(¥). For the
elements f, g € Go(I®¥) in (4.12) note that, for example, paygs f has an expression in terms of ex-
change relations with coefficients that are Pliicker variables (see (A.1) for the precise expression).

Hence,
paast! ) f = p245t%tz21t5t6t8tgt:%0t?1t%2t13t14t15t16f

has an expression in terms of the lifts of those exchange relations with monomial coefficients
in t’s and Pliicker variables. So, 0 = \If(fpg45t“(f)) = \Il(f)ﬁ245y“(f), where y#(f) = \P(t“(f)).
As gfg" is a domain, this implies f € ker(¥). A similar argument implies that § € ker(¥)
(see (A.2)) and so we obtain the induced morphism ¥: A, — A}fgv. Note that the image of ¥

contains all cluster variables and all coefficients of grgv, so W is in fact surjective.

Step 3: Lastly, we show that W is injective. By Theorem 3.14(i) the standard monomial basis B
(for < a monomial term order compatible with C') is a C[ty, ..., t1¢]-basis for Ay. Similarly, g%iv
has the Cly,: a € @ﬁfl]—basis of cluster monomials M3¢. The test for membership in M3 is
given by M3 in (4.11), which is in one-to-one correspondence with the set {in<(g): g € G (I*¥)}.
Hence, there is a bijection between the standard monomial basis B for A, (see Theorem 3.14(i))

and the cluster monomial basis M3 ¢ of g%iv induced by ¥. In particular, ¥ is injective and

Ar = ASGY.

(731) To prove this part, we identify the rays rq1,...,r1g with mutable cluster variables. As
we have already identified y,’s with ¢;’s in (4.4) (and by definition ¢;’s correspond to 7;’s) it
is enough to identify the y,’s with the mutable cluster variables of A3g. This can be done by
considering the exchange relations obtained by repeatedly mutating our bipartite initial seed
at a sink. More precisely, we only consider the mutable part of the initial quiver and mutate
at all the vertices with only incoming arrows from mutable vertices, which (by slight abuse of
language) we refer to as sinks. The order of the individual mutations in this mutation sequence
is irrelevant as they pairwise commute. Every exchange relation produced by mutation at a sink
corresponding to a cluster variable x has the property that one of the cluster monomials involves
exactly one coefficient y, (see [25, Lemma 12.7]). When iterating the process of mutating at
sinks, every mutable cluster variable appears as a sink at some point. Moreover, [25, Lemma 12.8§]
implies that the assignment x — y, defines a bijection between mutable cluster variables and
coefficients. Combining with the identification of y,’s with ¢;’s in (4.4) we obtain:

r1 <> P125, r2 <> D134, r3 <> P124, T4 <> D145
T5 <> D135, T6 <> D136, r7 <> D146, T8 <> D256,
r9 <> P356, T10 > D346, ri1 <Y, T12 <> D245,

T13 > D235, ri4 < X, T15 <> D236, T16 <> D246-
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Next, to every seed we associate a weight vector that is the sum of the rays corresponding to its
mutable cluster variables. For example, the weight vector associated to s = {p124, D125, D245, D256 }
is ws = r1 4+ 13 + rg + r12. Using Macaulay2 [27] we verify that in,, (I°¥) is a totally positive
binomial prime ideal for every seed listed above. The initial ideals can be found on [4].

To see that C'NTrop(I°*) = Trop™ (I°*) observe that for every element h € G (I%%) its initial
monomial in¢(h) is the unique monomial with positive coefficient (the complete list of Go (%)
can be found in Section A). Hence, a weight vector w lies in C' N Trop(/®*) if and only if it lies
in Trop™ (1°). [

Remark 4.54. There are various methods in cluster theory to compute the exchange relations
for Ag%i" and Mj3g, e.g., one can use the categorification of finite type cluster algebras with
universal coefficients introduced in [42]. To compute M3 ¢ one can use the compatibility degree of
cluster variables from [24]. In fact, the elements of M3 ¢ are exactly those pairs of cluster variables
whose compatibility degrees are positive. However, we have presented the case of Gr (3, CG) with
as few machinery from the cluster theory as possible to make it more digestible to a broader
audience.

Example 4.55. Here we demonstrate the need of Lemma 2.12 and that in fact the Lemma is

not true for arbitrary elements of the ideal J. To see this, let J = I** and take

1 & 5
v::ZZn—i—ng and W i= 719 + V.

=1
1#2,8

Note that w € C°, hence the assumptions of Lemma 2.12 hold. One can explicitly compute
v = %(19, 26,18,19,19,9,9,21,19,14,19,9,7,19, 15,9, 19, 14, 6, 19, 29, 33),
w= 2(23, 30,26,23,23,17,13,29,23,22,23,13,7,23,15,13,23, 14,10, 23, 37,41).

Now take the S-pair of two exchange relations

h := S(p13ap2s6 — P156P23a — Y, P134% — D136D145D234 — D123D146D345)
= — XY — p156P234% + P136P145P234P256 — P123P146P2560345 € 1.

The weights of the non-zero monomials in A with respect to v are (in order) 32—1, %, ?, % and
: 39 41 39 41
with respect to w are 5, 5, 5, 5. We compute

in,(h) = iny, (iny(h)) = p136p14sp23apase # —XY + p13ep14spa3apase = iy, (h).

In particular, the statement of Lemma 2.12 does not hold for h, hence it is false in general for
arbitrary elements of J. More importantly, the initial form of an arbitrary element h € J need
not be the same with respect to different weight vectors in the relative interior of a maximal
Groébner cone of J. This may occur when h contains more than one monomial in the monomial
initial ideal. Here, the monomials XY, pi3sp145p234p2s6 and piaspirasp2sepsas all lie in ing (1).

4.5 Stanley—Reisner ideals and the cluster complex

Definition 4.56. Let (Q, I) be an ice-quiver and V the set of mutable cluster variables of A (¢ r).
We call x and 2’/ in V compatible if there exists a cluster containing both of them. Similarly,
a subset of V is compatible if it consists of pairwise compatible cluster variables. The cluster
complex A(A(qg,y) is the simplicial complex on V whose simplices are the compatible subsets.
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Remark 4.57. Note that by definition the cluster complex can be realized by the g-fan with
simplices corresponding to simplicial cones. It was shown in [28] that the g-fan is a simplicial fan
in complete generality. This occurred several years after the cluster complex had been defined.

Definition 4.58. Let A be a simplicial complex with vertex set V' = {z1,...,x,}. The Stanley—-
Reisner ideal of A is generated by monomials associated to the minimal non-faces of A as:

In = (zy, - wigc {xiy, . wi } €AY CKxg, ..., 2.

Reversely, to every squarefree monomial ideal one can associate its Stanley—Reisner compler,
whose non-faces are defined by the monomials in the ideal.

Corollary 4.59. Let A be Az, or Ase and A(A) the associated cluster complex. Similarly,
let I be the ideal Iz, or I and C the mazimal cone in GF(I) whose initial ideal contains
all the exchange monomials. Then the Stanley—Reisner ideal In(4) coincides with the initial
ideal ing(I).

Proof. The initial ideal inc(I) is squarefree and generated by the monomials in the set M,
which is respectively, My, or M3g. Observe that M defines the minimal non-faces of A(A).
Hence, A(A) is the Stanley—Reisner complex of in¢ (7). [

4.6 Newton—Okounkov bodies and mutations

In this section, we explain how our results relate to Escobar-Harada’s work on wall-crossing
phenomena for Newton—-Okounkov bodies in [19]. Given a homogeneous ideal J C K[z, ..., 2]
assume there exists a maximal cone ¢ in Trop(J) whose associated ideal is toric. Then [34,
Section 4] provides a recipe to construct a full rank valuation v,: A \ {0} — Z% where
A =Klz1,...,2,]/J and d is the dimension of the affine variety V' (J). Furthermore, [34, Corol-
lary 4.7] shows how to compute the corresponding Newton—Okounkov body A(c). Without loss
of generality we may assume that the first entry of v,(f) equals the degree of f (with respect
to the standard grading). Then the Newton—Okounkov body of v, and K[z, ..., z,]/J is

A(o) := Cone(v,(f): fe A\{0})N{1} x R,

Escobar and Harada study the relation between the Newton—Okounkov bodies of two maximal
prime cones intersecting in a facet. They give two piecewise linear maps, called flip and shift
which send one Newton—-Okounkov body to another.

Here, we focus on the case of Gr(2,C™). We fix a triangulation 7" of the n-gon. The output
of Algorithm 1 can be used to define a total order on Z?"~3 as follows.

Definition 4.60. Let V{,...,V; be the output of Algorithm 1 for some triangulation 7. To
each V; we associate a sequence V; with the same elements as V;. Let V be the sequence

(Vo, e ,Vi) and < the associated lexicographic order on Z2"~3. Call < a total order compatible
with T

Recall from Section 4.3 the standard monomial basis B. consisting of non-crossing monomials
(i.e., every monomial in B corresponds to a collection of non-crossing (boundary and internal)
arcs, where arcs may appear with multiplicity greater than 1). Then the map

gl': B.—7z*3 given by p®+— Z aijgiTj. (4.14)
ijeT

extends to a full rank valuation on Aj, \ {0} as follows. Fix a total order < compatible with 7.

Every 0 # f € Aa,, is a unique linear combination of elements in B, that is f = Zf,a B CaP"



Families of Grébner Degenerations, Grassmannians and Universal Cluster Algebras 39

We define the valuation of f as gf( f) = min<{grf(f)“): Ca F 0}. Denote the associated
graded algebra by gry(As) and the corresponding Newton—-Okounkov body by A(T'). By [5,

Corollary 2] and Proposition 4.34 we have grp(A2,) = S/ inyp(I2,) and A(T) = conv(giTj)ij.
Remark 4.61. The g-vectors and the corresponding valuation make sense in greater generality.
For example, the case of arbitrary Grassmannians is treated in [6], where the authors (among
other things) explain how the associated Newton—Okounkov bodies arise in the context of [28].
Even more generally, the algebra A, ,, can be replaced by the middle cluster algebra in the sense
of [28], the standard monomial basis by the corresponding theta basis, and the total order < by
a lexicographic refinement of the dominance order. Similarly, Fujita and Oya in [26, Section 3]
define a valuation on the ambient field of a cluster algebra (whose exchange matrix has full
rank). Their valuation recovers Fomin—Zelevinsky’s g-vectors for cluster monomials.

Interpreting g-vectors as a valuation reveals the necessity for working with extended g-vectors
as opposed to their truncated counterparts that are popular in algebraic or representation theo-
retic applications of cluster algebras. The following example shows that truncated g-vectors do
not have the desired properties for applications.

Example 4.62. Consider for Gr(2,6) the triangulation T' consisting of arcs 24, 25, 26. Order
the cluster variables corresponding to 7" in a compatible way using the output of Algorithm 1,
e.g., P16, P23, P24, P56, P12, P25, P26, P34, Pa5- Now compute the g-vectors with respect to T" and
consider the f@)wing elem&csgzﬁlgm endowed with their g-vectors:

(1,0,0,0,0,1,0,0,0) = (1,0,0,0,0,1,0,0,0) < (0,0,0,1,1,0,0,0,0),
D15D26 = D16D25 + D12D56,
(0,1,0,0,0,0,0,0,1) = (0,1,0,0,0,0,0,0,1) < (0,0,0,0,0,1,0,1,0),
D24P35 = D23D45 + D25P34.-

The total order < is compatible with 7. The truncated g-vectors are the underlined parts of
the g-vectors above. So if we decided to only consider those we would need to find an order that
satisfies (0,0,0) > (0,1,0) and (0,1,0) > (0,0,0), a contradiction.

Next we describe how the Newton-Okounkov body A(7T') behaves under changes of the tri-
angulation. As all triangulations can be obtained from one another by a sequence of flips of
arcs, we focus on performing a single such flip. Let T} and 75 be two triangulations such that
there exist a < b < ¢ < d in [n] with @c € Ty,bd € Ty and Ty \ {@c} = T \ {bd}. In other words,
T, is obtained from T; by flipping the arc @éc. We denote by R”! the vector space R?"~3 with
standard basis {f;;: ij € T1} and similarly, R for R?"~3 with basis { i0ig € To}.

The theory of cluster varieties gives us two distinguished maps from R?"~3 to itself. The first
map is a piecewise linear shear that can be obtained by the Fock—Goncharov tropicalization of
a cluster mutation (see [28, Definition 1.22]):

gac: RTI — RTl)

m if mge <0,
m= > mfy {

“ m—+ MeeVae i Mmge >0,
€T

where vge = —fap — fed + fad + foe- The second map is a GLg,—3(Z)-base change from {f;;: ij
€ T1} to {f{;: ij € Ta} corresponding to a seed mutation (see [20, equation (8)]) denoted by
H%i R™Tt — R”2, Tt is given by fi; = fij forij € TyNTy and fig = — fae + fap + fed-

The following Lemma follows by combining the results in [28, Sections 1.3 and 5]. For the
convenience of the reader, we give a self-contained elementary proof below.
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Lemma 4.63. Let T and Ty be two triangulations related by a flip as above. Then A(Ty) =
,u% 0 Cae(A(T1)). More precisely, for every p® € B. we have g'2(p®) = ,u% 0 (ae 0 g (PY).

Proof. By definition of gﬁ for p = 1,2 from (4.14) it is enough to show the second claim for

the Pliicker coordinates. As A(T},) is the convex hull of gz;-p for 1 <7 < j < n, this implies the
first claim. - _

Given 1 < i < j < n, by Definition 4.27 the coefficient of f,. in g’* (pij) = gl-le can be 1, —1
or 0. We go through the details of the case when it is 1, the other two cases are similar. Recall the
sign conventions for the g-vectors from Figure 3. Take g;TFjl = fac + ZHETl\ (ac} afij fri- Recall
that 73 \ {ac} =T\ {bd} and fi; = f}, for kl € Ty \ {@c}. Now we compute H% 0 Cac 0 811 (pij)
step-by-step as follows:

~ _ Cac _
ng (pij) = fac + Z Jzkijfk:l L fac + Vae + Z O-zkijfkl

kleTy\{ae} kleT1\{ae}
Ty
Ko = -
— —frat frat T+ D oih i =8" ().
kleT>\{bd}
Observe that the sign afzj depends on the triangulation, but the above equation takes into
account the change of signs that might happen when we pass from 73 to T5. |
5 4
1 2 1 5 1 | 2 1 5 /5
>J—< >—§ 2
3771, N4 37 TN 4 37T, N5 37 1 Ny

Figure 7. Trivalent trees for Gr(2,C5) corresponding to maximal cones in Trop(/s,,) that intersect in
a facet (Y1 and T3) and the tree corresponding to the intersection is T, see Example 4.65.

Note that although in Section 4.3 we are only considering a fixed maximal Grébner cone C', all
other maximal cones can be obtained from C through a symmetric group action (see [38, Second
Proof of O Theorem 4.3.5]). Moreover, [19, Lemma 5.13] shows that any two maximal cones
in Trop(I2,,) that intersect in a facet are faces of one maximal Grébner cone (up to symmetry).

Corollary 4.64. Let 01,09 € Trop(l2,) be two mazimal prime cones that intersect in a facet.
Then A(o1) and A(oz) are related by the shear map (oc for appropriate a,c € [n].

Proof. The cones o1 and o9 are in correspondence with trivalent trees Y1, To by Theorem 4.2.
By [19, Lemma 5.13] we can assume that o; and o9 are faces of the same maximal Grébner
cone C. Hence, we may assume that the leaves of Y1 and Y5 are labeled in the same order. The
symmetric group action on Trop(/z ) translates to permuting the leaf labeling of trivalent trees.
So we can simultaneously move the cones o1 and o9 to faces of C'. Say these faces correspond
to triangulation 77 and T3 of the n-gon, respectively. One consequence of the symmetric group
action is that V(in,, (1)) = V(ing, (1)) for ¢ = 1,2. In particular, these isomorphisms induce
unimodular equivalences A(c;) = A(T;) for ¢ = 1,2. The assumption that o1 and o2 intersect
in a facet, directly implies that 77 and T5 differ by flipping one arc. So there exist a < b < c < d
in [n] with @ec € Ty, bd € Ty and Ty \ {ac} = T\ {bd}. Now applying Lemma 4.63 completes the
proof. |

Example 4.65. We illustrate the proof of Corollary 4.64 for Gr(2,C?). Let Y1 and Y3 be the
trees in Figure 7. They correspond to cones o1 and o2 sharing a facet corresponding to the tree T
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from Figure 7. First, we apply [19, Lemma 5.13] and replace Yo by a tree Y, that gives the
same initial ideal as Y5, and its leaves are labeled in the same order as Y. This implies that o
and oo are indeed faces of the same maximal Grobner cone (corresponding to the clockwise
labeling of the leaves: 15243). Then we apply the symmetric group element s = (235) to the
leaves of Y1 and Y% to obtain the following trees which are both dual to triangulations of the
5-gon. Moreover, their triangulations are related by exchanging the diagonal 24 for 13 (this is
also called a flip):

117223 1 Lo
R0 SRR AN SR
5) A 4 34133

The symmetric group element s induces an automorphism s: S — .S given by s(p;;) = Ps—1(i)s—1(
It is straight-forward to verify that s(ingyy(1)) = iny(I) for T € {Y1, T5}.

7

Consider o7 and o2 as in Corollary 4.64 and assume they lie in the same maximal Grobner
cone C. Then the standard monomial basis of C induces a bijective map between the value semi-
groups im(v,, ) and im(v,,) (see [19, Section 4.2], where this is called an algebraic wall-crossing).

As seen in Lemma 4.63 the map u% o(4c extends to a map between the value semigroups im (gﬁ)
and im (gTQ). In [19, Theorem 5.15] the authors show that their piecewise linear flip map in-
duces the algebraic wall-crossing for Gr(2,C™). Hence, Corollary 4.64 implies that the flip map
for Gr(2,C") is of cluster nature in the sense that (up to unimodular equivalence) it is given by
the Fock—Goncharov tropicalization of a cluster mutation.

Remark 4.66. Cluster mutations are a very special class of automorphisms of a complex alge-
braic torus preserving its canonical volume form. Automorphisms preserving this form have
various names in the literature such as Laurent polynomial mutations [31], elements of the
special Cremona group [52] or combinatorial mutations [2]. Ilten in [19, Appendix] related the
wall-crossing formulas to the theory of polyhedral divisors for complexity-one T-varieties [3] and
outlined how this relates to combinatorial mutations in the sense of [2].

A Computational data

Here, we present data on the ideal I°*. Recall that the weighted homogeneous coordinate ring
of Gr (3, CG) with respect to this embedding is Az ¢ = Clpi2s, ..., pase, X, Y]/I*. We frequently
identify the variables pias,...,pase, X,Y with their cosets piog, ..., Pase, X, Y in Asg, as well
as elements of the ideal I°* with the corresponding relations in Asg; that is, we identify, for

example

D145D236 — P123P456 — X € I and  PrasPase = P123Pase + X in Asg.

A minimal generating set for I°*. We now list a minimal generating set for I°* consisting
of elements of the reduced Grobuner basis Go(1°%). Note that except the last polynomial f, these
are the exchange relations of A3 with the first monomial being the exchange monomial.

D145P236 — P123P456 — X, P124P356 — P123P456 — Y,
D136D245 — P126P345 — X, P125P346 — P126P345 — Y,
D146DP235 — P156P234 — X, P134P256 — P156P234 — Y,

P246P356 — P346P256 — P236P456, D245P356 — P345P256 — P235P456,
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P146P356 — P346P156 — P136P456,
D245P346 — P345P246 — P234DP456,
D145P346 — P345P146 — P134D456,
DP146DP256 — P246P156 — P126P456,
P136P256 — P236P156 — P126P356,
P235P246 — P245P236 — P234P256,
P136P246 — P236P146 — P126DP346,
P125P246 — P245P126 — P124D256,
DP135P245 — P235P145 — P125P345,
P134P236 — P234P136 — P123P346,
P124P236 — P234P126 — P123P246,
P124P235 — P234P125 — P123P245,
P125P146 — P145P126 — P124P156,
P124P136 — P134P126 — P123D146,

P145P356 — P345P156 — P135P456,
P235P346 — P345P236 — P234D356,
P135P346 — P345P136 — P134P356,
P145P256 — P245P156 — P125P456,
P135P256 — P235P156 — P125P356,
P145D246 — P245P146 — P124P456,
DP134D246 — P234P146 — P124P346,
D134P245 — P234P145 — P124P345,
Db135P236 — P235P136 — P123P356,
Db125P236 — P235P126 — P123P256,
P134P235 — P234P135 — P123P345,
P135P146 — P145P136 — P134P156,
P125P136 — P135P126 — P123P156,
P124P135 — P134P125 — P123P145,

f = P135D246 — P156P234 — Y — D123P4s6 — X — P126D345-

The reduced Grébner basis Go(I°%). Let C be the maximal cone in the Grébner fan of 1%
whose rays are given in (4.10). Recall from Theorem 4.53(i) that the associated monomial initial
ideal of C' is generated by the exchange monomials, together with the monomials pi35p246 and
XY. To obtain the reduced Grobner basis G (1) we need to add the missing exchange relations:

D235Y — P125P234P356 — P123D256D345,
P146Y — P124P156P346 — P126DP134P456,
P136Y — P123P156P346 — P126P134P356
P245Y — DP125D234P456 — P124D256D345,
P145Y — P125P134P456 — P124P156D345,
D236Y — P126DP234P356 — P123D256 346,
P135Y — P125P134P356 — P123P156P345,
P246Y — P124DP256P346 — P126D234P4565

134X — P136P145P234 — D123P146D345,
D256X — P156P236P245 — P126P235D456
346X — P136P234P456 — P146D236D345,
D125 X — P123P156P245 — D126P145D235,
D124 X — P126P145P234 — P123D146D245,
D356X — P136D235P456 — D156P236D345+
P135X — P136P145P235 — P123P156D345+
D246 X — P146P236P245 — D126D234D456 -

Further, we need to add the following additional element to the generating list above (the first
monomial is its leading monomial in ing(1%%)):

g = XY — p123p156D246P345 — P126P135P234P456 — P126P156P234P345 — D123P156P234P456
— P123P126P345P456-

Here, we list the identities used in the proof of Theorem 4.53:

D245 f = D246(P135D245 — D235D145 — D125D345) + D145 (D235D246 — D245D236 — D234D256)
+ p2as(P1asp2se — P123Pas6 — X ) + D23a(P14sPase — P245P156 — P125D456)
— p125(P245P346 — D345P246 — P234P456) + P245(P125P346 — P126P345 — Y). (A.1)

g = P256(P134X — P136P145P234 — P123P146P345) — X (P134D256 — P156P234 — Y)
— P145P234 (p136p256 — P236P156 — P126P356) — P156P234 (p145p236 — D123P456 — X )
— P126P234 (p145p356 — P345P156 — P135P456)
).

+ P123D345 (p146p256 — P246P156 — P126P456 (A'Q)
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The exchange relations of A};,%i" (or equivalently the lifts of the elements of Go(1°%)) are:

D245P356 — t3ti2t16P345P256 — Usletopasspase,
P1a6P3s6 — t3trti6P3a6P156 — t5tot13P136P456,
D145P256 — tatrtiapaaspise — tstot11P125P456,
P136P256 — tetrt14p236P156 — tilsli1P126P356,
D134P245 — tatstePasapias — tgtiati6P124P345,
P134p236 — tatatspazapize — tstisti6P123P346,
P125P146 — titst13praspize — trtiot16P124P156,
P124P136 — titst11p134p126 — Lel1at15P123P146,
Di25P236 — titatspasspize — tiotist16P123D256,
D124p23s — tatsti1pesapizs — tiztiatispi23paas,
D235P346 — t12t13t14P345P236 — tati0t11P234P356,
P1asp3de — tat12t14p3aspiae — totiot11P134P456,
P1a6P256 — t7P246P156 — titstgtot11t13P126P456,
D124P236 — t15P123P246 — titatstatstiiP23apize,
D125P136 — t1P135P126 — tetrtiotiatistieP123D156,
P14s5p236 — a4 X — tstoliot11t15t16P123P 4565
P136p245 — b6 X — titststi1tiatiep126P345,
Praep23s — 613X — totstrtioti1ti6p1s6P234,
P135P256 — t8t11P125P356 — tatstetrt14P235P1565
D134P246 — tgti6P124P346 — tatatstet14P23aP146,
D246P356 — t3ti6P3a6P256 — tstetot13t14P236 D456,
P135P245 — tstePasspias — tatstiitiatiePi2sP3as,
D136P246 — tet14P236P146 — t1tslsliitiePi26P346,
P1asP246 — tat1apaaspiae — tetotiot11t16P124P456,
P125P246 — tiot16P124P256 — t1lalstiztiapaaspize,
D135P236 — tatsPesspise — tstioti1tist16P123D356,
D135P146 — tst13P1asP13e — tatrtioti1ti6P134D156,
D124p135 — t3t11p134P125 — tslelistiatispi2zpias,
P135P346 — t10t11P134P356 — tatstiati3t14p3aspise,
D235P246 — t13t14P245P236 — tatstiot11t16P234P256,
D245P346 — t12P345D246 — tatstetotiot11P234P456,
D145P356 — topP13sPase — tatatrtiatiatieP3aspise,
D134P235 — tap23ap13s — tstiatiztiatisticpi23paas,
P124P356 — t3Y — tstetolitiatispiaspase,
P134p2s6 — t8Y — tatalstetrtiapisepasa,
p3a6P125 — t10Y — titatstiotiztiapioepsas,

P125X — t1tspraep14spess — trtiotiatistiePr23p156P245,

DP145Y — tot11P125D134P456 — tat7ti2t14at16P124P156P345,
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P124X — t1at15p123P146P245 — Litatststinpraepiaspesa,
P236Y — tist16P123P256P346 — t1tatatstinpi26P234P356,
P134X — totsp13ep1asp2ss — tstiatiatisti6P123P146P345,
P235Y — tot11p125P234p3s6 — ti2t1stiali5t16P123P256345,
p246X — t1ap1a6P236p245 — titatstststot1oti tiep126P234P456,
P216Y — ti6P124p256P346 — titatatitetotiitistiapiocPa3aPase,
P256X — trt14p1s6P23ep245 — titststot11D126P235D456,

P1a6Y — trti6p124P156P346 — Litstoti1tisPr26P134P456,
p346 X — t1at14p146P236P345 — tatstoti0t11P136P234P456 5
P136Y — t1t11p126P134P356 — Letrt1alist16P123P156P346,
P356X — t5top136P23spase — tatrtiotial16P156P236P345,
P245Y — tiat16P124P256P345 — tatsletol11P125P234P456,
P135X — t5p13ep1aspess — tatrtstiotiitiatiatistigpi2spisepsas,

D135Y — t11P125P134P356 — t4t5t6t7t12t13t%4t15t16p123p156p345-

The lifts of f, g (the elements of Go(I°*) that do not correspond to exchange relations) are:

f = p13sp246 — totstatstetrtiot1ntiat16p156P234 — tatstiotiitieY

— tstetstotiot11t13t14t15t16P123P456 — talslelist1aX — titstalststintiotiztiatiepi26Psas,
g = XY —trtiat14t15t16P123P156P246P345 — t1tatstol11P126P135P234P456

— titalatatstrtintiatiatiepiaecpiseP234ap3as — tatstelrtotiotintialisticpi2spis6P234P456

— titststotiitiatistiatisti6P123P126P345P456-
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