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Virasoro Action on the Q-Functions
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Abstract. A formula for Schur Q-functions is presented which describes the action of the
Virasoro operators. For a strict partition, we prove a concise formula for L_; @, where L_j,
(k > 1) is the Virasoro operator.
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1 Introduction

The aim of this paper is to discuss Schur @-functions in connection with a representation of
the Virasoro algebra. Schur @-functions are labelled by strict partitions and are defined as the
Pfaffian of an alternating matrix. Let A = (a;j)1<i j<2m be an alternating 2m x 2m matrix. The
Pfaffian of A is

Pf(A) := > (S800)a0(1)0(2)0o(3)0(4) *** Go(@m—1)o@2m):

o€Fom

where
Fop :={0 € Som;0(1) <o(3)<---<o(2m—1),0(i) <o(i+1)(i=1,3,...,2m—1)}.

We see that |Fby,| = (2m — 1)!l. The Laplace expansion of Pf(A) is as follows. For 1 < i; <
s <ligy < 2my, let Aj i, 4, be the 20 X 20 alternating matrix consisting of i1th row, ioth row,

..., and 7;th column, 75th column, .... Then
2m .
Pf(A) =) (—1)"Pf(Ay;) PE(A, 5 ,.)-
i=2

Here i means the omission of i. We will utilize this quadratic relation to derive formulas for
Q-functions.

Our previous paper [1] gives a formula of LpQy for k¥ > 1, where Lj, denotes the Virasoro
operator. As a continuation of [1] we give in the present paper a formula for L_;Q. Section 2
is a review of @-functions containing some identities which do not seem to be obviously derived
from Pfaffian identities. In Section 3 we first recall the reduced Fock representation of the
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Virasoro algebra on the space of the @-functions. Then the main result is given. Proofs consist
of direct, simple calculations.

The Virasoro representations of this paper may be applied to, for example, the Kontsevich
matrix models by certain rescaling. However we will not discuss here any relationship. Our
motivation is to clarify the representation theoretical nature of the Hirota equations for certain
soliton type hierarchies. In the final section we will give a conjecture on the Hirota equations
for the KdV hierarchy.

2  Schur’s Q-functions

A partition is an integer sequence X = (A1, Aa,..., Ag), A\ > Ay > -+ > X\ > 0, whose size
is [\l = A1 + A2 + -+ + A¢. The number of nonzero parts is the length of A, denoted by ¢(\).
Let SP(n) be the set of partitions of n into distinct parts. We call a A € SP(n) strict partition
of n. Let V = Clt;; j > 1,0dd]. This is decomposed as V = @, , V(n), where V(n) is the space
of homogeneous polynomials of degree n, according to the counting degt; = j. An inner product
of V is defined by (F,G) = F(20)G(t)|i, where 20 = (201, 203, 205,...) with 9; = =

Schur’s Q-functions are defined in our context as follows. Put {(t,u) = 30,51 oaa tju? and
define ¢, (t) € V(n) by

eﬁ(t,u) = Z qn(t)un
n=0

For integers a, b with @ > b > 0, define

b
Qab(t) = qa(t)a(t) +2Y (—1)'qays(t)go—i(t),
=1
Qpa(t) = —Qap(t).

Finally, the Q-function labelled by the strict partition A = (A1, A2, ..., A2m) (A1 > Ag > -+ >
A2m > 0) is defined by

Qr(t) = Qaixge o (1) = PE (Q)\i)‘j)lgi,j§2m'

The Q-function @) (t) is homogeneous of degree |A|. It is known that {Qx(¢); |A\| = n} forms an
orthogonal basis for V(n), with respect to the above inner product. As Pfaffians, they satisfy
the quadratic relations (cf. [2]):

If £(N) is odd,

l

Qriro. (1) = Z(*l)iﬂqx\i Q. 5.,

=1
If £(N) is even,
E .
Q)q)\z.../\g (t) - Z(_l)ZQ)\l/\i (t)Q)\Q)/\;/\g (t)
=2

It is convenient to define @Q-function Q,(t) for any non-negative integer sequence a =
(1,09, ...,0a4). We adopt the following rule for permutations of indices:
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1. If aq, g, ..., ap are all distinct, then o(«) is a strict partition for some permutation o € Sy,
and

ro(t) = (Sgn U)Qa(a) (t)

2. If oy = a;j > 0 for some i # j, then Q,(t) = 0.

3. Using permutations, 0’s should be moved in the tail of «, keeping 0’s order. After such
permutation, all 0’s should be deleted.

For example, we have Qp230,1(t) = —Q32.1(t). Detailed arguments are found in [2, Theo-
rem 9.2]. Note that the above quadratic relations hold for Q.(t) with non-negative integer
sequence o = (a1, a2, ...,0). We also agree that, for a > 0, Q4 —o(t) = (—1)“_1.

Lemma 2.1. Let a« = (aq,2,...,a¢) be a non-negative integer sequence, and x, y be non-
negative integers.

(1) If () is odd,

L L

Qozr = —q2Qa — Z (_l)iQ(xiQal...a\i...a@x Z Qaleal ..o

i=1 =1

(2) If {(«) is even,

Qozr = — Qo + Z QalazQOZQ &ogr T Z Qala,ang RGN E

=2
(3) If l(c) is odd,
e . g .
any = _Qnyoc - Z (_1)ZQOciQa1...a\i...agacy - Z (_1)1Qo¢inya1...a\i...ap
=1 =1

(4) If l(«v) is even,

y4
Qaay = meQwZ 1)'Qores Qo arcpay + O (1) QayaiayQas..r.e -
1=2

=2

Proof. Let /(c,x,y) be an even number. From the Pfaffian identity for Quqy, the case (4)
follows easily. The cases (3) and (2) follow from (4) by setting a; = 0 and y = 0, respectively.
Finally case (1) is obtained from case (3) by setting y = 0. [

Next, we recall the boson-fermion correspondence for neutral free fermions ¢; (i € Z) (cf. [3]).
The Clifford algebra B is generated by free fermions ¢; (i € Z) satisfying the anti-commutation
relation:

[, b5+ = (—1)"8;—;.

The vector space Fp has a basis consisting of ¢;, @i, - - - ¢4,|0), i1 > i3 > --- > is > 0, where |0)
is the vacuum vector. The Clifford algebra 9 acts on Fg by ¢;|0) = 0, i < 0. For odd number n,
we define the Hamiltonian by

1

2 = LS () b
€L
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The operators HP (n € Zyqq) generate a Heisenberg algebra $? with [Hf, ani] = 50n,—m. It
is known that F'p is isomorphic to V:

op(]0)) =1, op(HP|0)) == o op(HE,|0)) := np,, n > 1, odd.

The map op: HZ — V is called the boson-fermion correspondence of type B. Moreover, for
the basis of F'g

2_£Q i 0
A2 1 1S evel,
B (6302, Ox,]0)) { S Oan, I £s odd.

In what follows, we denote og (¢x,dx, - - - $2,]0)) by dx,dr, - - D2, ]0).
Proposition 2.2. Let n = 2m. Then

m—1
> (2 + Dtaira(n — (20 + 1), QZH)_zZ m— 1) Qn_ii-

=0

Proof. First we rewrite the left-hand side of this equation by using power sum symmetric
functions.

m—1 n
Z (20 + Ditgig1(n — (20 + 1))t 2i41) = 4 Z PiPn—i-
i=0 i>1,0dd

For an odd number ¢, the operator HZ»B acts on Fg. By the boson-fermion correspondence, the
right hand side equals

k
Z > (=100 1ibkb—kr(n—i)0).
1>1,0dd j,kEZ
Since free fermions ¢; (i < 0) act on vacuum vector |0) as 0, the above summation becomes

Z Z (1Y i ikt (niy|O)

i>1,0dd —n+i<j<n

0<k<n—1

Z S (16 itk (n-i)|0) (2.1)
i>1,0dd —n+i<i<0
0<k<n—1i

+ Z > (i itk b (n—i)|O) (22)
i>1,0dd 0<j<i
<k<n—1i

+ Z > (16 4idkd s (n-i)|0). (2.3)
izlodd SIS

Here it is verified that the part (2.2) equals 0. Next, we consider the parts (2.1) and (2.3).
For the term (—1)]+k¢j¢_j+i¢k¢_k+(n_i), we only need to consider the cases that j or —j +

belongs to {—k, —(n —i) + k}. That is, (—1)j+k¢j¢,j+igbk¢_k+(n_i)

G-k Pit kPk Pkt (n—i) if j = —k,

—Qit kO—k Pk Pkt (n—i) if j =i+k,

— O (i)t kP—j+iPkP kr(n—s) ifJ=—(n—1)+k,
Pr—kP—j+iPkP—k+(n—i) if j =n—k,
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_ (D" i kb ppniy ifJ=—korj=i+k,
(="' Grd—pn ifj=—(n—i)+korj=n—k.

Hence we have

S>> (i ridkd it (n-i)0)

i>1,0dd —n+i<ji<n
= 0<k<n—i

= > Y (DM (20ikb—kr (i) + 206D—ksn) [0)

1>1,0dd 0<k<n—i

=2 > > (D" (kb (i) + Prb—kn) [0)

m—1

=23 (=1 (n — 20)¢pn_i:|0)
—

=2 (=1)"(m—1)Qn_is- -
=0

3 Reduced Fock representation of the Virasoro algebra

For a positive odd integer j, put a; = \/56]- and a_; = %tj so that they satisfy the Heisenberg
relation as operators on V:
[aj, ai] = jOjtio-
For an integer k, put
1 1
L, = 3 Z @49kt + é(sk,(b
J€ZLoda
where
aja; if j <1,
G = . .
aa; ifj>1

is the normal ordering. For example,

Ly=20105+ Y jt;j0ia,  Li=0t+ Y jt;jdjse

§>1,0dd j=1,0dd
. 1.
Lo =) itid; + g id
Jj=1
=gt Y. jtjdj-a,  an —2=ghils+ > itida.
>3 0dd j25,0dd

More generally, it is verified, by Proposition 2.2, that

b
1 . . .
Loy =7 (2i+ Dtoir1(2k — (20 + D)bop_ainy + D, itidion

4
0 i>2k+1, 0dd

[y

~.
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e
—_

1 : , .
=3 (17 (k= §)Qu—js+ > JtiOi—on
j §>2k+1,0dd

<
Il
o

It is known that the operators Ly on V satisfy the Virasoro relation:
3

3

A representation of the Virasoro algebra £ = ®rczCl @ Cz with central charge 1 is given by
by — %Lk, z +— 1, which we recall the reduced Fock representation. We have Ly - v € V(n — 2k)
for v € V(n). The inner product ( , ) defined in Section 2 is contravariant:

[Li, Lol = 2(k — €) L0 +

6k+€,05 k7£ € 7.

(Liv,w) = (v, L_jw), v,we V.

Therefore the reduced Fock representation is infinitesimally unitary. The singular vectors are

discussed in [6]. For the non-reduced Fock representation of the Virasoro algebra, see for exam-
=4

ple [5].
Proposition 3.1.
1
L_1qn = (n + 1)Qn+2 + §Qn27 n > 0.

Proof. It is verified that

t2
Loyt = (41 + 3t301 + 5t503 + -- > et(tw)

t2 i
= <41 + 3tau + Stsud 4 - - > 2iz1,0da it

and

0 0 i
f(tvu) — Z i>1,0 tju’
0ue 8u (e j>1,0dd *J )

= (t1 + 3tzu® + Styut + Ttru’ + - - -)eszl’odd twl

By the relations t; = ¢; and ;2 = 2¢2, we have

1
wl_yeft0 — (Lo o) ettt 4 9 e,
2 ou

Here
1 [e.@] 1 o0 oo
_ n __ — n+1l n
(21@ ql) S g = e Y g - Y g
n=0 n=0 n=0
1 e.9] o
=u <2q2 dgut—aqy qn+1un> —q,
n=0 n=0

and
6 oo o0 o0
Ju Z gnu” = Z nguu" "t =u Z(n + 2)gn42u” + q1.
n=0 n=0 n=0

Therefore we have

1
L_1qn = 59200 — Q1n+1 + (n+2)gn42

1
= (n+1)gnt2 + §Qn2- m
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Similarly, we have

Proposition 3.2.

1
L_5¢, = (n+2)gnta+ Qna — 5@713,17 n > 0.

Proof. It is verified that
3
L_peftW) — (2t1t3 + 5t501 + Tt705 + - - > eSltw)

3 ) .
= (2751753 + 5tsu + Ttru® + - > 2231, 0da LW

and
geg(tvu) — g (erzl,odd tjuj)
ou ou _
= (t1 + 3tzu® + Styut + Ttru’ + - - -)ezjzl’odd b’
Therefore

P L_geft) = (—t1 — 3tzu? + §t1t3u3> St 4 aaeﬂtv“).

u

We have t3 = %(CB — Q2,1) and t1t3 = %(2(]4 — @3,1). Therefore

1 0
uPL_getltt) = <—(J1 — (g3 — Qa1) + §u3(QQ4 - Q3,1)> et 1 %eg(t’“).

Here the first term equals

1 oo
—q Z gnu” = (g3 — Q2,1 Z anu"? + (201 = Q1) Y g

n=0

( T ST ) YRS AN zqnu>

n=0 n=0
+u (—Ch(u +qu 4+ gut) — (g3 — Qa)ut)

and the second term equals

oo

Z nguu ' = u? Z(n + 4)qrpqu™ + u? (qlu_?’ + 2gou? + 3(]3U_1).

n=0
Also it is easy to check that
(= (v + qut+ gut) = (g3 — Qa)ut) + P (quu? + 2q0u + 3gzut)
= u’(23 — 1@z + Q2,1) =

Hence
L_2qn = —qi1qn+3 — (¢3 — Q2.1)qn+1 + = (2Q4 —Q31)q¢n + (N +4)gnta

1
= —q1qn+3 — (343 — ©2q1)qn+1 + = (494 — @3q1)qn + (N + 4)gr1a

2(
1
= (n+2)qnta + Qna — §Qn3,1-
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From Proposition 2.2, we obtain the following formula.

k-1
1 . .
Lop(vw) = (L-po)w + v(Lgw) = 7 p (27 + Dtojs1(2k = (27 + 1))tok—(2j41)vw
=0
= .
= (Lop)w +v(Lgw) = 5 ) (=1)(k = ) Qap—j 50w
7=0

for v,w € V. In particular k = 1,2, we see

1
L_i(vw) = (L_1v)w 4+ v(L_jw) — 5220, (3.1)
1
L_s(vw) = (L_gv)w + v(L_s2w) — 5(2q4 — Q3,1)vw. (3.2)
Proposition 3.3. Let a = (a1, a0, ...,qp) be a positive integer sequence. Then
‘ 1
(1) L—lro = Zl(az + 1)Qa+2€i + 5@04,27
1=
‘ 1
(2) L—QQa = Z(az + 2)@04—&—46,' + Qa,4 - 5@04,3,1-
i=1

Proof. If o; = «; for some 7 # j, then the equations hold as 0 = 0. Therefore, taking the
sign (41) into account, it suffices to prove the equations for the case o = A is a strict partition.
Use induction on the length of A. First we see (1) for the case ¢()) is odd. By equation (3.1),

¢

Ly (Z (_1)Z+1q)"QA1...):;...)\g>

i=1
¢

1
Z )it < (L— 1@1A¢)QA1.../\A¢...AZ + (Lle)\l,,,),\\i...)\g) - 2(.12(1)\1-@)\1.“)@_“/\4) . (3.3)

=1

By induction hypothesis, and the first term and second term in the right hand side equal,
respectively,

M-

Il
—

i 1
0 (O D+ 5002 ) @y, e and

(2

¢

: 1
+1
(-1)" X, Z (A + 1)Q,\1A..,\1.,.Ag+2ej + §Q)\1...)Ti...)\£2
j=1,j#i

M-

I
_

(2

Hence the equation (3.3) reads

¢ ¢
i+1
Z (_1)z+ (X + 1)q>‘i+2Q)\1...),\\i...)\g +ax Z (A + 1)QA1...X1....,\£+2€]~
i=1 =L

¢
1 H—l
+ 9 Z Q/\iZQ,\l...,\Z...,\g + qMQ,\l.._,\Z.../\gz - Q2q/\z‘Q,\1...,\Ai...>\g)

=1

14
Z )‘ + 1 62/\+26Z + 3 Z H_l Q)\ 2Q>\1 BV +qx Q/\l 5\\1.._)\22) - §Q2QA~
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By Lemma 2.1(1), the result follows. The case of even ¢(\) is similar. Next we prove (2) in
Proposition 3.3. Let £(\) be odd. By equation (3.2),

0
L_s (Z (—1)”1%@&“_&“&) (3.4)

=1
l ' 1
= Z (_1)z+1 ((L_QQ)‘Z')Q)\L..);...)\Z + qx; (L_QQ)\L../\A«;-..M) - 5(2(]4 - Q3,1)inQ)\1...,\Z...A£) .
=1

By the induction hypothesis, the first and second terms in the right hand side are, respectively,

¢
1
Z 1)+ < (N +2)qn 44+ Qria — 2Q/\i3,1> QS and

=1
¢ ¢ )
H—l
Z : Z N +2)Qy, 5 nrae; TSt — §Q,\1...>§-.../\43,1
i=1 j=l gt

Hence the equation (3.4) reads

¢ l

+1
Z (_1)# (X + 2)q)‘i+4Q)\1...):;...)\g +an Z (A + 2)Q,\1...>Q...,\e+4ej
=1 J=1,j#1

¢

1
+ Z( )H_ (Q/\ 4Q)\1 )\ Ao + aqx; Q>\1 )\ Aol CI4CI>\Z~Q,\1_._>Q.“>V_,)
=1

¢
1 1
+ 2 Z (=1)° (_QMJQ,\L..A}..A@ - q/\iQ/\l...Xi...AgsJ + Q3,1QA¢QA1...,\Z-...A@)-
=1

Hence
L
Z()‘ + 2 Q)\+4EZ + Z H_l Q/\ 4Q)\1...)\ »y + gy, Q)q i )\[4) Q4Q/\
i=1 1=1

¢
1
+ Z ZH Q/\i3:1QA1...XZ—...>\g - QAiQAI...Xi...,\Zz),,l) + §Q371QA-

=1

N =

The result follows immediately from Lemma 2.1(1) and (3). The case of even £(\) is similar. W

Theorem 3.4. Let o = (a1, e, ..., a4) be a positive integer sequence. Then
¢ = 4
L_;Qa = z;(ai + k) Qo 2ke; + 3 Z; (=1)"(k = 1)Qa,2k—ii; k>1.
1= 1=

Proof. Use induction on k. The cases kK = 1,2 are already shown in Proposition 3.3. Thanks
to the Virasoro relations, it suffices to show

[L—ka L—l]Qa

¢ 2
=2(-k+1) (Z( + (k+1))Qat2(kr1)e; T %Z ((k+1) = )Qa2(k+1)- ) :
=0

i=1
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Since
‘ 1
L pL 1Qa =Y (0 + 1)L _jQarac + oL-kQa2,  and
i=1
¢ =
L oL Qo =Y (0t + k)L 1Qqsone, + 5 Z — 1) L-1Qa 2k,
i=1
we have
¢
Lk, L1]Qa = Y _ (i + 1)L Qat2e, — (i + k)L_1Qat2ke,)
i—1

=0

k-1
+ % <L—kQa2 - Z (—1)'(k - i)LlQa,Qk—i,z) :

We write down terms in the right hand side:

¢ ¢
Z(ai +1)L_1Qar2e; = Z (a; + 1) (e + k)Qa+2ﬁi+2k6j
i=1 i,j=1,i#j
4 l 1 k—1
+ ;(O&i + (i + k4 2)Qatakt1)e; ; a; +1) § ]=o — 1) Qat2¢;.2k—jj»
¢
Z(ai + k) L_1Qa+2ke,
i=1
l l
Z Oéz —+ k Z (aj + 1)Qa+2kei+26j + (az + 2k + 1)Qa+2(k+1 + Qa+2kez, )
i=1 G=1,j#i
¢ = 7; '
L—kQa,Q ;(O‘z + k)Qoz-i—kai,Q + (2 + k)Qa,2+2k + 9 ; ( 1) (k Z)Qa,Q,Qk—z,za
k—1 ‘ k—1 ‘ J4
(—1)"(k — ) L_1Qq,2k—ii = Z (=1)"(k —1d) Z(aj + D) Qa+2¢; 26—isi
i=0 =0 j=1

Y (D (k= 9)(2k — i + 1)Qak—it2i + ¥ (—1)'(k —)(i + 1)Qa2k—i it

i

T
—
ol
=

I
=)
I
<)

%
k 1

kQa %2+ 5 Z — 1) Qa2k—i,i2-

Summing up, we have

l ¢
(Z(ai + )i+ k+2) =Y (e + k) (i + 2k + 1)) Qata(kine
=1

i=1

k—1
+ ((2 +5) Qoo — Y (1) (k = )(2k — i + 1)Qa 2k—i42,

=0

N | =

1I<:1

—1)Qa,2,2k—i,i + kQa 227 5 Z (—1)(k - 1) Qa,2k—ii,2

=1

+
N =
MH
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k—1
- (_1)1(]{ - Z)(Z + 1)@04,2]6 i 'L+2>
=0
/
—k+1) Z (k +1)Qay2(k+1)e; + (=F + 1) (k + 1)Qa 242k
=1

1 k—1
2( k—i 2k—l+1)Qa2k z+21+kQa2k2

=1

k‘
,_.

¢
=2(-k+1) Z( i+ (k+ 1) Qasokr1)e; + (= +1)(k +1)Qa2+2k

(=)' ((k + 1) = )Qa 2t 1)—i,i- [ |

Mw&

+(—k+1)

=1

Together with the previously proved formula

2m

LiQx = > (A — k) Qx—ake,

=1

for A = (A1,...,Aam), & > 1 [1, Theorem 2|, Theorem 3.4 completely describes the reduced
Fock representation of the Virasoro algebra. Consider the Lie subalgebra g = Z‘ kl<1 Cly which
is isomorphic to s[(2,C). Let ESP be the set of the strict partitions whose parts are all even
numbers, and let V" be the subspace of V spanned by the @y for A € ESP.

Corollary 3.5. The space V" is invariant under the action of g.

We are interested in the space V" because of the following conjecture: the set of Hirota
bilinear equations

Qr\(D)T-7=0, AeSP\ESP

coincides with those of the KdV hierarchy, where D= (D17 %Dg, %D5, .. ) is the Hirota differ-

ential operator. Namely (Veven)J' is conjecturally the space of Hirota equations for the KdV
hierarchy. For example,

~ 1 1
Qs,1(D) = ED% - §D1D3

corresponds to the original KdV equation.
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