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Abstract. For each Dynkin diagram D, we define a “cluster configuration space” Mp and
a partial compactification Mp. For D = A,,_3, we have My, , = My, the configuration
space of n points on P!, and the partial compactification M A, was studied in this case by
Brown. The space M p is a smooth affine algebraic variety with a stratification in bijection
with the faces of the Chapoton-Fomin-Zelevinsky generalized associahedron. The regular
functions on Mp are generated by coordinates u., in bijection with the cluster variables
of type D, and the relations are described completely in terms of the compatibility degree
function of the cluster algebra. As an application, we define and study cluster algebra
analogues of tree-level open string amplitudes.
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tudes
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1 Introduction

1.1. The configuration space My, of n distinct points on P! is a smooth affine algebraic
variety of dimension n—3, and it has a very well-studied Deligne-Knudsen—-Mumford compact-
ification M, which is a smooth projective algebraic variety. The boundary of My, consists
of 2"~1—n—1 divisors, satisfying factorization: each divisor is itself a product ﬂo,m X ﬂom,
where ni+ng = n+2.

The real points My, (R) have the structure of a smooth real manifold with (n—1)!/2 con-
nected components. Fixing once and for all a (dihedral) ordering on n points, we let (Mg n)>0 C
Mo (R) denote the connected component where the n points are ordered on P!(R) = St
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The closure (Mo )0 of (Mop)s0 in Mo, (R) is a stratified space that is homeomorphic to the
face stratification of the associahedron polytope.

Let W denote the union of those boundary divisors in ﬂo,n whose intersection with (Mg ,)>0
is empty, and let /T/l/o,n = m(),n \ W. The divisors that do intersect (My)>o correspond to
ways to divide {1,2,...,n} into two cyclic intervals, each of size greater than or equal to two.
For example, MO,5 has ten boundary divisors, and /Woﬁ includes five of them, corresponding
to the five sides of the pentagon (the associahedron of dimension two). Somewhat surprisingly,
the partial compactification //\/lvojn is an affine algebraic variety, and its ring of regular functions
has the following description. Let u;; be variables labeled by the diagonals (4, j) (not including
sides) of a n-gon P,. Then (C[./Wo’n] is isomorphic to the polynomial ring Clu;;] modulo the
relations

Rij == uij + < H ukg> -1, (i,7) varying over all diagonals, (1.1)
(k,£) crossing (,5)

and My, C ./{/lvo,n is the locus where u;; # 0. The w;; are called dihedral coordinates. Brown [11]
describes the same space using a presentation with more relations (see Section 10.1); the extra
relations are implied by our smaller set. The u;; are cross-ratios (see (7.1)) on My, and appeared
in the study of scattering amplitudes in string theory and for the bi-adjoint ¢3-theory [1].

1.2. In this paper, we construct in an analogous manner two affine algebraic varieties M p C Mp
for each Dynkin diagram D of finite type by considering the relations

Ry :=wu, + HUS)WH’Y) -1 (1.2)

Here, v and w denote mutable cluster variables of a cluster algebra A of type D [18], and (w||7)
denotes the compatibility degree. We call Mp the cluster configuration space of type D. In the
case D = A,_3, we have My, , = Mo, and My, , = Mp,. Amongst many remarkable
properties of these relations, let us immediately note that u, = 0 forces u, = 1 for all w such
that (v||w) # 0 (or equivalently, (w||y) # 0). Thus, factorization is manifest in (1.2). Some of
the results of this work were reported in [4], and Mp is an example of the notion of “binary
geometry” discussed therein. .
Whereas My, has a stratification indexed by the faces of the associahedron, the space Mp
has a stratification (Proposition 3.5) indexed by the faces of the Chapoton—Fomin—Zelevinsky
generalized associahedron for DY [12, 17]. We show (Theorem 3.3) that Mp and Mp are
smooth affine algebraic varieties and that the boundary stratification of M p is simple normal-
crossing. These geometric properties depend on integrality properties of the normal fan N (DV)
of the generalized associahedron, and an isomorphism (Theorem 5.3) between M p and an affine
open subset of the projective toric variety Xr(pv) associated to N'(DY). Like (Mon)>0, the

variety M p contains a distinguished nonnegative part Mp >¢, which is a stratified space home-
omorphic to the face stratification of the generalized associahedron (Theorem 8.1). The positive
part Mp o C Mp(R) is a distinguished connected component in M p(R), and is cut out by the
conditions u, > 0. Though M D is not compact, (Mv D, (M DZO)ZO) satisfies the other properties
of a positive geometry in the sense of [2].

1.3. The configuration space My, is isomorphic to the quotient of an open subset (ir(2, n) C
Gr(2,n) of the Grassmannian of 2-planes by the diagonal torus T' C SL,, acting on Gr(2,n).
Let B be a full rank acyclic extended exchange matrix of type D. Let A(B ) be the corresponding
cluster algebra, X(B) = Spec (A(B)) be the cluster variety, and let X(B) - X(B) denote
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the locus where all cluster variables are non-vanishing. We show (Theorem 4.2) that Mp is
isomorphic to the (free) quotient of X (B) by the cluster automorphism group 7° (B), generalizing
the construction of My, from Gr(2,n). The functions u, are particular T(B )—invariant rational
functions on X (B) The u., are related to some of the “cluster X-coordinates” in the sense of
Fock and Goncharov [16] by the equation u = X/(1+ X). The cluster X-coordinates appearing
here are exactly those encountered in the Auslander—Reiten walk through cluster variables,
beginning from an acyclic quiver and mutating only on sources. It is important to note that
while the u, are simply related to the cluster X-variables in this way, they are actually in
bijection with the cluster A-variables, while in general there are more cluster X-variables than
cluster A-variables.

We do not have a good understanding of the relationship between M p and cluster X-varieties;
for example, M p does not contain a collection of (cluster) torus charts.

Our approach depends crucially on the flexibility in the choice of B. When B = B"™V is the
extended exchange matrix for the universal coefficient cluster algebra [19, 27], the relation (1.2)
is obtained from the primitive exchange relations of A(Buniv) by setting all mutable cluster
variables to 1, and sending the universal frozen variables z, to u,. The non-primitive exchange
relations give rise to other relations of the form U + U’ = 1, where U and U’ are monomials in
the wu,-s.

When B = BP'I" s the extended exchange matrix for the principal coefficient cluster algebra,
the functions u., become identified with certain ratios of the F-polynomials F (y). Bazier-Matte,
Douville, Mousavand, Thomas, and Yildrim have shown [8] in the case that D is simply-laced
that the Newton polytope of F,(y) has normal fan a coarsening of the g-vector fan N (DV)
of DV, and this result was extended to skew-symmetric cluster algebras by Fei [15]. We extend
via folding this description to the case that D is multiply-laced finite type Dynkin diagram.
The identification of Mp with an open subset of the toric variety X, (pv) depends crucially on
this analysis.

As an application of our results on quotients of cluster varieties and on F-polynomials,
we identify (Theorem 9.2) the positive tropicalization Trop.y Mp of the cluster configuration
space with the cluster fan N/ (DV). In particular, we resolve a conjecture of Speyer and Williams
[29, Conjecture 8.1] on positive tropicalizations of cluster varieties of finite type; see also [22].

1.4. Inspired by similar questions for My ,,, we proceed with studying the topology of M p(C)
and Mp(R). We identify Mp, with the complement to the Shi-hyperplane arrangement
and thereby compute point counts over finite fields, and the Euler characteristics of Mp, (R)
and Mp, (C). We give a configuration space style description of M¢, (Proposition 7.5) but
were not able to determine whether M, is a hyperplane arrangement complement. Never-
theless, we were able to compute the point count for M¢, (F,;), and the number of connected
components of M¢, (R). We found numerically the point counts for types D4, D5 and G, and
obtained numerically that the point count of Mp, (F,) over a finite field [, is not a polynomial
in ¢ but a quasi-polynomial.

1.5. One of the main motivations for us are scattering amplitudes in string theory. In [3], we
introduced integral functions, called stringy canonical forms,

dxi C‘{/)(_ PN SN
I= X T pj ()~ 1.
LI [Tr,607, (1.3

where p;(x) is a positive Laurent polynomial. We showed in [3] that the leading order
limy_,0(¢/)"Z is a rational function that for fixed ¢j-s coincides with the canonical rational
function [2] of the Minkowski sum of the Newton polytopes of p;(x). Tree-level n-point open
superstring amplitudes are integrals on Mg ,. It turns out that for a suitable parametrization
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of Moy, these amplitudes can be written as an integral Z4, , in the form (1.3), where the p;(x)
are the F-polynomials for the type A,_3 cluster algebra. The importance of the u;;-variables
appears in the rewriting (see [3, Section 9] or [10, Section 3])

/)(’va
7 :/ 2((Mon)>0) H“Z ’
(Moyn)>o0 (i)
of the open-string amplitude. The poles of Z4, , are given by X;; = 0, and at this pole, the
factorization of Z4, , mimics the factorization of the equations (1.1). We define the cluster

string amplitude (where x, x; are cluster variables of A(B) of type D)

n+m

Ip = / Q(MD7>0) H x?y/sfy H fEia/Si’
Mp,>0

vyell i=n+1

The poles of Zp are made manifest by rewriting in terms of the u,-s, and the leading order of Zp
is controlled by the combinatorics of the generalized associahedron of DV.

2 Background on cluster algebras and generalized associahedra

In this section we review basic facts concerning cluster algebras. The most important cluster
algebra references for us are [8, 31]. For cluster varieties, our conventions follow [23].

2.1. Let D be a finite Dynkin diagram with vertex set I, and let A = (a;;) denote the n x n
Cartan matrix of D, where n = |I|. Let B be a skew-symmetrizable exchange matrix, i.e., there

exists a matrix Z with positive diagonal entries such that ZB is skew-symmetric. We say that
B = (Bjyj) has type D if

2 if i=j,
a5 = e -y
—|Byj| if i # g
In standard cluster algebra language, B corresponds to an acyclic initial seed of a cluster algebra
of finite type D. Given D, the possible exchange matrices B of type D are in bijection with

orientations of the underlying tree of D: writing ¢ — j for the directed edges of this orientation,
we have

—Qij if 72— 7,
Bz‘j =4 Qij if j — 1,

0 otherwise.

For an (n+m) x n extended exchange matrix B extending B, we let A(B) denote the correspon-
ding cluster algebra of geometric type [18]. By convention, A(B) is the C-algebra generated
by all mutable cluster variables, all frozen variables, and the inverses of all frozen variables.
We let X (B) = Spec A(B) denote the cluster variety [23]. This is a complex affine algebraic
variety, and in general it differs from the union of cluster tori, which is sometimes called a cluster
manifold.

2.2. We say that B (or A or X) has full rank if B has rank n. We say that B (or A or X)
has really full rank if the rows of B span Z™. If B has full rank, then X (B) is a smooth affine
algebraic variety [24, Theorem 7.7].
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2.3. Let IT = II(B) be the indexing set for cluster variables, which depends only on B. Set
r:= [II|. For v € II, we let z, € A(B) denote the corresponding cluster variable. (Abusing
terminology, sometimes we will refer to elements of II as cluster variables.) We give II the
structure of a simplicial complex, called the cluster complez, by declaring the maximal faces to
be the clusters {y1,...,7m}

The set II can be identified with the following set of pairs of integers:

m=| [{(s,1)|0<s <m}, (2.1)
el
where r;, i € I are some positive integers. The initial cluster is {(0,4)|i € I'}. We let IIT C II
denote the subset of non-initial cluster variables, i.e., those v = (¢, 5) with ¢ # 0.

Remark 2.1. In [31], the set II is identified with the set of weights {c*w; |0 < s <7;}. We have
chosen to index using the pairs of integers (s,i) instead. The choice ¢ of a Coxeter element
in [31] corresponds to our choice of an orientation of D in determining the exchange matrix B.

Remark 2.2. Starting from the initial cluster {z(; |i € I}, the cluster {z; [i € I} is
obtained by mutating each vertex of I once, always mutating at sources. This process is repeated
to obtain all the cluster variables. In particular, the cluster variable x(; ;) is obtained by mutation
from z(;_y ;); see Proposition 2.5 for the exchange relation. We refer the reader to [8] for an
explanation of this Auslander—Reiten walk, the relation to quiver representations, and many
examples.

2.4. There is an involution *: I — I sending 7 to i* induced by the longest element of
the Weyl group of the root system of D. This involution is the identity in all types except
for A,, Dap+1, Eg, and in these types *: I — [ is the non-trivial automorphism of D (as a
graph). We shall use the notation (—1,7) := (r;+,7*); see [31, Proposition 1.3].

2.5. Each Dynkin diagram D has a dual denoted DV defined by requiring that the Cartan
matrix of DV be transpose to that of D. Note that D and D" have the same underlying tree.
If B is an exchange matrix of type D, then we let BY be the exchange matrix of type DV
associated to the same orientation of the underlying tree of D and DV. For dual exchange
matrices B and BY, the cluster variables IT1(B) and H(BV) are naturally in bijection and under
this bijection the cluster complexes are isomorphic.

2.6. For v,w € II, we let (w||y) denote the compatibility degree, defined for example in [31,
Proposition 5.1]. In [31], the dependence of the compatibility degree on the choice of ¢ (equivalent
to our choice of B) is made explicit, but we have suppressed this dependence in our notation.
By [31, Section 5|, the compatibility degrees for different choices of B are equivalent under
an appropriate renaming of II. Examples of the compatibility degree are given in Section 3.2.

We have (w||y) = 0 if and only if (y||w) = 0 and in this case we say that w and ~ are
compatible. Otherwise, we call w and 7 incompatible. If (w||y) = (7]|w) = 1, we say that w
and ~ are exchangeable. The faces of the cluster complex consist of sets of cluster variables that
are pairwise compatible.

2.7. Let APM = A(Bprin) denote the cluster algebra with principal coefficients [19]. Thus
BPMn i g 2 x n matrix whose top half is equal to B and bottom half is equal to the identity
matrix. In this case, the initial mutable variables are denoted x1,x9,...,x, and the principal
frozen variables are denoted y1,y2,...,yn. We have a Z"-grading on the principal coefficient
cluster algebra AP™™ given by

deg(z;) = ¢; and deg(y;) = —Be;. (2.2)
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Each mutable cluster variable is homogeneous with respect to this grading, and we define the
g-vector by g, := deg(x,) for v € II.

2.8. For vy € IT*, define the F-polynomial F,(y) by setting the initial cluster variables to 1 in
the Laurent expansion of the cluster variable 5™ in the cluster algebra AP"M with principal
coefficients:

Fy(y) = aP"™(zi = 1L,y1,52, - - Un)-

By convention, we have F,(y) = 1 if y is initial. Computations of g-vectors and F-polynomials
are given in Examples 6.7 and 6.8. Further examples can be found in [8, 19].

2.9. The cluster fan N (B) is the collection of cones spanned by {g,,...,8.} as {71,...,7s}
varies over collections of cluster variables that belong to the same cluster, called compatible
cluster variables. Recall that a cone C is called simplicial if dim(C') is equal to the number
of extremal rays of C, and a fan is called simplicial if all its cones are. A fan N in R" is
called smooth if it is simplicial and for each maximal cone C' € N/ the primitive integer vectors
Vi,...,Vy spanning C form an integral basis for Z".

Theorem 2.3 ([12, 17, 21]). The collection of cones N'(B) is a smooth, complete polyhedral fan.

A generalized associahedron of type B is any polytope whose normal fan is equal to NV (B).
Often, we will say “generalized associahedron of type D”, with the choice of B of type D
understood.

2.10. For v € 1II, let P, denote the Newton polytope of the F-polynomial F,(y). By convention,
if v is initial, we have set Fy(y) = 1 and P, = {0}. Let F(y) = [[ e F4(y). Then the
Newton polytope P of F(y) is the Minkowski sum } . .y P. The following result is established
in [8] when D is simply-laced (and extended to not necessarily acyclic initial seeds in [15]), and
in Theorem 6.1 we extend the result to multiply-laced finite type D with acyclic initial seed.

Theorem 2.4. The (outer) normal fan of the Minkowski sum 3.y Py is equal to N'(BY).

2.11. Let 7: II — II be the bijection defined by 7(t,7) = (t — 1,5) for 0 < t < r;, denoted 7.
in [31]. Then (77||7w) = (7||w) and 7 induces an automorphism of the cluster complex of D.

An exchange relation for .A(B) is called primitive if it is of the form z,x,, = M + M’, where
one of the two monomials M, M’ does not contain any mutable cluster variables. The primitive
exchange relations are exactly the ones of the form z,; zy = M + M’

2.12. Let A™Y = A(B“niv) denote the cluster algebra with universal coefficients, from [19,
Theorem 12.4], [31, Section 5], and [27, Theorem 10.12 and Remark 10.13]. Thus B"™V is
a (n+r) X n matrix whose top part is equal to B and whose bottom part has rows given by the
g-vectors of the cluster algebra with exchange matrix B, see [27]. The bottom r rows of Bumiv
are again indexed by II, and we denote the corresponding frozen variables by z,, for v € IIL.

Proposition 2.5 ([31, Proposition 5.6]). The primitive exchange relations of A(Buni") are
given by

x(t—l,j)x(t,j) = Z(t,j) H :E(_t’aZZ)J H x(_ta:{,z) + H Z&wll(td)) (23)

i—] Jj—

forgel and 0 <t <r;.
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2.13. For v € II'", define the universal F-polynomial F,‘Ymi"(z) by setting the initial cluster

variables to 1 in the Laurent expansion of zJ™":

F}/miv(z) = xgniv(xi =1,z2y).

By convention, we have F;mi" (z) = 1 if ~ is initial.

2.14. Suppose D is a multiply-laced Dynkin diagram whose underlying tree is oriented. Then
there exists a simply-laced Dynkin diagram D such that D is obtained from D by folding [13], and
the orientation of D is induced by the orientation of D. In this situation, there is a finite group I'
acting on I and II such that I and I are identified with the T-orbits on I and II. We obtain
surjective quotient maps 1/:~I~ — Tandv: I — IL Abusing notation, let v: R — R be given
by v(es) = e,(5), and v: R — RHI be given by vie;) = €y Similarly, define v: Z[y; |i € f] —
Zly; |i € I] by v(y;) = Y and v: Z[z:y |5 € H] — Zlzy |y €] by v(25) = 2
results are a consequence of the definitions.

v(5)- The following

Proposition 2.6.
For 3,& €1l and g € T, we have (g-7||g - ©) = (3]|@).
For v, w €11, we have (Y||w)p = 3 _5¢,-1(,)(F|0) p for any & € w.

For any 4 € I, we have v(F5(¥)) = F,(5(y) and v(FY(z)) = F;g;(z).

-~ W N

For any 7 € 11, we have v(87) = 8u(%)-

Examples of foldings are given in Section 3.2.

3 The cluster configuration space Mp

In this section, we define the cluster configuration space Mp and its partial compactifica-
tion Mp, and we state some geometric properties of these spaces. We also give examples of the
cluster compatibility degree appearing in the defining relations.

3.1. Let C[u] := C[u, |y € II] be the polynomial ring with generators u., and let C[u*!] denote
the Laurent polynomial ring with the same generators.

Definition 3.1. Let I denote the ideal (in C[u] or C[u*!]) generated by the elements

Ry :=uy+ [Jul™ -1 (3.1)

for v € I, and (w||y) denotes the compatibility degree.

Definition 3.2. Define the cluster configuration space Mp and its partial compactification /T/ID
by

Mp = Spec (C [uil} /Ip) and Mp := Spec (Clu]/Ip).
The following result will be proved in Section 5.4.

Theorem 3.3. The two schemes Mp and MD are smooth, irreducible, affine algebraic varieties
of dimension n. The boundary divisor 0 := Mp \ Mp is a simple normal-crossing divisor

m Mp.
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If D= @, we define Mp = Mp = Spec(C) to be a point. If D = A;, then Clu]/Ip =
Clu,v']/(u+u' =1) so My, =C and My, =C\ {0,1}.

Remark 3.4. The definition of Mp and M p depends on the choice of exchange matrix B of
type D only in the indexing of the generators u, by II. For two different orientations of D, there
is a natural bijection between the two indexing sets II(B) that arise, and a natural isomorphism
between the resulting schemes M p(B).

3.2. Let us give the relations R, explicitly in types A, B, C, D, G. In the following discussion,
we use models for II involving diagonals of a polygon; see [18] for further details. The precise
correspondence with (2.1) depends on the choice of initial cluster (for example, a choice of
triangulation of the polygon in type A), or equivalently the choice of B, or equivalently the
choice of orientation of D.

3.2.1. Type A, _3. In this case, the set II can be identified with the diagonals (not including
sides!) {(7,7)} of an n-gon. The R, are the equations (1.1). The compatibility degree is given
by the formula ((7,7)||(k,¢)) = 1 if (i,j) and (k, ) cross (in the interior of the polygon) and
((2,7)||(k,€)) = 0 if (4,7) and (k, ) do not cross. The automorphism 7 in this case corresponds
to the order n rotation of the polygon. The clusters are exactly the maximal sets of pairwise
compatible diagonals. In other words, clusters are in bijection with triangulations of the n-gon.

3.2.2. Type C,,_1. Let Py, be the 2n-gon with vertices cyclically labeled 1,2,...,n,1,2,...,7.
The set II is identified with the union

= {[i,%] = (i,9) |1 gign}u{[i,j] = ((i,j),(i,}))|1gi<j—1<n}
U {[z‘,j] = ((1,7), (G, ) [1<i<j<m, (i) # (1,n)} (3.2)

of the long diagonals, and pairs of centrally symmetric diagonals in Ps,. In total we have
| = n? —n.

The compatibility degree (v||w) is equal to the number of crossings of one of the diagonals
representing w with the diagonals representing 7. Thus for example ([1,1]|[[2,3]) = 1 but
(12,3]]|[1,1]) = 2. For example, for Cs, Definition 3.1 gives the two equations

I =upq + U[2§}“[33}U[223p

1 = upz) + uptups)upg (3.3)

and the three cyclic rotations of each.

This case is obtained from As,_3 by folding. There is an action of the two-element group I'
on P», mapping i <> i. This induces the natural map v: I — II sending diagonals of Ps,, to I'-
orbits on the diagonals of Pa,. We may verify Proposition 2.6(2): for example ([2, 3]||[1, i])cz =
((2,3)\](1,1))A3 + ((Q,g)H(l,i))Ag =141 = 2. The automorphism 7 is inherited from the
rotation of the 2n-gon Ps,,.

3.2.3. Type D,,. Let PP, denote an n-gon P, with vertices 1,2,...,n (in clockwise order) and
an additional marked point 0 in the middle. The set II consists of certain arcs in PF,, connecting
vertices and 0: (a) for 1 <i# j <mnandi # j+ 1 mod n we have an arc (i,j) connecting i
to j going counterclockwise around 0, and (b) for each 1 < i < n we have two arcs [i] and [i]
connecting ¢ to 0. We denote the corresponding u-variables by w;;, and u; and u;. See Figure 1.
(We caution the reader that the notation 7 here is unrelated to the notation 4 used for foldings.)
In this case, the automorphism 7 is the composition of the rotation of P, with “changing the
tagging at 0”7 (i.e., switching from [i] to [i] if the arc is incident to 0).
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1 2

Ui
u12

uis

Figure 1. The polygon PP, and some u-variables. Note us; does not exist.

The compatibility degree (y||w) is equal to the (minimal) number of intersection points bet-
ween the arc v and the arc w, if at least one of v and w do not connect to 0. If both v and w

connect 0 0, then we have ([i][[[j]) = (GIG]) = (GIET) = 0 but (WG] = (GIIE) = 1 if
i # j. For Dy, representative equations from Definition 3.1 are

2
1 = uy2 + uzuzuguzus u23u24UL1 U3,

1 = u13 + uquzugy ugauoqusy,

1=u + U5UzUZU23U34U24 (34)

and we have 4, 4, 8 equations of these types respectively, for a total of 16 equations.

3.2.4. Type B,_1. The set II is the same as for C,,—1 (3.2). However, the compatibility
degree (7y]|w) is equal to the number of crossings of one of the diagonals representing v with the
diagonals representing w. Thus, ([1,1]]|[2,3]) = 2 but ([2,3]]|[1,1]) = 1. For By, Definition 3.1
gives the two equations

1 = w1y + upz)u33 s,

1 = upg) + uf)upsupg)
and the three cyclic rotations of each. Note that M p, is isomorphic to M¢, under a non-trivial
re-indexing of the u-variables. However M p, and Mg, are not isomorphic for n > 2.

Type Bj—1 can be obtained frorri type D, by folding. Let I' be the two-element group acting
on Il = II(Dy) by sending [i] <> [i] and fixing all other (¢,j). The map v: II — II sends [i]
and [i] to [i,4], and sends (4,7) to [i, 7] if i < j and to [j,i] if i > j. For example, for Bs, the
images of the equations from (3.4) are

2 2 2

L= upg) + UjsgUigz W32 ¥ (23] Y[22) Y[14) U[13]

1= up3) + U[QM}U[M}U[M}U[zi}u[si},

1 = upq) + Ujo2)U[33) U [4a) U[23] U[32]) U [2d] (3.5)
The automorphism 7 is inherited from the rotation of the n-gon in type D,,.
3.2.5. Type G2. In type Gy, we have |[II] = 8 and we denote u-variables by a;, b; for
i =1,2,3,4. The u-equations for type Go are

l=a1+ a2b2a§b3a4,

1=06+ b2a§b§aib4
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and the cyclic rotations under the group Z/47Z. Type G2 can be obtained from Dy by folding.
(Though at present we only consider foldings of simply-laced diagrams, G5 can also be obtained
from Bj by folding.)

3.3. Let F be a face of the generalized associahedron, which we identify with a pairwise
compatible subset {71,...,7q4} of II. We define Mp(F) C Mp to be the closed subscheme cut
out by the ideal (u,,,...,uy,). If F = @, then Mp(@) := Mp. We define Mp(F) C Mp(F)

to be the open subscheme of Mp(F') where all the variables {u, |y ¢ F'} are non-vanishing.

Proposition 3.5. We have a natural stratification

Mp =| | Mp(F), (3.6)
F

where F' varies over all the faces of the generalized associahedron.
Proof. When w and « are incompatible, the coordinate w,, is non-vanishing on Mp({~}). This

shows that the subschemes M p(F) cover Mp. |

3.4. Let us analyze MVD(F) for F' = {~}. Setting u, = 0 in the equation
wo + L) =1

we find that u, = 1 for all w incompatible with ~. Let II(y) C II be the subset of x € II that
are compatible with . Setting u,, = 1 in R, for k € II(7), we get

R =, + H US_THH) 1.
T€I(7)

It follows that the coordinate ring of Mp (F') has the following presentation
Clux | v € TI(y)]/(1})-

Proposition 3.6. Suppose v = (t,7) and removing j from D disconnects D into connected
components D1, ..., Ds. Then we have

Mp({7}) = Mp, x Mp, x -+ x Mp,
and

Mp({v}) = Mp, x Mp, x -+ X Mp,.

Proof. Let v € II. Since ~ defines a facet of the generalized associahedron for B, it follows
that the collection of clusters containing v are connected by mutation, without mutating ~.
It follows that II(~y) is the cluster complex of a cluster algebra of finite type associated to the
disjoint union of Dy, Do, ..., D;,. |

Note that removing a vertex from a finite type Dynkin diagram produces at most three compo-
nents, so in Proposition 3.6 we have s < 3.
By applying Proposition 3.6 repeatedly, we have the following result.

Proposition 3.7. Any Mp(F) (resp. Mp(F)) is a direct product of Mp: (resp. Mp/) as D'
varies over a finite set of Dynkin diagrams obtained by removing some vertices from D.
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3.5. Recall the bijection 7: Il — II of Section 2.11. We have automorphisms 7: Mp — Mp
and 7: Mp — Mp induced by u, + ury. The order of the automorphism 7 is either h + 2
or (h+2)/2, where h is the Coxeter number of D; see for example [7]. It would be interesting to
compute: (1) the group of automorphisms of the variety M D, (2) the group of automorphisms of
the variety M p, and (3) the group of automorphisms of M p that send the positive part Mp ~q
(defined in Section 8.1) to itself.

In the case D = A,,_3, we have Mp = My, which has a natural action of S,,. The group S,
acts transitively on the connected components of Mg ,(R). The positive part Mp ¢ is one of
the connected component of My, (R) and it is sent to itself by a dihedral subgroup of S, of
order 2, and the number of connected components of My ,,(R) is equal to n!/2n, see Section 7.2.

3.6. Let v € II. Then as in Proposition 3.6, we can uniquely associate Dynkin diagrams
Dy, ..., Dy to v, where s < 3.

Proposition 3.8. Suppose that v € II and s(y) = 1. Then we have a natural morphism
Mp — Mp,. (3.7)

The proof of Proposition 3.8 is delayed to Section 4.7. The map of Proposition 3.8 corresponds
to “forgetting a marked point” in the case of M4, , = My,,. We expect (3.7) to be a fibration,
similar to the Mg, case.

3.7. Let D be a folding of D and let I and v: IT — II be as in Section 2.14.

Proposition 3.9. The quotient of Clu]/Ij by the ideal generated by the equations us = ug.5
for 7 €1l and g € T is canonically isomorphic to Clu]/Ip.

Proof. Let v: Clus |7 € 1:[] — Cluy |y € TT] be the ring homomorphism given by v/(u3) = u,(5)-

Then applying Proposition 2.6(1),(2), we have v(R5) = R,(5). The result follows. [

Thus Mp can be identified with a closed subscheme of M p and it is straightforward to see
that Mp is the intersection of Mp C Mp with the open subset My C Mp.

3.8. The significance of the following conjecture is unclear to us. We have proved it by a direct,
elementary calculation for D = A,,, n > 2.

Conjecture 3.10. For D not of type A1, the ring Clu™)/Ip is generated by u;l, for v € 11.

4 Mp as a quotient of a cluster variety

In this section we show that M p can be obtained as a quotient of an open subspace X of the clus-
ter variety X(B) by the action of the cluster automorphism torus 7" considered in [23]. An im-
portant role is played by principal and universal coefficients, where B = BpPrin op B = Buniv,

In particular, the defining relations of Mp are obtained from the primitive exchange relations
of X (B,

4.1. Let B be a full rank extended exchange matrix. Let 7 =T (B) be the cluster automorphism
group [23] of A(B): this is the group of algebra automorphisms ¢: A(B) — A(B) such that
for each (mutable or frozen) cluster variable z, we have ¢(z) = ((x)z for ((x) € C*. Thus,
T acts on any cluster torus of the cluster variety X (B) by scaling the coordinates. By [23,
Proposition 5.1], we have

T = Hom (Z"™™/BZ",C*). (4.1)
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Since B has full rank, the group T is a (possibly disconnected) abelian algebraic group of
dimension m. The character group of T is the lattice Z"*"/ BZ". By definition, the torus T
acts on each cluster variable by a character, and we denote the weight of the cluster variable
z € A(B) by wt(z) € Z"*™/BZ".

Lemma 4.1. Let B have full rank. Then B has really full rank if and only if Z”*m/BZ” has
no torsion, or equivalently, the group T is connected, and thus a torus of dimension m.

Proof. The rows of B span Z" if and only if BQ" NZ"*™ = BZ" if and only if Z"+™/BZ" has

no torsion. [ |

Let X =X (B) be the cluster variety, which is a smooth affine algebraic variety. Let XcXx
be the locus where all mutable cluster variables are non-vanishing. In terms of rings, we have

X := Spec (A[1/z |z is a mutable cluster variable]).

Thus X is a smooth affine subvariety of the initial (or any) cluster subtorus of X, and it follows
immediately from the definitions that the action of T preserves X, and furthermore the action
of T is free on X. The geometric invariant theory quotient

X /) T := Spec ((C[X]T)

is again a smooth affine algebraic variety, and furthermore, there is a bijection between closed
points of X /T and T-orbits on X. We thus simply denote X /T by X/T. Explicitly, the

ring C [X ] T consists of all weight zero Laurent polynomials in cluster variables.

4.2. Let 7: II — II be the bijection defined by 7(¢,j) = (t — 1, ) for 0 <t < r;. The primitive
exchange relations are of the form

TryTy = M + M',

where M’ only involves frozen variables. For each primitive exchange relation, we define the
rational function

M

Ty Ty

f'y =

By definition, f, € (C[X ], and it is easy to see that f, is T-invariant. Thus f, € (C[X ]T.

Theorem 4.2. Suppose that B is a full rank extended exchange matriz, acyclic and of finite
type. Let X = X(B). Then the quotient X /T is a smooth affine variety isomorphic to Mp,

and the isomorphism C|Mp| = (C[X']T is gien by uy — f.

Theorem 4.3. Suppose that B is a full rank extended exchange matriz, acyclic and of finite
type. Let X = XPrin (B) have principal coefficients. Then Mp = )o(pri“/Tprin is isomorphic
to the locus XP™ (1) C XP"™  where all initial mutable cluster variables have been set to 1.
The coordinate ring C[Mp] is isomorphic to the subring of C(y1,y2,...,yn) generated by Fvﬂ(y)
and y;ﬂ.

Theorem 4.4. Suppose that B is a full rank extended exchange matriz, acyclic and of finite type.
Let X = XWiv (B) have universal coefficients. Then Mp = Xuni"/T‘mi" s isomorphic to the
locus X"WV(1) € X"V where all mutable cluster variables have been set to 1. The isomorphism
C[Mp| = C[XWV(1)] is given by uy — zy.
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4.3. The relations in the following corollary will be discussed in further detail in Section 10.1.

Corollary 4.5. The ideal Ip has a natural set of generators of the form U + U’ — 1, given by
the images of all exchange relations of X"V,

The ideal Ip also contains the |II| —n distinguished elements which are images of 1 — F;mi" (z).

4.4. Proof of Theorem 4.4. Recall that the mutable cluster variables of .Aumv are denoted x
and the frozen variables are denoted z,, where v € II. Let X"V(1) C XMWV XMWV he the
locus {z = 1}, where all mutable cluster variables have been set to 1.

By Proposition 2.5, the primitive exchange relations are of the form

_ wlly
LTy = 245 + H 2wl
well

where S is a monomial in the mutable cluster variables. So,
2,8

TryTy

f v =
and thus on X"V(1) we have (f,)| xuniv(1) = 24 and the relation

4 I £ =1 (4.2)

well

We will now show that the multiplication map gives an isomorphism
Tuniv % Xuniv(1> o Xuniv

or equivalently, every T"™V-orbit on X" intersects X univ (1) in exactly one point. The character
group of TV is naturally isomorphic to Z"" /BZ", which is a free abelian group of rank r = |II|.
Thus each cluster variable z., has a weight (or degree) wt(x,) € Z""/BZ" (see (6.2) for the
weight of initial and frozen variables). By Proposition 6.5, the set {wt(z,)[v € II} form a basis
of the lattice Z"*"/ BZ". Thus we have a projection Xuniv |y runiv given by sending x € Xuniv
to the coordinates (x+)~err, and the fiber of this projection is XUV (1). This is an inverse to the
multiplication map TV x X"1V(1) — X"V and we deduce that 7MY x XW0iv(]) o2 xuniv,
We conclude that C [X univ] E=~ C[X™V(1)]. Now, any T""V-invariant function in C [X univ]
is a linear combination of T"™V-invariant Laurent monomials in mutable and frozen variables.
Each such Laurent monomial restricts to a Laurent monomial in the z,-s on C[X"V(1)]. It fol-

lows that the functions f, and their inverses generate (C[X “m"] Tumv, and by (4.2) satisfy the

same relations that u, € C[Mp] satisfy. Finally, we check that the generators f, do not satisfy

any further relations. Suppose we have a polynomial identity p(f,) = 0 inside (C[X ‘mi"]Tumv

The equality p(fy) = 0 is equivalent to an equality g(z~, 2y) = 0 inside C [X ‘mi"] , where q(z~, 2y)
is a Laurent polynomial. We claim that the primitive exchange relations allow us to eliminate
all the non-initial cluster variables, i.e.,

q(2y, 2y) = r(x1,22,...,2n,2y) mod ideal generated by primitive exchange relations,
where r(z1,x2,...,2n, 2y) is a Laurent polynomial and the ideal is taken inside C[X “niV]Tumv.
To see this, first note that deg(z1),...,deg(z,) and deg(zy), v € II together span Z"*", and
thus we can always multiply ¢(z.,z,) by a T"*V-invariant monomial so that the denominator
involves only initial x; and the z,. Next, we have
M + M’

Ty = —— — 2, R,
Trry
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where R = % —1is a primitive exchange relation (divided by x4, ). This allows us (modulo
the ideal) to replace z, by an expression involving x,, and M + M’. If v = (¢, j), the mutable
cluster variables that appear in M + M’ are either of the form (¢ — 1,i) or of the form (¢,1),
where ¢ — j (see Proposition 2.5). It follows that x, will not appear again when this process is
repeated. This proves our claim. ‘

But r(z1,x2,...,2n, 2,) = 0 as an element of C[)O(uniV]Tumv C (C[)O(u“i"} C C(X"V) only if
the polynomial r is 0, since x1,x2,...,Zn, 2, are algebraically independent. We conclude that
p(fy) lies in the ideal generated by primitive exchange relations. Thus the ideal of relations
satisfied by the f, is generated by (4.2). We thus have an isomorphism of rings

univ
:| T

C[Mp] — C[XumY , Uy — fy

and an isomorphism of varieties X"V(1) =2 M.

4.5. Proof of Theorem 4.2. By the defining property of universal coefficients, we have
a homomorphism of rings ¢: A™Y — A = A(B) such that gZ)(:cg“iV) = x, and ¢(z,) is a Laurent
monomial in the frozen variables z,11,...,Zn1m of A. The homomorphism ¢ may not be
surjective, for example this would be the case if B has rows equal to 0, or rows that are repeated.
However, the image A’ := ¢(A™V) is itself a cluster algebra: it is generated by qﬁ(fngniv) and

the monomials ¢(z,). The monomials ¢(z,) and their inverses generate a Laurent polynomial

subring S C (C[:vilrl, att ] which is the coefficient ring of A’. For any monomial M

rYn+m
in Tpt1,-- ., Tntm, We can ﬁn(Jir t € T such that ¢- M is a Laurent monomial in S. Thus, we have
AT = AT, Since A has full rank, the quotient X/T" = X'/T" has dimension n, and A’ also has
full rank.

Replacing A by A’, we now assume that ¢: A"V — A is surjective, and thus we have
a closed immersion : X — XWiV. The monomials $(zy), v € II together define a surjec-
tive linear map C': Z" — Z™. Extending by the identity in the first n coordinates, we get
a linear map Z"" — Z"™_ represented by a matrix C satisfying CB"™" = B. Suppose that
t € T = Hom (Z"“’VBZ”,C*). Then composing ¢t with C, we get an element ¢/ € TV =
Hom (Z”*T / Buwivzn, (C*). Since C is surjective, the induced map v: T — T" is injective and
thus the inclusion of a subgroup.

We need to show that ¢: C[X univ
suppose that f € (C[X ]T. Then we may assume that f is a Laurent monomial in mutable and
frozen variables. Let g € (C[X iVl be such that ¢(g) = f. It is immediate that g is invariant
under T, i.e., the weight wt(g) € Z"t"/B™VZ" of ¢ satisfies C wt(g) = 0 in Z"t™/BZ". Thus,
there exists u € B"™VZ" such that C(wt(g) +u) = 0 € Z""™. The matrix C is the identity
in the first n-coordinates, so the first n coordinates of wt(g) + uis 0. Let M =[] cq 2",
where (a-) are the last m coordinates of wt(g). Then by construction we have wt(gM)+u =0,

ie., wt(gM) = 0 € Z""/B"™VZ"  Furthermore, ¢(M) = 1 and thus gM € (C[)o(uni"]Tumv
satisfies ¢p(gM ) = f, proving surjectivity.

]Tunlv N (C[)O(]T is an isomorphism, For SurjeCtiVity,

niv

For injectivity, suppose that ¢(g) = 0, where g € (C[X univ] T is nonzero. We have al-
ready shown that X"V /7" ig an irreducible affine variety in Section 4.4. The affine variety
Spec ((C [X ]T) is thus identified with a subvariety of XV /T of Jower dimension. But this
is impossible, since dim(X/T") = n = dim(X"™V /7).

The isomorphism C[Mp] = C [X ]T given by uy — f, now follows from Section 4.4.

4.6. Proof of Theorem 4.3. The group Z>"/ BPMnZ" can be naturally identified with the
subgroup Z" = z!b ¢ 7127 = 727 consisting of vectors which vanish in the last n-coordinates.
Under this identification, the torus TP"™ has character lattice Z", and the grading on AP is
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given by (2.2). By Theorem 4.2, we have Mp = >~ Xprin/Tprin It follows from wt(z;) = e; that
Xprin /TP is identified with the subvariety X Prin(1) ¢ XPrin | where all initial cluster variables
are set to 1. .
The function f&™ on XP1(1) restricts to the rational function in yi,...,y, given by (see
[31, Theorem 1.5])
Miss; Frosy O T Bt )
Forg@Fegwm 0 170
Yj Hza; (t Z;J (y) 1_.[]—)7, (talljz)( )
F(t 1])(Y)F(f])( ) ’

faqn(¥) = (4.3)

t=20

for v = (t,7) with 0 < ¢t < r;. By the following result, C[X prm( )] = C[Mp] is isomorphic to
the subring of C(y1,y2, ..., yn) generated by Fil( ) and yZ

Proposition 4.6. The rational functions {fy(y) |y € II} and {y1,...,yn} U{Fy(y) |y € I}
are related by an invertible monomial transformation.

The proof of Proposition 4.6 is delayed until Section 6.4.

4.7. Proof of Proposition 3.8. Using 7, let us assume that v = (O,j)~so that x, = x; is an
initial mutable cluster variable. Let B be full rank of type D and let .A(Bj) denote the cluster
algebra of type D; that is obtained by freezing the variable x; in A(B) The extended exchange
matrix Bj is obtained from B by removing the j-th row and we have A(B) [a:;l} = A(Bj).
Thus A( 3 ) C .A( ~) The action of the cluster automorphism group T(B) extends to an action
on A(Bj) and we can identify T( ) with a subgroup of T( ) The morphism Mp — Mp,

corresponds to the inclusion of rings A(Bj) ) ¢ A( ]) ) ¢ .A( )T(B)

5 Mp as an affine open in a projective toric variety

In this section, we show that the partial compactification M p is an affine open subspace of
the projective toric variety X,r(pv) associated to the cluster fan of BY. The stratification

(Proposition 3.5) of M is inherited from the natural stratification of X N(Bv) by torus orbits.
Our approach follows that of [3].

5.1. Let C(y) = C(y1,-..,yn) denote the field of rational functions. Recall that for v € II,
we have defined f,(y) € C(y) in (4.3). By the proof of Theorem 4.3, C[Mp] is isomorphic to
the subring of C(y) generated by f,(y)*!. Define R C C(y) to be the subring generated by
{fy(y) |~y € II}. Some examples of f,(y) are computed in Examples 6.7 and 6.8.

Theorem 5.1. The coordinate ring C[MD] 18 isomorphic to Rp.

Proof. There is a surjective ring homomorphism ¢’: Clu] — Rp given by u, — fy(y). We al-
ready know that the kernel K of ¢ contains the ideal Ip C Clu]. We need to show that the
homomorphism ¢: Clu]/Ip — Rp is an isomorphism. From Theorem 4.3, we know this holds
after inverting the {u, |y € I} and {f, |y € II}.

By definition, MD({'}’}) is cut out of Mp by the ideal (uy). Thus the ring Clu]/(Ip + (uy))
is isomorphic to (C[/WD({’)/})], and by Proposition 3.6, we have Mp({y}) = /\71)1 X MD2 X
x M p, for some Dynkin diagrams D;. By induction on the rank of D, we have that ¢;: Clu]/
(Ip + (uy)) = Rp/(f4(y)) is an isomorphism. Applying Lemma A.1, we conclude that ¢ itself
is an isomorphism. |
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5.2. We give another description of Rp C C(y). Let R(y) = P(y)/Q(y) € C(y) be a rational
function such that P(y),Q(y) € Zly] have positive integer coefficients. Then Trop(R(y)) is the
piecewise-linear function on R™ given by the formal substitution

Yi > Yvia (+7 X, _) = (min7 =+, _)

For example, Trop ((3yfy2 + ¥3)/(y2 + 6y3)) = min(2Y; + Y2,2Y2) — min(Y2, Y3). Note that the
coefficients are unimportant since, for example, Trop(2y) = Trop(y + y) = min(Y,Y) =Y.

The domains of linearity of the piecewise-linear function L(Y) = Trop(R(y)) define the struc-
ture of a complete fan on R™. A piecewise-linear function L(Y): R™ — R is called nonnegative,
denoted L(Y) > 0, if it takes nonnegative values on R".

Proposition 5.2. The ring Rp is equal to the subring of C(y) generated by rational func-
tions R(y) satisfying

(1) R(y) =1ILie1 9" [1,en Py (y)® is a Laurent monomial in y; and F,(y),
(2) Trop(R(y)) is nonnegative.

Proof. Let R(y) be a Laurent monomial in {y;, Fy(y)}. By Theorem 2.4, the domains of
linearity of the function L(Y) = Trop(R(y)) is a coarsening of the negative of the cluster fan
—N(BY). Thus L(Y) is uniquely determined by b, = L(—g,) as y varies over II, and g, denotes
a g-vector. As in the proof of Proposition 4.6, we have R(y) = H7 fv(y)_b”. The condition
L(Y) > 0 is equivalent to b, > 0 for all v € II. Thus the subring of rational functions R(y)
satisfying (1) and (2) is exactly the subring Rp. [

5.3. The Laurent polynomial ring (C[ylil, . ,yfl] is the coordinate ring of an n-dimensional
torus Ty. Recall that F'(y) =[], F,(y). The following result is an application of [3, Section 10].

Theorem 5.3. The affine scheme Mp is isomorphic to the affine open {F(y) # 0} in the pro-
Jective toric variety X pv) associated to the complete fan N(BV). The subvariety Mp C Mp
is identified with the intersection of {F(y) # 0} with the open torus orbit Ty in X(pv)-

Proof. For any g € R", the quantity Trop(F(y))(g) is equal to the minimum value that the
linear function Y — Y - g takes on the Newton polytope P of F(y). Thus by Theorem 2.4, the
outer normal fan of P is equal to N/ (BV). Recall that a lattice polytope @ is called very ample
if for sufficiently large integers r > 0, every lattice point in 7@ is a sum of r (not necessarily
distinct) lattice points in Q). For any lattice polytope @, it is known that some integer dilation cQ
is very ample. So let ¢ € Z~( be such that cP is very ample and let {vy,..., vk} =cPNZ" be
the set of all lattice points in ¢P. For v € Z™, let ¥V be the monomial with exponent vector v.
Then X,r(pv) can be explicitly realized as the closure of the set of points

{[yvl:---:yv’“} GIP’k_l\yGTy}

inside the projective space P*~1. The polynomial F(y)¢ can be identified with a hyperplane
section of X (pvy in this projective embedding, and the affine open V' := {F(y) # 0} is the
complement of this hyperplane section. The coordinate ring C[V] is generated by the functions
yVi/F(y)¢ i=1,2,...,k. Since Trop (y"i/F(y)C) is nonnegative, by Proposition 5.2, we have
C[V] C Rp. It is also not hard to see that f,(y) € C[V] (see [3, Section 10]), and we have
C[V] = Rp as subrings of C(y). The theorem now follows from Theorem 5.1. [

Question 5.4. Is P, the Newton polytope of F(y) = Hv F,(y), very ample? Is P normal?

Question 5.5. Is the polynomial F(y) saturated?
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Question 5.6. Is every lattice point in P a sum of lattice points in P,?

Fei [14] has shown that F,(y) is saturated in the simply-laced case (and in more general
situations). Thus Questions 5.5 and 5.6 are equivalent in that case.

5.4. Proof of Theorem 3.3. By Theorem 2.3, the fan N(Bv) is a smooth, simplicial,
polytopal, complete fan. Thus X/(pv) is a smooth projective toric variety and the torus-orbit
closure stratification of X(pv) is simple normal-crossing.

6 Properties of F-polynomials

We establish some technical properties of F(y) and Fv‘mi"(z), following the approach of [8].
The statements are first established in the case of simply-laced D; the multiply-laced case
follows from folding. Another closely related approach is that of [26], which would presumably
avoid folding.

A key technical result is Theorem 6.6 which gives the values of the tropicalization Trop(f,(y))
on a (negated) g-vector.

In this section, we will assume that D is a finite type Dynkin diagram whose underlying
tree has been given an orientation, and we let B denote the corresponding exchange matrix.
Recall that DV denotes the dual Dynkin diagram, and we let BY denote the exchange matrix
of type DV, satisfying the condition: B;; > 0 if and only if Bl-vj > 0. Recall that we write i — j
if Bij > 0.

6.1. Let B be the exchange matrix corresponding to the oriented Dynkin diagram D. Let R
be the vector space with basis indexed by II, and write (p)en for a typical vector in RIT.
Define It := {(s,7) |1 < s < 73} C II and let ¢ = (¢y)en+ denote a typical vector in R
Following [8], we consider the c-deformed mesh relations

Pl—1.j) T P(tg) = i) T D1 Bilpea) + O 1Bijlp(i—1.0); (6.1)
i—J J—t
where (¢, j) € IT". (Compare with (2.3), and note that if i — j then B;; > 0, but if j — ¢ then
Bi; <0.) If ¢ =0, we call (6.1) the 0-mesh relations.
For ¢ = (¢,) € R™ | we let E. ¢ RY denote the solutions to (6.1), and let Ug := E¢ N RY,
denote the intersection of E. with the positive orthant. Let 7: R — R™ denote the projecti(;n
onto the coordinates p-, where « varies over {(r;,i)|i = 1,2,...,n}. (Up to the action of 771,

this is the same as projection onto the initial cluster variables.)
We use the notation U(D). and E(D). (resp. U(DY)_and E(DY)_) to denote these objects

for B or D (resp. BY or DV). In the following, e, denotes the unit basis vector in Rgg.
Theorem 6.1.
1. Ifc = (cy) € Rgg, then the normal fan of 7(U(D)c) is equal to N'(B). If (cy) € Rgg,
then the normal fan of 7(U(D)c) is a coarsening of N'(B).
2. For v € II'", the polytope [U(DV)e is the Newton polytope of Fvuni"(z).
el
3. For~ € I, the polytope W(U(Dv)ev) is the Newton polytope of Fy(y).

Proof of Theorem 2.4. By Theorem 6.1(3) the Newton polytope Py of F,(y) is W(U(DV) )

€y

The Newton polytope P of [, F;(y) is the Minkowski sum of the P, and by Theorem 6.1(1),
we conclude that P is a generalized associahedron. |
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We let gy denote the g-vector for BY indexed by the element of II(BY) corresponding to ~y
under the bijection of Section 2.5.

6.2. Proof of Theorem 6.1. For D simply-laced, we have D = DV and Theorem 6.1 is proven
n [8]. We now prove it for multiply-laced D via folding.

Let D be a folding of D with folding group I', and v: IT — II the quotient map on cluster
variables from Section 2.14. Define v: R — ]RH by v(ez) = e,(), and vV R — RI by

vV(ey) = m v(5)- (The finite set v~1(y) has cardinality one, two, or three.) Similarly,

+ +
we have v, Y : RI" — R,

Lemma 6.2. If (p5)5c; € E(D), then v¥(ps) € E(D),v(e) and v(py) € E(DV)V@.
The g-vectors for D are solutions to the 0-mesh relations in the following sense: for each
t = 1,2,...,n, the i-th coordinates of g, give a vector g(® that belongs to Eg. This follows
from [19, relation (6.13)], noting that the sign-coherence conjecture [19, Conjecture 6.13] holds
in our case.
The following follows from Lemma 6.2 and Proposition 2.6(3). (The appearance of vV seems

to contradict Lemma 6.2, but it is actually correct: the vV in Lemma 6.2 acts on R while
the vV below acts only on R’.)

Proposition 6.3. We have gy = v" < 2 ser-1(y) gxy).

We say that (p5)scp € R is D-invariant and write (P5)5em € (]Rﬁ)r if for all ¢ € T', we
have py = py.5. Similarly, we define I'-invariants ¢ € (Rﬁ+)r. The following result follows from

Lemma 6.2.

Proposition 6.4.
r

1. Suppose that ¢ € (RH ) . Then the linear map vV (resp. v) is a bijection between E(]:))éﬁ
I
(R ) and E(D),v ) (resp. E(Dv)y( ))
2. Suppose that ¢ € (REO )L, Then the linear map vV (resp. v) is a bijection between [U(D)éﬂ

(]RH) and U(D),v @) (resp. U(DV)V@).

Proof of Theorem 6.1. In this proof we write N'(D) for N (B) to avoid conflict of notation.
Let D fold onto D. Let ¢ € RHO and pick ¢ € (Rﬁ+)r satisfying ¢ = vY(¢). By Proposi-
tion 6.4(2), the map vV is a bijection between U(D ) (RH) and U(D)c. To prove Theo-
rem 6.1(1) for D, it thus suffices to show that 7T(IU(D)'5 (RH) )= w(U(lND)é) N (Ri)F C (]Ri)F
has normal fan /(D). By Theorem 6.1(1) for D, the polytope W(U(D)é) has normal fan N(D),
and by our choice of ¢, it is I'-invariant. The faces of W(U(D)é) that intersect (Ri )F are exactly
those normal to the cones {71, ...,3.} of N (D) consisting of I'-invariant pairwise compatible col-

lections. Combining with Proposition 2.6(4), we deduce that the normal fan of 7 ([U(D)é) N(R! )F
is N (D). This proves the first statement of Theorem 6.1(1) for D, and the second statement is
similar.

Now, let v(¥) = v. By Proposition 2.6(3), the Newton polytope of F;mi"(z) is the image of
the Newton polytope of F;;mlv( z) under the map v. By Proposition 6.4(2) and Theorem 6.1(2)

for D, the Newton polytope of []5.,-1(, Fumv( ) is equal to U(D)Zyewlm e

sition 6.4(2), the Newton polytope of (F,;lm"(z))"’_lm| is equal to HJ(DV)'V,I(W6 , and Theo-
Y
rem 6.1(2) for D follows. Finally, Theorem 6.1(3) follows from Proposition 2.6(3). [

. Thus by Propo-
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6.3. The character group of TV is Z"+"/B™V7Z" TLet {ey,...,en} U {ey |y € I} be basis
vectors of Z"*". We have

wt(z;) =e; for i=1,2,...,n, and wt(zy) = ey for v ell (6.2)
For v € II", we have
wt(z,) = wt (F;miv) mod BYVZ" + span(eq, ..., ey,).

Note that all monomials in F;mi" have the same weight modulo B™VZ" + span(ey, ..., ey).

Proposition 6.5. The sets
{wt (F}/miv) |y eI} and {wt(zy) |y € I}
are bases of Z"" /(BUVZ" + span(er, . .., e,)) and Z"T"/BYVZ respectively.

Proof. The first statement implies the second. By Theorem 6.1(2), for v € IIT, we have
wt (F™V) € E(DY)e,. The equations (6.1) define a linear map L: R — R, sending (py)
to (cy). Let B’ be the last 7 rows of B™Y. By [27], see also [8, Section 8], the matrix B’
has rows given by —gX . By [19, relation (6.13)], the g-vectors are solutions to the 0-mesh
relations, and thus the kernel of L is exactly B’Z"™. We conclude that modulo B’Z", the last r
entries of wt (F;mi") is equal to the basis vector e,. Returning to the vector wt (F;mi") € Znrr,
we obtain

wt (Fvuniv) =e, mod Bwivgn 4 span(eq, ..., ep).

Thus { wt (F¥™V) |y € II* } form a basis of Z™7 /(BYVZ + span(er, .. ., e,)). [ |

6.4. Recall the definition of f,(y) from (4.3). Let A,(g) := Trop(f,(y)), where we take
(91,---,9n) as the tropicalization of yi,...,y,, for example Trop(l + y1 + y1y2) = min(0, g1,

g1+ 92)-

Theorem 6.6. For v,w € II, we have A, (—gY) = 6w 7v-

Proof. First, assume that D is simply-laced so that g, = g). For v € II, let W, € D?(rep Q°P)
be the object indexed by « in the bounded derived category of representations of the quiver QQ°P
corresponding to the reversed orientation of D, see [8, Section 3]. For any g € R", the quantity
Trop(F4(y))(g) is equal to the minimum value that the linear function Y — Y - g takes on the
Newton polytope P,.

Now take v € IIT. Let G be the n x |II] matrix whose columns are g,. According to [8,
Proof of Theorem 1], the map Y + Y - (=G) + v, is a diffeomorphism between P, and U,
where v, € E., is the integer vector given by (v, ), = dim Hom(W,,, Wr). Here, Hom is taken
within D° (rep QOP). Furthermore, it follows from [8] that U, has nonempty intersection with
every coordinate hyperplane. Thus,

Trop(FW(Y))(_gw) = —dim Hom(Ww7 WT’Y)'

Suppose 7y = (t,4) € IT*. Then we have an Auslander-Reiten triangle in D? (rep QOP)

W(t—l,i) —F — W(t,i) — W(t—17i)[1]a where FE = @ W(t,j) D @ W(t—l,j)'

1—] Jj—t
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We have an exact sequence

0 — Hom (W, W,_1 ) — Hom(W.,,, E) — Hom (W,,, W,,.)
— Hom (W, Wy_1 5[1]) — -

By the definition of Auslander-Reiten triangle, any map from W, to W(;; which is not an
isomorphism factors through E. Thus

(dim Hom (W, W;_1,4)) + dim Hom (W, W ;))) — dim Hom(Wy,, E) = 6, (1.5

and this is exactly A(—g,). Now if v € IT* but 7 is initial, then we have an Auslander—Reiten
triangle of the form

Wirp—1,i9=1 = E = Wiy = Wi —10)

and Hom (WW,W(”*,l,i*)[—l]) = Ext™! (Ww’W(m*fl,i*)) = 0 for all w € II, agreeing with our
convention that F{o;(y) = 1, so again we have A,(—g,) = d,,ry. Finally, suppose that v = (0, 1)
itself is initial. Then we have an Auslander—Reiten triangle of the form

Wir =10y = £ = W [1] = Wi —1[1].

In this case, our formula for f,(y) includes a factor of y;, and Trop(y;)(8.) is simply the i-th
coordinate of g,. Our claim then follows from the interpretation [8, Section 6] of g-vectors as
a change of basis between the summands of a tilting object and the indecomposable projectives
{Wio1),---»Wiom)} (see also [26, Theorem 3.23(ii)]).

Now, suppose that D is multiply-laced and let D be the simply-laced diagram that folds
to D. Note that for u € Rl and v € (R'I‘)F, we have u-v = v(u) - v¥(v). By Propo-
sition 6.3, Trop(Fy(y))(—g) is equal to the minimum value that the linear function Y —
Y - (— Zweu—l(w) g@) takes on the Newton polytope P5 (where 57 € v~1(v)), and we thus
have Trop(F,(y))(-g)) = > oer—1(w) Trop(F5(y))(—8s). It follows from the definitions that
f+(y) = v(f5(y)) for any ¥ € v=!(v). The equality A,(—gY) = s, for D thus follows from
the same equality for D. |

Proof of Proposition 4.6. Let m(y) be a Laurent monomial in {y;, F,(y)}, and denote by
G = G(g) := Trop(m(y)) the piecewise-linear function that is the tropicalization of m(y). (Re-
call that by convention the variables g are the tropicalizations of the variables y.) The domains
of linearity of the function G is a coarsening of —N (BV), so the function G is uniquely deter-
mined by the integer vector (G(—g,\y/) |y € H) e ZM. By Theorem 6.6, any vector in ZMl can
arise in this way. It follows that m(y) is uniquely determined by its tropicalization G by the
formula m(y) = [, fy(y)G(fg%). [

Example 6.7. We illustrate Theorem 6.6 for the exchange matrix

0 1 0
B=|-1 0 -1
0 1 0

of type As. In this case, we have IT = {0, 1,2} x {1, 2,3} and i* = 4 —i. We tabulate g, F,,(y),
and f,(y) below:
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v & Fy(y) £(y)
1+

(0,1)| (1,0,0) 1 M
0,2)| (0,1,0) 1 1 i2y2
1+

(0,3)| (0,0,1) 1 M
(1,1)| (-1,1,0) 1+ 1+1y1

(14 y1)(1+y3)
1+ y1 +y3+ y1ys + y1y293

(1,2) | (=1,1,-1) [ 14+ y1 + y3 + y1y3 + v1y2y3

1
]‘73 0517_1 ].+
(1,3) ( ) Y T
L+y1+ys + v1ys + y192y3
2,1)| (0,0,—1 1+ y3 + y2u3
(2,1) ( ) Y3 + Y2y TR
1 1
(2,2)| (0,-1,0) 1+ 4o (1+y1 +y192) (1 + 3 + y2y3)
(1 +y2) (X 4+ y1 +y3 + y1y3 + y1y2v3)
1
(2,3)] (=1,0,0) 1441+ 102 +y1+ s+ y1ys + y1geus

(1 +y3)(1 +y1 +y1y2)

Taking v = (1,2) as an example, we have

Ay (g) = min(0, g1) + min(0, g3) — min(0, g1, g3, 91 + 93,91 + g2 + g3)

and one can verify that it takes value 0 on all negatives of g-vectors except for —gg 2), where it
takes value 1.

Example 6.8. Consider the following exchange matrix of type Bs:

1
B=]-1 0
0 -2

o = O

We have IT = {(¢,7) € [0,3] x [1,3]} and 7(¢,5) = ((t—1) mod 4, j). We tabulate the g-vectors,
the g¥-vectors, the F-polynomials, and the polynomials f,(y) in Table 1.

7 Examples of M p as a configuration space

The space M4, , can be identified with the configuration space of n distinct points on P!.
In this section, we investigate similar descriptions of Mp in the cases D = B, and D = C),.
We also consider the question of whether M p is a hyperplane arrangement complement.

So far we have considered Mp as a complex algebraic variety. However, the equations (3.1)
make sense over the integers, and we may also consider M p as a scheme over Z. In particular,
in this section we will also consider Mp(F,), the set of F,-points of Mp, where [, is a finite
field.

Throughout this section, we use the description of II from Section 3.2.
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Table 1. g-vectors, F-polynomials, and f,(y) in type Bs.
v | 8 | g Fy(y) ()
0,1) (1) (1) 1 y1(1 + 2 + 2y2y3 + yoy3)
’ 0 0 1+ y1 + Y192 + 2919293 + 19213
(0 2) (1) (1) 1 y2(1 + y3)2
’ 0 0 1+ yo + 2y2y3 + Yoy3
o] | [o
0,3)] |0 0 1 Y3
1 1 1+uys
1] |[=1] )
1,1 1 1 1+
( ) 0 0 U1 1+
1] | [-1] 1+
(1,2)/] 0 0 L+yi +y1y2 T8
2 1 T+y1 + 192
__1_ __2_ 14+ +
(L,3)[] 0 0 L+ y1 + y1y2 + y1y2u3 YL U182
1 1 1+ y1 +y1y2 + y1y2y3
(o]0 1+
Y1 + Y1y2
2, 1) | =1 || -1 14y
2 2 1 (1+y1)(1+y2)
U= 14 1+ 0+ 200 + i+ (1+y2) (L +y1 +y1y2 + )
(2,2)] | -1 1 1 2 192 1Y2 Y2 Y1 T Y1Y2 + Y1Y2ys3
2 1 2019293 + 2Y193Y3 + Y1Y3Y3 (1491 + y192) f2,2)(y)
(o ]|o] Floo(
(2,2) Y)
2,3)[|—-1|]]|-2 1+ y2 + yoy3
23 1 1 (1 +y1 +y1y2 + y1yey3) (1 + y2 + y2y3)
1] |[-1] Fion)(¥)
22)\Y
(3, 1)1 0 0 | |1+ y1 + y1y2 + 201923 + Y1Y2Y3 (2.2)
0 0 (1 +y2)f31)(y)
o ]|[0 (L4 2 + 295) Fan) ()
3,1)\Y
(3,2)|-1]||-1 1+ 2 + 2y2y3 + y2u3
0 0 ’ Flo)(y)(1 +y2 + 2y2y3 + y2u3)
(3,3) 8 8 1+ 14 y2 + 2y2y3 + y2y3
N I R (1+y3)(1 + y2 + y2y3)

7.1. Hyperplane arrangements. Let Hy, Ho, ..., H, be (affine) hyperplanes in C", with the
assumption that the hyperplanes are defined over the integers. Let Z(C) := C" — (H; U Hy U
-+ U H,). By our assumption Z(R) and Z(F,) are also well-defined. The following result is

well-known [25, 30].
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Theorem 7.1.

1. There exists a polynomial x(t) so that x(q) = #Z(F,), where ¢ = p™ is a prime power
with sufficiently large p.

2. The number of connected components |mo(Z(R))| of the real hyperplane arrangement com-
plement Z(R) is given by (—1)"x(—1).

3. The cohomology ring H*(Z(C),C) is generated by the classes of dlog f;, where H; =
{fi =0}, and we have >, dim(H*(Z(C),C)) t' = (—t)"x(—1/t). Thus the Euler char-
acteristic of Z(C) is equal to x(1).

7.2. Type A,. Let D = A, _3 with n > 4. Then II can be identified with the diagonals of
a n-gon P,. We write u;; for the u-variable indexed by a diagonal (¢,j). Then the relations
defining M A, s are given by (1.1). These relations have appeared a number of times in the
literature, for example see [1, 11]. Let My, denote the configuration space of n (distinct)
points (21, 22, ...,2,) on P'. Then the identification

(zi — zj+1) (241 — %)
(2i = 2)(zit1 — Zj41) (7.1)

U5 =

of u;; with a cross ratio gives an isomorphism My, _, = Mg,,. There is a well-studied Deligne-
Knudsen—Mumford compactification ﬂom, and Mvg,n = M A, _5 is an affine variety that sits
between My, and M n, that is, we have open inclusions Mo, C /f\/lvom - Mo,n.

Let Gr(2,n) denote the Grassmannian of 2-planes in C". Let I1(2,n) C Gr(2,n) denote the
open subset where the adjacent cyclic minors A; ;1 are non-vanishing. Then ﬁ(2,n) is a full
rank cluster variety of type A, _s, see [18, Section 12.2]. Let Gr(2,n) C II(2,n) be the open
subset where all Pliicker coordinates A;; are non-vanishing. This is the subset denoted X in
Section 4. Then My, can be identified with the quotient of (ir(Q, n) by the diagonal torus T
sitting inside GL,, that acts on Gr(2,n). The isomorphism Mg, = Gr(2,n)/T is an instance
of Theorem 4.2 for D = A,,_3. In the Gr(2,n) cluster algebra, we have the primitive exchange
relation

Aijlivrjrr = Digr1livr + Aiir1 g1,

AYRESTAVIS W)

where A;; 11 and Aj 1 are frozen variables. Thus (7.1), or equivalently u;; = A A

agrees with the formula for u, in Theorem 4.2.

The geometry and topology of My, is very well-studied; see for example [11]. We recall
some basic facts in the context of Theorem 7.1. Gauge-fixing z1, z,—1, 2n to 0, 1, 0o, we have
an identification

Mon(k) = {(22,23,...,2n-2) € k"3 2 # 2z and 2 ¢ {0, 1}}

for k a field. In particular, Mo, (k) is the complement in k"3 of the hyperplane arrangement
with hyperplanes

Z,L'—Z]‘ZO, ZiZO, 1—Zi:0.

We may compute that # Mo, (Fy) = (¢ —2)(¢—3)--- (¢ —n+2). By Theorem 7.1, the number
of connected components of Mg ,(R) is given by

[mo(Mon(R))[ = [(=3)- (=4)--- (=n + )| = (n - 1)!/2.
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7.3. Type B,. By Theorem 4.2, Mp can be identified with A(B)/T(B) for any full rank
extended exchange matrix B of type D. One such choice of B, and thus of A(B) is given
in [18, Example 12.10]. Let C[X,,12] be the ring generated by the Pliicker coordinates of the
Grassmannian Gr(2,n + 2). Recall that I' is the two-element group whose non-trivial element
maps i <> i. Consider the following functions in C[X,,12], labeled by I'-orbits of sides and

diagonals in the polygon Ps,42 with vertices {1, 2,...,n+1,1,2,... n+ 1}:

[CL,EL] — Aa& = Aa,n—l—Q (1 <a<n+ 1),
{[a,b], [a,b]} — Aap (1<a<b<n+1),
{[CL, B}v [du b}} = Aal_) = Aa,n—I—ZAb,n-I—Q - Aab (]- <a< b <n-+ ]-)

Let Vj, be the space of 2 x (n + 2) matrices such that all the above functions are non-vanishing,
and let T4 = (C*)"*! act on V, by scaling the first n 4+ 1 columns. Then the action of
SLo X1}, 41 on V,, is free.

Proposition 7.2. We have an isomorphism Mp, = SLy \f/n/TnH.

Using the action of SLy we can gauge-fix the last column of M € Vi, to [0,1]7, and using
the action of T,41, we may gauge-fix the first entry of columns 1,2,...,n+ 1 of M to 1. Thus
modulo the action of SLo xT), 11, every point in V,, can be written in the form

1 1 1 -- 1 0
21 z9 2z3 o+ Zpe1 1|

where z; € C, and two such matrices with parameters z = (21,...,2,41) and 2’ = (2,..., 2,,)
are equivalent if z’ — z = ¢1, where 1 is the all 1-s vector. We may thus identify Mp_ with
a subspace of C"*1/C = (21,...,2,41)/C - 1. For these matrices, the cluster variables A,; are
equal to 1, and we have

Agp = 2p — 2g 1<a<b<n+1),
Agp=1—2p+2, (1<a<b<n+1). (7.2)

We recognize the hyperplanes (7.2) as the Shi arrangement [28].
Proposition 7.3. Mp_ is isomorphic to the complement in C*T1/C of the Shi arrangement.

Among many well-known properties, we obtain the following as immediate consequences
using Theorem 7.1: (a) #Mp,(F;) = (¢ —n —1)", (b) the number of connected components
|To(Mp, (R))| = (—1)"(#MBp, (Fg)|lq=—1) is equal to (n +2)", (¢) the cohomology H*(Mp,,C)
is generated in degree one by dlog A, as A varies over the hyperplanes (7.2), and (d) |x(Mp,)|
=n".

7.4. Type Cy,. By applying Theorem 4.2 to [18, Example 12.12], we obtain a description
of M, . Recall that I is the two-element group whose non-trivial element maps i <+ i. Consider
the space Matg 41 of 2 x (n 4 1) matrices

Y11 Y12 0 Yin+l
Y21 Y22 o Y2n+tl

and the cluster variables

{[a,b],[a,é]}HAab:w (1<a<b<n+1),

_ Y1aY2b T Y2aY20

{[a,b],[a,b]} — Az = 5 (1<a<b<n+1) (7.3)
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labeled by T'-orbits of sides and diagonals in the polygon Po,yo with vertices {1,2,...,n +
1,1,2,...,n + 1}. These functions generate the ring of invariant functions C[Matg,,+1]°, iso-
morphic to a cluster algebra A(B) of type C,, (when frozen variables are inverted). Here,
S = diag(t, 1/t) is the group of 2 x 2 diagonal matrices with determinant 1. The cluster auto-
morphism group is T = (C*)" "1 x(Z/2Z), where (C*)"+1 = (C*)"*+1 /((~1,~1,...,—1)) acts on
Matg ,,+1 by rescaling columns (with the element (—1,...,—1) acting trivially on S\Matsy 1),
and the non-trivial element of the group (Z/27Z) acts by swapping the two rows.

Remark 7.4. Note that in contrast to the B, case ([18, Example 12.10]), the B-matrix of [18,
Example 12.12] is full rank but not really full rank. For example, for n = 2 we may choose an
initial cluster so that we have

0 1 0 2
—2 0 -1 0
B fortype Bo= |1 0 and B fortype Co=|1 0
1 -1 1 =2
-1 0 -1 0

respectively, where the rows are labelled by 13, 11, 12, 13, 23. This explains why the cluster
automorphism group 7 in our discussion is disconnected.

On the locus where all cluster variables are non-vanishing, such 2 x (n + 1) matrices can be
gauge-fixed, using S and (C*)"*! C T to the form:

1 1 -~ 1 1
zZ1 Z2 0 zZp 1

(7.4)

and the non-vanishing of the cluster variables is equivalent to the non-vanishing of the linear
forms

Zi — Zj, zi + 24, 11—z, 14 2z, 2. (75)

Let Z, denote the space of matrices of the form (7.4), where the linear forms (7.5) are non-
vanishing. There is still a free action of Z/27Z on Z,, acting by swapping the two rows, which
induces (z1,...,2,) = (1/21,...,1/2,). By Theorem 4.2, we obtain

Proposition 7.5. We have an isomorphism Mc, = Z,/(Z/2Z.).

This isomorphism is valid over the integers even though (7.3) involves the scalars 1/2 and 1/2i:
this is because the scalars cancel in any T-invariant ratio of cluster variables.

Proposition 7.6. We have

#Mc, (Fy) =(g—n—-1)(¢—3)(¢—5) (¢ —2n+1)

for char(q) > 2 and

Imo(Mec, (R))| = = (2"(n + 1)! + 2™n!) = 2" (n + 2)nl.

N

Note that |mo(Mc, (R))| = |(#Mc, (Fy))|q=—1], agreeing with Theorem 7.1, even though we
do not know whether M, is isomorphic to a hyperplane arrangement complement.
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Proof. For a field k, the points of M¢, (k) in general come from Z,(k), where k denotes the
algebraic closure of k.

First, suppose that k = F, with char(q) > 2. Let H:’q denote the algebraic closure of FFy.
Then the Galois group is topologically generated by one generator o, called the Frobenius auto-
morphism. It acts as the field automorphism o(z) = 29, and furthermore, we have o(x) = z
if and only if x € F,. The map 7: Zon(lﬁq) — Mg, (F,) commutes with the action of o. Thus
if 7(2) =u e Mc, (F,), we have

ue Mc,(Fp) ©o(u) =uso(n(z) =n(z) & n(o(z) =n(z),

and we have two possibilities: (1) o(z) = z, or (2) o(2) = 1/z. For case (1), we are just counting
# 2, (F,). Imposing the conditions (7.5), we get

#2,(Fy) = (q—3)(q—5) -+ (¢ —2n - 1).

For case (2), the equation o(z) = 1/z is equivalent to zf“ =1fori=1,2,...,n. There are
q + 1 solutions to the polynomial equation 29! — 1 in I_Fq. Two of the solutions are x = +1.
The other ¢ — 1 solutions lie in F2, since 2t =1 = 27 1=1 = 29 =z Thusin
case (2), we are counting n-tuples (21, 22, ..., 2,) € F,2 satisfying the condition 24t = 1 and
the conditions imposed by (7.5). The conditions z; # +1 are automatically satisfied, so we get

(g—1(g—3)---(¢—2n+1).

In sum, taking into account the two-to-one covering Z,, — M, , we have

#Mc, (Fy) = 5 (2 —2n—2)(¢ = 3)(¢ =5)--- (¢ = 2n + 1))
=(g—n—-1(¢=3)(¢=5) - (¢—2n+1).

(Note that this point count is also the same as the hyperplane arrangement complement with
hyperplanes z; + z;, z; — zj, 1 + 2z;, 1 — z;, though we do not know an explanation for this.)

Next let us consider k = R, so k = C. In this case, ¢ is replaced by complex conjugation.
So the same argument says that we should consider the two cases (1) Z =z, or (2) Z=1/z. For
case (1), we are looking at Z,(R) and by Theorem 7.1 we get

|70(Zn(R))| = 2"(n + 1)!
since #7,(Fg) = (¢ —3)(q—5)--- (¢ —2n— 1),
For case (2), we must have z; = exp(if;) on the unit circle, where 0; € (m,n]. The condi-
tions (7.5) give
91'759]', (91750, 01‘7&7’[‘, 91+9]7£0

Thus the quantities |61], ..., |0, lie in (0, 7) and satisfy |6;| # |6;|. There are n! regions in |0
space, and 2" sign choices going from |6;| to 6;, giving

|70 (Zn(SY))| = 2™nl.
In sum, taking into account the two-to-one covering Zn — Mg, , we have

(2" (n 4+ 1)! + 2™n!) = 2" L (n + 2)n!,

N |

[mo(Me, (R))| =

as claimed. [ |
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The variety M, can be identified with a subvariety of M, ,. Sending (z1,...,2,) to

1 7r - 11 1 - 1 1
z1 29 v ozp 1 o—z1 o0 —zp 1

(7.6)

maps M, into M 4,, ,. Note that the non-vanishing of (7.5) is equivalent to the non-vanishing
of all minors in (7.6), and that (z1,...,2,) and (1/z1,...,1/2,) represent the same point
in Ma,,_,-

7.5. Type D,,. We do not know a simple description of Mp in this case. Indeed, the point
counts we have obtained show that Mp cannot be a hyperplane arrangement complement.
In type Dy, numerical computations indicate that for p # 2, we have

206 — 231p + 93p? — 16p> + p* if p=2 mod 3,

2 3 4 (7.7)
208 — 231p + 93p2 — 16p> + p* if p=1 mod 3.

(Mo, (Fp)| = {

Substituting p = —1 in (7.7), we get 547. We do not know for sure that Mp,(R) has 547
connected components, but see Section 11.4.
For type Ds, numerical computations indicate that for p # 2,3, we have

IMp, (F,)| = —2318 + 2644p — 1156p> 4 244p> — 25p* + p° + (—36 + 5p)ds(p) — da(p),

where we define d3(p) = 0 for p = 2 mod 3 or 2 for p = 1 mod 3 and similarly d4(p) = 0
for p=3 mod 4 or 2 for p =1 mod 4.

Substituting p = —1, we get 6388. We do not know whether Mp, (R) has 6388 connected
components, but see Section 11.4.

7.6. Type G2. Numerical computations give

(p—4)? if p=2 mod 3,
(Ma,(Fp)| = ) :
(p—4)*+4 if p=1 mod3.
Substituting p = —1, we get 25, which we expect to be the number of connected components
of Mg, (R).

8 Positive part

In this section, we define the nonnegative subspace Mp >o of Mp(R) and show that it is
diffeomorphic to the generalized associahedron of DV.

8.1. We define the positive part Mp o C Mp(R) as the subspace

Mp o = {z € Mp(R) |u,(z) > 0 for all v € IT}
and the nonnegative part Mp >o C MVD(R) by

Mp >0 :=Mpso C Mp(R).
Intersecting with the stratification (3.6), we obtain

Mp >0 = |_|MF,>07 where Mp~o = Mp 0N Mp(R).

F
Let P be an integer polytope and N/ (P) denote its normal fan. It is well-known [20, Chapter 4]

that the nonnegative part X (p) >o of the projective toric variety X r(p) is diffeomorphic to the
polytope P. The following result thus follows from Theorem 5.3.
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Theorem 8.1. There is a face-preserving diffeomorphism between Mp >o and the generalized
associahedron of DV .

The positive part Mp ~o is identical to the positive part X(pv)~o of the ambient pro-
jective toric variety, and Mp ¢ is equal to one of the connected components of the smooth

manifold Mp(R).

8.2. The space Mp has a distinguished rational top-form Q(Mp), called the canonical form,
that can be described in a number of ways. Suppose B is a full rank extended exchange
matrix of type D. The cluster algebra A(B) has a natural top-form 2 which in any cluster
(21,22, ..., Tntm) can be written (up to sign):
Q0= % A A M,
Z1 Tn+m

which is the natural top-form on the corresponding cluster torus (C*)™*™. The cluster auto-
morphism group T(B) can be identified with a subgroup of (C*)"*™ and the quotient group
(CX)”‘H”/T(B) is again an algebraic torus S = (C*)". The inclusion (C*)"*™ C X(B) iden-
tifies S birationally with Mp (note that neither S nor Mp contains the other, but the two
share a common dense open subset). The torus S has a natural top-form, and the canonical
form Q(Mp) is the image of this form under the birational isomorphism between S and Mp.

Another way to obtain the canonical form of Mp is via Theorem 5.3: any toric variety Xp
has a canonical rational top-form Q(Xp), which is simply the (extension of the) natural top-form
of the dense algebraic torus in Xp. Restricting Q(X N( B\/)) to Mp gives a top-form on Mp
which equals Q(Mp).

The pair (//\/IVD,MDZO) is nearly a positive geometry in the sense of [2], with Q(MD) =
Q(Mp) as canonical form: the residue of Q(Mp) along a divisor Mp(F) is equal to the
canonical form Q(Mv p(F )), which is simply the product of canonical forms corresponding to
the factorization of Proposition 3.6. This follows from the similar statement concerning X/ (pv),

proven in [2, Appendix G]. However, M p is an affine variety rather than a projective variety,
so it is not a positive geometry in the strict sense.
In the case D = A,,_3, we have Mp = M, and the canonical form can be written as

dZQ"‘dZn_Q
(22— 21)(23 — 22) -+~ (21 — 20)

Q((Mo)>0) =

where (21, 2n—1,2n) = (0,1,00) as in Section 7.2, and denominator factors equal to oo are
understood to be omitted. This form is also called a cell-form in [9] and the condition that
Q((Mo,n)>0) only has poles along the boundary divisors of Mvo,n (and not elsewhere in ﬂo,n)
is [9, Proposition 2.7]. Combining with the above discussion, we have

Proposition 8.2. The pair (Mo,ny(MO,n)ZO) is a positive geometry with canonical form
Q((Mo,n)>0)-

9 Positive tropicalization

In this section, we consider the positive tropicalization of Mp. We use our results to resolve
a conjecture of Speyer and Williams [29] on positive tropicalizations of cluster algebras of finite
type. We refer the reader to [29] for background on positive tropicalizations.

Let R = U;’ole((tl/ ")) denote the field of Puiseux series over R. We define val: R —
R U {oo} by val(0) = oo and val(z(t)) = r if the lowest term of z(t) is equal to at”, where
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a € R*. We define R>g C R to be the semifield consisting of Puiseux series z(¢) that are
non-zero and such that coefficient of the lowest term is a positive real number.

A point u(t) € Mp(Rxo) is a collection u(t) = {u,(t) € Ro,v € II} of (positive) Puiseux se-
ries satisfying the relations from Definition 3.1. We define the positive tropicalization Trop.o Mp
as the closure of valuations

Trop.g Mp = {Val(uy(t))ven e RIJu(t) e .MD(R>0)} c R

Lemma 9.1. The subspace Trop.qgMp is a (not complete) polyhedral fan inside the linear
space R

Proof. We use the identification Mp = XPrin /TP from Theorem 4.3. According to Proposi-
tion 4.6, there is an invertible monomial transformation between the functions u, = f, and the
set of functions {y1,...,yn} U{F,(y)|v € II"}. Since each F,(y) is a positive Laurent poly-
nomial in the y;-s, it follows that each u,(y) is a subtraction-free rational function in the y;-s.
Thus the map (uy)yem = (Y1,%2, - - -, Yn) induces an isomorphism Mp(R~o) = RY. It follows
that we have a homeomorphism Trop., Mp = R". The embedding of Trop., Mp in the (larger
dimensional) linear space R!! endows it with the structure of a polyhedral fan. |

Theorem 9.2. The fan Trops, Mp is isomorphic to the cluster fan N'(BY).

Proof. Under the isomorphism Trop.y Mp = R", the fan structure of Trop, M p gives a com-
plete fan in R™ whose maximal cones are the common domains of linearity of the piecewise linear
functions Trop(u(y)). By Proposition 4.6, we can equivalently take the common domains of lin-
earity of the functions Trop(F,(y)), v € II'. It is well-known (see for example [6, Section 11.1])
that the resulting fan is the normal fan of the Newton polytope of the Laurent polynomial
[[,er+ Fy(y). By Theorem 2.4, we deduce the isomorphism of fans Trop,, Mp = N (BY). ®

Now let A(B) denote a cluster algebra of finite type, and X (B) the corresponding cluster
variety. Using the set of cluster variables x,, v € II and coefficient variables xy,41,..., Znrm,
we have an embedding X (B) < CI+™. We define Trop.( X (B) C RIM+™ as the closure of the
image of X(B) (R>0) under the map val: R~o — R. Note that the tropicalization Trop X(B)
depends only on the cluster algebra A = .A(B) and not on the choice of initial cluster.

The projection map (z,x;) = (21,%2,. .., Tnim) from RIMH™ to R™™ (onto the initial
cluster variables) identifies Trop. o X (B) with a complete polyhedral fan in R™"*™,

Proposition 9.3. Suppose that B is of full rank and has finite type D. Then Trop~g X(B)
modulo its lineality space L is isomorphic to Tropyy Mp.

Proof. The translation action of the lineality space L on R"™™ is simply the tropicalization
of the action of the automorphism torus 7° (B) (4.1). Thus B is of full rank if and only if L
has dimension m if and only if T(B) is of dimension m. In particular, Tropyq X (B) /L is
a polyhedral fan of dimension n.

Via the isomorphism of Theorem 4.2, each uy = f, € C[Mp] can be identified with a mono-
mial in the cluster and coefficient variables x., v € II and x,1,...,Zp4m. We thus have
a linear projection map p: R+ — RII (the tropicalization of the rational map sending z-s
to u-s) mapping Trop. o X (B) surjectively to Trop.y Mp. The fibers of p are exactly the orbits
of the lineality space L acting on Trop. X (B) It follows that the fans Trop-y X (B)/ L and
Trop.o Mp are isomorphic. |

Noting that the fans N (BV) and N (B) are combinatorially isomorphic, we deduce from
Theorem 9.2 and Proposition 9.3 the following conjecture of Speyer and Williams [29, Conjec-
ture 8.1]. The principal coefficient case was established in [22] and we thank Christian Stump
for drawing our attention to this work.
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Corollary 9.4. Suppose that B is of full rank and has finite type. Then Trop~ X(B)/L 18
combinatorially isomorphic to the complete fan N(B).

10 Extended and local u-equations

In this section, we first study two additional sets of equations satisfied by u-variables, the exten-
ded u-equations and the local u-equations. In other words, we give some further distinguished
elements in the ideal Ip. -

In type A, the extended u-equations were used by Brown [11] to define what we call M4, ,;
we see here that they can be interpreted as arising from all the exchange relations of the cluster
algebra, rather than just the primitive exchange relations.

10.1. Extended u-equations. An extended u-equation is an equation which holds in C[Mp)]
of the form

e +1[w =1, (10.1)
Y Y

where o, (3, are nonnegative integer parameters. All the primitive u-equations R, in Defini-
tion 3.1 are examples. Corollary 4.5 gives a class of extended u-equations for each D. It would
be desirable to have a uniform (instead of case-by-case) description of the extended u-equations
coming from Corollary 4.5 similar to the description of the relations R,. This would follow
from a solution to the following problem, which we believe is open. (Recall that the primitive
exchange relations are described in Proposition 2.3.)

Problem 10.1. Give a uniform, root-system theoretic, description of all the exchange relations
in a cluster algebra of finite type with universal coefficients.

We now present explicitly extended u-equations for all the classical types A, B, C, D, and also
for type Go. In types A and D, the only extended u-equations we know come from Corollary 4.5,
and we conjecture that in simply-laced types these are the only ones. In types B and C, we find
more extended u-equations than those from Corollary 4.5. Indeed, any extended u-equation for
type Agn—3 (resp. D) gives one for type Cp_1 (resp. B,_1), but not all of these come from
Corollary 4.5. We conjecture that all extended u-equations in multiply-laced type come from
folding.

A similar analysis of extended u-equations for the types E and F' can be found by a lengthy,
but finite computation which we do not present here.

In the following, we will use the indexing of II from Section 3.2. For two disjoint subsets I
and J, define

U= H u; j. (10.2)
iel,jeJ
Note that Uy ; and U are not necessarily equal.
10.1.1. Type A. Let {1,2,....,n} = AUBUC U D be a decomposition of [n] into cyclic
intervals. Then we have the extended u-equation

Uac+Upp=1. (10.3)

Each equation depends on the choice of four cyclically ordered points a, b, ¢, d: A = {a+1,...,b},
B = {b+1,...,c}, C = {c+1,...,d} and D = {d+1,...,a}, and thus there are (;) equations
in total, in bijection with the exchange relations of the type A cluster algebra. These equations
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arise from Corollary 4.5. See [31, Proposition 7.2] for the exchange relations of the universal
coefficient cluster algebra of type A.

For A = {i}, C = {j}, the equation (10.3) becomes the primitive u-equations, R;; = 0.
As discussed in [4, 11], it is natural to interpret these U’s as cross-ratios of n points on P!:
denote Ux ¢ = [a, b|c,d], and (10.3) becomes [a, b|c, d]+[b, c|d, a] = 1. Together with the identity
by definition [a, b|c, €][a, ble,d] = [a,b|c,d], the equalities [a,b|c,d] + [b,c|d,a] = 1 invariantly
characterize cross-ratios of n points, namely [a, b|c,d] = %.

10.1.2. Type C. Extended u-equations for type C,_1 arise via folding As,_3. For a decom-
position {1, 2,...,n,1,... ,ﬁ} ~ [2n] = AU BUC U D into cyclic intervals, the image of (10.3)
gives the extended u-equation for C),_; (which become the primitive ones for A = {i}, C = {j}).
For example, if we choose A = {1} and C' = {n+1}, we have

o _ _ - 2
1 —upyy =V, n} (2,...0) = H i) H Yiz)
i=2

2<i<j<n

which is the primitive u-equation Ry;7 = 0. For C5, in addition to the 6 primitive u-equations
given in (3.3), we have 3 more equations:

upq)uig) + U3z = 1, (10.4)

and its cyclic rotations.

Let us count the number of extended u-equations for C,,_1 we have obtained. There are (25)
equations (10.3) in type Ag,_3. Of those, (;) are equal to its mirror image. For the remainder,
both the equation and its mirror image map to the same equation in type C),_1. Thus we have
n(n—1)(2n?—4n+3)

6

obtained extended u-equations for Cy,—1. Note that this number is greater than
the number of exchange relations of type C,_1. For example, for C5, there are 6 exchange
relations, but we have found 9 extended u-equations.

10.1.3. Type D. We now consider type D,. We use the notation (10.2) and also define (here
a < b means a precedes b in I)

Ur = H ua,bH“h UI = H Ua,bHUg-

a<bel i€l a<bel el

We now describe two types of extended wu-equations. (These equalities were discovered empri-
cally, but it should be relatively straightforward to prove them by induction.) First, similar
to (10.3), for a cyclically ordered partition AL BUC U D ={1,2,...,n}, we have

Uc.a+Up pUapUpcUp pUpUp = 1. (10.5)

We allow D to be empty here, in which case (10.5) becomes UO,A+UA,BUB,CUBUB = 1. Second,
for a cyclically ordered partition AL BLUC = {1,2,...,n}, we have

UaUa,g + ﬁCUB,C =1. (10.6)

Note that B can be empty here, in which case we have U4+ U = 1. In the first and second type
2

we have 4 () +3(%) and 6(%) +2(}) equations, respectively, thus in total there are w

extended u-equations. It is not difficult to see that this is equal to the number of (unordered)

pairs of exchangeable cluster variables. We have n? cluster variables, %(n4 +n? — 2n) pairs of

compatible cluster variables, and 2(2) pairs of cluster variables where the compatibility degree
is greater than one. The remaining pairs of cluster variables are exchangeable.
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It is straightforward to obtain the primitive u-equations for type D,. In (10.5), choosing
A = {i}, C ={j} (including the degenerate case with D = &, thus j = i—1), we have

L —uj; = UDu{i},BUB,ju{D}UBf]&

where B = {i+1,...,j—1} and D = {j+1,...,i—1}. In (10.6), take B = &, and choosing A = i
or C' =1 we have

I —w = U{iJrl,...,ifl}? 1 —w; =Upigr,. i1}

For example, for n = 4, we have 52 extended u-equations of the form (10.5) and (10.6), including
the 16 primitive u-equations in (3.4).

10.1.4. Type B. Finally, we consider type B, _1 by folding D,,. We identify u; = u;, and the
two types of equations become

Uc,a+Up pUapUpcUppUf =1, UaUpp +UcUpc = 1.

We have %’M such extended wu-equations in total: note that each equation (10.5) has
a distinct image in B,_1 but two of the equations (10.6) map to a single one in B,_1. Again,
we note that this number is greater than the number of exchange relations in type B,_1.

The primitive u-equations can be recovered by setting A = {i}, C = {j} (also B = @ in
the second one). For example, for n = 4, we obtain 34 extended u-equations including the 12
primitive ones of (3.5). Let’s write the additional 22 equations as dihedral orbits of sizes 8,
8, 4, 2:

. 2 _
8 eqs: wuzjug +uiguozu; =1,
8 eqs:  ujulUUY U3 F uguz g = 1,
4eqs:  ujuioul 3+ ugug 4uz 4 = 1,

2eqs:  wuipuiug + uzguzug = 1.

There are 22 exchange relations in type Bs.

10.1.5. Type G. As in Section 3.2.5, let us call the 8 u-variables a;, b; for i = 1,...,4 that
can be thought of as labelling the edges of an octagon (a1, b1, ..., a4,bs). Folding Dy, we obtain
18 extended u-equations for G, the primitive u-equations

ai + a2a§a4b2b3 =1, by + agaibzbgbzl =1, + cyclic,
together with

aib + a§a4bgb3 =1, asby + agaibgb4 =1, arasby + azagbs =1, + cyclic.

10.2. Local u-equations. The relations R,, and the extended u-equations are global in
nature: they involve many wu, variables which are “far away from each other”. We now describe
a class of local u-equations. Using them one can show that all u-variables can be solved rationally
in terms of u-variables of any acyclic seed; see also [4]. This has implications for canonical forms;
see (12.1).

We first recall the X-coordinates for Fock and Goncharov’s cluster X-variety. For an exchange
relation xox’ = M+M’, we have a cluster X-variable X = M /M’. Now, let us consider a primitive
exchange relation in X (B)

TryTy = M + M,
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where M’ only involves frozen variables. We recall that the isomorphism of Theorem 4.2 iden-
tifies the rational function Mx » with u,. Thus the cluster X-variable X, := M/M’ can be

Ty
identified with u,/(1 — uy) € C[Mp] which is equal to a Laurent monomial in the wu.-s using
the relations R,. By [17] or [19, Proposition 3.9 or equation (8.11)] the variables X, satisfy the
relation

X)Xy =[] 0+ Xea) ™ [ (04 Xgmr) ™ (10.7)

i—] I

or, equivalently, the variables u, satisfy the relation

Ugp—1.i Ut ai; ai;
DD =TT (1) ™ [T (1= ug1,)™

1 - u(t_17j) 1 - u(tﬂj) Z—)] ]—)Z

For the convenience of the reader, we give some examples of (10.7), noting that the passage
between X-variables and u-variables is completely compatible with folding.

10.2.1. Type A. For type A,,_3 we have u-variables u; j for 1 <14 < j—1 < n, corresponding
to the n(n—3)/2 diagonals of n-gon. We have the same number of local u-equations, one for
each “skinny” quadrilateral:

1 1+1
J+1
XijXivrj = (14 Xije) (1 + Xig5) (10.8)
or
Uj Uitlj41 1 1

1-— Us, 5 1-— Uj41,54+1 1-— Us 541 1-— Ui4-1,5

10.2.2. Type C. By folding As,_3, we obtain local u-equations for type C,,_1. The local
u-equations take the form of (10.8); for the special case of j = i, it reads

2
X[ii]X[z'H,iTu = (1 + X[i,i+1]) .

10.2.3. Type D. We use the notation for u-variables from Section 3.2.3. The n? local u-
equations for type D,, read

XijXit1j+1 = (L4 Xiju1) (1 + Xigj),

Xic1iXiir = 1+ Xicim) 1+ X0) (1 + X5),

Xle’J:i =1+ Xi,i+1a

X:Xip1 =1+ X541,

10.2.4. Type B. By folding type D,,, we obtain local u-equations for type B,_; (see Sec-
tion 3.2.4). The local u-equations are

X X1 = (1 + Xpigen) (1 + Xigrg),
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2
XX = (1 X ) (1 + Xp) ™
X Xprmn = 1+ Xy

together with cyclic rotations.

10.2.5. Type E. Finally, for F, with n = 6,7,8, we use the identification (2.1) to index u
and X variables. When B is bipartite, i.e., every vertex is either a source or a sink in the induced
orientation of D, we have r; = h/2 + 1 does not depend on i, where h is the Coxeter number.
The Coxeter number is even in types Eg, Fv7, Eg, and 1l is identified with m = 7, 10, 16 copies
of I respectively. We index the nodes of E,, as shown below:

O )
1 2 3 4 n—2 n—1

The local u-equations take the following form:

Xy X1, = (L+ Xgprian) (L + Xm0 (L4 Xip10))%, for odd i <mn,
Xy X1 = (14 X)) (1 + X i), for even ¢ <mn,
Xty Xt+1n) =1+ X 3),

fort =1,2,...,m in all these cases. We have n X m equations in total.

10.2.6. Types F; and G2. By folding Fg we obtain local u-equations for Fy, and by folding Dy
we obtain those for (Gs.

11 Connected components and sign patterns

The permutation group S, acts on the moduli space My, (R), permuting the n points and per-
muting the connected components. The presentation of My ,,(R) using u;; and the relations (1.1)
depends on the choice of a dihedral ordering and the action of the symmetry group .5, is ob-
scured. In this section, we use the extended u-equations to investigate the connected components
of Mp(R), with the hope of uncovering an appropriate symmetry group for M p in other types.
While our results here are more speculative, we are able to construct new classes of u-equations.

A further motivation for studying connected components of Mp(R) is the application to
string amplitudes where it is important to consider canonical forms of different connected com-
ponents of Mg ,,(R); see Section 12.2 for a brief discussion.

We also define an analogue of an oriented matroid for M p, called a “consistent sign pattern”,
and it is conjectured that the number of consistent sign patterns is equal to the number of
connected components.

11.1. Consistent sign patterns. A consistent sign pattern for type D is an element (s,) €
{+, =} such that for each extended u-equation (10.1) I1, uy” + [, wy" =1, we have that at

least one of the signs H7 sy7 and Hv sy" is positive. In other words, (sy) are possible signs
for some solution (u,) of extended u-equations. We could also call a consistent sign pattern
a “uniform oriented matroid” for the u-variables.

In [4], we made the following conjecture.

Conjecture 11.1. The number of connected components of Mp(R) is given by the number of
stgn patterns of u-variables consistent with the extended u-equations for D.
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11.2. Type A. We consider D = A,,_3. The space My, (R) has (n—1)!/2 connected compo-
nents, corresponding to the dihedral orderings of n points. In the positive connected component
(Mo.n)>0, all the cross ratios u;; are positive, indeed, we have 0 < u;; < 1. In other connected
components of Mg, some of the u;;-s are negative. We find that the extended u-equations ex-
clude those sign patterns for which both [a, b|c, d] and [b, ¢|d, a] are negative. Empirically, we find
that precisely (n—1)!/2 consistent sign patterns are allowed by the extended u-equations (10.3),
and this count agrees with the number of connected components of M, (R).

Let us now consider the problem of finding new u-variables for other components of Mg ,(R),
that is, we seek cross-ratios that are positive on that component. It suffices to consider the orde-

ring that is obtained from the standard one by an adjacent transposition, e.g., (1,2,3',...,n’) =
(2,1,3,...,n). Using the following identities for the cross ratio [a, b|c, d] (see Section 10.1.1):
1 [a,blc, d]
@hhd= e a =T e

we find that the u-variables in this new ordering include

—n, 12,3 —[n,1]2,3 —
u/1’3 _ [n” 1/’2,73/} _ [n’2’173] _ [n7 | ) ] — ni!ﬁn ’ '7 ] — u1,3 ;
17 2’37 "I’L] Hi:3 [17 2‘27 Z+1] u2,4° - U2,n
ullz =, V|i'=1,i'] = [n,2]i — 1,i] = [n, 1|i—1,4][1,2]i—1,i] = uy ju2,,
1 1
b = 021, = [2,1)i- 1) = g =
u2,7, [ ) |/L )Z] [ ’ |/L 77/] [172’7/_]_”1,] U27i7

uy; = [2,3'i' 1,4 = [1,3|i—1,4] = [1,2[i—1,4][2, 3[i—1,] = ugus, (11.1)

and all other u’s are unchanged. These new u;j—s are positive in the connected component given
by the ordering (2,1,3,...,n), and furthermore they satisfy the extended u-equations (for this
ordering). In other words, the (invertible) signed monomial transformation (11.1) sends the
extended u-equations for u;; to a permutation of the extended u-equations for the u; i and thus
exposing a hidden S,-symmetry of these equations.

11.3. Type C. From the analysis of Section 7.4, we know that M¢, (R) has 2" 'nl(n + 1)
connected components. Computationally, we find that this agrees with the number of consistent
sign patterns.

There are two types of components in M¢, (R) corresponding to two types of configurations of
the (2n+2)-gon with labels 4, i for i = 1,2,...,n+1: (A) 2" n! components for polygons with
central symmetry, e.g., 1,2,...,n+1,1,2,...,n+1; (B) 2" '(n+1)! components for polygons
with reflection symmetry avoiding vertices, e.g., the ordering 1,2, ...,n+1,n+1,...,2,1. Unlike
type A, our investigations indicate that the compactification (arising from u-equations) of these
two types of components have differing boundary combinatorics: for any component in (A),
combinatorially it is a cyclohedron (the generalized associahedron of type C'), while for any
component in (B), combinatorially it is an associahedra. We expect that this can be proven via
a careful analysis of the extended u-equations, and here we illustrate it for the simplest example,
Cy = Bo.

The extended u-equations are given by (3.3) and (10.4), plus cyclic rotations. The positive
part with all u-s positive corresponds to the ordering 1,2,3,1,2,3, which cuts out a hexagon.
We can see the other 3 orderings in (A) by making a signed monomial transformation of the
u-variables. For example, for the ordering 2,1, 3,2, 1, 3, we find that the 6 new variables can be
obtained by a monomial change of variables:

’ 1 / U] 1

L1 — Up3) = — U1 =

U] U3 U[ig] (23] U[3] U3 U[23)

Ufﬁ] = U23), Ufgg} = U[H]U[Qgi]u[zi]v Uz3) = U[2Q}U[223]U[33}-
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It is straightforward to check that these 6 new variables satisfy identical extended u-equations
for the ordering 2,1,3,2,1,3. More generally, under this kind of transformation, similar to the
type Ap_3 case, we find that for any ordering in (A) the new variables satisfy identical extended
u-equations, and the corresponding component is combinatorially a cyclohedron.

Let us now consider orderings in (B). For example, for the ordering 1,2,3,3,2,1, we find
that the 6 new variables are given in terms of the old ones by

il — 01 o o L
= “[2?]1‘%23}“[33]’ [12] Um]’ 23] u[33]’
1
uﬁé] = U[13]U23) U[33]> Ufzg} = U[21)U[22) U[23]> UI[QQ] = E

The 9 extended u-equations become the following ones for the 6 new variables:

u/[li]u/[lg] + “/[QQ]UED] =1, “/[13]%23] + ul[Qi]uf%] =1, “/[22] (“fﬂ] + ufzé]) =1,
U + Uz U ey = 1 Uiag) UGy Uty = L Uy T Uayies Uiy = 1
Uiy + Uiz = L g gy = L oy (1 F g uigug) = 1

Note that u/, 5, is special: from the third and the last equations, it is easy to see that uf cannot

22 22
take the Val[ue] 0, and thus u’m] = 0 does not correspond to a facet. The other 5 variixbles do
correspond to facets, and from the equations we see that requiring all ’ > 0 cuts out a pentagon
instead. In general, we expect that for any ordering in (B), such a transformation give equations
of this type, where certain «’' cannot reach zero, and (an appropriate closure) of the component
has the combinatorics of a (type A) associahedron.

11.4. Types D4 and Ds. We were unable to determine the number of connected components
of Mp, (R). However, we can obtain a consistency check by comparing the number of consistent
sign patterns with the point count over [F,.

Recall from the point count (7.7) in type Dy, we predicted that Mp(R) has 547 connected
components. By a direct computation, we checked that this is equal to the number of consistent
sign patterns of u-variables with respect to the extended u-equations in Section 10.1.3. Similarly,
the prediction of 6388 in the D5 case computationally agrees with the number of consistent sign
patterns of u-variables.

11.5. Type G3. As we have discussed in Section 7.6, we expect that there are 25 different
connected components for Go. Furthermore, the point count Mg, (F,) is not polynomial, and
thus Mg, is not a hyperplane arrangement complement. Computationally, we find that there
are 25 consistent sign patterns for the 18 extended u-equations from Section 10.1.5.

We now investigate the connected components of Mg, (R), and note some new features.
The positive component has 0 < a;,b; < 1 as usual. But suppose b; is made negative; to wit
we put by = —b] with b} > 0. As in our discussion for types A and C, we rearrange all the
extended u-equations to put them again in the form of (monomial;) 4+ (monomialy) = 1. Quite
nicely, the 36 exponent vectors of these monomials lie in an 8-dimensional cone, that is, all 36
vectors can be expressed as a positive linear combination of eight of them. The 8 generators can
be associated with the new variables

-1 2 /-3 —3;-1;-2;—1
r1=0b, ", T2 = aiazayzbsby, x3 = biag”a,; "by b3 by,
2 -1
x4 = aza3a4b2b3, x5 =0by",

y1 =bs, yo=oa; b3, y3=az'by!
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and using these variables, we get 18 equations (monomial); + (monomial)y = 1, written in terms
of the z’s and y’s, all with positive exponents. Eight of these are “primitive” u-equations

T+ 33337421 =1, To + x4x5y%y2y§ =1, r3 + x1x5yjly§’y32, =1,
T4 + a:lmQy%y%yg =1, T5 + .%'%1‘3 =1,
y1 +ytasadadysyd =1, yo +ysmewsaiyiya =1, ys +yirdvszayiys = 1.

As usual these equations tell us that if the z,y > 0, then we also have z,y < 1. But note an
interesting feature of the equations for the y; that we also saw for C,: both monomials contain
a factor of y;, and therefore we cannot set any of the y’s to zero. Thus the only boundaries of

this connected component are associated with the z; — 0 for 7 = 1,...,5; and we have found
an unusual binary realization (in the sense of [4]) of a pentagon.
Suppose instead we now set a; to be negative, that is, a; = —a} with @} > 0. Repeating the

same analysis something more interesting happens. The set of 36 exponent vectors associated
with the monomials of the extended u-equations span a cone with 12 generators. The monomials
associated with these 12 generators are

-1 337 72 —1 —1 ro—1_ -2 —1;-1;-1
T =ay , T2 = aya3b1bybs, x3 = bs ", T4 =0by ", x5 = ayay ag-ay by by,
3. 3p 12 r2 ~1;-1 —2 13131
6 = a3a5b2b3by, x7 = ayazbsbsay by, g = ag-ay by by,
7 2b b —1b—1 _ b _ b _ -1 —Qb—lb—l
Tg9g = aja90102a,4 03, T10 = aso2, x11 = as03, T12 = Q9 Qg by 0g

and all the extended u-equations can be written (albeit not uniquely) as a sum of two monomials
in the z’s with positive coefficients. Of course, twelve of the equations are of the form z; +
(monomial) = 1, so all the x’s are restricted to lie between 0 and 1. But the twelve exponent
vectors in eight dimensions satisfy four relations which can be expressed in many equivalent
ways, for instance

2 2 2 2 2 2 2 2
ToX3T5T8 = X1X4Tg, LTeIl4aTyXyg = X1X3T7, T1gl4xg = XT1T3, L1138 = T1T4.

So in the language of these z-variables, we have monomial equations with positive exponents,
but also satisfying non-trivial constraint relations. Further study of this particular region reveals
it to be a binary realization of a hexagon. It is natural to conjecture that the phenomenon we
have seen in this G2 example is generic-when studying different connected components using u-
equations, the set of exponent vectors will be a pointed cone, and that the equations will always
force all variables to lie between (0,1). But the variables will satisfy additional monomial
constraints.

12 Outlook
We close with a few comments on open directions for future exploration.

12.1. Understanding real components of cluster configuration space. An open ques-
tion immediately suggested by our investigations (see Section 11) is understanding all the con-
nected components of the real points of cluster configuration spaces. For A,,_3, there is a beau-
tiful picture, where the complete space is tiled by “binary associahedra” corresponding to all
(n—1)!/2 orderings of n points on the projective line, and there is a similar complete picture of
all the orderings for C,, by folding. These examples are especially easy to understand since we
have a “linear model” for My, in terms of a hyperplane arrangement. The connected compo-
nents can also be easily understood in these examples, directly studying the space of solutions of
the u-equations with different sign patterns. In general, Mp is not a hyperplane arrangement
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complement and it would thus be interesting to systematically study the question of connected
components directly from the u-equations defining the space, as we have done in some examples
in Section 11.

It is natural to conjecture that some or all of the other real components of cluster configu-
rations spaces (suitably compactified using the u-equations) are also positive geometries, and it
would be interesting to determine their canonical forms.

In connection with determining canonical forms for general components, we state here without
proof, a simple expression for the canonical forms of the positive component we have studied
above, not in terms of cluster variables, but directly in terms of u-variables. Recall that the u,

are in bijection with all the cluster variables. Consider any acyclic cluster (x.,,...,2,). Then,
the canonical form is simply given by taking the wedge product
n
du-,
Q= N\ —L (12.1)
i:/\l Uy, (1 - u%‘)

As we noted in Section 10.2, acyclic seeds have the following feature: all the ., variables can
be expressed rationally in terms of those in the initial seed. This idea can be extended to give
canonical forms for other connected components of cluster configuration spaces. As a simple
example, let us consider the description of the component discussed in Section 11 for the Go
case, where by = —b} < 0. We can readily check that all of the (z,y) variables can be rationally
solved for in terms of either (z2,x3) or in terms of (x3,x4). The canonical form is then given as

Lq

Q = dlog—2dlog — dlog—22 _dlog
1—x9 T3

3
1— 23 1— 1—x4
12.2. Open and closed cluster string amplitudes. The stringy canonical forms of [3] can
be applied to the cluster configuration space Mp, and we obtain the cluster string amplitude.

For a cluster algebra A(B ) of full rank and of type D, the cluster string integral is defined to be

n+m

Ip(s):= /M Q(Mpo) [] x5 ™ I1 2y, (12.2)
D,>0

~vell i=n-+1

/
a'sy

where {s |y € II}U{s; | € [n+1,n+m]} are parameters chosen so that the product [ [ .y 7y

is T-invariant, and thus descends to a function on Mp ~¢. Choosing B = B we may use
Theorem 4.3 to rewrite (12.2) as

XA = [ T[T I] R (12:)

~ellt+

where (X, {c}) are related linearly to (s;, sy). By [3, Claim 2], (12.3) converges when the point X
belongs to the generalized associahedron P(c) = Zwelﬁ cy Py, where P, is the Newton polytope
of Fy(y). By [3, Claim 2] the leading order of Zp(X,{c}) is the canonical function Q(P(c))
of P(c) evaluated at X:

Tim (o) Tn(X, {e}) = 2(P()(X).

(We refer the reader to [2, 3] for background on canonical functions and canonical forms.)
In particular, the poles of Zp (X, {c}) as o/ — 0, all of which are simple, correspond bijectively
to the facets of the generalized associahedron of DV. By [3, Section 9] and Theorem 6.6, we may
also rewrite

ZD(U) = /M Q(MD,>0) H Ug/Uﬂ/ (12.4)

~y€ell
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and the convergence condition is the very simple condition U, > 0. By Proposition 4.6, the u,
and {y;, Iy} are related by an invertible monomial transformation, and thus {U, |y € II} and
{X1,...,X,} U{cy|y € II*} are related by an invertible linear transformation. (The matrix
of this linear transformation has entries given by the integers Trop(F(y)) (—gx) that appeared
in Section 6.) We see from (12.4) that the u-variables u., are reverse-engineered from the cluster
string integral: they are those monomials in cluster variables making the domain of convergence
explicit.

As explained in [3, Section 7], for generic exponents X, we expect that varying the cycle of
integration (to something other than the cycle Mp ~o) will span a space of integral functions
of dimension equal to the absolute value of the Euler characteristic |x(Mp(C))|. Indeed, it is
especially natural to integrate over any of the other real connected components of the cluster
configuration space, directly generalizing the basis of all (tree-level) open string amplitudes
associated with type A.

We can also define the analog of “closed string” cluster amplitudes. The simplest object we
can define (as in [3]) is the “mod square” of the open string integral

T8 ({1, 07)) = / Q(Mp o) [T w5V A Mp o) [T ST,

p(C) ~€EIl ~€Ell

where in order for the integrand to be single-valued, we must have that the exponents (77 differ
from U, at most by integers.
As we have remarked, it is plausible that real components of cluster configuration space other

than the region associated with u., > 0 provide us with many different positive geometries ./\/l%),

with associated canonical forms Q(M%)). In this case we can extend the closed string integrals
to be more generally labelled by pairs of these positive geometries,

riest (U0 = [ i) [T nai) TT at™.
prp Mp(C) ~ell ~ell

It is clear that a complete understanding of the space of open and closed string integrals
will go hand-in-hand with a similarly complete understanding of the space of all connected real
components of the cluster configuration space.

12.3. Beyond finite type. Finally, the most obvious open question is whether the notions of
cluster configuration space presented in this paper can naturally be extended beyond finite-type
cluster algebras. It is interesting to note that, as we have seen in (12.4) above, in the finite
type case, the introduction of the u-variables is naturally reverse engineered, starting from the
definition of the cluster string amplitude, see also [3]. This definition can be extended in various
ways to define natural “compactifications” of the infinite-type configuration spaces, as recently
been explored for the case of Grassmannian cluster algebras [5]. In these examples, the reverse-
engineering of u-variables does not work as it does in finite type: amongst other things the
polytope capturing the combinatorics of the boundary structure in these cases is typically not
simple. But there may be other choices of stringy integral that are more natural from the
perspective of finding good u-variables and “binary” realizations of general cluster configuration
spaces.

A A lemma in commutative algebra

Lemma A.1. Let f: A — B be a surjective homomorphism of Noetherian commutative rings
with identity. Let S C A be the multiplicative set generated by elements x1,x2,...,x, such that

f(z1), f(z2),..., f(xp) are not zero-divisors in B. (A.1)
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Suppose that

(1) the localized homomorphism S™1f: S~'A — S~1B is an isomorphism, and

(2) for each i =1,2,...,p the induced homomorphism f;: A/(x;) — B/(f(x;)) is an isomor-
phism.

Then f is an isomorphism.

Proof. Let K denote the kernel of f. Let a € K be a nonzero element. Suppose that z;a # 0
in A for all i. Then the image of a in S™'A is nonzero and it is in the kernel of S~1f: S71A
— S~!B. This contradicts (1). Thus Ma = 0 for some monomial M in the z;-s. Replacing a
by M'a for some other monomial M’, and using (A.1), we may assume that a € K and x;a =0
for some i =1,2,...,p.

If a € (x;), then by (A.1), we have a = x;a; for a nonzero element a; € K. Repeating,
we either find a nonzero element @’ € K such that @’ ¢ (z;), or we have an ascending chain of
ideals (a) C (a1) C (a2) C ---. In the former case, the image of @’ in A/(x;) is nonzero and
in the kernel of f;, contradicting (2). Thus we are in the latter case. Since z; is not a unit
and A is Noetherian, the chain of ideals stabilizes to a proper ideal (a') = I C A, and we
thus have (a’) = (a”), where @’ = x;a’ and 2"a’ = 0 for some n > 0. This is impossible:
letting m be minimal such that z]"a’ = 0 we find that xzn_la” = 0 which implies x;”_la’ =0,
a contradiction. |
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