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1 Introduction

The notion of the Voros coefficients is one of the keys in the exact WKB analysis of differential
equations with a large parameter. It has been introduced mainly for second-order ordinary dif-
ferential equations and used effectively in the descriptions of the parametric Stokes phenomena,
of calculation of the monodromies and of the relations between Borel resummed WKB solutions
and classical special functions [4, 5, 6, 7, 8, 11, 17, 22, 25, 27, 28]. Recently, new insights into the
relationship between cluster algebra and Voros coefficients have been obtained in [19]. Further-
more, it is known that Voros coefficient of the Gauss hypergeometric differential equation can be
described using the free energy in the topological recursion [18]. Besides, the Voros coefficients
have also appeared in the physics literature as the spectral coordinates [15].

Our purpose is to define the Voros coefficients at the origin and at the infinity for the gen-
eralized hypergeometric differential equation with a large parameter and to give the explicit
forms of them. Here the generalized hypergeometric differential equation means the differential
equation which characterizes the generalized hypergeometric series (or function) yFy_1. It is
well known [12] that this equation is of order N and obtained as a natural generalization of
the Gauss hypergeometric differential equation. The monodromy group of the generalized hy-
pergeometric differential equation plays a role in studying the solution of the equation. The
classification of the finite hypergeometric groups [23] and the differential Galois group of the
generalized hypergeometric equation have been obtained in [10].

Basic notions and tools in the exact WKB analysis of higher-order or of infinite-order dif-
ferential equations with a large parameter are established in [3]. Our discussions are based on
the theory developed in this paper. For example, WKB solutions of a higher-order differential
equation are defined by using the characteristic roots of the equation, which are branches of an
algebraic function. Once WKB solutions are introduced, one can define the Voros coefficients in
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a similar manner to the second-order case. Fortunately, our equation has ladder operators for
parameters as in the case of the Gauss hypergeometric differential equation. Therefore the basic
idea of computation of the explicit forms of the Voros coefficients is the same as the second-order
case [7, 8, 22, 27]. But in our case, we have to consider the integral of the algebraic function.
Although this fact causes some difficulties, some of them can be overcomed by using an idea
invented by Iwaki and Koike [17]. There is another difficulty, or complexity, coming from the
number of parameters. Our equation contains (2N — 1) parameters and we have to manage
some combinations of them. Thus our descriptions become somewhat complicated.

The plan of this article is as follows. In Section 2, we define WKB solutions of the generalized
hypergeometric differential equation with a large parameter and investigate the local behavior
of the solutions at the singularities of the equation. In Section 3, we define the Voros coefficients
at the origin and at the infinity for our equation. The explicit forms of the Voros coefficients
are given (Theorem 3.9).

2 WKB solutions

2.1 The generalized hypergeometric differential equation
with a large parameter

Let N be an integer greater than 1, let a denote an N-tuple of parameters a; € C, i =
1,2,...,N,) and let b denote an (N — 1)-tuple of parameters b; € C\ {0,—1,-2,...}, j =
1,2,...,N —1. We set

a \_N~_ (a)s(a2)i(an)e g
NFN_1 <b’ ) = ;::0 (b1)e(b2)i - - - (bn—1) k! (2.1)

and call this the generalized hypergeometric series [12]. Here («); denotes the Pochhammer
symbol (= I'(a+ k)/T'(«)). As is well known, the radius of convergence of (2.1) equals 1 and
the right-hand side of (2.1) defines a holomorphic function on the universal covering of C\ {0, 1},
which is also denoted by n Fn_1. This series or function satisfy the following N-th order ordinary
differential equation:

N—-1 N
[T @ +25) ) 0 - (H(ﬁz + ai)> w = 0. (2.2)
Jj=1 i=1

Here we set 0, = % and ¥, = x%. We call (2.2) the generalized hypergeometric differential
equation. This equation has regular singular points at x = 0,1,00. We set by = 1, b =
(bi,b2,...,by—1,1) and 1 = (1,1,1,...,1). We suppose that a; —a;,b; —b; € Z, 1 <i,5 < N,
i # 7, and vaz 1 (bi — a;) € Z. Then there exists a fundamental system of solutions around the

(o]
1ses

singular point {w . ,w][\gf]} of (2.2). If p =0, 00, they are given by

rwg()] =nNFn-1 (Z;w> ,

0 _ 1-b g a+(1—-bj)1
Wiy =T NIN-1 ((b+ (1 _ bj)l)\/ax ’
oo — ()i o (1+a)l—-b 1
w; = () N EN (((1 —a)l+a) z
forj=1,...,N—1,7i=1,...,N, where %" indicates that the entry 14+ b; — b; or 1 — a; + a;
omitted in * [24]. Connection problem of (2.2) between z = 0 and z = oo had already been

studied well [9, 21, 26].



Voros Coefficients at the Origin and at the Infinity 3

We introduce a positive large parameter 7 in @ and b by setting
a; = a;0 + aq11m, 1=1,2,..., N,
bj = bjo+bj1n, 7=12...,N—1,

where a;,b;, € C for k = 0,1. We consider the following equation which contains the large
parameter:

NP1t =0, (2.3)

where we set

N—-1 N
NPy =N ] @We +0)) | 00— (H(ﬂx + ai)> . (2.4)
j=1

i=1

We call (2.4) the generalized hypergeometric differential equation with the large parameter. The
singular points of the equation (2.3) (or (2.2)) are 0, 1 and oo.

The differential operator (2.4) is a WKB type operator defined on C in the sense of [3,
Definition 2.1]. Let £ denote the dual variable of x. Then ¢ is regarded as the symbol of the
differential operator 9, (cf. [1, 2, 3]). We introduce a new variable ¢ by setting ¢ = n~1¢. Since
the large parameter 7 is regarded as the dual variable of the variable y of the Borel plane [20],
7 indicates the symbol of d, = 0/0y. Hence ( designates the symbol of the microdifferential
operator ay—laz. Then the total symbol o(nyPy—1)(z,{,n) in the sense of [3] can be considered as
a function z, ¢ and n~t. We write o (xPn_1)(z,¢) the coefficient of = of o(xyPn_1)(z,¢,n).
Then the total symbol can be expressed in the form

N
o(NPrn-1)(@,¢n) =D 0 For(vPro1)(@,0). (2.5)
k=0

We call the leading term oo(n Pny—1)(x, ¢) of (2.5) the principal symbol of x Py_1. For an m-tuple
c = (c1,ca,...,¢y) of parameters, we denote by sy(c) the elementary symmetric polynomial of
degree ¢ of c1,¢o,...,cpm. If £ >m or £ < —1, we set s¢(c) = 0.

Lemma 2.1. The total symbol o(nyPn—_1)(x,(,n) is written in the form:

o(nPn-1)(z,(,n)

¥ f:({; “ 1 boves = {7 boustare ) |t o ). 20)

k=1 \j=k
Here {i} denotes the Stirling number of the second kind [14, 24].

Proof. By the definition of the Stirling number of the second kind, the j-th power of the Euler
operator 1, becomes

j
9=3" {i}x’fa’;, j>0. (2.7)

k=0
Expanding the right-hand side of (2.4) and using (2.7), we have
N J k ok J k ok
N NPN-1= Z {k}ﬁNlj(b)fﬂ oyt — Z {k}ﬁNj(a)x 0y
0<j<N-1 0<j<N

0<k<j 0<k<j

Hence, we obtain (2.6). [
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Remark 2.2. The principal symbol o¢(nyPy-1)(z, () is written in the form:

N-1 N
oo(nPrn-1)(z,¢) = ¢ [ (= +b1) = [[(2¢ + ain)
J=1 i=1
N
Z sn_k(b1) — sy—k(a1)z) 2" 1¢F — sn(an). (2.8)
k=1
Here we set a; = (a1,1,02,1,...,an,1) and by = (b11,b21,...,bN-1,1).

2.2 Turning points and WKB solutions
A point z, € C is called a turning point of yPy_1 with the characteristic value (, if
00(NPN-1)(x, () = Ocoo(NPN-1) (74, () = 0

and oo(nPn-1)(z,¢) does not vanish identically as a function ¢ (see [3, Definition 3.3]). The
turning point x, with the characteristic value (. is said to be simple if

0200(NPN—-1)(2+, () # 0, 8§UO(NPN71)($*, C) #0

(see [3, Definition 3.6]).
Let P(nPn—1) denote the set

{(@4, ¢) [oo(NPrn-1)(@x, G) = Ocoo(wPn—1) (4, C) = 0}

This set can be regarded as a subset of IP’?C. Let Pip(nPn—1) be the projection of P(nPy_1) to
the z-space. Note that the singular points 0, 1, co do not belong to Py, (nPn—1) for generic a;
and by. By the definition, the turning points of (2.3) should satisfy the following equation:

res¢ (00o(NPn-1)(z, (), Ocoo(nPn-1)(7,¢)) = 0. (2.9)
Here res¢(F, G) denotes the resultant of F' and G with respect to .

Lemma 2.3. The resultant (2.9) is rewritten in the form

rese (UO(NPN—I)(xa ¢), 8CUO(NPN—1)(1’7 C))
_ DM vy

NN-2 z (1 - m) res¢ (f(a:,C),g(CE,C)) (210)
Here we set
N-1
F@,Q) =Y (k+1)(sn—g-1(b1) — snv—k-1(a1)a)C", (2.11)
N
g(ZL', C) = (N — k)(EN_k(bl) — 5N_k(a1)x)ck — NsN(al)x. (2.12)
k=1

Proof. For the sake of simplicity, we show (2.10) for the case N = 3. General case can be
proved in a similar way. For N = 3, the principal symbol is written in the form

oo(sP2)(z,¢) = %3¢ + 2g2C* + 1 + o,
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Hence the left-hand side of (2.10) has the form

g1’ Q1 g O
0 qr? T @ qo

3322 2 @ 0 0f. (2.13)
0  3@2® 2qx @ O
0 0 3gz2z® 2@z q

Firstly we eliminate the (3, 1)-element by using the first row. Next we eliminate the (4,2)-
element by the second row. Then, expanding the determinant by the first column, we have

613902 g2 q1 q0
2¢1 3q0 O
12022 q2r '
(=1)as 0 @r  2q1  3qo
0  3g3z? 2¢z @

We eliminate the (1,4)-element by using the third row and multiply the first row by 3. Then,
factoring « out from the first column, multiplying the third and the fourth columns by z and z2,
respectively, exchanging the second row and the fourth row and finally, exchanging the third
row and the fourth row, we have

33 22 qux 0
(1) | 0 3¢z 2goz® qi2?
3 B q2 21 3qox 0

0 @pr 2ar  3qor?

We factor x, 2% and  out from the first, the second and the fourth row, respectively. Then we
obtain the expression of (2.13) of the form

) 33 22 @1 0
(—1) - 0 3¢3 20 @
3 a2 2¢1 3qx O

0 g 201 3qx

Thus we have

resc(o0(aP2) (. ). Bon(aPo)(w. ) = —EL (1 ) s (2. €).9(2.0)
with
(2, ¢) = 3¢3¢* + 2g2C + a1,
9(@,¢) = g2€* + 201 + 3o
This proves Lemma 2.3 for N = 3. m

We assume that the following conditions are satisfied.
Assumption 2.4.

(i) All turning points of the equation (2.3) are simple.

(ii) 51((11) =+ 51(b1).
iii) The leading coefficient of res¢ (f(x, (), g(x,()) with respect to & does not vanish.
¢
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iv) Dis, (res¢e (f(x,(),g(x,())) # 0. Here Dis,(F') denotes the discriminant of F with respect
(iv) ¢ g D
to x.

Lemma 2.5. The number of elements in the set P(nPn—1) equals 2(N —1).

Proof. From Lemma 2.3, a point (z,() belongs to P(yPn—1) if and only if (z,() satisfies
f(z,{) = 0 and g(x,({) = 0. Here f(z,() and g(z,() denote (2.11) and (2.12), respectively.
Eliminating z from f(z,{) =0 and g(z,{) = 0, we get the equation h({) = 0 for ¢, where

2(N-1) /2N—k
h(¢) = Z ( Z J(N —k —j+1)(s5-1(b1)son—x—j(ar) _5j—1(a1)52Nkj(b1))>Ck

k=N j=1

N-1 k+1
+ Z (Z N(k+j+1)(sn_ptj—1(a1)sn—;(b1) — 5N—k+j—1(b1)51v—j(a1))> ¢*.

k=0 \ j=0

We can see that the coefficient of the highest degree part of h({) does not vanish if s1(a1) #
s1(b1). The coefficient of ¢¥ of h(¢) is a homogeneous polynomial of degree 2N — k — 1 of a;
and b; which does not vanish identically. Thus, we can show that there are distinct 2(N — 1)
roots of h(¢) = 0 by using Assumption 2.4. [

Remark 2.6. If N = 3,

Dis, (res¢ (f(x,(),9(x,())) = 256 a1 (ain — bj,l)h’(al, b1)3

holds. Here h/(a1,b1) is a homogeneous polynomial of degree 9 with respect to a1, b;. From
h/(a1,b1) = 0, we have the following conditions:

(i) bj1 #0 for any j, 1 <j <2.
(11) bj,l # bj’,l for ] 7& jla 1< j)j/ <2
The leading coefficient of res¢(f(x,(), g(x,()) with respect to x does not vanish. Then we have
[T(ai1 —ain) #0.
i#i!

Outside the turning points, there are N distinct roots of the algebraic equation

oo(NPn-1)(z,{) =0

in ¢ of degree N. We call these roots the characteristic roots of ;y Py_1. We consider the Laurent
expansion at the singular point of each characteristic root. For the case of ¢ = 0, we substitute
¢ =22, cpx® for (2.8). Taking note of the degree of the leading term of (2.8) with respect
to x, we find m = —1 or m = 0. If m = —1, there are N — 1 choices for the leading coefficient:

C_1:—bg,1, 621,2,...,]\7—1.

If m =0, we can see

41,1021 AN,1

co = )
bi1ba1---bn_1,1

The coefficients of higher-order terms ¢, ¢, £ > 0, are determined recursively. Similarly, we can
find the Laurent expansions of the characteristic roots at x = oc.
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Definition 2.7. We take local numbering of the characteristic roots of yPy_1 as follows:

(i) For p = 0, the roots are denoted by Q(,?), m=1,2,...,N, so that
b
¢ :—%+0(1), (=1,2,...,N —1,

(0) _ G1,1021 - QN1
(N =75

+ O(x
bi1---bn-1,1 (@)

hold.
(ii) For o = oo, the roots are denoted by C,(noo), m=1,2,...,N, so that

Cr(nOO) _ _9m1 +0 <1>

T 2
hold.

Taking suitable branch cuts connecting simple turning points, we can regard this numbering
is defined globally. For a simple turning point z, and a singular point g, there are two numbers
j,ke€{1,2,...,N}, j # ksuch that (](-9) (xy) = C,E,Q) () holds. We consider mainly the case where
0 = 0. Then we say that x, is a simple turning point of type (j, k) (see [16, Definition 1.2.1]).

The characteristic variety Ch(yPy—1) of yPn_1 is, by definition, an algebraic curve

Ch(yPn-1) ={(z,¢) [oo(nPn-1)(x,¢) = 0}.

This can be regarded as a compact Riemann surface 3. There is a natural projection
m: B — Pg,

which is an N-covering map.

Lemma 2.8. The genus of ¥ equals 0.

Proof. By using the Riemann—-Hurwitz formula [13, Section 17], we have the following relation:

2(N—1)

2-29(%)=N(2-29(Pt)) - > (2-1).
i=1

Here g(X) denotes the genus of the compact Riemann surface X. Hence we get g(¥) =0. N

A WKB solution ¢ of (2.3) is a formal solution of the form

w:exp</de>,

S=nS_1+So+n1S1+ = Z n S,

(see [3, Definition 3.2]). By inserting ¢ = exp ( [ S dz) into (2.3), we have the following nonlinear
differential equation for S:

Ri(yPn-1)(S) = 0. (2.14)

Here we set

Ri(y Py_1)(S) = exp (- / de) N Py_1exp ( / de> .
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The leading term of the equation (2.14) with respect to ! determines S_;. Therefore S_;
should satisfy oo(nPn—1)(z,S_1) = 0. Hence we can take one of the characteristic roots as S_1.
The higher-order terms S;, j = 0,1,2,..., can be determined recursively and uniquely outside
the turning points if S_; is chosen. The following Lemma is obtained by the same way as [13,
Proposition 3.6]:

Lemma 2.9. Let S©™) m =1,2,...,N, be the formal solutions of (2.3) such that the num-
bering are consistent with that of the leading terms given in Definition 2.7. Then the formal
solutions S©@™M) m =1,2, ..., N, have the following local behaviors near x = o, 0 = 0, 00:

N
1 m —
1—b, ml_:[1( “+a bg)

506 — - + =) + O(x), f=1,2,...,N —1, (2.15)
(be —=2) IT (be — by — 1)
i,
SON) o WA2TAN 6. (2.16)
biby---by_1
N-1
a Gy H(1+a€_bm)1 1
gloot) _ % ]73:1 2+o<3>, ¢=1,2,...,N. (2.17)
xr X
1+ap—anm
m]ll( ag — am,)
m#L

Here we use the notation O(x) in (2.15) and (2.16) in the sense that these parts can be written
as

z Y ()
j=—1

with some holomorphic functions fj(x), j = —1,0,1,..., near x = 0. The notation O(l/x3)
in (2.17) should be understood similarly.

2.3 Factorization

We assume that there is a simple turning point x, of yPy_1 with the characteristic value (.
Then o¢(nyPn—1)(x, () is uniquely decomposed holomorphically in a neighborhood of (x4, () in
the form

UO(NPN—l)(wv C) = l(l’, C)T(:C? C)a

where r(z, () is a Weierstrass polynomial of degree 2 in { with the center at (x., () and I(zx, ()
# 0. By the definition, r(z, () has the form

r(2,¢) = (¢ = ¢ + fi(@) (¢ = G) + fal),
where f;(z) vanishes at @ = x, for j = 1,2. We may assume Cj(@) and C,gg) are the roots of

r(z,{) = 0. We set

1

Py i =
NEN-1 eN-T(1 =

NPN_1.
)

Then a( NPN,l) (z,¢,n) becomes a monic polynomial with respect to (:

N-1
U(NPN—I)(xaC7n) = CN + Z ﬁk(x7n>ck
k=0
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It follows from [3, Theorem 5.1] that there uniquely exist differential operators L and R of WKB
type near x, which satisfy

~NPy_1=LR (2.18)
and

(i) The principal symbol o¢(R)(z, () of R coincides with r(z, ().

(ii) For each j > 0, the coefficient o;(R)(x, () of n7 of the symbol of R is of degree at most
one in (.

(iii) The principal symbol o¢(L)(z, () of L does not vanish at (x4, (x).
Thus constructed operator R has the form
R=(77'9,)" + Az, )0, + B(x,7)
with
Az, m) = Ao(z) + Ar(z)n~' + Ag(z)n >+ -+,
B(x,n) = Bo(w) + Bu(a)n™" + Ba(a)n ™ + -+
and L is an (N — 2)-th order operator

N-3

L=(n7'0:)" "+ 3 La(wn) (7' 0n)"
k=0

with
Li(x,n) = Lio(x) + L1 (2)n ' + Lga(x)n 2 + - .
The operators L and R are constructed as follows. Relation (2.18) yields
p2=A+Ly, pr1=B+ALy+n A, po=BLo+n 'B
for N =3 and

pn-1(x,m) = A+ Ly_3,

N _ N -2\ _ e N -2 ke
Bz, m) =1 N+k+2(<k_1>n 1 A(N—k 1)+< . )B(N k 2))

N-3 . .
—j+k I\l qG-k+0) o (T BU-R) ) [
(e (o)

ﬁl (‘Tv 77) - 77_N+3 (n_lA(N_Q) + (N _ 2)B(N—3))

N-3
+ Z n—j+1 (n—lA(j) +]B(J—1))LJ + ALO,
=1
N-3

ﬁO('raT/) _ 77—N+2B(N—2) + Z n_jB(j)Lj
=0
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for N > 4. These relations determine A, B and L, 0 < k < N — 3, if we choose the leading
terms of them, which solve a system of algebraic equations. For example, if N = 3, we obtain A
by solving the following equation:

AP —2p,A% — (37T A — 7 py — 1 — p3) A
+ 20 g A+ A + o — pipe — By = 0.

We consider a WKB solution

o= oo [Tar).

o0
T=nT_1+To+n "I+ = Z =Ty
=—1

of R¢p = 0. Here T is determined by the Riccati equation associated with this equation:
Ri(R)(T) =n*(T*+T') + An"'T + B = 0. (2.19)

Since we have (2.18), ¢ is a formal solution of (2.18). The following lemma shows that we may
regard it as a WKB solution of (2.18).

Lemma 2.10. We have the following relation for N > 3:
Ri (vPy1)(8) = Y L Ri (:0Fa(L)(x, ¢, m):) (9% Ri(R)(S),
Here :0(P)(x,(,n): designates the differential operator defined by the total symbol o(P)(x,(,n)

(see [1, Definition 4.6] and [3]). Hence Ri(R)(T') = 0 implies Ri (NPN_l)(T) =0.

Remark 2.11. The differential operator :8?0(11)(3;,( ,m): is recovered from the total symbol

E)é?a(L)(x, ¢,n) by replacing ¢ by n710, after moving all powers of ¢ in each term in the symbol
to the rightmost part.

Proof. Since we have (2.18), Ri (N]5N,1) (S) is computed in the following form

Ri (vPy_1)(S) = e~/ 54 [Re/ do
_ e—demLedeze—dexRedez'

By the definition of Ri(R)(S), this equals
e~ /e Ll SdrRi(R)(9),

which can be written as
eSS LRI(R)(S)e) 592,

The product of the differential operator L of order N —2 and the multiplying operator Ri(R)(S)
has the symbol

N—

l\')

n k
- (2, ¢, md; Ri(R)(S).

kl
k=0
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Since 9% Ri(R)(S) does not contain ¢ for each k, we can write

N-2 —k
LRi(R)(S)=:)_ % Ofo(L)(x, ¢, m)dy Ri(R)(S):
k=0
N-2 _p
= > Lok RI(R)(S):0F o (L), ).
k=0

Thus we have
N— n —k
e IS L Ri(R)(5)el 547 — Zkf (:0ka (L) (2, C.n):) (S)9E Ri(R)(S).
k=0

This proves the lemma. |

2.4 Definition of Voros coefficients

Recall that the characteristic roots C](@) and C,ig) introduced in the preceding section satisfy the
quadratic equation

¢+ Aol + By = 0.

We may assume

—Ap + /A3 — 4By §eb) _ o —Aop — /A3 — 4By

o) _ » _
=G 2 ’ -1 2

for suitable choice of the branch of the square root. We set

Sledk) — %(S(QJ) + 5(@716)), Séﬁgﬂk) = %(S(QJ) - S(@vk))‘ (2.20)

even
Then we have

10,598 14 .
(0:3,k) _ -t odd _ Lt a (0,3,k)
odd

by using (2.19). Thus we can take the following normalization of integration:

1 k)
/Sevgnk dx——il Od’é —n/Adx

Here we choose a primitive function f Adz.

Definition 2.12. The WKB solutions @Z)(iT ) of (2.3) normalized at the turning point 7 of type
(4, k) are defined by

- 1 1 r j
wi) = ————exp —n/Adm exp :l:/ S(ﬁ’é’k) dz | .
S(g7j7k) 2 T ©

odd

Here the integration of S (e ’] *) from 7 to x is understood as a half of the contour integral of it
on the path starting from iL‘ on the k-th sheet, going around 7 counterclockwise and back to x
on the j-th sheet.
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We denote by S éﬁ’dj’?) the coefficient of ¢ of S ég’dj’k) and set S ggﬁ@o = nSéﬁaj’]i)l +S ég’dj’g). It
follows from Lemma 2.9 and (2.20) that -

Res 553" dr = Res S5 da
holds.

Definition 2.13. The WKB solutions @bgf) of (2.3) normalized at the singular point g are defined
by

1 1 z , ‘ z )
i") = ————exp <27] /A d:v> exp (:I:/ <S§g’d]’k) — Séfiﬁj?o) dx :i:/ S’(()g’djzlgo dx) .
s @ T

Definition 2.14. The Voros coefficient Vg(j’k) at © = p of type (j, k) is defined by
k) — [ (gledk) _ gleh)
Vi = [ (st - sieat,) de.
0

The Voros coefficient relates two kinds of the normalization of WKB solutions defined in the
preceding subsection. We have the following formal relations:

) = exp (V).

The Voros coeflicient is rewritten as

1
V) = 2/ (S = nS_1 — So) da.
Vi, k

Here we consider that S is defined on the Riemann surface ¥ of S_1 and «; is a path on X
starting from the singular point ¢ on the j-th sheet, going to and detouring 7 counterclockwise
on the base space and back to the singular point ¢ on the k-th sheet.

k-th sheet

7-th sheet

Figure 1. The path ;.

Remark 2.15. For any 1 < j, k,¢ < N, the following relation holds from Lemma 2.8:

ik kL) _ 1L
VQ(] )+Vg( )_Vg(] ).

Especially, Vg(j k) = —Vg(k’j ) holds.
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3 Explicit forms of the Voros coefficients

3.1 Ladder operators

Lemma 3.1. Let S(§) be the linear space of all solutions of NPn—11 = 0. The operators

H(a;) =Yy +a;, i=12,...,N,
B(bj) =0, +bj, j=1,2,...,N—1

mduce homomorphisms

H{(a;): S(Z) —>S<a:ei>, i=1,2,...,N,

a a .
B(b)): 8<b+ej>—>s<b>, j=1,2,...,N—1, (3.1)

respectively. Here e,, denotes the m-th unit vector.

Proof. We set

NPy = NPN—I‘ai71,_>ai7l+nf1 (3.2)
for 1 <i < N. Then we have the following relation for 1 < i < N:

H(a;)xnPn-1 = xNPN_lH(aZ-). (3.3)
Hence ¢ € S (¢ ) implies H(a;)1 € S (*1*). Similarly, (3.1) can be proved. [ |
Lemma 3.2. Let S be a formal solution of Ri(yPn—1)(S) =0. Then

Ri (vPy-1) (9, log(zS + a;) + S) =0, i=1,2,...,N, (3.4)

Ri(vPy—1)(0:log (zS +b;) +5) =0, j=1,2,...,N—1
hold. Here we set (3.2) and

S=5], i1 in (3.6)

forj=1,2,...,N —1.

Proof. We fix the index i, 1 < i < N. By the definition of Ri(x)(*), we have the following
relations:

Ri (v Py-1) (O log(eS + a;) + 8) = — e ISdey Py (xS + a;)el 99, (3.7)

Ri (N]SN_lH(ai))(S) = e_dezNPN_l(xS + ai)ef5d$. (3.8)
Combining (3.7) and (3.8), we have

Ri (N]SNfl) (896 log(xS + (Ii) + S) = S + a, Ri (NPN,lﬂ(ai)) (S) (39)

From (3.3), we get

Ri(H (a;)znPn-1)(S) = Ri (zx Py_1H(a;))(S). (3.10)
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By using a similar argument employed in the proof of Lemma 2.10, the left-hand side of (3.10)
can be written in the form:

Ri(H (a;)zyPn_1)(S) = ’Zk Ri (:9F (zn¢ + a:):) (S)0% Ri(xn Pn—1)(S). (3.11)
E>0

Then the right-hand side of (3.11) is equal to

(S + a;)x Ri(n Py-1)(S) + z( Ri(NPn-1)(S) + 28, Ri(n Py-1)(S5)).
Here we used the relation

Ri(xnyPn-1)(S) = zRi(nyPn-1)(5).

Since Ri(yPn-1)(S) = 0, the right-hand side of (3.11) vanishes. Combining (3.9), (3.10)
and (3.11), we obtain (3.4). The relation (3.5) can be proved as well. [

Lemma 3.3. The formal solution S satisfies the following relations:

Ay, ;S = 0;log(xS + a;), 1=1,2,..., N,
Ay, S =—0,log (zS+b;), j=12...,N—1,

where we set (3.6) and

A,S =S| -5

prrptnt
forp=aii,a21,...,an,1,b11,b21,...,bn—1,1.
Remark 3.4. Note that we distinguish p from p.

1

Remark 3.5. The difference operator A, in p by 1~
using a formal differential operator of infinite order:

can be written in the following form by

A, = e .

Proof. We denote ) = H (a;)1, which belongs to S (a‘gei ) Then

9y log) = 0, log(x:S + a;) + S
holds. It follows from Lemma 3.2 that S satisfies the equation obtained from Ri(yPy_1)(S) = 0
by replacing a; by a; + 1. Hence we have

mS_1+So+--+)+0:(nS-1+So+--+)
x(nS—1+So+---)+a;
+(MS-1+So+--). (3.12)

Oplog(xS +a;)) + 5=

The leading term with respect to n~! of the right-hand side of (3.12) equals S_;. We can
choose the leading term of S as S,1|a‘ Lsag b1 Thus, we conclude that S = S }

Similarly, Lemma 3.3 can be proved for by1,b21,...,bn-11-

aj1—a; 1+~

Lemma 3.6. Let (p,po) denote one of (a11,a10),--.,(bn—11,bn-10). The Voros coefficient

Vg(j’k), J < k, satisfies the following differential-difference equations:

BpA VIR = flk) 4 A gLk, (3.13)
(j.k)

Here féj’k) are given as follows and here g5 is a linear function of n:
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(i) Ife=0,
DY S — k#N
fa“l 1+ a; — b 1—!—(11'—[)]'7 7 N,
faz’l a; 14+a; — bj’
e i s k+N ik
y n n N-1 N
k
f‘7 - - - k N7
b; 1—|—bj—bk bj—l éz:: J Zz:: J 7
t#j
k) n N-—1 N
U, k# N
fb 1+bk—b k—1+zbk—b4+;a3—bk 7& ’
£k B
GN)y_ . nm "
2o 1+b b b T
) _ U =1
JJV _ 4 _ —
Zb—ag bj b —1 E:lbj_be
l#5
1=1,2, Nandm=1,2,...,N—1
(i) If o =
2f ) = 1 T ik,
¢ a; — ag a; — aj;
n N~ n = 7
2 Jk):_ - — 4+ _ ,
Jai ap —a;  aj ;1—}—&]-—@ ;1—{—%—17@
e#g
n N U = U
2 Jik) - +
fa a; —ap  ag ;1—1—%—@@ e:11+ak_b€
ik

9 jk) n N
fb bm—aj bm—ak’

i=1,2,...,Nand m=1,2,...,N — 1.
The system of differential-difference equations (3.13) satisfy the compatibility conditions:
6TAT8pApVQU’k) = 8pAp87—ATVQ(j’k), Vp, T E€ {al’l, ...,aN 1, b1,17 ceey bN—l,l}'

Proof. We consider the integral

/ A,Sdx
Vi k

75

for p € {a11,...,an1,b1,1,--.,bn—1,1}. Here the path 7; of integration is taken as follows:
Let x be a point near the origin and ("™ the point on the m-th sheet of Riemann surface ¥
such that W($(m)) = x. We take a path on X starting from z(/), going to and detouring
counterclockwise on the base space and back to z(*) and denote this by Yjk- It follows from
Lemma 2.9 that this integral can be written in the form

c(,j’lk) log z + c[()j’k) + O(x)
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k-th sheet

j-th sheet

Figure 2. The path ;.

with some constant series c(_j’lk) and c(()j k) of nfl. Here we use the notation O(x) in the same
(4:k)

sense as in Lemma 2.9. Let dp’ denote the coefficient of ™™ of c(()j k),

c(()j’k) = Z d%’k)n_m. (3.14)
m=0

On the other hand, by using Lemma 3.3, we have

(0,k) .
log u , p=a;1, 1<t <N,
2S09) + q; ’
A,Sdx = . (3.15)
5 2SOk 1+ b,
5,k _ g _ - - , p:bml’lsmSN_l.

Expanding the right-hand side of (3.15) with respect to x, we obtain the coefficient c(()j k) More-

over, Lemma 2.9 implies that c((]j k) is written as the logarithm of a product of several linear

functions in p, whose coefficients of p are —1 or 1.

Let F, Z(m) be a primitive function of S éo’m) with respect to z and let [* dz denote the termwise

integration in x of the Laurent expansion of the integrand at x =0, i.e.,

x
_ 1
/ (% +po+p1x+-~)dx:p_1logiv+pow+§p1:v2+-~-

We set

9 = F¥(z) - F9(z) - ( / SOF g / 50 dx> . (3.16)

Note that réj’k) does not depend on x and 1. We let apply A, on both sides of (3.16). Then we
have

/ A,Spdz = / A, dz — / NSO dg 4+ AP, (3.17)
Yi,k
Since A, = " "% — 1, the right most term of (3.17) can be written in the form

Apré]’k) = <7716,] + 57772({% + - ) rém).
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Multiplying both members of (3.17) by ¢ and summing them up in ¢, we have
ASdr=>" " ( / AR g — / A, Az + Apréj’k)> . (3.18)
Vik =—1

The constant term of the right-hand side of (3.18) at x = 0 is equal to
_ 1 _ ik _ I _ j k
77<77 18p+§17 28§+---)r(_]1)+ (77 16,)+5n 28§+--->r§f e
— 8p7"(j’1k) + < 62,,,_(.7 k) +8 T(]’ )> ,r]—l + e (319)

Comparing the coefficients of n~™, m = 0, 1, of (3.14) and the right-hand side of (3.19), we have

d(()j’k) = apngik)v

By the definition of Vo(j ’k), we have

A VTP = filg% ( / A,Sdz — / A,S_1dz — / Apsodl‘)~ (3.21)
Y4,k Vik

By the definition of c(()j’ ) and T(J k), ¢ = —1,0, the right-hand side of (3.21) is written in the
form:

i,k k j k
AP‘/O(] ) ( (4:k) nApT( 1) APT(()J )) . (322)

_1
2
Differentiating (3.22

ik 1 ik " K 1 "
apApVo(J )= 5 <8pcéj ) - A, <77déj ) 4 dij ) iﬁpdéj ))> )

) with respect to p and using (3.20), we have

i,k
As we remarked above, c(()J k)

in p. Setting

1 ik ik 1 ik
o == () + 09 50,487,

is written as the logarithm of a product of several linear functions

we have the lemma for ¢ = 0. Similarly, we get the differential-difference equations for Voros
coefficients at the infinity. |

Remark 3.7. If N = 3, we have

28, Ay, VD = ___ 1 n
a;1-a;1Y0 ai—b1+1+ai—52+1

i1 —b 2a;0 — 2b 1 2a;0—2b 1
+ Aam (—nlog <a%1 2,1> + a;,0 1,0 + _ 2a40 2,0 + > ’

ain — by 2a;1 — 2b11 2a;1 — 2ba
20, A YU _ 1 "
a;1-a;1Y0 a; —bj 1 ]

;1 b'o—l (1—2ai0)bj1
+ A ; _ 10 ( ) > _ .]7 _|_ 9 ) ,
it < 708 ai1 —bj1 a1 —bj1 2a;1(a;;1 —bjn)
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28bm,1Abm,1 0(1’2)
3
_ (_1\ym—1 Ui _ " — n - i
=0 . > <bm—1 — bm—be+1>
i=1 Le{1,2}\{m}

_ (a11—bml)(azl—bml)(a31—bm1)>
+A )™ —nlo ( : ’ ’ : ’ :
bt (—1) ( nlog b (11— bo)?

3
1 2(@2'70 — bm’o) +1 3 — 2bm70 4 (51’0 — 6270)
(2 S |

a;1 — b1 b1 b1 — b2

j n n
20 A, VI =T T
! 170 bm - bj + 1 bm

B bi1 bio—1 (2bm0_1)b'1
—|—A 1™ 1 (_ lo (1 _ b > — J + : 2 )
bm,l( ) 77 g bm71 bj,l — bm71 2bm71 (b‘%l - bm,l)

m,3 n Ui n N
28bm,lAbm,l‘/O( ):me_az _bm—l _E_bm_b]

(@11 —bm1) (a2,1 — bm1) (@31 — bim.1)
N L Omy) (92,1 7 Omy) 48,1 O,
+ bm,l < 7] Og < b72n71 (an71 o b] 1)

3
1 2(ai0 —bmo) +1  4(1 —bn 2(bj,0 — bmyo) +1
(Z (ai0 = brmo) +1  4(1=bmo) , 2(bj0 ~bmo) ))

2 a;1 — bm,1 bm,1 bm,1 —bj1

=1
fori=1,2,3, m=1,2and j € {1,2} \ {m}.

The system of differential-difference equations given in Lemma 3.6 characterizes Vg(j’k), for
we have the following lemma:

Lemma 3.8. Let W =3"0° | wyn™" be a formal solution of the differential-difference equation

0pA,W =0 (3.23)
for p =ai1,...,an1,b11,...,bn—1,1 and suppose that w, is a homogeneous function of deg-
ree (—n) with respect to ai1,...,an1,b1,1,...,0n-1,1 and w_; = wyg = 0. Then, we have

W =0.

Proof. By the definition of A,, we have

00 /-1
_ 1 {—n+1 —/
0,0,W = ( S i wn) 1
=0

n=-—1

for all p € {a11,...,an1,b1,1,...,bn—1,1}. Comparing the coefficients for both sides of (3.23)
with respect to the powers of 7, we have

/-1

1
> oy, =0 n=0,1,2,....
_ ‘ p n 9 ) ) )
=, (L=n)!
Since w_1 = wg = 0, we have 8211}” =0 for n =1,2,... recursively. By the assumption, w, is
a homogeneous function of degree (—n) with respect to a1,1,...,an1,b1.1,...,bn—-1,1. Therefore
we obtain

wy, = 0, n=12.... |
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3.2 Voros coefficients

(4.k)

We have the explicit forms of the Voros coefficients V,”™ at g, 0 = 0, co.

Theorem 3.9. Let ¢ be 0 or oo. If there exists a simple turning point of type (j,k), j < k,
of (2.3), then the Voros coefficients VQ(J’k) are written in the form:
1 1)t+1pl=t G
52 g Vot
(=2

where

N
k) _ By(bjo—1)  Ba(bro —1) Z Bi(br,o — aip)
0,¢ be_l bf—l (bk,l _ ai71)€—1

k.1 i—1
N-1 N-1
B(bjo — aio) By(bj0 — bm,o) By(br,0 — bm,o)
- + 30 200 Z0mo) 0= 0m0l k4N,
E_: (bj1 —a;1)t1 m,zl (bj1 = bm,1) 1 Ez:l (b1 — bip,1) 1 7
i Mk

N N
v _ Belbjo—1) 3 By(aio) 3 By(bjo — aip)

‘ _ - TR YA
U’ bﬁvll =1 af,ll =1 (b.]:l - aiyl)é 1
N-1 N-1
1+ Y Blbio Zbmo) | 5= Brlbimo)
o’ (bj,l _ bm 1 /-1 — bé 1
m#j

vk _ szl Bi(bmo — ako0)  Be(bmo —ajp)
)1

b L\ (b — ak 1) (b — g
N-1
By(aj0) By(aio — ajo) By(ar) By(aio — akp)
™ o1 Z (aig —a; )1 | =1 T Z (a1 — ap1)1
j71 m::l 1, ]71 ak71 m=1 1, ﬂl
m#j m#£k

Here By(t) denotes the {-th Bernoulli polynomial defined by

et —1 —

Proof. To obtain the explicit forms of Vg(j )

form

, we will solve (3.13). We may write f,gj’k) in the

. 1 1
(G.k) — =
fp 2 Z G k) (k) ) (3.24)

m qu +,Up’m77 .

where ugjnﬁ) and v( k) being linear functions of p and pg, respectively, which are independent
of 1. The explicit forms of u( ") and U(j *) are given by Lemma 3.6. The coefficient of p of u(j k)
is equal to 1 or —1, which denotes e(] ") (= £1). The right-hand side of (3.24) is obtained

from u( k) by the shift:

1 1
52 (k)+vjk) 1 Z )Gk

m up, m prpte (Jm Vp,m
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Thus (3.13) is written in the following form:

; 1 (k) (k) 1 1
:k _ €p,m m 8 k
5pApVQ(J ) — 3 E :e pom’ Up,m 1] P + Apggj )
m Up,m

Hence (3.13) can be solved by using a formal differential operator of infinite order:

(J,k), (4,k), —1
. 1 efom Vpim ' 0p 1
(k) — = -1 (4,%)
Vg QZ (en—lap_l) 8 ( )+8 Ip
m p7
1 Belefim o)) 1 ies 1 g0
= ’— k)
=522 g %7 5w
/=0 m p,m
Using Lemma 3.8, we have
k) _ ﬁpjnﬁ)vfgm)) 0! )
.]1 — ’ - -
ZZ 9 + Culp).
é 2 m pym
where C,(p) is an arbitrary function of {a11,...,an1,b1,1,...,bn—11} \ {p}. We repeat the
above discussion for every p € {ai1,...,an1,b11,...,bn-11}. Then we can determine C,(p)
by adjustment. Thus we have the theorem. |

Remark 3.10. If N = 3, we have

v _ S (1 By(bjo — aip)

" i=1,2,3 (b1 = ai)!
=12
By(bio—1)  Be(boo—1) | Be(br,o —bao+1) + Be(bro — ba)
by b5y (11 —b21)tt 7
(1,3) By(b1,o — aip) By(aip)
Vo = Z —1 Z —1
i=1,2,3 (b1 — aiq) =123 %1
By(b10) + Be(b1,0 — 1) n By(b2,0) ~ Be(b1,0 — ba2p)
bﬁl bgfll (by1 —boq)t 1’

By(b2,0 — aip) By(aip)
i == X a2
7 i=1,2,3 (b2, — ain) i=1,2,3 %1
By(b2,0) + Be(bao — 1)  By(bio) = Bi(bao —bi1y)

bgjll bﬁl (boa — by 1)1
YUk Z (Bz(bm,o —ako)  Belbmo — aj0) >

ool T 5 (bma — ak71)f’1 (b1 — aj’l)f—l
3 3
By(aj0) By(aio — ajo) By(ar,) By(aio — ako)
+ o1 + Z —1 | - T Z —1
aj; = (@i —aj1) ay = (ai1 —ara)
1#£j i#£k

We consider the Borel summability of Vg(j *) | We set

. 1o~ (=)'~ By(x
V(“’“O)_zz(z()e—?) fff(—f)'
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As we saw in the preceding theorem, Vg(j k) are expressed as a finite sum of the formal series
of the form V(Kii/ig) for suitable choice of k, ko. Hence it is sufficient to consider the Borel
summability of V(k, kq). Its summability is well known: the formal series V (k, ko) of n~1 is

Borel summable if Re(x) # 0 and the Borel sum of V (k, ko) equals

1 ) \/27r(m7)”°+””_%
— 10
B\ e (ko + rn)

5 ) , Re(k) > 0,

1 (—rn)™ 73T (1 — (ko + k1))
— log
2 \/ 2mehn

(see [6, Lemma 4.6]). This expression is obtained by the Binet formula [12]. Thus, we have

) , Re(k) < 0,

Corollary 3.11. Let ¢ be 0 or co. Also let
D(k) ={(a11,..-,an1,b11,...,bn-11) | Re(x) # 0},

where k s a linear homogeneous function of ai1,...,an1,b1,1,...,bn-1,1. The Voros coeffi-
cient Vg(j’k) of type (4, k), j < k, is Borel summable if (a11,...,an,1,b1.1,...,bnN_1,1) belongs
to Dé]’k). Here we set

N N-1
D™ = D(bj1) N D(bg,1) N () D1 — aix) N () Db — bm,1)
i=1 m=1
m#j
N N—-1
N ﬂ D(by1 —ai1) N m D(br,1 — bm 1), k# N,
i
N N N-—1 N N-—1
D(]7 ) — ﬂ D(ai,l) N ﬂ D(bm 1) M ﬂ D(bj 1— aiyl) N ﬂ D(bj71 - bm,l):
i=1 m=1 i=1 m=1
m#j
' N-1 N-1
D(()Z)’k) = D(ajJ) N D(ak,l) N ﬂ D(bmJ — am) N D(bm’l — aj,l)
m=1 m=1
N N
N ﬂ D(am — aj71) N ﬂ D(ai,l — akvl).
=1 =1
i£) iZk

4 Concluding remarks and future problems

We have obtained explicit forms of the Voros coefficients at the origin and at the infinity (Theo-
rem 3.9). To give an explicit form of the Voros coefficient at x = 1 is our future problem. The
difficulty of the problem comes from the multiplicity of the characteristic exponents at x = 1.

As in the case of the Gauss hypergeometric differential equation [8] and of its confluent
families [22, 27], we may get the formulas describing the parametric Stokes phenomena for WKB
solutions of (2.3) by using Corollary 3.11 under the assumption that their formal solutions are
Borel summable in some region. The Borel summability of WKB solutions of our equation is
also a future problem.
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