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Difference Equation for Quintic 3-Fold
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Abstract. In this paper, we use the Mellin-Barnes—Watson method to relate solutions of
a certain type of ¢-difference equations at Q = 0 and Q = oco. We consider two special
cases; the first is the ¢-difference equation of K-theoretic I-function of the quintic, which is
degree 25; we use Adams’ method to find the extra 20 solutions at = 0. The second special
case is a fuchsian case, which is confluent to the differential equation of the cohomological
I-function of the quintic. We compute the connection matrix and study the confluence of
the g-difference structure.
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1 Introduction

Since the 1990s, the development of mirror symmetry has changed how people work on enumer-
ative geometry and has made some surprising predictions in algebraic geometry. Calabi—Yau
manifolds are essential in mirror symmetry. Among them, the quintic threefold was the first
example for which mirror symmetry was used to make enumerative predictions [3].

There are several ways to state mirror symmetry. In Givental’s approach to mirror symmetry,
two cohomology valued formal functions play a crucial role, i.e., the so-called J-function and
I-function. The J-function, by definition, encodes all the genus zero Gromov—Witten invariants,
so it is essential. However, it is pretty hard to obtain an explicit formula. On the other hand, the
I-function given by the oscillatory integral is computable. In [7] Givental proved that I-function
lies on the range of big J-function, and up to a change of coordinate, we can obtain J-function
from I-function.

Let X be the Fermat quintic, considered as a degree 5 hypersurface in P*, the cohomological
I-function of X is as follows

coh [1:2, (5H + k) (2 4)
x Z k 1(H+kh)

)

where H is the hyperplane class of P4, and £ is the equivariant parameter, since H* = 0 in the
cohomology of X, the I-function of quintic satisfies the following degree 4 differential equation
which is called the Picard—Fuchs equation

[<h§t>4— 5 t<h§t + h> (h(i + h) (h(i + h) (h(i + h)] I (he') = 0.

Let Q = 5%, the above differential equation becomes the following form

(o) ~(9ag+3) (93 + 3) (9ag+ 3) (9ag + )| W@ =0 0
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The fundamental solutions at Q = 0 are given by the expansion of I}}Oh(h, Q), i.e
I"hQ)=1Ip- 1+ -H+IL-H*+ 13- H mod (H").

More preciously, the coefficients of the I-function relative to the cohomology basis give the
fundamental solutions of (1.1). Moreover, the fundamental solutions at @@ = oo are related to
FJRW theory [4] and could be constructed explicitly via the Frobenius method.

Around 2000, Givental [8] and Lee [11] introduced the K-theoretic Gromov-Witten (GW)
invariants, these invariants are defined by replacing cohomological definitions by their K-theore-
tical analogs. The K-theoretic J-function and I-function are also defined and studied; unlike
cohomological GW theory, the K-theoretic I-function satisfies a difference equation instead of
a differential equation. For example, let us still consider quintic X, denote by ¢9% the difference
operator shifting Q* by ¢*QF, the K-theoretic I-function of X is as follows

(1— PS¢~
1%(q,Q) = P(@ ZH )
d=0

d
k= 1(1_Pq )BQ’ )

where P = O(—1) on P4, and
0,(Q)
04(Q)

is the g-logarithm function. Here 6,(Q) is the Jacobi’s theta function and the g-logarithm
function satisfies

4% (14(Q)) = 14(Q) + 1.

Since (1 — P)® = 0 in K (P*), the K-theoretic I-function of X satisfies the following difference
equation

lg(Q) = -Q

5
(1-q9%)° H — "%t 11E (¢, Q) = 0. (1.3)

It is a degree 25 difference equation but not fuchsian (Definition 2.15).
The characteristic equation (see (3.1) for definition) at @) = oo is

(1 —q 1:65) (1 q 2335) (1 q 3$5) (1 — q_4x5) (1 q_5x5) =0,

with 25 distinct roots. Using Frobenius method, we obtain 25 solutions (at @@ = oo) of (1.3)
given by

Q%

—-m fkfé 5
Win(1/Q)=c 1 (1/Q) yy- iz (- €7 )

4 d>0 kd 01 (1—g*1)

where

and

04(Q)
0(7Q)

The function ey, satisfies the g-difference equation q%e, ) Q) = Ageg, (Q).

eqn (@) = € M(C").



Difference Equation for Quintic 3-Fold 3

The characteristic equation at @@ = 0 is
(1—x)° =0,

with 5 multiple roots. One may obtain explicit formulas for solutions via the Frobenius method.
However, we could obtain 5 solutions at @ = 0 from [ )[(( (¢,Q) as mentioned above. We use
Adams’ method to obtain the rest solutions.

Proposition 1.1. The exceptional 20 solutions of (1.3) are given as follows: for each 20th root
of unity &, we have a solution of form

epép*l/?(z)F(z) = ep,{p*1/2(z) Z fn2",

n>0
where z = Q%, p= q%. Let 0, = p*%=, then F(z) satisfies
[(Z - §p_%ap) (= - §p_%ap) (= - £p_%ap) (= - fp_g"p) (= - §p_%ap)
—(F=&pF 0]) (P =& K o)) (P =R o)) (P —"pia}) (7~ o) | F () =o0.

To the best of the author’s knowledge, the connection matrix is critical in classifying fuchsian
difference equations, and very little is known about the non-fuchsian case. Even in the fuchsian
case, the connection matrix is hard to obtain if the characteristic equation has multiple roots.

We construct the following K (IP”_I) valued g-series motived by [4] to obtain connection
matrix

Frun(Q) = Pl@ ZW@. (1.4)

Here we use g-Pochhammer symbol notation:
(a;q)a:=(1—a)(l—qa)-- (1 - qd_la) for d>0.
Since (1 — P)" =0 in K (P"!), then (1.4) satisfies the following difference equation

m

(1-¢%%)" = Q[ (1 — 2iq?%) | Fpnn(Q) =0 mod ((1 - P)"). (1.5)

i=1
Suppose «; ¢ aqu\{O} then we could find the explicit formula for m solutions at () = oo denoted
by {Wi(1/Q)}}-, and we use Mellin-Barnes-Watson method to related solutions at @ =
and ) = oo.
Theorem 1.2. Form > n, the K(P”_l) valued g-series has the following analytic continuation:

m

(@ N~ Wim1 (P @)d g pig@) Ilims Pau 0 (4,4, Pa;Q, q/(PjQ); @)oo
P Z (Pg;q)" Q= p (Pg;q) « (Pay, q/(Poy), Q,q/Q; q)oo

(o) 0/
Hz‘ril,iyﬁj(az/aja )OO(Qa )

As for applications, if we take n = 5, m = 25 and {q;}?2, = {{lqg | k1 =1,2,3,4,5},
then (1.4) becomes (1.2). And if we take n = 4, m = 4 and {o;}i, = {q%}?zl, then (1.5)
becomes

W;(1/Q).

4 .
(1_qQ8Q)4_QH(1_qéqQ6Q) F(Q) = 0. (1.6)

i=1
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This difference equation is a lift of the differential equation (1.1), i.e., if we let ¢ — 1, then (1.6)
becomes (1.1). This phenomenon is called confluence which was studied first by J. Sauloy
in 2000 [15]. Under the above specific choice, the formula in Theorem 1.2 becomes

z Pq Q) H;l: (Pq% q’ 4 quQ q/(Pq5 ) )
Pla@) 1 dnd — pla(Q) 1 00
Z (Pg; q); “ (Pg; )3 ; (Pa?.a/(Pa?),Q.a/Qsq)
) (4 %q; q)‘j° ai5(1/Q)
itz (0753 0) (6:0)

where {W;(1/ Q)}?:1 are the fundamental solutions at Q = oco. If we expand two sides with

W;(1/Q),

respect to K-group basis (1 — P)*, k = 0,1,2,3, we obtain the connection matrix, for more
details, see Section 5.1. Besides, the fundamental solutions of (1.6) at @ = 0 and @ = oo are
confluent to the solutions of (1.1), finally, we compute the confluence of the connection matrix.

The paper is arranged as follows. Section 2 reviews some basic definitions and concepts of
difference equations and introduces some special functions. In Section 3, we use the difference
equation of quintic as an example, and we use Adams’ method and Frobenius method to solve
the degree 25 difference equation at Q = 0 and () = oo respectively. In Section 4, we generalize
the difference equation for the quintic and construct a K-group valued series, and then we use
the Mellin—-Barnes—Watson method to relate solutions at () = 0 and () = oco. In Section 5, we
apply the results in Section 4 to a particular fuchsian case, and we expand the formula with
respect to the K-group basis (1 —P)k to find the connection matrix. Since the particular fuchsian
case is confluent to the differential equation of quintic. In Section 6, we study the confluence of
the connection matrix.

2 Preliminaries

In this section, we define some basic notions in the theory of g-difference equations. The main
references are [13, 15, 16].

Notations 2.1. Here are some standard notations of general use:

— @ and q are complex variables and |g| < 1, ¢ # 0,

— C({Q}) is the field of meromorphic germs at 0, is the quotient field of C{Q},
— M(C*) is the field of meromorphic functions on C*,

— M(C*,0) is the ring of germs at punctured neighborhood of @ = 0,

— M (E,) is the field of meromorphic functions on elliptic curve E, = C*/¢%, i.e, the field of
elliptic functions.

~ (a;q)a = (1—a)(1 —qa) -~ (1 — g% 'a) for d € NU {+o0} is the g-Pochhammer symbol.

Definition 2.2. A difference field is a pair (K, ), where K is a field, and o is a field automor-
phism of K.

Example 2.3. We will focus on the fields in the above notations,
M(C*) ¢ M(C*,0),

they are all endowed with the g-shift operator o4 := q?%: f(Q) — f(¢Q). Let K = M(C*)
or M(C*,0). Usually, we denote the field of constants of the difference field (K, o) as K. For
example, M(C*)% = M(C*)% = M(E,). This is the main reason that the modular form such
as elliptic function appears naturally in the theory of g-difference equation.
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2.1 Regular singular g-difference equations

Definition 2.4. Let (F,): ¢9%X,(Q) = A,(Q)X,(Q) be a g-difference system, with A, €
GL,,(K). We define the solution space of this g-difference equation by

Sol(E, {X e K" | qQaQX Q) = Aq(Q)Xq(Q)}'

Remark 2.5. From now on, we will focus on the local solutions at () = 0, and the results will
also hold for Q = oo. The reason why we don’t consider solutions at other singular points is
that: if a function f(Q) is a solution of a g-difference equation ¢9% f(Q) = a(Q)f(Q) and has
a singularity at some Qg # 0, 0o, then f(Q) has a singularity at any complex number Qqq".

Proposition 2.6 ([16, Theorem 2.3.1, p. 118]). Let (Ey): qQaQXq(Q) = A,(Q)X4(Q) be a q-
difference system. Then, we have

dim g,y (Sol(Ey)) < rank(A,).

Definition 2.7. Let ¢9%2 X, (Q) = 4,(Q)X,(Q) be a g-difference system. A fundamental solu-
tion of this system is an invertible matricial solution X, € GL,(K) such that ¢?%X,(Q) =

Ag(Q)X(Q)-

Definition 2.8. Let ¢?% X, (Q) = A,(Q)X,(Q) be a g-difference system. Consider a matrix
P, € GL,(K). The gauge transform of the matrix A, by the gauge transformation P, is the
matrix

Py-[Ag] = (qQaQPq)Aqul-

A second g-difference system ¢%% X,(Q) = B,(Q)X,(Q) is said to be equivalent (over K) by
gauge transform to the first one if there exists a matrix P, € GL,,(K) such that

Bq:Pq'[Aq]~

Let us define the regular singular ¢-difference equation. We shall start from the local analytic
study, i.e., taking field C({Q}), and then look for solutions in the field K = M(C*) or M(C*,0).

Definition 2.9. Let 4, € GL,(C({Q})), a system ¢?% X, (Q) = A,(Q)X,(Q) is said to be
regular singular at @ = 0 if there exists a ¢-gauge transform P, € GL,,(C({Q})) such that the
matrix (P - [A44])(0) is well-defined and invertible: P, - [A4](0) € GL,(C).

Definition 2.10. Consider a regular singular g-difference system ¢9%¢ X,(Q) = A,(Q)X,(Q).
Suppose A4(0) € GL,(C) and denote by (\;) the eigenvalues of the matrix A,(0). This g¢-
difference system is said to be non g-resonant if for every i # j, we have /\— ¢ q Z\{0} " where

MO = {¢* | ke Z\{0}} c C.

Let’s introduce some special functions which are needed to solve regular singular g-difference
equations.
We define Jacobi’s theta function by

04(Q) = Z q@Qd-
dezZ

This function satisfies the g-difference equation ¢%%0,(Q) = 50(1(@). And it has a famous
Jacobi’s triple identity

04(Q) = (€5 @)oo (—Q; D)oo (—q/ Q5 @) o

In the following, we define two special functions which are essential in solving regular singular
(irregular) g-difference equations.
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Definition 2.11. Let \; € C*. The g-character associated to A is the function ey, € M (C¥)
defined by

A
D= 5,0,0

€ M(C).

The function e, ), satisfies the g-difference equation qQ% g (@) = Ageg, (Q).
Definition 2.12. The ¢-logarithm is the function ¢, € M (C*) defined by

0,(Q)
0,(Q)

By a little computation, one could know that the function ¢, satisfies the following g-difference
equation

q9%4(Q) = £(Q) + 1.

Now we can state the existence of a fundamental solution for regular singular ¢-difference
equations under certain conditions.

For a g-difference system ¢?% X,(Q) = A,(Q)X,(Q), without loss of generality, we assume
A4(0) € GL,(C) and moreover that it is non-resonant. We can recursively build a gauge trans-
form F;, € GL,(C({Q})) which sends the matrix A,(0) to the constant matrix A,(Q), for details,
see [16, Corollary 3.2.4]. Then we take the Jordan—-Chevalley decomposition of A,(0) = AsA,,
where Ay is semi-simple, A, is unipotent and A,, A, commute.

Since N = A, — I, is nilpotent, we can define

A= I+ N =Y (ig) N*, (2.1)

k>0

Eq(Q) =-Q

where

(z]g) gl =) -k(!eq —(k—1))

Note that (2.1) is actually a finite sum and Al is unipotent, and we have
(O A = A Ay = Al Au.

Thus we set

€q,Ay 1= Al
Take a basis change P to diagonalise Ay = P~!diag(\;)P. We define
eq,A, = pt diag(eq.z, (Q)) P, (2.2)

which satisfies
0
qQ Qega, = Aseq A, = €q.A,As.

Then one can check that the product Fyeq 4. €44, =: X(Q) is a fundamental solution of the
g-difference system ¢2%@ X,(Q) = A,(Q)X,(Q). We arrive at the following theorem.

Proposition 2.13 ([16, Theorem 3.3.1]). The g-difference system 0,X,(Q) = Aqe(Q)X4(Q),
reqular singular at @ = 0, admits a fundamental matricial solution X := Mesc €
GL,(M(C*,0)), where C € GL,(C) and where M € GL,(C({Q})). The eqc is defined by

Jordan—Chevalley decomposition of C' as above.

Remark 2.14. Let A, P € GLy(C), one can check that e, pyp-1 = PegaP~!. Thus, (2.2) is
independent of the choice of P.
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2.2 Monodromy of regular singular g-difference equations

Definition 2.15. A g-difference system ¢?% X,(Q) = A,(Q)X,(Q) is called fuchsian if it is
regular singular both at Q =0 and @ = oc.

It is easy to see the difference equation (1.3) is not fuchsian since it is not regular singular at
@ = 0. But we will see it is regular singular at Q = oo (see (3.5)).

Definition 2.16. Let qQaQXq(Q) = A,(Q)X4(Q) be a fuchsian g¢-difference system. This g-
difference system admits a fundamental solution Xp(Q) at @ = 0 and a second one X (1/Q) at
@ = oco. Birkhofl’s connection matrix (or g-monodromy) P, is the ratio

My(Q) = (X(1/Q)) ™' %(Q).

Since the connection matrix relates two fundamental matrix solutions. It is invariant by
difference operator qQaQ, ie.,

M,(Q) € GL,(M(Ey)).

However, it is not well defined: it depends on the choice of fundamental matrix solutions. To get
rid of this dependence, we need to consider the following triple.

Definition 2.17. A Birkhoff connection triple is a triple
(A® My, A} € GL,(C) x GL,(Ey) x GL,(C)

up to certain equivalent. Where A©) and A(°) are related to the fundamental solutions at Q = 0
and ) = oo respectively, for more details, see [16, p. 133].

The data of Birkhoff’s connection triples classifies fuchsian g-difference systems up to gauge
transformations.

Proposition 2.18 ([16, Theorem 3.4.9]). Rational classes (under rational equivalence, i.e.,
over field C(Q)) of fuchsian rational systems are in bijection with equivalence classes of Birkhoff
connection triples.

2.3 Confluence of regular singular g-difference equations

First, let us introduce some interesting formulas we needed when considering the confluence of
difference equations. We fix 79 such that Im 79 > 0 and qg := e 2" and |go| < 1. This defines
a discrete logarithmic spiral ¢& := {qlg | k€ Z} C C and a continuous spiral ¢f := {qg | k€ R}
C C. Let Q = C*—¢&. Denote by log(Q) the logarithm on € such that 1 + 0. Let Q" := e* log(Q)

Lemma 2.19 ([15, Section 3.1.7, Corollaire 1]). Let q(t) = ¢}, t € (0,1]. Assume there exist

complex numbers agp, a1 € C so that Q;(q(t)) = Qo qalHo(t , Qo € Q. Then, on Q, we have the
uniform convergence when t — 0

i @)
2 Oy (@algD)) D

Proposition 2.20 ([15, Sections 3.1.3 and 3.1.4]). As the above notation, consider Ay, pp € C*

such that Q(t) N . Then we have the asymptotics:

1. We have the uniform convergence on any compact of

lim(q(t) — 1)€y)(—Q) = 10g(Q).

t—0
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2. We have the uniform convergence on any compact of €2

lim e (t),)\q(t)(_Q) = Qu'

t—0 4

Now, let’s introduce the definition of confluence.

Definition 2.21 ([15, Section 3.2]). Let ¢(t) = ¢}, for t € (0,1]. A regular singular, non g¢-
resonant difference system ¢%% X, (Q) = A4,(Q)X,(Q) is said to be confluent if it satisfies four

conditions below. Set B,(Q) = W, whose coefficients have poles Q1(q),...,Qr(g) in the
input . We require that

1. The g-spirals satisfy ﬂle Qi(q0) gt = @.

2. There exists a matrix B € GL,(C(Q)) such that

%Ln% By = B,

uniformly in @ on any compact of C* — U?:o Qiqr, set Qo = 1.
3. This limit defines a regular singular, non resonant differential system
d ~ ~~
—X = BX.
Q a0
4. '{here e?stsL Eor each ¢, a Jordan decompositions By (0) = P;(;)Jq(t)Pq(t) as well as
B(0) = P~1JP. We ask that

P_{%PQ(U =P

If the difference system is confluent, then there is a confluence of the solutions.

Proposition 2.22 ([13, Theorem V.2.4.7]). Let q(t) = g}, for t € [0,1]. Consider a regu-
lar singular confluent q-difference system qQBQXq(Q) = A,(Q)X,(Q), whose limit system is

QX (Q) = B@QX(Q).

Assume that there exists a vector Xo € C"\{0}, independent of q, such that Ay Xo = Xo for
allt € (0,1]. We also assume that we have a solution Xy(Q) of the q-difference system satisfying
the initial condition X;(0) = X.

Let X(Q) be the unique solution of QigX(Q) = B(Q)X(Q) satisfying the initial condition
X(0) = Xo. We have

lim X, (Q) = X(Q)

t—0

uniformly in Q@ on any compact of C* — Uf:o Qiqg&.

3 The difference equation for quintic

3.1 General technique: Newton polygon

Let’s consider the equation

> ailQ)(a)' f(Q) =0,
=0
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with
a;(Q) = ajo+ ain@ + ai,2Q2 S R
We call the following equation the characteristic equation
anoz" + an_lyoxnfl + -+ aior+app =0, (3.1)

which plays an important role in constructing solutions.

Denote by a; ;, the first nonzero coefficient in a;(@), and choosing i- and j-axes as horizontal
and vertical axes respectively, plot the points (n — i, j;). Construct a broken line, convex down-
ward, such that both ends of each segment of the line are points of the set (n — i, j;). Then we
obtain a Newton polygon as follows

AN

\

4

Note that the horizontal segment corresponds to the characteristic equation
ak70xk + ak,lyoxk_l + -+ ad70xd = 0.

The degree of the above characteristic equation is 1 less than the number of points on or above
that segment.

Example 3.1. Consider the following equation:
[(Q"+2Q)oq + (@ +3Q%) 05 + (3 + 2Q%) oy + 207 + 3Q07 + Q%0 | f(Q) = 0.

Then the associated Newton polygon is

AN

(0,4)

(2,0) (3,0) (4,0)

The general technique to construct solutions is as follows:
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e Horizontal segment: As mentioned above, it corresponds to characteristic equation. Using
the non-zero roots, we could construct the associated solutions as regular singular cases.

e Non-horizontal segment: For each non-horizontal segment of slope y, a rational number.

— If 4 = r is an integer, we consider a formal series solution of the form

H@) falg)Q"
n=0

— If p = t/s is a rational number with s positive, then we consider a formal series
solution of the form

,«/g /s Zf Qn/s

For more details, see [1, 2, 14].

Remark 3.2. In Adams’ works, he used q%(tQ t) , where t = lﬁ‘f’;
3.2 Solutions at Q =0
The K-theoretic I-function of quintic is as follows [9]

5d

1—p5
I Pl Z Hk 1 ( q Q,Qd
d>0 k | (1= Pg)

it satisfies the following degree 25 difference equation

5

(1 - ¢9%)° H qkq5QaQ)} I" =0 mod ((1-P)). (3.2)

Remark 3.3. See [5] for additional discussion on g-deformed Picard-Fuchs equation.
The characteristic equation at @@ = 0 is
(1—-x)°=0.

We can construct only 5 solutions by expanding I fg (¢, Q) with respect to the K-group basis
(1—P)* k=0,1,2,3,4. Next we use Adams’ method to find other solutions at Q = 0. The
Newton’s polygon of the above difference equation (3.2) is as follows

(0,1)

~

(20,0)

Then we have solutions at @ = 0 of the form

0 4 (QP)G(Q®) =0 1 (Q7) D" 9sQ%,
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where 6 (Q%) satisfies

1
q20

then

20

1
%00 4, (@) =073 (5) 0,4 (@)
q
Substituting into (3.2), we find that G(Q%) satisfies the following difference equation:

(@2 — g7 %¢2%) (Q — q31¢9%) (Q — =% ¢2%) (QF — g~ 31¢%%) (Q — %)
1
4

— (Q1— g 1¢7%%) (Qi — ¢~ 1¢P9%R) (Qi — ¢°?%) (QT — ¢i ¢°9%2) (Q1 — q%qwa@)]

Let z = Q%, p= q% and o, = p?%= | then the above difference equation takes the following form

[(= - p_4‘7p) (2 - p_30p) (2 - p_2‘7p) (2 - p_lgp) (z —0op)

= (2" = 00p) (° = p700y) (2 = 0p) (2" = PPop) (2° — pVp) [G(2) = 0. (3.3)
For z = 0, we obtain the characteristic equation

p 1045 _ 2% ),

ie.,
xz{p_%, for 520:1

Consider a solution of the form
ep,Ep‘l/Q(Z)F(Z) = ep,Ep‘l/Q(z) anz",
n>0

then F'(z) satisfies

(e = &750,) (= = &7 30,) (2 — €0 H0y) (= — &0 20y) (= — &0 Py
(7= o)) (7~ o)) (7~ o)) (7~ o)) (7~ € o)) |
x F(z) = 0.

After a short computation, we expand the above difference equation as follows

[55 ( 2 —0p) +5¢p %0, — 105329_%»2202 +10¢%p 2207 — ep22io,
(1— (1 —}-pQ _|_p2 +p925 +p1g5) 20)
215 255
515(1” +pE 4+ 42 £ 28 4p e +p )20

o 510 (pl() + p30 + 2p50 + 2p70 + 2p90 +p110 + p130)2150'111,0
135 175 20 5

+EOPT +pT +pT +p 2 +p7)z ap—zﬂF(z):o. (3.4)

Thus we arrive at the following proposition.
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Proposition 3.4. The exceptional 20 solutions of (3.3) are given as follows: for each 20th root
of unity &, we have a solution of form

epygp_uz (Z)F(Z) = ep’gp_1/2 (Z) Z fnz",

n>0

where F(z) satisfies

(e~ &750y) (= = &7 20,) (2 — €0 H0y) (=~ &9 20y) (= — &0 Pey)
— (P - E) (PP - EpF o) (20 - €y i) (0 - €9 of) (20 - ¥p ¥ o)
x F(z) = 0.

Proof. From (3.4), only fp is a free variable, and f,, is determined by {fx}r<n. Then we
obtain 20 solutions. |

Remark 3.5. The exceptional solutions are linearly independent over M(E,), since their Wron-
skian matrix (see [16, Lemma 2.3.3]) does not equal to 0. Actually, it is sufficient to see the
Wronskian matrix for {ep,gkpfl 1212, and it turns out to be the Vandermonde matrix.

3.3 Solutions at ) = oo

Let w =1/Q, (3.2) becomes

5
H —k 5w8w) — q10upg20wdu (1- qwaw)5 F(w) =0, (3.5)

which is regular singular. The characteristic equation is as follows

5
H 7]4 5 O,

with 25 distinct roots

gsem, I=1,...,5, m=0,...,4.
Here £ is the fifth root of unity. For each root qéf’m, we construct the following solution

Wim(w) =e_ 1, (w) > faw?.

d>0

Substituting the above formula into (3.5), since

WOy _ é m
e w) =¢q5&"e w),
¢ q7q%€m( ) =a%¢ qvqéﬁm( )

then 4>0 fqw® satisfies the following difference equation

ﬁ l k 5w8 ) o q10+4lwq20w6w (1 o qégmqwaw)5 G(w) = 0.
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Then one obtain 25 solutions at () = co as follows

_k_é)fi 4

Wim(w) = Z H 5d 1

d>0 k=0 qkl)

H mq—k—é 5 B
:eqqsgm /Q Z 5d( 1 ) Q d'

d>0 ko (1—gq7*)
Since we require |¢q| < 1 and
S 5 A 0l et M el S 0 MY
oo TN (1 gty [Ty (1 emmghos) e IR (- g R

The 25 solutions are convergent.

Remark 3.6. These 25 solutions may relate to K-theoretic FJRW theory, for hints, see [10].

4 Auxiliary g-series and analytic continuation

In this section, we construct a K-group valued g-series, which is a generalization of the se-
ries (1.2), and it satisfies a difference equation like (3.2). Besides, we use Mellin—Barnes—Watson
method to relate the solutions at @ = 0 and Q) = oco.

4.1 Auxiliary g-series

We construct the following K (P"~!) valued g-series motivated by [4]:

Fynn(d@, Q) = P'a (Q)ZWQ, m>n. (4.1)

Since (1 — P)" =0 in K (P""'), then it satisfies the following difference equation:

m

(1-¢9%)" = Q[ (1 — ig®%) | Frun(Q) =0 mod ((1-P)"). (4.2)

i=1

Suppose «; ¢ aqu\{O}, i.e., the difference equation is (g-)non-resonant, the characteristic equa-
tion at () = oo is as follows

ﬁl—a =0,
=1

with m-distinct roots {o;}",, the same as the discussion in previous section, for each root «,
we construct a solution as follows

Wi(1/Q) = eq.a,(1/Q) > faQ ™.

d>0

Recall

qQaQeq,ozi(l/Q) = O‘i_leq,ai(l/Q)>
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then >, f4Q~% satisfies the following difference equation

[(1 —a; Qa@ ﬁ 1-— a]/anQaQ) G(Qfl) =0.
7j=1

Thus, we obtain

H ajqk)nq(m—n)d(d—l)/Q
1/Q) = eq,0,(1/Q)
Will/Q) = a1/ ;) Hz 1Hk 1 (1 =/ igh)

m d
.
i=1

SN i Lk ek
e d>0 H;L HZ:l ( - ai/ajq_k)

Q™

Remark 4.1. The above solutions are linearly independent over M(E,). The same reason as
Remark 3.2.

Remark 4.2. If we take n = 5, m = 25 and {q;}?>; = {§lq§ | k,1=1,2,3,4, 5}, then

H ( sqk) d
F 5},Q) = Pl@ =Q°,
255({561 } d>0 k 1(1_Pk)

Lem
and for a; = ¢5¢", we have

d—1 —Leem —k\"
‘ o k=0 (1 —q 5§ q ) —d
W;(1/Q) = eq,qéfm(l/Q)HZ (L =gt lg=ok) o (1= g>lg=5F) ¢
_ [1- ( mq_k_é)s) —d
= VVl,m(]-/Q)

4.2 Analytic continuation

For the sake of simplicity, we shall assume in this section that 0 < ¢ < 1 and write
qg=-e ", w > 0.

The results can be extended to complex ¢ in the unit disc using analytic continuation.
Consider the following contour integral. We follow the argument of [6, pp. 115-118] to show

that this integral is well defined. For |Q| < 1, we can close the contour to the right, it equals
o (4.1),

+1.
pla(@) | J Y Paz: / (Pg® ,q m(—Q)° ds (4.3)
(Pq;q) [T, (Paig®; q)oo sinms —2mi’
Here we view P = e . Although H is the hyperplane class, we consider it as a formal variable
valued in C. C' is a curve from —ico to +ioco such that only the non-negative zeros of sin s lie
on the right side of C.
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By the triangle inequality,
‘1 - ’a’e—wRe(s)‘ < |1 o aq5| <14+ ‘a|e—wRe(s)’

we have

(Pg**tsq)" 1+ |Ple~ (k+1+Re(s)w))"
[[2 (Paig®; q)o ‘ H Hz 1 (1 = |Pale=(k+Re(s)w))’

which is bounded on the contour C. Hence the integral (4.3) converges if | arg(—Q)| < 7.

Let Cr, be a large clockwise-oriented semicircle of radius R with a center at the origin that
lies to the right of C'. The semicircle is terminated by C and bounded away from the poles.
Now consider the contour integral over Cr, instead of C'.

Setting s = Rel’, we have for |s| < 1 that

(@)

sin s

Re [log } = R[cosflog|Q| — sinf arg(—Q) — 7| sinf|] + O(1)
< —R[sinfarg(—Q) + 7| sinf|] + O(1).
Hence, when |Q] < 1 and |arg(—Q)| <7 — 6, 0 < < 7, we have

(=Q)°

sinms

= Olexp(—dR|sin6))],

as R — oo, then the integral on Cg, tends to zero as R — oo. Therefore, by applying Cauchy’s
theorem, we can prove (4.3) equals to (4.1) through tedious computation.

Similarly, if we replace the contour C by a contour C'r_ consisting of a large counterclockwise-
oriented semicircle of radius R with center at the origin that lies to the left of C. From an
asymptotic formula

Re[log(¢%; q) o] = g(Re(s))2 + %Re(s) +0(1),

as R — —oo. Without loss of generality, we assume P = ¢", oy = ¢% and let h, a; be real
numbers.

Then
n(1+ h+Re(s))? + n(1 + h+ Re(s)) — i [(ai + h +Re(s))* + (a; + h + Re(s))]
=1

[ (1+h)— zm: a; + h) ] (s) + (n — m)(Re(s) + Re?(s)) + const.
=1

Note that ¢ = e™™, w > 0, then the asymptotic formula for (¢°; ¢)~ implies that

+1. \" m 1Re(s)
(Pe**ha), :O< m;”Hi:lpa% >7

H?;l(PaiQSQQ)oo (PQ)n
when Re(s) — —oo with s bounded away from the zeros and poles.
Similarly, it can be shown that if Q| is big enough, we can close the contour the left, i.e., the
integral (4.3) on Cr_ tends to zero as R — —oo. Thus, (4.3) equals to the sum of residues at

q

s=w ' (—H +loga; +1-2m) — k and s=—1—h,
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where j=1,...,m,l € Z, n,h € N. The residue at s = —1 — h contains a term
(1—-P)"
from
1, \n
(Pg" 5 q)
And the residue at s = w™ (—H +loga; + - 27i) — k is

+1. )"
(Pthia)y, w(-Q)°
T (Paig®;q)se sinms

Ress:w—l(—H—Hog aj+1-2mi)—k H

_ e N Ut ) (1)kg 2
[T (ai/aig™5q) (4430

_N\w N—=H+loga;)—k,, —1
" T(—Q) I Fw

2miw ™ log(—Q)}.
s1n7r( Y(—H +log o) — k’+w*12l7ri) exp{ miw™ " log( Q)}

If we sum over k, we obtain

= (O‘ tq'™ k’q) (qu,Q) <k2+1>Q_k
k=0 Hzll,z';éj (az/%q 7Q) (0,4 9) oo
_ (a q; Q) Z Q; 13(]71)2 Q_k
121025 (0i/ 05 @)oo Hz 1 az/ajq La ),

B (aj q;q)oo
T s (i) @5 @)oo (65 @)oo €00, (1 QWi (1/Q).

If we sum over [, we have

i exp {2l7riw_1 log(—Q)} _Q)w—1(7H+logaj)
S sin(w™! (—H +log aj)m + 2lm2iw=1)
~w(g,q,Pa;Q, q/(PajQ); q)c

m(Paj,q/(Paj),Q,q/Q; q) s

which comes from the following lemma.

Lemma 4.3 ([6, equation (4.3.9), p. 119]).

i csc (om — 2m7r21w*1) exp {2m7riuf1 log(—Q)}(—Q)ia = w;géqé?fg/é?g);glz:o

m=—0o0

where a = ¢* = e~ "%,

Summing up the above discussion, we arrive at the following theorem.

Theorem 4.4. Suppose «; ¢ aqu\{O}. For m > n, the K(]P’”*l) valued q-series has the
following analytic continuation:

pla@ N~ HiZ1(Pai0)a na _ piy 112 1P% ~ (4,4, Pa;Q, q/(PajQ); q) o
Z (Pg;q)j < (Pg;q) « (Pay,q/(Paj), Q,q/Q; )0

> (a 4q; q) q,a]( / )
Hz 11#](041/053, ) (q Q)

for |Q| <1 and |arg(—Q)| <7 —46,0< 0 < .

W;(1/Q).

Remark 4.5. In general, the above formula only contains a part of solutions at () = 0.
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5 A special fuchsian case
Consider the following difference equation:
[(1-q9%)* = Q(1 = g7q2%) (1 — ¢3q2%) (1 — g3¢2%) (1 — ¢3¢%%) | F(Q) = 0. (5.1)

By definition, it is fuchsian. One could easily construct the solutions at () = oo, indeed, let
w = 1/@Q, then (5.1) becomes

(1= 5"2) (1= g g %) (1= g7 3¢"%) (1 - ¢~ 3¢"%) = *w(1 - ¢"%)"|G(w) = 0.
The characteristic equation of the above difference equation at w = 0 is

(1—q52)(1—q 52)(1—q 52)(1—q 5z) =0,
with 4 different roots

r=q5,  i=1234.

So the difference equation is non-resonant. By using Frobenius method, we could construct
solutions of the form

(w)Wilw) =e o (w) ) gpu".

n=0

After a short computation one obtain four solutions as follows

Wi(1/Q) = eqﬁq%(1/Q)4¢>3(q%,qé,q%,q%,qgjq%,q%,q; 7/Q), (5.2)
W (1/Q) = 6q7qg(1/Q)4¢3(q§,q%7q§7q§;qg,q%,qg,q; ¢*/Q), (5.3)
Ws3(1/Q) = equg(I/Q)4¢3(q%,q%7q%,q%;q%,q%,q§,q; 7*/Q), (5.4)
Wi(1/Q) =e g(I/Q)4¢3(q%,q%,q%,q%;qg,q%,qg;q; /Q). (5.5)

Remark 5.1. By a small trick, we could find the formula for W;(w) easily. Note that, for a ¢ N,
we have
k = ko
(1- qwa“’) eqqo (W)W (w) = egqo(w) (1 — g% qwaw) W (w).
For example, Wi (w) satisfies the following difference equation

[(1 _ qwaw) (1 _ q—ngaw) (1 _ q—ngaw)(l _ q—ngaw) o q2w(1 B q%qwau,)ﬂ Wl(w) —o.

From the above explicit form, it’s quite easy to find a g-hypergeometric series representation
for W1 (w).

Let’s consider the solutions of (5.1) at = 0, the characteristic equation is as follows
(1-xz)t=0.
From the general theorem (see [2, 14] for details), we have solutions of the form

GZ(Q) = ZQ(Q)Gz—l(Q) + gi(Q)v i =2,3,4, (56)
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where

T (0559)4
G1(Q) =) ( Q= 40305, 4% 05,0510, 0, ¢:: Q) (5.7)
— (69);

is a solution of (5.1) and g¢;(Q) are power series.
For general g-hypergeometric function 4¢3(a1, as,as, as; b1, ba, bs; q; z), we have the following
famous transformation formula.

Proposition 5.2 ([6, equation (4.5.2), p. 120]).
a¢3(ar, az, as, as; by, by, bs; q; 2)

_ (a2,as,aq,b1/a1,ba/a1,b3/a1,a12,q/a1%; q)so
(b1, by, b3, a2/a1, a3/a17 a4/a17 Z, Q/Z; Q)oo

gb1b2b3 >

X 4¢3 <a1,a1q/bl, ai1q/ba, a1q/bs; a1q/az2,a1q/as, a1q/as; q; ——
+ idem(ay, ag, as, aq). (5.8)

The symbol “idem(ai,az,as,aq)” after an expression stands for the sum of the 3 expressions
obtained from the preceding expression by interchanging a1 with ay, k = 2,3, 4.

So in our special case, (5.7) can be written as a combination of (5.2)—(5.5). As mentioned
before, the other solutions has the form of (5.6) which is hard to compute. Thus, it’s very hard
to find the connection matrix.

5.1 Connection matrix

Notice that (5.1) is a special case of (4.2) with n =m = 4 and
a;=qs, i=1,234,

then

i e Z.l_ P é;
Fia({g7}_,, Q) = P4@ Y de- (5.9)
d=0 ’

The solutions of difference equation (5.1) at @@ = 0 are given by the expansion of F474({qé }?:1, Q)
with respect to (1 — P)*, i =0,1,2,3. From Theorem 4.4, then we have

Corollary 5.3.

pla (Q)Z [T, (Pg?; q)de _ pla(@ [T, (Pg%:q) i (0.0, P4*Q.q/ (P43 Q):q)
(P ) (Pga)s =
(475 050) e, L5 (1/Q)
[Tt (075 59) (400
x W;(1/Q). (5.10)

% (Pq%,q/(Pq?),Q.q/Q:q)

Remark 5.4. Taking P =1 in the above formula, we obtain

= 1%
AF o (a5, kg qq5a), (@,4/Q)oo

E kel h—2 k-
g5, 5 Thgs Tk g5 Thad?/Q).

i e (o )de 24: (q;.'1.]3“qg’ql_g’ql_lg,ql‘é;Q)m (qgQ;q%k/Q)w
(¢ jEy
d=0

w

It agrees with (5.8).
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In order to obtain the connection matrix, we need to expand (5.10) with respect to
{1 —P)}

»—1- Notice that

qu(Q) _ (1 _ (1 _ P))lq(Q) _ Z(_l)k <€q(Q)> (1 _ P)k,

k
k>0

where

k-1
() = e —n

Then

3
Pl <@>§; L Pqp‘; Digr=y ¥ ("D xwan-pr

m=0 a+b=m

where X3(q, Q) is the coefficient of

> Pgs
an(lp(qz i - ZquQ )1 P).
d=0

Let’s consider the expansion of (Pg%; ¢)s and (Pflq“; q)oo. By definition

oo

(Pq* @)oo = [ ] (1 — Pg™**).

k=0

For (1 — Pg®*t*), we have

(1—Pg"™*) = (1 - ¢*™* +¢*F(1 - P)) = (1 - ¢*™F) <1 + e (1- P)).
Then

_ qa+k
k=0 1 q

ﬁ (1—a*) (1 PR —P))

o0

2a+i+7
q 2
AR M= 1)

1
(- )

(¢* qooH

1<)
3a+i+j+1
q 3 4
+ 1-P)P+0((1-P )
<Z (1 _ qoc-‘rz)(l _ qa—i-j)(l _ qa—i-l)( ) (( ) )
1<j<l
Similarly,
1gotk gt +k +k +k 2
(L= Poa) =1 gy = (=) — (= P) =™ (1 = P)
-1 - PP +0((1-P)*).
Then

lo_o[ ((1 o qa+k> o qa+l~c(1 _ P) o qa+l~c(1 - P)2

o qa+k(1 o P)S +O((1 —P)4))
k=0

(5.11)
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00 o] qOH-k
= (qa;Q)ooH ll_zl_qa_i_k(l_P)

e 20¢+z+] — qa-l—k: )
+ Z (1-— a+z (1—qoti) 1 — otk (1-P)
1<j k=0
& 3a+z+]+l 2a+i+j
+ < Z 1 _ qa-i-l _ a+])(1 _ qa-i-l) +2 Z 1 _ q()i]+z)(1 _ qa+])
Z<j<l l<]
- ¢*tF 3 4
1_qa+k - P) +O((1_P) )
=0

In order to simplify the computation, we introduce the following notations

HOEDY 1—aqh’
k=0
e 2 i+7
x7q
falx) =) i
_ — J
= (L—2q')(1 —z¢))
o0 23t

fs(z) = Z (1 —2¢")(1 — 2¢?)(1 — 2q)

i<j<l

and

Fi(x1, 20,23, 24) = —

Ji(zg),

=
] -~
—_

Fy(wy, w9, w3,4) = — > folk +Zf1 i) f1(z;5),

k=1 Z<]

W~

F3(21, w2, 33, 24) = f3(z +Z Jr(@i) fa(wy) + fa(wi) fr(z;))
k=1 1<J
4

= > fil@) fulz) fula).

i<j<l

With a little computation, we obtain

H?:l (Pq%;q)oo Hk 1( § )oo

[1+ (F1(¢%) — Fi(g))(1 - P)

(Pg; q)4, (4 0%
+ (Fi(q)?* - Fl(q%)Fl(Q) — Fy(q) + F2(q%))(1 - P)?
+ (Fi(q)* + Fi(g5) (Fi(0)* — Fa(q) + 2F1(q) Fa(q) — Fi(q)Fa(q5)
— Fs(q) + F3(q3)) (1 = P)*] + O((1 = P)*).

Here we use the notations:

[SI'S
\_/

Fi(q%) == Fi(q5, 4%, 4% q
Fi(q) :== Fi(4, 4,4, 9)-

(5.12)
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For simplicity, we write the above formula as

[T <Pq%;q)oo I1; 1(q $q) 3
(1]3(1; )i N (4 9)% 1+ ;Fk S1-pf+0(1-P)Y, (5.13)

where T}, stands for the coefficient of (1 — P)* in (5.12).
Similarly, we consider

(Px;q)oe (P27 g5q)
Then

(1—qud) (1 qP x ! d)
= (1-z¢"+2¢°(1-P))((1 - gz7'¢") — gz '¢*(1 — P) — gz ¢*(1 — P)?
—qz'¢"(1—- P>+ O((1-P)*))

d 14 2g?(1 - qz7?)
= (1—2q) (1 —qz™'q") |1+ (1jqd)(1qq:c1qd)

d+1$—1

(1-P)

qd‘Hz_l

. . 2 q
1= ag)(1—gz g D)

(1—2q?)(1— qz1q?)

(1-P)P+0((1-P)"Y].

Set

00 ra (1 — gp—2?
n@ =3 ¢“(1—gq _)1d

. (1—$qd)(1—q9¢ q?)’

1 —qx 2) > qd+1$—1
;;}:{j( (1 —2¢*)(1 - gzt qk)) _Z(l—qu)(l—qx‘lqd)’
Z H ( 1 —qr 2 ) Z qZH—H(l - qx_Q) _
z<j<lk g \(1—2d®) )(1—gz~1q") il | NI 2q*)(1 — qz1q")

d+1 -1

Z

— (1 —zq?) (1 —qz—1q?)’
Then
(Px;q)oo (P27 q5q)

= .;x)(1 +g1(2)(1 = P) + ga2(2)(1 = P)* + g3(z)(1 = P)* + O((1 - P)")).

So we obtain

T
+(~01(7Q)91(45) + 93 (4%) +92(45 Q) 92 (q7) ) (1- P)?
+ (=g (%) —91(47) 92 (45 Q) +91 (45 Q) (3 (¢7) —92(¢7))
+291(q7)92(¢5) + 93(¢5Q) — g3(q7)) (1 — P)?]
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For simplicity, we write the above formula as follows
k A1 1k 3 3
Pq5QP1Q“5;q 04(—q>
( — Joe _ f( qf) 14+ Gp-(1-P)F+0((1-P)*)|, (5.15)
(Pgs,P=1¢""%:q) 0y(—q7) pust

where Gy, stands for the coefficient of (1 — P)¥ in (5.14).
In conclusion, we arrive at the following corollary.

Corollary 5.5. The 4 solutions of (5.1) at Q = 0 are given as the expansion of (5.9), i.e
14
a+b=m

where Xp(q, Q) is defined in (5.11). The 4 solutions of (5.1) at Q = oo are given explicitly as
(5.2)~(5.5). The connection matriz is as follows

[e'¢) 4 i
i=1\45:4
° XO(Q’Q):ZWQd
—=  (69);
224:(’1é k- q%,ql‘g,ql‘g,ql‘é') (5Q:a°5 /Q)
=1 (qlgk7];‘,q 5,4, an7q) (Q’q/Q)OO

Wi(1/Q).

X &
('D
<
Q
??‘
<
o
: /—\
. \
@
[SUES /—\

4 1 7 1-£ 1-k 1k,
(q5- k---q5,q 5,q 5.¢75q) (a5 Qi /Q)
e X 7Q = 1T—% ~
Q) i R SO T I (@ 4/@)oo
X (G1 +Fr)e s(1/Q)Wi(1/Q).
4 1 A 4 k k k
(g5 k-q5,¢"5 q1 5,07 50) _ (09Q5075 /Q)
e X 7@ = "k ~
2(¢,Q) ; Ok 7qqq,q)oo (Q,9/Q)oo

X (Gy + Fo + G1Fy)e” k/s(l/Q)Wk(l/Q)

4 1 2 1k
(g5 k--q5,4" 5,4 75,¢" 550)_ (65Q5077 /Q)
X3(q,Q) = — o0
(0=, (q?,---k‘---,qs 04, 44) (@ 4/@)oo
% (Gs + F3 + GoF1 + GiFa)e, 1, 5 (1/Q)Wi(1/Q).

~~ =

Here, for simplicity, we use the notations Gy and Fy, defined in (5.13) and (5.15).

6 Confluence of the g-difference structure

Notice that
iy L= g9 d
ql—% 1—¢q - @’

then one could easily see that the following difference equation is confluent to (1.1), i.e

lim [(1 — qQaQ)4 — Q(l — q5qQ8Q) (1 — q5qQaQ)(1 — q5qQ8Q) (1 — q5qQ6Q)i|/(1 _ q)4

q—1
d\* d 1 d 2 d 3 d 4
:[(Qd@> _Q(QdQ+ )(QdQ+ )(QdQ+ >(Qd@+5>

In the following, we set ¢(t) = e~t and P = ¢ff = e7tH,
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Lemma 6.1.

- lq@‘”md g~ s (4 5)y 0 1
f P S gy @ T T @ med (),

Proof. Since

i i 0= P¢Y) L +k) (- P)F
e

and

_ k
Pl@ = 371k <£q§€Q)> (1=P)F=> (-1 (éq(k@) ((11—1;))k'

k>0 k>0

Then from Proposition 2.20, we arrive at the conclusion. |

The ¢-Gamma function is defined as follows

Ly(x) = G 0)eo (4 _ g1-e.

It has a nice property

lim I'y(z) = I'(x).

q—1

Using ¢-Gamma function, we rewrite (5.10) in the following form

qu(cz)Z I1i 1Pqu 94 4y
)

4 _ - _
S VU ESV I N G O LS SR C D
Lq(H + 3)Tq(H + )T (H + 5)Tq(H + 5) = a(1-%)
><I‘q<H—|—5>Fq<—H+1— 5>6’(1(—Q) k/5(1/Q)Wk(1/Q) (6.1)
After taking limit, we arrive at the following proposition.
Proposition 6.2.
1(bH 1=, (5H + k)
d>0 il 1(H+k)
55HF H+1 5 5k—11“ 5k Fe—wi(H—&-%) .
_ ST ) 5 Bob We1/Q), (62

P(5H +1) k=1 H?:l,i;ék(i - k)I‘(l - %)5 sin (W(H + %))

where

H ( ) 55 d
=2 Ml_%(/@'

d>0 = l)
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Proof. After taking limit, the left hand side of (6.1) becomes

QHZ de QH%H1< U+ +)d))<F(l;§ﬁ;f1)>4Qd.
Recall some formulas of Gamma function:

I(z)D(1 —z) = $

T (na)(2r)®D/2 = pne=37 (g )r<x + i) F(m + ”; 1).
Then

4 <F(H+g+d))r(H+d+1)_1r(5H+5d+1)
E T(H+1) [(H+1) 54 T(5H+1)

Thus, we arrive at the left-hand side of (6.2).
After taking limit, the right-hand side of (6.1) becomes

PR U2 N VU B S VL N A
e e e i CROL CEE)
1

I'(H +1)* ~ I(H +1)° 5212
I(H+L.--T(H+1) TGEH+1) (20)? 7

and

D(5) b D) 5 [T, T b+

r(1—%)* (1—Fk)- k- (4—k) T(1- k)
5k=1-1/2(27r)2 (5 —k)
(1—k)- k- (4—k)T(1— %)

Thus we arrive at the right-hand side of (6.2). [

Remark 6.3. Recall that in the introduction, we have the change of variables
Q = 5%

Under the above change of variables, (6.2) becomes

4 - —7i k
tHZH ((OH + k) 4q _ D(H +1)° 5F10(5 — k) rem(H+3) .

150 k=1 (H + k)? PGH+1) H?:l,iyék(i —k)T(1 - %)5 sin (7w (H + £))
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From [4], we know

[(H +1)°

S\ ) N2772 237173 4
FGH T 1) 1+ C(2mi)*H? — E(27i)°H® + O(H*),

where C' = 5/12 and E = —£(3)40/(2mi)3 with £(3) equals to Apéry’s constant, i.e., it is related
to the intersection theory of the quintic three-fold. We hope the expansion of the above equation
on both sides with respect to the basis {H*}?_, will match the result in [4, formula (53)] up
to the monodromy at 0 and co. For additional discussion on confluence, see [13] for projective
spaces, and [12] for weak Fano manifolds.
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