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Abstract. We introduce an algebra X, which has a structure of a left comodule over the
quantum toroidal algebra of type A, _1. Algebra X, is a higher rank generalization of X,
which provides a uniform description of deformed W algebras associated with Lie (super)al-
gebras of types BCD. We show that X,, possesses a family of commutative subalgebras.
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1 Introduction

Integrable systems originated in quantum toroidal algebras have been drawing a lot of attention
in recent years, see [1, 4, 5, 8, 9, 10, 11, 14, 15, 16], to name a few. In this paper we continue
the study launched in [7] concerning deformed W algebras and a quantum toroidal version of
integrable models with reflections in the spirit of [21].

The work [7] is based on a new algebra K; generated by current E(z), Heisenberg half-cur-
rents K*(z), and a central element C. In various representations the current E(z) recovers
the fundamental current of known deformed W algebras of types BCD as well as their su-
persymmetric analogs. It was shown that X; has a family of commuting elements {In}%_;
called integrals of motion. The element Iy is written as an N-fold integral of the product
E(zn) -+ E(z1) with the explicit elliptic kernel of [19]. Here E(z) is the dressed current of the
form E(z) = E(z)KT(2)~!, where KT (2) is given in terms of K*(z). In the representations
corresponding to deformed W algebras, the integrals of motion Iy are deformations of local
integrals of motion in the W algebras, see [2].

In the present paper we generalize this construction by introducing algebras X, forn > 1. The
algebra X, depends on parameters g1, g2 = ¢2, and is generated by currents E1(2), ..., E,(2),
Heisenberg half-currents K:f(z),..., K} (z), and a central element C. We show that it has the
following key properties:
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e Algebra X, has essentially the same size as the Borel subalgebra of quantum toroidal gl,,
algebra &,; see Remark 3.1.

e For m < n, algebra X,, can be obtained as a subalgebra of X, using the fusion procedure
in the same way as &,, is found as a subalgebra of &, in [3]; see Proposition 6.2.

e Algebra X, is a left comodule over quantum toroidal algebra &,; see Theorem 3.4.

e Algebra X, has two “boundary” modules FP of level C' = ¢! and FE of level C' = ¢'/2;
see Lemmas 3.5 and 3.6.

e Algebra X, has a family of commuting integrals of motion {In}3_;, such that Iy is an n.N-
fold integral of a current given by an ordered product of the form []{2,, [T12.<n Ei(za)
together with the kernel of [12]; see (4.9) and Theorem 4.2. Here the dressed currents have
the form E;(2) = K; (2) ' E;(2), where K; () is given in terms of K; (z).!

Here we should make a disclaimer: the relations of X,, involve infinite sums, so that an
appropriate completion is necessary. The same is true with the fusion procedure. Also the
comodule map is defined at the level of a class of representations called admissible ones.

These properties ensure that X, has a rich representation theory. At least, we have rep-
resentations of the form V ® W, where W is one of the two boundary modules and V is any
admissible &€,, module. Here by an admissible module we mean a homogeneously graded module
with the degree bounded from above; for example any tensor product of Fock modules (or, more
generally, modules with highest weight with respect to the “rotated” set of generators) is admis-
sible. Then, under a mild restriction on parameters qi, g2 and the level C'| in any X,, module
we have an integrable system given by action of {Ix}. This is the principal result of this paper.
For n = 1, this system is related to the system with reflections, see [7, Section 5.1], and the
Bethe ansatz for it is studied in [16] in the setting of affine Yangians. Although the expressions
of {In} are non-local, we shall sometimes refer to them as “local” integrals of motion, since in
the case n = 1 they are deformations of local ones as already mentioned.

We do not completely understand the nature of algebras X,,. The X, algebras we discuss
here are of A type. Similar algebras can be defined in the same way for arbitrary simply
laced types, though the construction of integrals of motion is more challenging. At first glance,
algebra K,, bears resemblance to :quantum groups; formula (3.16) for comodule structure is rem-
iniscent of the Chevalley generators [13, formula (5.1)], and the defining relations (3.1)—(3.6)
of X,, look similar to the Drinfeld realization given in [17, Theorem 5.1]. However, the details
seem to be very different. For example, the relations in X,, are invariant under scaling z — cz
but such homogeneity does not exist in those of [17]. The current appearing in the residues
in the right-hand side of (5.5) in [17] is commutative, whereas our current K, (z)K; (C?z)
in (3.4) is not. The tquantum groups are coideals in the corresponding quantum groups, while
we are not aware of inclusion of K, to &,. We do not know if :quantum groups have in-
teresting families of integrals of motion in general. Natural candidates which could be com-
pared to X,, are the reflection algebras and, in particular, quantum twisted Yangians, see [18].
The quantum twisted Yangians are coideal subalgebras behind integrable systems with reflec-
tions. However, the exact relation to X,, algebras is unclear. The quantum twisted Yangians
are given in terms of the R-matrix realization (as opposed to the Drinfeld-type realization
of K,,) and the formulas for the generators of the coideal are quadratic in generators of quantum
group.

In quantum toroidal algebras &,, the integrals of motion originate from the standard con-
struction of transfer matrices and depend on n arbitrary parameters. They commute for a simple
reason following from the Yang—Baxter equation. Then a computation provides the expression

!We change the convention slightly from [7].
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for the integrals of motion in the form of integrals. The integrals of motion in the X,, algebra
are given virtually by the same formula as in &, except that one of the parameters (the ellip-
tic nome) is fixed by the central element C. But we do not have any general reason for their
commutativity; we simply check it directly.

It is known that in type A there is a natural duality of such models of (gl,,gl,) type,
see [6]. Under that duality, the algebras &,, and &, act on the same space in such a way that
the screening operators for one algebra are given in terms of generating currents of the other.
Furthermore the integrals of motion of both algebras commute with each other. For X; acting in
a representation, we have a system of screening operators, see [7]. We expect that the algebras
generated by the corresponding screening currents also possess a commutative family which
should be called “non-local” integrals of motion, and that “local” and “non-local” integrals of
motion commute.

Similarly, we expect that algebras K, acting in representations commute with a family of
screening operators. Moreover the algebra generated by the screening currents does not depend
on n. For the case of the tensor product of £ Fock &, modules with a boundary X,, module, we
anticipate £ + 1 screening currents each given as a sums of n vertex operators. The correspon-
ding “non-local” integrals of motion should commute with the “local” integrals of motion {Iy}
constructed in this paper. We plan to address this issue in future publications.

The text is organized as follows.

In Section 2 we introduce our convention about the quantum toroidal algebra &,, of type gl,,.
In Section 3 we define algebra X,,. Working with admissible representations, we rephrase the
Serre relations as zero conditions (called wheel conditions) on matrix coefficients of products of
generating currents. We show that on admissible representations, X,, may be viewed as a left
comodule over €,. We use this fact to construct representations starting with elementary ones.
In Section 4 we introduce integrals of motion. They are integrals of products of generating
currents of X, obtained by a dressing procedure. The kernel functions entering integrals of
motion are precisely the same as those used for those of €,,. We then prove that integrals of
motion mutually commute by direct computation.

For simplicity of presentation, we treat the case n > 3 in the body of the text. We shall
mention the modifications necessary for n = 1,2 in Section 5.

In Section 6 we show that, for any k = 1,...,n— 1, algebra X,, = K,,(¢1, ¢2, g3) with parame-
ters q1, g2, g3 contains mutually commuting subalgebras Xy (g1, g2, ¢3) and K,,—r(q1, g2, g3) with
appropriate parameters ¢;, ;.

In Appendix A, we give a proof of the theta function identities used in the commutativity of
integrals of motion.

Notation 1.1. Throughout the text we fix parameters ¢*/2,d'/?2 € C* and define
qa=q'd  @=4¢  @=q'd,

so that q1q2q3 = 1. We assume that q’iqg =1 for ¢,5 € Z implies i = j = 0.

For a positive integer IV, we write 5§JZ) =1ifi=kmod N and 6(],:[) = 0 otherwise.

i,
We use the standard symbols for infinite products

T o0
(zla .- '727‘;p)00 = H H (1 - zzpk)u @p(z> - (Z7pz_17p;p>oo'
i=1 k=0

We use also the formal series 6(z) = >, 2~
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2 Preliminaries

In this section we fix our convention regarding the quantum toroidal algebra &,, of type gl,,.

2.1 Quantum toroidal algebra &,

Fix a positive integer n > 3. We define g; ;(z,w), G; (x) for i,j € Z/nZ as follows

1—q¢ 2%
gi,i(z’ w) =z — q2w, Gl,l(l‘) = q2m’
- 1 —qdt'z
giir1(z,w) =z —q ' lw,  Gin(r) =g¢ 1%’

gij(z,w)=z—w,  Gijlx)=1 if j#idi+l

Here G} j(z) should be understood as power series expansion in x. As rational function we have

gj.i(w, 2) -
Gij(w/z)=—=—""——"T""—=G,;(z/w)"",
7]( / ) di,jgi,j(zaw) D> ( / )
where d; ; = d*' i=j+1, and d; ; = 1 otherwise.

Let P be a free Z module with basis {e; | i € Z/nZ}, equipped with a symmetric bilinear
form (, ): P x P — Z such that ¢; are orthonormal. We write &; = ;-1 — &;.
The quantum toroidal algebra &,, of type gl,, is a unital associative algebra generated by

ik, fik, hir, €Z/0Z, k€L, v Z\{0}, ¢", heP, Cc*l.

In terms of the generating series

)= enz ", filz) =) fixz

kez kez
¢zﬂ:( ) % 0 €XPp ( q—q Z h; :I:TZ:FT> 7/’??0 =
r>0
the defining relations read as follows
qhqh/ = qh+h/, h,h' € P, @ =1, C is central,

ei(2)g7" = ¢Mei(z), ¢ fi(2)g" =P fi(2),  MvE(R) e =vE(2), heP,

YE()T (w) = ¢F (W)t (2),

U () = 5 () ()G (Cuf2) ™ oy (O 2)

U (Des(w) = (@) ()Gig (O™ wf2), i)y () = by (2)es () Gialz/w),
U w) = [ G/ L () = v () )C(C /),
es(2). 5 w)] = 2 (6(Cuf )b (w) = 6(C/u)b; (2),

ei(2), 5

)
=0, [fi(2), fi(w)] = 0, @ijjil
Jei(z)ej(w) + gji(w, 2)ej(w)ei(z) =
djig5i(w, 2) fi(2) fj(w) + gi (2, w) f;(w) fiz) =

Symle;(z1), [ei(22), eix1(w)]g]g-1 = 0,

21,22

Sym(fi(21), [fi(22), fiz1(w)]g]q—1 = 0.

21,22



Quantum Toroidal Comodule Algebra of Type A, _1 and Integrals of Motion 5
Here [A, B, = AB — pBA, and the symbol Sym stands for symmetrization:
1
Sym f('rlw"axN):ﬁ Z f(xO'(l)?"wxa(N))'
TlyesN T oeGy
The relations above imply in particular
cr-Cc
[hz‘,m hj,s] = 6r+s,0 * Qg (7-)7_1’ r,s # 0,
q—q
1 q —q - n r c(n recn
aij(r)=—— (" +q o —dra | —d e, ). (2.1)

Tqg—4q
Algebra &, has a Z grading which we call homogeneous grading, given by

degz;, =7, x=e,f,h, deg qh =degC =0.

2.2 Coproduct

Quite generally, let A be a Z graded algebra with a central element C. The completion of A
in the positive direction is the algebra A, linearly spanned by products of series of the form
> v ns frgr, where M € Z, fr, g € A and deg g, = k. We call an A module V' admissible if C
is diagonalizable, and if V is Z graded with finite dimensional components of degree bounded
from above: V = @N___ Vj, where V; = {v € V | degv = k}, dim V}, < co. The completion A

acts on all admissible modules.

Let €,®¢&, be the tensor algebra &, ® &, completed in the positive direction. We use the

topological coproduct A: &, — £,R&,

= e;(C22) @ Y; (2) + 1@ ei(2),
= fi(2) @ 1+ 94 (2) @ f;(C12),
A (2) =4 (2) @ ¢ (Cr2),
Ay (2) =9, (022)®¢ (2),

Here Ci1 =C®1land C =1 C. .
Later on we shall use the elements in the completed algebra &,

filz) = 8§ (£(2) = —fi(C T 2)uf (€ 712)

where S denotes the antipode. The fi(z)’s satisfy the same quadratic relations and the Serre

relations as do e;(z)’s. In addition
dj.igsi(w, 2)ei(2) f3(w) + gi(z, w) fi(w)ei(2)

= 5y B (52) = 522w () (C2) 7).

2.3 Fock modules

(2.2)

It is well known [20] that &, has admissible representations given in terms of vertex operators.

Consider a vector space with basis |m) labeled by n tuples of integers m = (mg, my, ...

€ Z". We define linear operators e™® and 9;, 0 <i <n — 1, by

etilm) = (—1)Z=0™ m +1;),  9;|m) = my|m),

7mn—1)
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with 1; = (6;,j)o<j<n—1. We have e“e% = —e%e® for i # j. We set
F = C[{hi,—r}r>0,0<i<n—1] ® < @ (C|m>).
mezZn

We write operators h; +, ®id, id ® et¢ and id ® 9; simply as hi +r, et and 9;. We extend the
range of the suffix ¢ by periodicity, e.g., 0,1, = 0;. Define a vertex operator which acts on F

T 1
‘/;( )_e E’Leel 1 az 1— ald( i— 1+a)/2€XP<Zq h —TZ >exp< ZhimZT‘)'
= 1l >0 ]

For u € C*, the following assignment gives F a structure of an admissible £,, module denoted
by F(u),

ei(z) = u%0zV(2), filz) = —q 00z Vi(2) 7L,
hiy = hir, 1 #0, ¢ g%, C—q.

Here we use the usual normal ordering symbol to bring etei hi —r, 7 > 0, to the left and 0;, h;,
r > 0, to the right, except that the order between e*¢’s is kept unchanged. The &, module F(u)
is a direct sum of irreducible submodules, see [6, Lemma 3.2].

3 Comodule algebra X,

In this section we introduce an algebra X,,, and show that it has the structure of an &€,, comodule
in the sense to be made precise below. Algebra X; was first introduced and studied in [7] in order
to give a uniform description of deformed W algebras associated with simple Lie (super)algebras
of types BCD.

3.1 Algebra X,

We introduce an algebra X,, through generating series

2) = ZEMz_k, Kli(z) = Kfo exp( q—q Z H;, 2z~ T), i € Z/nZ,
keZ +r>0

and an invertible central element C. The defining relations read as follows

K (2) K (w) = K (w) K[ (2), (3.1)
K (2)Kj (w) = Kj (w) K} (2)Gij(w/2)Gi 3 (CPw/2), (32)
K (2)Bj(w) = (w)K (2)Gij(w/z), Ej(w)K; (2) = K (2)Ej(w)Gji(z/w),  (3.3)
di 5915 (2, w) Ei(2) Ej(w) + gj,i(w, 2) Ej(w) Ei(2) (3.4)
q‘”qﬂ (9512 W) (C2fw) K (2) K (C2) 4 g1.4(w, 2)8(CP2) K (w) K (CPu)),
Bi(2)Ej(w) = Bj(w)Fi(s),  i#4,j+1. (3.5)

In addition, we impose the Serre relations

Sym [E;(z1), [Ei(22), Eit1(w)]glg-1 = =S 1 + i
ym | 2i(21), |[£4(#22), Li+1\W)]qlg—1 = ym 1 fq*1d$1z1/w 1 7q71di1w/22

21,22 21,22

X (5(0221/22)Ki_(Zl)Ei:tl(w)Kj(ZQ)}. (3.6)



Quantum Toroidal Comodule Algebra of Type A, _1 and Integrals of Motion 7

In the right-hand side, the rational functions of the form 1/(1 — az;/w) or 1/(1 — bw/z2) stand
for their expansions in non-negative powers of z1 /w or w/zy, respectively.

In the right-hand sides of (3.4) and (3.6), the Fourier coefficients of K, (z)K;" (C?z) are infi-
nite series. Therefore the relations require some justification. We proceed as follows. We define
a 7 grading of generators by

deg E; ), = K, deg H; 4+, = %, deg Kfo =degC = 0.

We call it the homogeneous grading. Consider the free algebra A generated by E;, H; 4,
K iio’ C*!. Let A be the completion of A with respect to the grading in the positive direction.

Then we define X, to be the graded quotient algebra of A under the relations (3.1)—(3.6).
The quadratic relations (3.4) imply

di 59i,5(z,w) Ei(2) Ej(w) + §j:(w, 2) Ej(w) Ei(z) = 0, (3.7)
where

. 2z — C?w)(z — C2w) (2 — ¢*w), =17,
stz = 1 0l e-ato), =
9i,j(z, w), i F ]
The factor (z — Czw) (z — C*Qw) for 4 = j is chosen to kill the delta functions in the right-hand
side of (3.4).

Remark 3.1. Algebra X, has a filtration defined by pdeg E;(z) = 1, pdeg Kf(z) = 0 for all 4,
which we call the principal filtration. In the associated graded algebra, the subalgebra genera-
ted by {F;(z)} is isomorphic to the subalgebra of the quantum toroidal algebra &, generated
by {ei(2)}.

The relations for K:*(z) are slightly different from those of 13 () in &, since the right-hand
side of (3.2) contains a product of G; ;s as opposed to the ratio. In particular, while the elements
@ZJ;"EO € &, are inverse to each other, the elements Kfo € X, are not mutually commutative,

Vo 2@nay) e— ot
KoK o= ¢ K o K-

We have the relations

1+02T

[Hiyr, His] = =0r4s50 - ij(r) ———,
irs 14 s r+s i,j q_q_1

r >0,

which are to be compared with (2.1). In the limit ¢ — 1 with C' = ¢¢, algebra &,, reduces to the
enveloping algebra of a Lie algebra of matrix valued difference operators, see [3, Section 3.7].
In contrast, algebra X, does not seem to have a reasonable limit due to the presence of the
sum 1+ C?".

3.2 Wheel conditions

All representations of €, or X,, considered in this paper are admissible representations. In this
setting, we rewrite the formal series relations of generating currents in the language of matrix
coefficients.

Let V = @20:7 V& be a graded vector space with degrees bounded from above and dim Vj < co.

We denote by V* = EBQOZ_ Vi the restricted dual space. Suppose that we are given a set of
formal series {El(z) = > ez Ei,kz_k | i € Z/nZ}, such that E;, € EndV, E; Vi C Vi,
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satisfying the relations (3.5) and (3.7) with some C' € C*. We assume that the zeros of g; ;(z, w)
are distinct:

C?% + +1,¢%2.
It follows from (3.5) and (3.7) that all matrix coefficients
<w,E2'1(Z1)'--EiN(ZN)U>, (S VY? w e V*7

converge in the region |z1| > --- > |zn] to rational functions which have at most simple poles
at i, i, (2r, 2s) = 0, where r < s and i, = 15,0, £ 1.

Quite generally, let A;(z), A2(z) be operator-valued formal series and r; j(z) be rational
functions. We shall say that an exchange relation

r1,2(22/21)A1(21)A2(22) = ro1(21/22) A2(22) A1(21)

holds as rational functions, if an arbitrary matrix coefficient of each side converges (in regions
|z1| > |22] and |z2| > |21]| respectively) to the same rational function. Similarly we shall use the
term “exchange relation as meromorphic functions”.

Equations (3.5) and (3.7) imply that we have relations as rational functions

N j(w/2)Ei(2)Ej(w) = X];(2/w0)Ej(w) E;(2), (3-8)

where we set

1-C?’z1-C2x1—-¢°x
)\?z(fﬁ) =

)

l1—=z 1—z 1—=x
B d:Fl/Ql _ qfldilx

A i1 (2) 12

9

and \);(x) =1 for j #i,i+ 1.

Set
_ 0
Biyiy(21,an) = [ Ai(zs/2)Ei (21) - iy (2n). (3.9)
1<r<s<N
It follows from (3.8) that
Eio'(l)a"'vio'(N)(Za'(l)7 ey ZU(N)) = Eil,..‘,iN (Zl, ceey ZN), o€ Gy. (3.10)

In particular (3.9) is symmetric with respect to z, and zs; when they have the same “color”
ir = i5. Moreover all matrix coefficients of (3.9) have the form

P(z1,...,2n)
Hr<s(z7" - ZS)NT’S ’
where N, = 2 if i, = 45, N,y = 1if 4, = i3 £ 1, and N, = 0 otherwise. Note that, when

i = ig, third order poles are absent due to the symmetry in variables of the same color.
The following is easy to see.

P(z1,...,2n) E(C[zfﬂ,...,z]j\c,l], (3.11)

Proposition 3.2. Under the conditions (3.5) and (3.7), the condition (3.4) holds if and only if

21 2,2
L 1+C1-q0C K7 (2)K}(C?2). (3.12)

Eivi(z’ca’z):q_qfll_ca 102 i

We have also
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Proposition 3.3. Under the conditions (3.5) and (3.7), the Serre relations (3.6) are satisfied
if and only if the following zero conditions hold:

Eiiit1(2,¢°%,qd¥'2) =0, (3.13)
E;;it1 (z, C?z, C’Qq_ldelz) =0. (3.14)
If it is the case then we have also
Eiiit1(z, Cc 2z, C_qujFlz) =0. (3.15)
We call (3.13)—(3.15) “wheel conditions”.

Proof. The left-hand side and the right-hand side of the Serre relations (3.6) read respecti-
vely as

LHS = Sym(E;(21) Ei(22) Eiy1(w) = (q+q~ ") Ei(21) Eig1 (0) Ei(22) + Eip1 (w) Ei (21) Ei(22))

21,22
-1
g5 w/z qw/z ) ) -
RHS = — Sym| — + +0(q3z1/w) |6(C?21/22) K (2
21}]7«32< 1—q3_1w/zl l—qlw/z2 (q3 1/ ) ( 1/ 2) 7 ( 1)
X Eip1(w)K; (22).

The case involving F;(z1), E;(22) and E;_1(w) can be treated by interchanging g3 with q;.
Using the definition (3.9), LHS can be rewritten as

1 B qg+q!
)‘?Hrl( ))\?Hl(w) )\0 (22))‘?@+1( ))\?Jrlz(ZQ)

1
( ) zz+1(z1) zz—i—l( )
q+q!

_ ! )
A ()N ()N (35) SN G () )

The matrix coefficients of Ej;;i1(z1, 22, w) are Laurent polynomials up to poles on z; = 29
or z; = w, which are cancelled by the zeros of 1/ /\?7]-.

This is a sum of six formal series, each expanded in a different region. In order to bring them
to expansions in a common region, we use the identity 1/(1 — z) = 6(z) — 2~ '/(1 — 27!), where
1/(1 — z) stands for its expansion in non-negative powers of z, while z71/(1 — 2~!) means the
one in negative powers of z. In the underlined factors, we substitute

LHS = Ej;it+1(21, 22, w) (}\Q (2'2)

1
+ 2 z z
)‘g, ( 2)>‘9+11( 1)/\?+1z( 2)

+

_l’_

0% = (expansion in |z| > |w|) + d*1/2(1 _ (]3)—1)(5(%))2//11})7
Mi1a(2)

1 o q—2(1 . q2)3
A (%) = (expansion in f21] > |2) ~ (1-C2¢2)(1- C2¢) §(q%21/2)

1-C? 1-C? 5 1-C2 1-C2

1+C21— qQCQ(S(C 22/21) + 10212 q20—26(c_2z2/zl)

and bring all terms into the sum of their expansions in |z1]| > |22| > |w| and additional delta
functions. We then compare the coefficients of each product of delta functions.
Up to the symmetry z1 <> zo, there are the following cases to consider:

(1 1, (2) d(gzz1/w), (3) 0(q=1/22),
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(4) 5(02Z2/zl), (5) 5(Q321/w)5(q2z1/22), (6) 5(q3z1/w)5(02z2/21),
(7) 0(gzz1/w)3(C %22/21),  (8) &(gzz1/w)d(gz22/w).

In cases (1), (2) and (3), the coefficients vanish due to the identities of rational functions

0= Sym{ ! — ata’
v L2 ()N () AL ()N (3)A0,(32)

1
T ENL G () }

0= 1 1 _ (q+q_ ) 1 1 1 1
Ai(z2/21) Ay (22 /w) ALi(z1/22) A4y (w/22) /\0 i(21/22) Ny i (22/w0)
0— 1 1 _ (q n qil) 1
)‘?,z‘+1(w/zl) /\?,z‘+1(w/22) /\?+1 (21/w) A?,iﬂ(w/ZZ)
1 1
_l’_

)‘ngl,i(zl/w) )\?+1,1;<Z2/w) '

In case (8) the coefficient vanishes on z; = 25 due to the triple zero of A?,(21/22)~! there.

In case (4), the relevant terms are the 3 terms containing A7;(z1 /zg)_l. Using the rela-
tion (3.12), we find that the coefficient of §(C?z/21) is

T2 1 —qac (022 22) B () Nsa (w/2) X (w/ 22)
g ( 1 e R P 1
A (w/21) A (w/22) Ap1i(21/w) Ay (w/22)

+ ! 1 >
A ri(z1/w) Ny (20 /w)
d(w/z1 — ¢*w/z) B
T ) (=g ) DI (G Ben(w)

which coincides with the corresponding term in RHS.
Likewise, in case (7) the coefficient of 5(0222/21)5((1;1111/21) comes from

1 1

Ai(21/22) Ay i(22/w

E;;it1(21, 22, w) ) (—(q+ q_l))‘?,i—i-l(w/ZQ) + )\?+1,i(22/w))-
Computing similarly we find that it matches with the corresponding term in RHS.

It remains to consider (5) and (6). The coefficients of the product of delta functions are
proportional (with non-zero multipliers) to the left-hand side of (3.13) and (3.14), respectively.
Since there are no terms that come from RHS, we have shown that the Serre relations are
equivalent to (3.13) and (3.14).

Instead of rewriting terms into expansions in |z1| > |z2| > |w|, one can equally well proceed
to the opposite region |z1| < |22 < |w|. Computing in the same way we obtain (3.15) in place
of (3.14). [

3.3 Comodule structure

In this section we show that, when we restrict to admissible modules, X,, may be viewed as
a left comodule of &,,. To be precise we prove the following.?

2Formula for A is slightly changed from the one used in [7]. The &; comodule structure discussed there should
be understood at the level of admissible representations.
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Theorem 3.4. Let V be an admissible €, module and W an admissible X,, module, such that C
acts as scalar C1, Cy respectively. We set Cio = C1Co and assume that

022 7é :l:laq:t27 0122 7é :l:laq:tQ'

Then V @ W is given the structure of an admissible K, module by the action of the following
currents:

AE;(2) = €(Ca2) @ K; (2) +1® Ey(2) + fi(Cy'2) ® K (2),

(3.16)

AKH(z) =0 (C7'Cy ' 2) T @ K (), (3.17)
AK; (2) =9; (Coz) ® K; (2), (3.18)
(3.19)

7

AC = 012.
Moreover the following “coassociativity” and “counit property” hold:

(VW)W =Va (Ve W),
CoW=WwW.

Here Vi, Vo are admissible €,, modules and C denotes the trivial &, module.

Proof. On each vector of an admissible module, the currents of &, or X,, comprise only a finite
number of negative powers in z. Hence each Fourier coefficient of (3.16)—(3.18) is a well-defined
operator on V@ W.

It is easy to verify the relations (3.1)—(3.3) and (3.5) by direct calculation. With the aid
of (2.2), one can also check (3.4) for i # j.

Let us check (3.4) for ¢ = j. We shall write A;(z,w) = Aa(z,w) if each matrix coefficient of
Ai(z,w) — A2(z,w) is a Laurent polynomial. Then we have on V

gi.i(z, w)ei(2)e;(w) = 0, gm(z w) fi(2) f;(w) = 0, (3.20)
N _ 1 -1
ei(2) ) = ( o T G ) ), (3.21)
and on W

9ij (2, w)Ei(2) Ej(w)
. ”— 2w o s
~ 4 qul (1 - Oiw/zKﬂz)Kﬂm + in(w)K*(z)) (3.22)

Using these we obtain
(¢—q7") (2 — ¢*w) AE;(2) AE;(w)
(a—a7") (2 = ¢w) (ei(Co2) fi(Cy 'w) @ K (2) K (w)
+ fl( o z)el(ng) ® K" (2)K; (w) +1® E;(2)E;j(w))

- _<1 - ;};"/Z i 51(227{5/ Ui (Co2)o (Crpw)” ) ® K (2)K] (w)

2 2
w— q*z w—q*z 1 -1 _ +
+ - ~(C (C ® K; K;
<1_02—2Z/w 1_01—222/w¢1( 2w)wl ( 12 Z) ) 7 (w) 7 (Z)
— g2 2
+ LY QKK (w) + ——LE 1@ K (w) K} (2)

1—Cy%w/z ‘ 1-C2w/z
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g2 )
= Wﬂ’ (Ca2)th; (Cry'w) '@ K7 (2)K; (w)

- 1—5qﬂu¢ (Cowf (Cry'2) ™ @ K (WK (2)

Interchanging z with w and summing these, we arrive at (3.4) for i = j.

Next let us verify the Serre relations (3.6). By Proposition 3.3, it suffices to show that the cur-
rent AE;;;+1(21,21,w) satisfies the wheel conditions (3.13)—(3.14). It is comprised of 27 terms
which we group together according to the principal grading in the first component, defined
by pdege;(z) = 1, pdeg fi(z) = —1, pdeg wli(z) = pdegC' = 0. For the terms of principal
degrees +3 and 42, the wheel conditions are easily checked.

Let us verify the case of principal degree 1. There are 6 terms coming from AE; ; j+1(21, 22, w):

Ay = ¢62(0221)61(0232)f2:|:1(02_1w) ® K (21)K; (22) Kl (w),
Ay = pei(Cazr)eis1 (Cow) fi (Cy ' 20) ® K (21) Kipy (w) K (22) Gy (w/ 22),
Az = ¢ei(Caza)eint (Cow) f; (Cytz1) @ K (22) Koy (0) K (21)Gii(22/21)Giw1 (0] 21),
A4 = ¢e;(Coz1) ® K, (21)Ei(22) Big1(w),
= ¢ei(Cozo) @ K, (22)Ei(21) Eit1(w) Gy i(22/21),
A6 = ¢e1(Cow) @ K1 (w)Ei(21)Ei(22)Gi i1 (w/ 21) Gy ix1 (w/ 22),
where
— 0122,22 z1 — 0;2222 21— q®29 21 — q_ldilw 29 — q_ldilw
oz — 2 2zl — 29 2] — 22 z1 — W z1 —Ww

From (3.20)-(3.22), we see that the sum Zf’:l A; has no poles other than z; = 29, z; = w.
In fact, the only possible poles at zp = C2z; (resp. zp = Cy 2z1) arise from Ay and Ag (resp., As
with Ag), and they cancel by virtue of (3.21) and (3.22).

Let us check (3.13). Under the specialization zo = ¢?z1, w = qdT12; = ¢ 'dT'2y, each term
has a zero due to the vanishing factors

(21 — ¢%22) Gy i(22/ 1), 2 —q tdFw, (22 — ¢ 'd™ W) Gy (w/ 20).

To check (3.14), set z9 = C122z1. All A;’s vanish at z9 = C%Zzl with the exception of As.
Since the latter has the factor (22 — q_ldilw) Gii+1(w/z2), it also vanishes by setting further
w=q 'dT 2.

In the case of principal degree 0, there are 7 terms:

By = ¢1® Ej(21)Ei(22) Eia (w),
= ¢e;(Caz1) fi(Cyt20) @ K[ (21) Eir (w) K (22) G (w/ 22),
By = ¢e;(Caz) fi(Cy zl) ® K; (22) Eix1 (w) K (21) Gy i(22/21) G i1 (w/ 21)
Bs = ¢ei(Coz1) i1 (Cy'w) @ K (21) Ei(20) Kty (w),
B4 = ¢ ei(Coz) fix1 (Cy'w) © K[ (29) Ei(21) Ky (w)Gi i 22/ 21),
= ¢ei11(Cow) f (02 122) ® Klﬂ(w)Ei(zl)K;'(zg)Gz ix1(w/21)Giix1(w/ 22)
= ¢eir1(Cow fZ(C2 1 ) ®Kzﬂ(w)Ei(22)Ki+(zl)Gz,l(zz/zl) iit1(w/z1)Gyix1(w/z2)

Again possible poles at zo = C2i2z1 are cancelled among By, B;, By and the sum E?:o B; has
no poles other than z; = 29, z; = w.



Quantum Toroidal Comodule Algebra of Type A, _1 and Integrals of Motion 13

Consider 2z = ¢%21, w = qdT'2z; = ¢~ 'dT25. By the assumption on C2, By vanishes. The
rest of the terms are zero for the same reason as in principal degree 1. Next let 2o = C%,2;.
The only term which may survive is By. Due to the factor (2’2 — q_ldilw) Gii+1(w/z2) it also
vanishes by setting further w = ¢~ 1d¥'2,.

The case of principal degree —1 being similar to principal degree 1, we omit the details.
Finally the coassociativity and counit property can be readily checked by using (3.16)—(3.19). N

3.4 Representations

Theorem 3.4 allows us to construct a large family of admissible representations of X,, starting
from simple ones.

Algebra K,, has a Heisenberg subalgebra 3, generated by H;,, i € Z/nZ, r # 0, Kiio,

and C*!. Let FP be an irreducible representation of H, on which C acts as ¢~!.

Lemma 3.5. With the following action, FP is an admissible K,, module:
Ei(z) — 0, K (2) = KF(2), C—qt.

Proof. The defining relations are obviously satisfied except (3.4). To see the latter it suffices
to note that giyi(z, C2z) =0 when C = ¢ '. |

In the next case we need to adjoin (Kffo)l/2 to H, and K,,. We define K;°(2) by
KE(2)KE(g2) = KE(2),
Let FB be an irreducible representation of H,, on which C acts as ¢'/2.
Lemma 3.6. With the following action, FB is an admissible K,, module:
Ei(z) — kK[ (2)K; (gz),  Kf(z) = KZ(z), Cwq'/%
where k = 1/(q*/? — ¢=1/2).
Proof. We can write G, j(x) = G, ;()G; ;(¢ ' z), where

. l—q 'z 1—qu : el —gd™a
Gii() =a—— 12 2z’ Giix1(z) = ¢ WW’

and G, j(x) = 1 otherwise. The assertion can be checked by noting

Bf ()7 (w) = K (w)K] (2)Gij(w)2).

We use also

1—q%w/z1—q¢*w/z

Eii(z,w) = qk* K7 (2) Ki (w) K (g2) K (qu) l—w/z 1—w/z

and Proposition 3.2 to check the coefficients of delta functions in (3.4), and use Proposition 3.3
along with

Eiiiz1(21,22,w) = KK, (21) K (22) Ky (w) K (g21) K (q22) K (qu)

1—q22/nl—¢2n/xn11—d w/z 1 —d w/z
1—29/z21 1—2z9/z1 1—w/zn 1—w/z

X

for the Serre relations (3.6). [
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Together with Theorem 3.4, the above lemmas imply

Corollary 3.7. Let V be an admissible &, module, where C acts as scalar Cy with ¢~ 2C% #
+1,¢*2. Then V @ FP is an admissible K,, module with the action

AE;(2) = ei(q~"2) ® K[ (2) + filgz) © K (2),
AKj(z) = ¢i+ (qulz)_l ® K;r(z), AK; (z) =1, (q_lz) ® K; (2),
AC = Cqul.

Proof. Since C3 = ¢~2, Theorem 3.4 does not literally apply. Nevertheless, in the proof there,
the only place where this matters is the term By in degree 0. Since this term is identically zero
in FP, the same proof works. |

Corollary 3.8. Let V be an admissible &, module, where C acts as scalar Cy with qC? #
+1,¢*2. Then V @ FB is an admissible K,, module with the action

AE;(2) = ei(qY%2) @ K (2) + 1@ kK] (2)K (q2) + fi(a7Y%2) @ K} (2),
AKH(z) =0 (g0 2) TN o K (2),  AK[(2) =05 (¢22) @ K (=),
AC = C1¢'?,

where Ki*(z) and k are as in Lemma 3.6.

Example 3.9. Consider the X,, module
Flu)) ® - @F(ug) @ FP,  £>3.

The central element acts as C? = ¢2*~2. The current F;(z) is represented as a sum of 2/ vertex
operators:

l ¢
2 B (2) = — Z qkfzukAM(z) + Z qikH*lulzlAiyk(z), (3.23)
k=1 k=1
where
k—1
ANip(z)=1®---®1 ®:Vi(qk_z+lz)_1: ® d}f (qk_“lz)_l R ® ¢i+(z)_1 ® K;r(z),
k—1

M) =1 e1aVi( ") v (" 2%2) 0 04 (¢7'2) @ K; (2).

In the right-hand side, 1 (2) or K(2) stand for their action on F(u;) or FP, respectively.
In what follows we introduce an ordering 1< -+ < < £< ---< 1to theset {1,...,0,¢,..., 1}.

We use letters a, b, ... for elements of the latter, with the convention that a = a. Each A; (%)
is a product of oscillator part A?5(z) and the zero mode part. The contractions of the former

are given by the following table.

—
Table 1. Contractions A7 (2)ASY (w) with z = w/z
a=<b a=b a>b a=<b a>b
b#a b#a b=a b=a
1_ 71
1 qilm 1 = wx 1
— — 42 -1 — 27
1= 1—z)(1— T 1
I | T g |7 ) 1 (—C ) (1-C 24 )
(1 —C2q; "2)(1-C%g3 ")
' 11=¢; = 1 1—q¢ 'z - —2 b-1 —1
1= 1 — B = (1-C%y 1-C~2
i 1—qx 1l—q 1-—qx ( @ o) B 9"
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The contractions in the case ¢ — 1 = j can be obtained by switching ¢; and ¢s.
Using this table one can check directly the wheel conditions, namely that E;;i1(21, 22, w)
represented by

1—0222/211—0_222/2’11—q2z2/211—q1w/zl1—q1w/z2
1—29/% 1—29/21 l—29/z1 1—w/z1 1—w/z

Nio(21) N p(22) Nig1,c(w)

vanishes for all a,b,c € {1,...,£,7,...,1} under the following specializations:

(Z) (Zla227w) = (Z,Q2Zanlz)a
(ZZ) (217227?1}) = (Z,C2Z,C2Q3Z),
(7i1) (21,292, w) = (z, C_QZ,C’_qulz).

Case (). This follows from

—

Ai,a(21)Ai,b(zz)}Zz:qm: 0 if a=xb,
—

Ai,b(ZQ)Az‘+1,c(w)\w:qm: 0 if b=<e,

.
(1 — qlw/zl)Am(zl)AiH’C(w)|w:q;1Z1: if a>c
Case (¢). This follows from
5 _
( -C ZQ/Zl)Ai,a(Zl)Ai,b(ZQ)’22202zl: 0 if (CL, b) # (17 1)7
—

AU(Z?)AHLC(M)|w:q3z2: 0 if ¢ 75 1,

A1z A1 (w)] oy, = 0
Case (2¢¢). This follows from

9 _
(1 - C Z2/Zl)Ai7a(zl)Ai7b(22)‘ZQ=C_QZ1: 0 if (a, b) 75 (1, 1),
— ~
(1= qw/22)A 1 () Aijre(w)],_pr,,= 0 if c#1,

1
Aii(21)Agy11(w) ‘w:C*qu_lzl -

Similarly for E;; ;—1(21, 22, w).

Remark 3.10. As it turns out, the currents (3.23) commute with a system of screening operators
derived from quantum toroidal algebra of type D. We hope to address this point elsewhere.

4 Integrals of motion

We continue to work with admissible representations of K, on which C acts as a scalar. Our
goal in this section is to introduce a family of commuting operators acting on each such represen-
tation (with mild restrictions on parameters), which we call integrals of motion (IMs). Loosely
speaking, we may think of them as generators of a commutative subalgebra of J,.

The IMs will depend on ¢, d, C' as well as additional arbitrary parameters

n
U1y esfin € C, Z/MZO (4.1)
i=1
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In addition, they depend also on an “elliptic” parameter p. However, our experience with the
algebra &; tells that the IMs exist only when p and C are related in a special way. Guided by
the result in [7], we shall impose the relation

C? = pg*
and make the following assumption:

pl <1, |ed®| <1,  |pg?| <1,  |pgtdF < 1. (4.2)
In particular |¢?| < 1. We use parameters 7 € C with Im7 > 0 and 3,7 € C given by

p=eMT @f=p,  d=p’ (4.3)

We use also 0(u) = p“2/2_“/29p(p“), which satisfies

Ou+1)=—0(u), OutT)=—e 2Fu=m7g(y). (4.4)

4.1 Dressed currents

A basic constituent of IMs is the dressed currents, obtained by modifying the currents E;(z)
of K,,.

In the following we define operators H; o by (K it 0)*1K ;,ro = ¢*Hio. The dressed currents of K,
are defined by

Ei(z) =K (z)*lEi(z)z*WHi’O*“”“i,

K (2) = exp <_(q ) ffifr Zr>’

7
r>0 p

where v and p; are as in (4.3) and (4.1).
The dressed currents have well-defined matrix coefficients on admissible representations.
They satisfy the exchange relations as meromorphic functions

Nij(z2/21)Ei(21)Ej(22) = Aji(21/22)Ej(22)Ei(21),

with
M) = a1 12 Ol = C 7% 1 — g (4 i),
e l—2z 1-2z 1-—2 (7P’
_ +1,..
ANii1(z) = ZV/2qFL/? 1-g¢'d"s (qd x’p)oo
1,0 =

l—z (¢ 'd*'z;p)

o0

and \; j(z) = 1 in all other cases. Up to a power of z, \; j(x) specializes to )\?J(l’) at p = 0. Each
matrix coefficient of products of dressed currents is a meromorphic function (up to an overall
power function). We have “elliptic” exchange relations as meromorphic functions

O(v—u+7)
O(v—u—r)
4opf(v —u+xpB—7/2)

O(v—u=+p+v/2)

EZ(Z)EZ(QU) = EA’LU)EAZ)

9

Ei(2)Eix1(w) = Eix1(w)Eqi(2)q

where z = p*, w = p*.
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As before we define

Ei vz, o) = [ i (ze/20)Bi(21) -+ Biy (2n). (4.5)
1<r<s<N

Then it has the same symmetry as (3.10), and we have

N N
Eiy iy (21, ozn) = [[ 2700 TT K (26) 7 By (21 2v) [ 2 im0 7741,

r<s s=1 s=1
The product [T, K; (z5)! contains only {H; _,} with r > 0. Its contribution to any matrix
coefficient of E;,_;y (zl, ...,znN) is a Laurent polynomial in z,’s for degree reasons. Hence the
equality above shows that, up to an overall power of z;’s, each matrix coefficient of operator (4.5)
has the same functional form (3.11) as that of E; _ ;\(21,...,2n). In particular the wheel

conditions (3.13)—(3.15) are valid also for (4.5).

4.2 Integrals of motion

Given parameters (4.1), let X, = Xp,(p1,...,un) denote the space of entire functions
P(ug, ..., u,) satisfying

(g, .oy ui + 1,000 uy) =0 (ug, .oy Uy ooy Uy, (4.6)

—27ri(2ui—ui_1—ui+1—,ui+7') 19(

HUpyeo o i + 7,0 uy) =€ ULy vey Uy ey Up),

where u;4+, = u;. We have dim X,, = n.
For M > 1 and 9 € X,,, we introduce the kernel functions

hyr(ag, ..., up; )

V(... 7ﬂn)H?:1 H1§a<b§M G(Ui,a - Ui,b)g(ui,a — Uip — )

= n—1 ~ N (48)
[T nga,bgM G(Ui,a —Uit1p— B — 5) H1§a,b§M e(un,a —u1p— B+ §)
where
M
W= (Uig, U)W = Y Ui
a=1
We define the integrals of motion Gy (9) of K,, by
G = /... (. . o . iha .
w@ = [ TT I Biwia) - hatan,...owio) [IT] (4.9)
1<i<n 1<a<M i=1la=1 ’

Here x; = p“», and the symbol Hfgzg ~ stands for ordered product

H A; = ANAn_ -+ A,

1<i<N

Even though individual factors contain fractional powers, the integrand of (4.9) comprises only
integer powers with respect to each x; 5. The integrals are taken over a common circle |z; o| = R.
The result is independent of the choice of R > 0.

Formally, (4.9) looks identical to that of the integrals of motion of type A [5, 8, 12]. In par-
ticular the kernel functions (4.8) are the same as those used there. The difference is hidden in
the pole structure of products of dressed currents.
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For later use we rewrite the integrand in terms of the current in (4.5),
E(M) (Xl, . 7Xn) = El’.,,,17,,,,n,,,,,n(xla e 7Xn)>
where x; = (xj1,...,;p). In the right-hand side, each index i occurs M times.

Proposition 4.1. Set x = p* and
2
E(u) =p* (1 — 2) (2, P, pp) .,
d—1/2
u

1—2z1

u?/2—(8+1/2)

n(u) =p (¢d 'z, qda™"  p;p) .

Then the IM’s can be expressed as

n M

d i,a
Gu(9) = cur /—--/E(M)(xl,...,xn)k:M(ul,...,un;ﬁ)HH ;L (4.10)

i=1a=1
where ¢y is a constant, and

) | nga;ébgM E(Uia — uip)
CY T Th<apens M(Uia — wir1p)’

k?M(lll,. . .,un;ﬂ) = ﬁ(ﬂl, e

M
Tiaq =D "%, U; = E U, a-
a=1

Here and after, we set Uup41,0 = U1q.

Proof. This follows from the relations

Aii(p™) _ 0(u+19) A1 (P") _ sopf(ut B —v/2)

Aii(p®)  Ou—7)’ Aii+1(p%) 1 O(utB+~/2)
Ai(p)E()E(—u) = —p~ /273219 (w)f(u — ),
Aiix1 (pT")0(u £ /2 — B) = pO2FO 2= /2=6)/2 4y u

4.3 Commutativity

We are now in a position to state the commutativity of IMs.
Theorem 4.2. For all M, N > 1 and 91,92 € X,,, the integrals of motion mutually commute:
(G (1), G (92)] = 0.
Theorem 4.2 is the main result of this paper. The rest of this section is devoted to its proof.

Proof. We start by examining the product of operators, dropping irrelevant constants

Here z;, = p“»e, y;p = p“*. We choose the contours to be the umit circle Cy: |Ziq| = 1
for Gpr(Y1), and a circle Cr: |y; | = R of radius R for Gy (2).



Quantum Toroidal Comodule Algebra of Type A, _1 and Integrals of Motion 19

Consider first the product

G (92)Goas (91) :/---/GR /---/elE(N)(yl,...,yn)E(M)(xl,...,xn)

n

T iy T 11 i
X kn(ves v O2) b (un, w90 T[T T =TT — (411

im1be1 Jib a2 Tia

We choose R > 1 to ensure that the product of operators in the integrand converges absolutely.
Introducing the combined variables z; = (z;1,...,2im+N), Where zi4 = Tiq, 1 < a < M,

Zia+M = Yiar a0d U; Mo = Vg, 1 < a < N, and substituting

EM(y1,...,y ) EM(xy, ... ,xn)

E(M+N H H Azz xza/yzb 1H H Az-ﬁ-lz xla/yz—s—lb) 1

1=11<a<M i=11<a<M
16N 1<b<N
n
-1
<IT TI X-ri@ia/vi-1s)™"
i=11<a<M
16N

we find that the integrand of (4.11) can be written as a product of two factors ST, with

S(2z1,...,2n)

n
_ E(M+N (z1,...,2 H H E(wiq — Ui b H H N(Wiq — uz‘+1,b)—1a
1= ,b<

i=11<a#b<M+N 11<a,b<M+N
T(uy,...,uy|vi,...,vy)
= 191(@1, ... ,ﬂn)ﬁg(@l, ... ,@n)
" ﬁ 11 O(uia — vit1,p —v/2 = B)0(vip — uiy1,a +7/2 = B) (4.12)
=1 1<a<M 0(uia — vip)0(tia — vip — )
1<b<N

Starting from R >> 1, we bring the contours Cg for y;; to the unit circle. For that purpose
we need to locate the position of poles between the two circles Cr and C1. The poles between

y’s and z’s come from &, n and 6:

n 1— yzb/wza
H H ( $za/yzb)(17yzb/l‘1a)(/@/a7@/bap q xza/yzbaﬂm’p q yzb/ Lias P )
i=11<a<M

1<b<N

(1 = vig1,6/Tia) (1 — Tiv1,0/Yip)

X
H 11 (90714 0/ Yit1.6> 9Yi+157Tirar Q0 Y5/ T4 1 05 4ATit 1,0/ Vi 3 P) o

i=11<a<M
1<b<N

Xﬁ I (pa ™ d ™ @i 0/ Vit 1,p, 4dYier57 Tirar 44" Y15/ Tit 1,0, DA~ dl‘ma/yzb,)

. WW7Q T a/yz b>pq Yi b/xzmp)

i=11<a<M
1<b<N

Under our assumption on parameters (4.2), we see that the only poles between Cr and C; are

Yip =03 TiaD Gy Tia, 1<i<n, 1<a<M, 1<b<N. (4.13)
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Including the poles between y’s which come from 75, poles of the integrand with respect to
each y; ; are as follows (see the figure below):

Yis =D " qQ1Yit1.c " q3Yi-1,c, k>0,
Yip = 0G5 Wirre, P 'wicie, k>0,
Yib =05 @i, k> -1,

vip =P 0 w1 P03 wit1e, k>0

—1 —1
Pa1 Yi-1,c 41 Yi—1lc
[ ) [ ] .
BYi-1e p- qsyz 1

- —1
pgs 1yi+1,c q3 Yi+1

NYitle p= querlc

3}

-1 -1
41 Ti-1,0 P91 Ti—1la

|

|

|

|

—1 !
Pqs Tit1,a Q3 szrl‘ﬂ

61 GR

Figure 1. The contour in the y;; plane.

We move the contour to the unit circle, picking up residues of poles (4.13) along the way.
At first glance, taking residues in one variable y;, = p~'gy '@iq OF Yip = g5 T4 Seems to
produce new poles in other variables,

_ -1 -1 -1 -1 _—1
Yi+le =492 91 Tia, P 4y 91 Tia,

-1 _—1 -1 -1 —1
Yi—1,c =49 43 Tiay, P "qo 43 Tia-

An important point is that these poles are cancelled by the zeros of EM+N) (z1,...,2,) due to
the wheel conditions (3.13)—(3.15).

For the product in the opposite order

Gt (01)Gox (02) =//e /---/@RE<M><X1,...,xn>E<N><y1,...,yn>

n n

M dz; N
X kar(u, .. w90k (v, v 92) [T T I’GHH (4.14)

T
i=la=1 %% ji=1b=1
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we choose R < 1 for convergence. The integrand can be obtained from the one for (4.11) by
switching the roles of x, M and y, N. It amounts to changing (4.12) to

T/(ul, .. .,un\vl, ... ,Vn) = 191(ﬂ1, . ,ﬂn)ﬁg(ﬂl,. .. ,ﬁn)

I T Aietieta=/2-B)6(ia—vis1oty/226)
i=11<a<M e(vi,b - ”i,a)e(vzyb — Uj,q — v)

1<b<N
Similarly as above, we start from R < 1 and bring Cg to the unit circle. The relevant poles in
between are

Yib = q2%4,a, P42T;.q, 1§’L§TL, ]-SGJSM? ]-SbSN

Moving the contour we pick up residues of these poles. Again the wheel conditions ensure that
no new poles arise for the remaining variables.

In order to prove the commutativity, we must show that, after moving contours to the unit
circle, (4.11) and (4.14) give the same result.

First, let us compare terms that arise without taking residues. Since all integrals are taken
on the unit circle, we can symmetrize the integrand. Taking into account the symmetry of
S(z1,...,2,), we see that the equality of integrals reduces to the identity of theta functions

Sym T(uy,...,up|Vi,. .., vy) = Sym T/ (uy,..., up|vi,. .., Vp), (4.15)

where Sym stands for symmetrization in each group of variables {u; o }A, U{v; 3} ,, 1 < i < n.
This identity was stated in [12]. Since their proof contains some gaps, we prove it in Appendix;
see Theorem A.1 and Remark A.6 below.

In general, we compare terms obtained by taking residues with respect to some group of
variables. First consider terms coming from (4.11). In view of symmetry and the zeros of

S(z1,...,2n) at Yiq = Yip, it is enough to consider the case
Yia =P '@y Tia, 1<a<k, (4.16)
Yip =5 iy, ki+1<b<U, (4.17)

with some 0 < k; < l; < min(M, N), 1 < i < n. We compare it with the corresponding residue
coming from (4.14)

Yia = PP2Tia, 1 <a<ki, (4.18)

Yib = Q2T b, ki+1<b<1;, (4.19)
for 1 <7 < n. We further rename variables z; , to p_lqglscm for (4.18) and to qglxiya for (4.19).
The contours for them change to ‘ p*1q2_ lxm‘ =1 and ‘qQ_ 1:131'7(1‘ = 1, respectively. We shift them
back to the unit circle |z;,| = 1, noting that the wheel conditions ensure there are no poles
which hinder the shift.

The factor S(z1,...,2zy) has no poles at (4.16) and (4.17) and specializes to
S’( s iy Zihy e e ,p_lqglzi,a, R qglzi,b, .. ) (4.20)

Similarly, at (4.18) and (4.19) it specializes to

S(oo s Ziaye s Zipye s DA2Zias > Q2% - - ) (4.21)

After the renaming, (4.21) is brought to (4.20) because S(z1,...,%Z,) iS symmetric in
{%i,a}1<a<m+n for each i.
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It remains to compare the residues of the functions T, T”. Since they are periodic with
period 1, their residues at v; , = u; o — 7y — 1 are the same as those at v; , = u; o — . Hence we
are to show the equality

Sym* res T(uy,...,upn|vy,...,Vy)
Vi,a=Uq,a =7,
1<a<i;, 1<i<n

* n ol /
:Sym {(_]_)Zz_l i . _I‘,SS iy T(ul,...,un|vl,...,vn)
i,a—Uia )
1<a<l;, 1<i<n

Uj,a Ui a7, ’
1<a<l;, 1<i<n

where Sym* stands for the symmetrization with respect to the remaining variables {u;  }2 1Y
{U@b}{)\/:li—&-l? 1 <i < n. Note that moving the contours Cr from R < 1 to €1 we obtain a sign
factor.

To check the equality, we start from the residues of the identity (4.15)

/!
res  Sym T(uy,...,up|vy,...,vp)= res Sym T"(uy,...,u,|vi,...,vy). (4.22)
Vi,a=Wi,a—"7, Vi,a=UWi,a "7,
1<a<l;, 1<i<n 1<a<l;,1<i<n

Symmetrization Sym amounts to replacing variables u;, v; as

w; = {uiataer, U{vishoes, Vi = {uiataer, U{viptoes,,
and sum over partitions of indices

LUIl={1,...,M}, JuJ ={1,...,N}, |Il| = |J]|.

In order to have non-zero residues at v; , = u; o — 7y (1 < a <;) in the left-hand side of (4.22),
I; and J; must contain {1,...,l;}. Therefore the left-hand side of (4.22) reduces to

Sym* res T(uy,...,up|vi,...,Vp).
Vi,a=Ui,a 7,
1<a<i;, 1<i<n

Similarly, in the right-hand side of (4.22), non-zero residues appear only when J/ and I} contain
{1,...,1;}. For each i we have

/
res  T(co Uity Uiy oo ooy Wity ey Wigys e n)
Vi,a=Ui,a 7,
1<a<l;
_ l; / / / ! /
_(—1)l , I'e/S T(""U’i,l""”l}i,lz‘""|""ui,1""7u7;,lz‘"")U/. Huiaf"/'
Ui a=Ys a+77 na )
"1<a<l; l<asl
=W =t

Altogether we can rewrite the right-hand side of (4.22) as

* ™ol ,
Sym {(_1)2171 % o _I'ES . T(ul,...,unfvl,...,vn)
2,6 1,0 ’
1<a<l;,1<i<n

Uj,a—>Uia—"7, °
1<a<l;,1<i<n

Proof of Theorem 4.2 is now complete. |

5 The casesn =1,2

All results discussed so far are valid also in the case n = 1,2 with suitable modifications. In this
section we indicate the necessary changes.
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5.1 Casen =2

Dealing with algebras &,, and X,, for n = 2, there are two points to be taken care of.

First, the structure functions are changed. We keep g; ;(2, w) unchanged but replace g; ;(z,w)
for i # j with gZ?g(z,w)gZ??’(z,w). Similar changes are due for Gj;(x), AY;(z) and A;j(x).
Namely we use

91,14(73, w) = (2’ - qw)(z - Q3w),
-1 -1
2(1—gi 2)(1-g5 2)
(1-qz)(1 - g37)
_l—qzl—gsx

Nl = T,

Gii—i(x) =q"

—1 -1 ..
A—qal—gr (e 2,6 m,p)oo‘

)\, o =
i,1 1(37) T 1l—-2 1l—2 (q1$,C_I3$§p)OO

We set also d;; =1, d;j1—; = —1.
Second, the Serre relations are modified.
The defining relations of €9 are the same as those for n > 3 except for the Serre relations

Z?Z;f;g[@i(zl), [ei(22), [ei(23), e1—i(w)]g2]lg—2 = O, (5.1)
leggg[fi(%), [fi(22), [fi(23), fi—i(w)]g]lg—2 = 0. (5.2)

The defining relations of Ko are (3.1)—(3.4), together with the Serre relations

Sym (q1(z1 — gzw) (22 — g3w) Ei(21) Ei(22) E1—i(w) — (1 + g3 ) (21 — qsw)(q122 — w)

21,22

X Ei(z1)E1—i(w)Ei(22) + q3(q121 — w)(q122 — w) E1—i(w) E; (1) Ei(22))

1— g7t 2 /w 1—q tw/z
= Sym {q3w<(22 - d7221)q371/ + (22— d221)q17/2 — 22+ q221>
21,22 1 —g3z1/w 1 —qw/z

X 5(0221/22)Ki_(Zl)El_i(w)K;_(zz)}, (5.3)

and the same relation with ¢; and g3 interchanged.

At first glance, the quartic Serre relations (5.1) and (5.2) for € and the cubic Serre rela-
tions (5.3) for Ka look very different. Actually the former are equivalent (under the rest of the
relations) to cubic relations which are the left-hand sides of (5.3) and their “f-version”. See |3,
Lemma 2.1] and remark after that.

With the above changes, formula for comodule structure (Theorem 3.4), formulas for integrals
of motion (4.9) and (4.10) and their commutativity (Theorem 4.2) remain valid.

52 Casen=1

Algebra X; has been discussed in [7]. For reader’s reference we mention the necessary changes.
We drop suffixes i, j from structure functions and set

3
g9(z,w) = [[(z — qsw),
s=1
3
_ 1-— q;lx
G(.I)—H 1—(]533 ’

s=1
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— 21— C 21—
)\O(g;)zl Cz1-C fcl—Il qs

1—x 1—2x 1—xa’
s=1
1-C%21—C 20 or 1— Sl
oy 1O e

1—2 1-—=z 1—2 (qs7;D)oo

s=1

We change also the normalization of generators of &; slightly, so that

YE(z) = exp < Z KThirszr>,

+r>0

() f(w)] = = (6(Cuw/2)u* (w) = 5(C/w)v™ ()

where k., = [[°_,(1 — ).
The Serre relations for €1 are

Sym 25257 e(21), le(22), efza)]] = 0,
gg;maﬂﬂaMﬂ@xﬂ%mza

The Serre relation for X; reads

Sym Z2[E(z1), [E(z2), B(z3)]]

21,22,23 ?3
1 _
= Sym {X(Zl, 29, 23) 1 (5(0221/2’3)K (Zl)E(ZQ)K+(23)},
21,22,23 qa—q
where

21+ 29 22 — 2122 29 + 23 22— 2923

X(z1,20,23) = ( ) )G(Z2/Z3) + ( )1 )G(Z1/Z2)
212223 212223
N (z3 + zl)(z% — 2321)
Z122%23 .

The space of theta functions X is defined to be that of constant functions C. Replacing
ha(ay, ..., up; ) by

har(u) = H O(ug — up)B(ug — up — )

N 1<a<b<M O(ua —up — B —7/2)0(ua —up + B —7/2)’

we define integrals of motion by (4.9). Then the commutativity Theorem 4.2 holds true.

6 Fusion

It is known [3] that the completed quantum toroidal algebra &, with parameters qi, ¢2, q3
contains various subalgebras isomorphic to €, with 1 < k <n — 1 and suitable parameters ¢y,
G2, G3- In this section we discuss an analogue of this construction for X,. Throughout this
section we take n > 2, and fix an admissible X,, module V', where C acts as a scalar such that
C? # 41, ¢*2.
Consider the following set of operators { E;(z), Kz‘i(z)}ogignq acting on V:
Eo(2) =¢En-10(q12, 2), Koi(z) = Kf;l(qlz)Két(z), (6.1)

Ei(z) = E,-(ql"%lz), KF(z) = Kii(qf%lz), 1<i<n-—2. (6.2)

Here ¢ = (qq1)1/2(1 — ql_l) forn >3 and ¢ = (1 — ql_l)2 for n = 2.
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Proposition 6.1. The operators (6.1) and (6.2) together with the same C' give an action of K,—1
on V' with parameters

1 1

= T -1

Q@ =qq ", 2 = q2, 3 = 939,

Proof. Denote by G; j(x), 0 < i,j < n — 2 the functions G; j(z) for X,,_1 with the parameters
given above. Then we have

Gii(7) = Gii(2)*Git1,i(12) G (¢ '2),  n>2,

and

+_1
Giit1(q "), n >4,

Giix1(z) = L1 1
Giit1(qy " '2)Gixr,i(q, " 'x), n=3.

Using these one can verify the relations (3.1)—(3.4) as rational functions.
For simplicity we assume n > 3 below. The case n = 2 can be treated with minor modifica-
tions. Let us check the condition (3.12) for Ey(z). We have

(1—22/21)%2 (1 —29/21)?

1= C%2/21)% (1 = C 222/ 21)?
(1—2/21)% (L—gi ' 22/z1)(1 —q122/21)

(1-¢22/z1)? (1—a22/za)1-2n/z)

The wheel conditions (3.13)—(3.15) ensure that the apparent double poles in the right-hand side
are actually all simple. To compute the residue at zo = C?21, it suffices to consider

_ _ 182
Eo(21)Eo(22) = En—1,n-1,00(q121, 122, 21, 22)ed (1 — q; ) (

1
1= =20 7a En-1n-100(q121, q122, 21, 22)
- 20/ 21 I
= aE E Cc? c?
=w—F,_1n-100(q121, (122, w, 22)|  + n—1,n—1,0,0(Q1w, q121, 21, 21) .
aw w=z1 w=2z1
20=C22, 20=C22;

The second term in the right-hand side vanishes due to the wheel condition. Substituting
En-1n-100(q171, @122, w, 22) =K, (q121) Eo o (w, 121) K, (CPqu21)
" 1—w/z1 1—¢*C2w/z —d2¢7 11+ C? 1 - ¢*C?
l—q; 'w/z 1—q ' C2w)zy 1— g7t 1-C?1—¢'C?

we arrive at

1 14C21—¢*C%__ .,
g—q11-C%2 1-C? K (21)Kf (C?2).

Mo(z2/21) Eo(21) Eo(22)|,, e, =

The wheel conditions for E;(z) can be verified similarly. As an example, consider
FEo0,1(z1, 22, w). Up to an irrelevant factor it can be written as

1 1

)En—1,n—1,0,0,1 (@121, 122, 21, 22, ¢ w). (6.3)

Eoo1(21, 29, w) X ————
( » #2 ) )\870(22/2,1

Since

Enin-10(q12,q1q22,2) =0 and  Eg,1(2, 922, q2q32) = 0,

En 1n-1001 (q1 21,q122, 21, 22, ql_lzl) is divisible by (z2—g221)?. Therefore (6.3) vanishes at zo =
goz1, W= cjl_lzl. Similarly, the condition Ey,—1,-1,0(q12,q1C?2,2) = 0 and E0,071(z, C?z, C2q3z)
= 0 imply that (6.3) vanishes at zp = C?z1, w = C%g32;. [
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Interchanging the roles of ¢; and g3, one can equally well consider action of X,_; with
parameters

1 1

o =qq ", @2 = q2, 33 = q3q3 "

Note that in either case the values of ¢, C' are unchanged.
Iterating this construction we obtain in general

Proposition 6.2. Let 1 < k < n — 1. Then the following hold with an appropriate choice of
constants Cpj;, Cpp—k:
(i) The operators

Eo(2) = Cn Brjot1,..n— 10(q1 2, gk Y@z 2),

Ky (2) = K (6" 2) K (a7 72) - Ky (02) K5 (2),
Ei(2) :Ei(qln%kiz)7 KF(2) :Kii(qln%kiz), 1<i<k-1,

together with the same C give an action of X on V' with parameters

n—=k _n—k

Q=qqF, 42 = q2, 43 = 434,
(1i) The operators

EO(Z):Enn kEkk 1,.. ,I,O(Q§Z qlg_lzv"’7Q3zvz)7
K () = K (a52) Ky (a5 %) -+ K (932) K (2),

_ _k_; _ k
E@):Ewﬁﬂ*z) K&(z) = Kiﬁ"kz% 1<i<n-—k-1,

(2

together with the same C' give an action of K,,_x on V with parameters

_k_ _k_
—k

@ =qq3 ", @ = q2, B = q3q3

(tit) The actions (i) and (ii) mutually commute.
Proof. We need only to prove the commutativity (¢i¢). For simplicity of presentation we assume
n > 3. Evidently {E }1<z<k , commute with {E Ki }1<i<n—k—1'

To show that K;r( ), 1 § i <n—k—1, commutes with Eg(w), it suffices to note that

K (2)Brpst,n-10(@0 " w, oo w) = B, n-10 (a0 w, o w) K (2)
X Gj - 1( n— J+1w/z)Gj7j(q?_jw/z)
x Giglai 7 w/z),  k+1<i<n-1,

and apply the identity
Giim1(12)Gii(2)Giiv1 (¢ 2) = 1.

Commutativity of {Ei(z),f(zi(z)}KKn_k_l with {Eg(w),f((?(w)} (for E;(z) with Ep(w) as
rational functions) can be shown similarly.

We have further

Ko(2)Eo(w) = Bo(w)Ko(2)Gr-1 (7 dsasw/2) G (a7 5w/ 2) Gr i (a7 dhay 'w ) 2)
x G 0(q3 w/z)Goo (w/z)Gon-1(qrw/z),
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so that we can apply
Gi—1,i(q37)Gii(2)Giiv1 (7 ') = 1.

By the same token {Eo(z),f(g[(z)} commute with {Eo(w),f(gt(w)} (for Ey(z) with Eg(w) as
rational functions). -
To finish the proof, it remains to examine the singularities of E;(z)Eo(w). For 1 <i < n—k—1,
we use
l-—quw/z 1—w/z
1— q2_1w/z 1-— CQw/z
y l—w/z 1-w/z 1-q w/z
1-—¢w/z1-C2w/z 1—w/z ’

E;(2)Ej-1j+1 (qw,w, Qflw) = Ej_1jj+1(qw, z,w, Qflw)

and observe that all poles are cancelled due to the wheel conditions. Finally for ¢ = 0 we have

k n—k
Erg-1,.10(03% -, 2) Epog1,..n—10 (a7 ", ..., w)
k—1 n—k
= EO,U,l,...,k*l,k,k,k«#l,...,nfl (Zy w,q3z,...,493 2,432,417 W,... 7q1w)

< (A1 k (drdbasw/2) N (aR dhw/2) Ay (G dbar " w/2)) ™
X (A o (qrw/ )38 o (w/ )\ o (g5 w/2)) 7,

so the cancellation works similarly as above. |

A Theta function identities

As in Section 4.2 we use the space of theta functions X, (u1, ..., u,) given by (4.6) and (4.7) for
n > 2. For n = 1, we define X7 = C to be the space of constant functions. In this section we
prove the following identity.

Theorem A.1l. The following identities hold for alln, M, N > 1, a,v € C and 91,92 € X,

Z e Z ﬂl(al,h’ oo 7ﬂn,1n)192(al,t]17 oo 7ﬂ’n,Jn)

117J1 [7L7J7l
n 1 aer O(Uia — viz1p — @) [ bes, O(Uip — Uig1,0 — @ +7)

y H beJit1 a€li
[laern 0(wia — uip)0(Uia — usp — )
beJ;

=1
== Z e Z ﬁl(ﬂl,ha CIEa 7ﬂn,fn)192(ﬂl,(]1a .. 7ﬂn,Jn)

I,y In,Jn

n 11 be; O(wip — Uit1,a — @) Hba?i 0(wia — tit1p —+7)
acl;iq €Jit1

X H . Al
-1 Haeli Q(Ui,b - ui,a)e(ui,b — Ujq — 7) ( )
= beJ;

Here we set j; = Y o1 Wi,q for a subset I of {1,...,M + N}, and the sum is taken over all

partitions

acl

LuJ;={1,...,M+ N} satisfying |I;| =M, |Ji|=N, i=1,...,n.
For the proof of theorem, we prepare several lemmas.
Lemma A.2. If Y € X,,(p1,...,1n), then

Pup +uy .oty +u) =9ug, ..., up), u € C.
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Proof. Let ¢(u) = d(u; + u,...,uy +u). Then ¢(u) is entire and satisfies ¢p(u + 1) = ¢(u),
d(u+ 7) = ¢(u). Hence it is a constant: ¢(u) = ¢(0). [

Lemma A.3. Let ¢(vi,...,vr) be an entire function with quasi-periodicity property

¢(Ul,...,vi+1,...,1}L):¢(U1,...,Ui,...,UL),

— 9 L )
d(v1,y ..., +7T,...,ur) =e 2”1m21:1”1+k¢(v1,...,vi,...,vL)

with some m € Z>o and k € C. Then it is a function of Zle v;.

Proof. Fix i # j, and set p(u) = ¢(v1,...,v +u,...,vj —u,...,vr). Then ¢(u) is an entire
function and satisfies p(u + 1) = p(u), ¢(u + 7) = @(u). Hence it is a constant: p(u) = ¢(0).
Since i, j, u are arbitrary, this proves the lemma. |

Denote both sides of the identity (A.1) by LHS,, v and RHS,, as n, respectively, and set
®, v,y = LHS, v v — RHS;, ar,v. Where necessary we exhibit also their dependence on the
variables u; = (u;1,...,u;m4n) and the choice of 91,92 € X,,. We set @, yyny = 01if M =0
or N =0.

Lemma A.4. Forn > 2, ®, y N has the quasi-periodicity in each variable w; q,

q)n,M,N(- <y Ujg —+ 1, .. ) = (I)n,M,N(- s Uigy - .),

67271'1(2’[11‘7’[7,1',1 —Uig1 7/J,i+T) P

(I)n,M,N(” <y Uiq —I—T,...) = 717]\/[7]\[(. .. ,uiﬂ,...).

Forn =1, ® ) N has periods 1 and 7.
Modulo Z. @ Zt, the only poles of ®,, p,N are u;q = Uip + 7y with some a, b, i.

Proof. The quasi-periodicity follows from (4.4), (4.6) and (4.7). Since ®, ps,n is symmetric in
each group of variables {u;jq}q=1,.. M+N, it cannot have a simple pole at u; o = w;p. [ |

Lemma A.5. We have

res res O, v (ag, ..., u,|v, 02)
u1,1=u1,2+7vy Up,1=Un,2+7Y

eI T 0 — wig10 — 0)0(uip — tig1,0 — o +7)
T2 TTEE™ 0(uia — wi2)0(ti 0 — i — )
X D ar—1n-1(ul, .. [0, 05),

where

w; = (ui3, ..., U M+N),
19/8(111, .. .,Un) = 193(1)1 +ur2,..., 0 + umz), s=1,2,

and A = 0(y) L resy—o O(u) "1 .

Proof. In the sum LHS,, s n, the iterated residue is non-zero only for terms such that 1 € I;
and 2 € J; for all i = 1,...,n. Write I; = {1} U [; and J; = {2} U J;. Similarly, for RHS, /v
one must have 2 € I; and 1 € J; for i = 1,...,n. Write I; = {2} U I; and J; = {1} U J; in that
case.

In either case, the functions /s become

191 ('LLLQ + ﬂl,flv ceey U2 + ﬂnj")ﬂg(ulg + ﬁl,jlv ceeyUp 2 + anjn)

due to Lemma A.2.
The rest is a simple computation. |
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Remark A.6. Lemma A.5 is proved in [12]. However the rest of the argument necessary for
completing the proof of Theorem A.1 is missing there.

Lemma A.7. Fizi € {1,...,n}. Then the following hold:

(I)n,M,N(ula cee 7un|1917 192) Uit1,a=Uj,q— X
1<a<M+N

= (_1)MN¢TL71,M,N(U15"'7ui7ui+27" un’ 79//)

Dy ar, N (U, - U 01, Y2) w1 o= 0—aty
1<a<M+N
= (—1)MN0,_y pv(ur, .. w Wi, . w97, 95),
where

19/1/(?}1, ey Un—l) = 191(1)1, ey U, 05 — Ma,vi_H, v ,'Un_l),
19,2/(1}1, ey 'Un—l) = 192(1]1, ey U, 05 — NO&,’Ui_H, ey Un—l)y

and 97 is given by replacing o by o — v in V.

Proof. Since the calculations are similar, we consider the first case. Under this specialization,
terms in LHS,, sy survive only when I; N J;y1 = &, which implies I; = I;11 and J; = Jiy1.
Then the factor [] ser, 0(wia — wiv1,p — @) [Taery 0(wip — Uit1,a — @+ ) from the numerator

beJit1 beJ;
cancels [ Jacr, , O(Wit1,a —it1,6)0(Uit1,0 — Uis1,p —y) from the denominator, thereby reducing n
bEJH_l
ton — 1. For RHS,, s, n the situation is entirely similar. |

Lemma A.8 ([19]). The identity (A.1) holds for n = 1.

Proof. For n =1 we may assume 11 = )2 = 1, so the identity takes the form

ZH —ub—a)ﬁ(ub—ua—a+7 ZH ub—ua—a)ﬁ( —ub—a—i—'y)
S T w7y B e )
beJ beJ

Lemma A.5 together with the symmetry shows that ®; ps x has no pole at u, = up + . Hence
®1 pr,n is an elliptic function without poles, therefore it is a constant. Upon specializing u, = aa,
a=1,...,M + N, we obtain

arv [asy 0((a — Do+ ) /8(ac) [To, 8((a — 1o + ) /6(ac)

LHS1 mv = (—1) TN 0((a — 1)a +7)/0(ac)

= RHS1 v N,
thereby proving ®1 v = 0. |

Proof of Theorem A.1. We use induction on n. The base of induction is proved in Lem-
ma A.8. Assume that theorem is true for n — 1.
For:=1,...,n we set

Z; = res res res O, v v(ar, ..., up, o, y|01, Y2).
Ui, 2=Uj,1—7Y Uit1,2=Ui 11,1~ U, 2=Un,1—Y

We show Z; = 0 by induction on 7. By Lemma A.5 and the induction hypothesis ®,,_1 y;,n = 0,
we have Z1 = 0. Suppose Z; = resy, ,=u, ,— Zi+1 = 0. Then Z; ;1 has no poles in u;.
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Since w412 = U;y1,1 — 7, non-zero terms in Z;q are such that 1 € I;14, 2 € J;1 in LHS.
Then in the numerator we have factors 6(u;q — uit12 — @), a € I;, and 6(u; p — uit1,1 — a +7),
b € J;. Therefore each term has a factor

M+N
H 9(uz~,a — ui+172 — a).
a=1

By the same argument, RHS, and hence Z;,1, is shown to have the same factor. If Z;11 # 0,
this is a contradiction because the quasi-periodicity property of Z;,1 implies that it is a function
of u; = 2[11\4:+1N U; q, see Lemma A.3. Hence we have Z;11 = 0.

It follows that ®,, s y has no poles at u, , = upp —v. Therefore, if non-zero, it is a function
of the sum @, = Zi\/f{N Un,q- On the other hand, by Lemma A.7 and the induction hypothesis,

®,, v, N has the following zeros with respect to y,:

Up =u1 + (M + N)a, Up =101+ (M + N)(a —7),
Up = Up—1 — (M + N)a, Up =TUp—1 — (M + N)(a—7).

From the quasi-periodicity, if ®, rr,n # 0, then it can have only two zeros modulo Z @ Zt, which
contradicts to the above zeros.
This completes the proof of Theorem A.1. |
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