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Abstract. We revisit the free field construction of the deformed W-algebra by Frenkel and
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1 Introduction

The deformed W-algebra W, ,(g) is a two-parameter deformation of the classical W-alge-
bra W(g). The deformation theory of the W-algebra has been studied in papers [2, 3, 4, 5,
6, 8, 10, 12, 13, 14, 16, 17]. For instance, free field constructions of the basic W-current T7(z)
of Wy ,(g) were suggested in the case when the underlying Lie algebra is of classical type.
However, in comparison with the conformal case, the deformation theory of W-algebras is still
not fully developed and understood. Moreover, finding quadratic relations of the deformed
W-algebra W, (g) is still an unresolved problem.

In this paper, we generalize the study for W, , (Ag)) ! by Brazhnikov and Lukyanov [3]. They
obtained a quadratic relation for the W-current 7 (z) of the deformed W-algebra W, , (Ag))

F(2)mene) - 7(2)nemic

= o(2 ) e o (2 ) mutam) + o2 ) - 5(£2))

with an appropriate constant ¢ and a function f(z). This study aims to generalize the result for
the cases AgQ) to Ag\)f We introduce higher W-currents T;(z), 1 < ¢ < 2N, by fusion of the free

field construction of the basic W-current T1(z) of Wy, (Ag\),) [8] (see formula (3.2)). We obtain
a closed set of quadratic relations for the W-currents T;(z), which is completely different from

'We use two types of symbols, W, »(g) and Ww,r(X,(f)), for the deformed W-algebra associated with the affine
Lie algebra g of type X\".
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those in the case of deformed W-algebras associated with affine Lie algebras of types A%) and
A(M,N)D) (see formula (3.4)). We refer the reader to references [18, 19] for the affine Lie
superalgebra notation. We obtain the duality Ton+1-i(2) = ¢;T;(z) with 1 < ¢ < N, which
is a new phenomenon that does not occur in the case of deformed W-algebras associated with
affine Lie algebras of types Aé2), A%), and A(M,N)M (see formula (3.3)). This allows us to

define W, ,» (Ag\)[) using generators and relations. We believe that this paper presents a key step
toward extending our construction for general affine Lie algebras g, because the structures of
the free field construction of the basic W-current T} (z) for the affine algebras other than that
of type Ag\lf) are quite similar to those of type Ag\)[, not Ag\l,). We have checked that there are
similar quadratic relations as those for type AS\), in the case of type B](\}) with small rank V.
The remainder of this paper is organized as follows. In Section 2, we review the free field
construction of the basic W-current T7(z) of the deformed W-algebra W, , (AS\),) [8]. In Sec-
tion 3, we introduce higher W-currents T;(z) and present a closed set of quadratic relations and
duality. We also obtain the g-Poisson algebra in the classical limit. In Section 4, we establish
proofs of Proposition 3.1 and Theorem 3.2. Section 5 is devoted to discussion. In Appendices A

and B, we summarize normal ordering rules.

2 Free field construction

In this section, we define notation and review the free field construction of the basic W-current
T1(z) of Wy, (Ag\),) Throughout this paper, we fix a natural number N = 1,2,3,..., a real
number 7 > 1, and a complex number z with 0 < |z| < 1.

2.1 Notation

In this section, we use complex numbers a, w, ¢, and p with w # 0, ¢ # 0,£1, and |p| < 1. For

any integer n, we define g-integers
qn _ q—n
njlg=-—"+.
e =~ —

We use symbols for infinite products,

o0 N
(@:p)oo = [ =ap®),  (a1,02,...,an5D)o0 = [J(ai:P)oc
k=0 i=1
for complex numbers a1, as,...,ayn. The following standard formulas are used,
o o
1 1 a™
exp(—z mam> =1—a, eXp(— ml—pm> = (a;P)oo-
m=1 m=1
We use the elliptic theta function ©,(w) and the compact notation ©,(wy, ws, ..., wy),
N
ep(w) = (p7 w7pw71;p)oo7 ep(wh W,y ...y U)N) = H G)p(wz)
i=1
for complex numbers wi,ws, ..., wy # 0. Define §(z) by the formal series

i(z) = Z 2™,

meZ
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2.2 Twisted affine Lie algebra of type Ag\),

In this section we recall the definition of the twisted affine Lie algebra of type Ag\),, N =

1,2,3,...,1in [11]. The Dynkin diagram of type Ag\), is given by

@0 aq aN—2 aN-—1 an
AD with N>2  O=—(0O—— O O=——0
Qo ay

P Oe==0

The corresponding Cartan matrix A = (Ai,j>£};:o of type Ag\), is given by

N R | HU 0
-1 2 -1
0 -1 2
A=
2 -1 0
-1 2 =2
0 0 -1 2

with N > 2, and

(4 )

with V = 1. We set the labels a; =2, 0 <i < N —1, ay =1, and the co-labels qf =1, a = 2,
1 <i< N. We set D = diag (aoag_l,alav_l,...,aNa]VV_l). We obtain A = DB, where B
is a symmetric matrix. Thus, the Cartan matrix A is symmetrizable. Let h be an (N + 2)-
dimensional vector space over C. Let {hg, h1,...,hy,d} be a basis of h, and {ap, a1,...,an, Ao}
a basis of h* = Homc(h, C) such that we have with respect to pairing (-,-): h x h* — C

Let g(A) be the affine Lie algebra associated with the Cartan matrix A. Since A is sym-
metrizable, it is defined as the Lie algebra generated by e;, f;, 0 < i < N, and h with the
following relations:

[ei,fj] = 5i,jhi; 0< ’i,j < N, [h,h/] = 0, h,h/ S f], [h,ei] = (h,ai)ei,
[hafz]:_<haaz>f17 hehv OS'LSNa
ade;) i tle; =0, (adf;)" T =0, 0<i,j<N, i#j.

J J

Here we used the adjoint action (ad x)y = [z, y].
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2.3 Free field construction

In this section, we recall the free field construction of the basic W-current T3(z) and of the
screening operators S; of the deformed W-algebra W, . (AS\)[) introduced by Frenkel and Reshe-
tikhin [8].

First, we define the N x N symmetric matrix B(m) = (B, j(m))N

ij=1> M € Z, associated
with A, N = 1,2,3,..., as follows:

2N
(2
[m]x, 1<i,j<N—-1, i=j
[m]s
2m]s — [m],

B'L7j(m): [m]x , 1=j=N,
_17 ‘Z_j‘: )
\ 07 ‘Z_j‘>27
2) 1<Z7jSN_17 =17
1, i=j7=N,

Bij(0)=14 | i il=1
07 |Zﬁj|>2

We introduce the Heisenberg algebra H,, with generators a;(m), Q;, m € Z, 1 < i < N,
satisfying

[a;(m),aj(n)] = —[rm|.[(r — 1)m]B; j(m) (ZL' — x_1)25m+n,0, m,n#0, 1<i,j<N,

[ai(0), Q;] = Bi;
The remaining commutators vanish. The generators a;(m), Q; are “root” type generators of Hy ;.

There is a unique set of “fundamental weight” type generators y;(m), QY, m € Z, 1 <i < N,
which satisfy the following relations

=3

); 1<4,j<N.

[yi(m), aj(n)] = %[rm]z[(r — 1)m]e (z — m_1)25i,j5m+n,07 m,n#0, 1<4,j<N,
[y:(0), Q5] = di;, [ai(0), QY] = di 5, [vi(0),a;(m)] =0, meZ, 1<i,j<N.

The explicit formulas for y;(m) and Q? are given in (A.7). We use the normal ordering : :
on H,, that satisfies

ai(m)aj(n)7 m < 07 m,n € Z, 1 < Z,j < N.

:a;(m)aj(n): = {

a;j(n)ai(m), m >0,

Let |0) # 0 be the Fock vacuum of the Fock space of H,, such that a;(m)|0) = 0, m > 0,
1 <i < N. Let m be the Fock space of H,, generated by |\) = e*|0), A\ = Zjvzl )\jQ?. We
obtain

@0\ =N\, a(m)A) =0, m>0, 1<i<N. (2.1)

We work in the Fock space my of the Heisenberg algebra H, ,. Let the vertex operators A;(z),
Yi(2), and S;(z), 1 <i < N, be

Ai(2) = 274 exp (Z ai(m)z_m> :, (2.2)

m##0
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Yi(z) = 2% exp (Z yi(m)zm> 5 (2.3)

m#0

Si(z) = S Bia(0) gV Qi a0), eXp<Z ai(m)z"”) . (2.4)

M _ p—Tm
m#0

The main parts of (2.2), (2.3), and (2.4) are the same as those of [8]. We corrected the misprints
in the formulas for A;(z), Y;(z), and S;(z) in [8] by multiplying (2.2) and (2.3) by constants and
multiplying (2.4) by "% Bii0)  With our fine-tuning, both (3.3) and (3.5) hold.

Let Jy = {1,2,...,N,0,N,...,2,1}. Here, the indices are ordered as

1<2<---<N<0<N<---<2<1.
Let k = k, k = 1,2,...,N, and 0 = 0. The indices i,j € Jy satisfy i < j if and only if

j < 1. We define T = {iy,19,...,ix} for a subset I C Jy, I = {i1,ia,...,ir}. Let T1(z) be the
generating series with operator valued coefficients acting on the Fock space ),

T — 1 T _ —
Ao(z)—[ [ﬂj] AN(z)AN(:c Nz) 1,
1
Al) = [i]z]mon(z)AN( N-1)l
Ap(2) = A (2) A (27217 1<k <N -1 (2.5)

We call T’ (z) the basic W-current of the deformed W-algebra W, , (Ag\)[)
Let 7, be the Fock space of H,, generated by |u) = e|0) with p = leil 1;QY, where we

1
choose 1; € 34/°1B;i(0) + /-5Z, 1 <i < N. From (2.1) and (2.4) the power of w in S;(w),

r—1

/=1,
w2 Bii0)y T a1(0)7 takes values in integers on 7,. Hence, S; is well-defined on 7,,. We define
the screening operators S;, 1 < ¢ < N, acting on the Fock space 7, as

dw
SZ' = f m&(w) (2.6)

The integral in formula (2.6) means the residue at zero.

3 Quadratic relations

In this section, we introduce the higher W-currents T;(z) and present a set of quadratic relations
between T;(z) for the deformed W-algebra W, (Ag\),)

3.1 Quadratic relations
We define the formal series A(z) € C[[z]] and the constant ¢(z,r) as

(1 _ ‘%,21"712) (1 _ x727‘+12)

Alz) = (1-z2)(1—2712)

c(x,r) = [r].[r — l]x(x — :L“_l).
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The formal series A(z) satisfies

A(z) — A(z_l) = c(x,r) (5(:3_12) —6(z2)),
A(z)A(z%z) — A(zil)A(afszfl)
= el A (3(a12) - 0H12) + A
(

We define the structure functions f; ; z) i,j=0,1,2,.

fij(z) = exp <—

)(6(338*12) —6(zz))}, s#0,x2.

oo

Z %[(r — 1)m]x[rm]x(az — x71)2

m=1

y [Min(i,j)m]x([(N + 1 —Max(i,7))m],

— [(N — Max(i, j))ml.) m> 51)
(] ([(N + 1)m], — [Nm]y)
The ratio of the structure functions fi1(z) is
fia(zh) O, insa (xzz’ g2N=1, gAN+2-2r, JAN+2r, G oN+142r x?N—2r+3z)
fu@

Opanz (122, N1 [z gAN+2=2r [ gAN=20 [ g 2NHI42r [ g 2N=2r+3 /)
We introduce higher W-currents 7T;(z) as follows:

To(z) =1, Ti(2) = > Ai(2)

i€Jn
_>
= > do(z,r)Kq,(z), 2<i<2N+1 (3.2)
QiCJN
|2 |=i

Here, for a subset ; = {s1,82,...,s;} C Jy with 51 < s9 < -

H A(x2(q7p+SP7N71))’ d(

-+ < 8, we set

x,r) =1,
1<p<q<i
Sq=38p
K}QZ(Z) =:Ag, (:L’_i+lz)A52 (7;_”32) Ay, (wi_lz):, X@(Z) =1.
Proposition 3.1. The W-currents T;(z) satisfy the duality
r—1
Tong1—i(z) = [ [ HA 2V Ty(2), 0<i<N. (3.3)
x
Theorem 3.2. The W -currents T;(z) satisfy the set of quadratic relations
29 Z1
fia ()T(zlm - £ 2T
zZ1 22
l o 21 1 AR j—i k k
2 a6 (5< )fz-—k,m (9 T; i (32) Ty (2" 22)
k=1 =1
pI =12k, ) A .
( L O S )
= 20+1 M 2l g 2N ;
—I—C(x,r)HA(a: ) H 'A x )(5( o >le(;1: 22)
I=1 I=N+1—j
p2N—j+itl ,
— 5(21>Tj_i (mzz2)>, 1<i<j<N. (3.4)

Here, we use f; j(z) introduced in (3.1).
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In view of Proposition 3.1 and Theorem 3.2, we obtain the following definition.

Definition 3.3. Let W be the free complex associative algebra generated by elements T;[m],
m € 7Z, 1 <i < 2N, Ik the left ideal generated by elements T;[m], m > K € N, 1 < i < 2N,
and

W = lim W/Ix.
<—

The deformed W-algebra W, T(A( )) is the quotient of 1% by the two-sided ideal generated by
the coefficients of the generating series which are the differences of the right hand sides and of
the left hand sides of the relations (3.3) and (3.4), where the generating series T;(z) are replaced
with T5(z) = 3,,ez Tilm]z=™, 1 <i < 2N, and To(z) = 1.

The justification of this definition is presented later. We compare this definition of the
deformed W-algebra with other definitions in Section 5.

Lemma 3.4. The W-currents T;(z) commute with the screening operators Sj,
[Ti(2), 5] =0, 1<i<2N, 1<j<N. (3.5)

We present the proofs of Proposition 3.1, Theorem 3.2, and Lemma 3.4 in Section 4.

3.2 Classical limit

The deformed W-algebra W, , (g) yields a ¢-Poisson W-algebra [7, 8, 9, 15] in the classical limit.

As an application of the quadratic relations (3.4), we obtain a g-Poisson W-algebra of type Ag\)j
We set parameters ¢ = 22" and 8 = (r — 1)/r. We define the g-Poisson bracket {-,-} by taking
the classical limit 8 — 0 with ¢ fixed as

1
T PIm], T} ]} = T;[m], Tj[n]].
{ ? } B—>0 QBIqu[ [m]7 J[n”
Here, we introduce 778 [m] by
2)= Y Timlz™™ —= TB(z) = Y T Pml=™™, B0, q¢fixed.
meZ meZ

The [-expansions of the structure functions are given as

[e.9]

fij(z) =1-2Blogq(q—q ') D [Min(i,j)m]
m=1
(N +1 — Max(i, j))m]q — [(N — Max(i, j))mlq _, -
(N +1)m]q — [Nm], o 0(62)’ hi=t

c(x,r) =28logq + 0(62).
As corollaries of Proposition 3.1 and Theorem 3.2 we obtain the following.

Corollary 3.5. For the g-Poisson W -algebra associated with affine Lie algebra of type Ag\)[, the
currents TYB(2) satisfy

{EPB (21)’ vaPB (2:2) }
i —j+i—2k

~ (1= a7)Cus (2 ) TP + 3 (62 TR ) 2 )

k=1
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j—i+2k —2N+j—i—1 .
—a( T ) e T ) ) + (2 )T )

21 21

AN —ititl,, .
- 5<Z1>Tf_% (¢'22), 1<i<j<N. (3.6)

Here, the structure functions C; j(z) are given by

o Mini,jmlq ([N + 1 — Max(i,j))mlq — [(N - Max(i,j))mlg) _,
Cis()= 2 (N + D, — [N, o

meZ
1<i,j<N.

Corollary 3.6. The currents TS B(2) satisfy the duality relations

T3 i1-4(2) = TFP(2), 0<i<N. (3.7)
4 Proof of Theorem 3.2

In this section, we prove Proposition 3.1, Theorem 3.2, and Lemma 3.4.

4.1 Proof of Proposition 3.1
Lemma 4.1. The Ai(z), i € Jn, satisfy

-1
fa <;>Az<zl>Aj<22> = A(I 2122>:Ai(z1>Aj<z2>:, ijedn, i=i J#E
An(Z)Meon = 52 )M onar iedn, P55
Ji1 (Z>Ao(21)/\0(z2) = A<Z2) :Ao(21)Ao(22)1,
21 Z1
f171 <;>AZ(21)A1(22) = 3Ai(21)Ai(Z2):a 1 E JN \ {0}, (4.1)
-1 —2N—242k
An(2)aemie =2 (Fo2)a (TR gl 1< kSN
21 <1 21
2N+2-2k
An( 2 ) aatetie) = A (22 )a (T gl 1SRN,
Proof. Using (A.2) and (A.8), we obtain the normal ordering rules (4.1). [ |
Lemma 4.2. The Ai(z), i € Jn, satisfy
(Z)Ao(xz) A(1):An(2)Ax(x2):, (4.2)
(2)A; (22 12): = 1,
(z)A (2?N 2K 32): = A1 (2 )Am(xQN_%*'?’z):, 2<k<N.

Proof. From (2.5), we obtain (4.2) and (4.4). From (2.2), (2.3) and (2.5), we obtain (4.3). W

Lemma 4.3. The A(z) and f; j(z) satisfy the following fusion relations:

fij(2) = (2 H fri(z" 12k z), 1<i<y, (4.5)



Quadratic Relations of the Deformed W-Algebra for the Twisted Affine Lie Algebra 9

-1
fl i (H A —i+2k )) H le (x—i—l—i-?lfz)’ i>2, (46)
k=1

fianta(z HA ik, i>1, (4.7)
fij(z) = fz‘,2N+1—j( ) = font1-4i(2) = fji(2), i>1,1<j<N, (4.8)
f1,5(2) fi5 (:1:2N+1z) = A(:cjz)A(xQNH_jz), j>1,

G+1) fini(zH2)A(atiz), 1<i<y,
Rl iaa00z) = {fj+1,z‘(xijz), 1<y <q, (4.10)
Fri(2) fri (@5 2) = friy (@ 2) Az 2), 4,5 >1, (4.11)

f1:(2) f1,5 (33 = %)Z) = frik(@T52) f1 ik (xi(ifjfk)z), i, J,i—k,j+k>1. (4.12)

Proof. We show (4.6) here. From the definitions, we have

i—1 -1
( H Al (iL‘_H—ZkZ)) H f171(l'_i_1+2k2)
k=1 k=1

_ o~ 1 [rmla[(r — ml, 12
= exp (‘ > (N + 1)ym], — [Nm], (w—27") {([Nm]z — (N = 1)ml.)

% - i—1
% Z l,(—i+2k—1)m i ([(N + 1)m]x . [Nm]x) Z x(—i+2k)m}zm> )
k=1

Using the relation

% 1—1
[(a—1)ml, Yy aTH2R=0m — [am], > " 2H0m < [(a —i)ym],,  a=N,N+1,
k=1 k=1

we obtain fj;(z) in the right hand side of the previous formula. We obtain (4.5), (4.7), (4.8),
and (4.9) by straightforward calculation from the definitions. Using (4.5) and (4.6), we obtain
the relations (4.10), (4.11), and (4.12). [

Lemma 4.4. The following relation holds for A C Jy:

[T—%]z O¢A

(4.13)
[r=3].

Proof. First, we consider the case A = @ and Jy \ A = Jy. In this case, (4.13) can be
rewritten as

A (x_2Nz) Ay (z )AO( Ay (xzz) A (xZNz): = @ (4.14)

=

Using (2.2), (2.3), and (2.5), the left side of (4.14) can be written as

[T[If}f:exp(Z <[<2N+1> Z (2N +1 = j)m], +[jm}xaj(m))z_m>;

0 [m] [m]
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[(@N+1—j)m]a+[im]e _ [(N+1—j)m]s—[(N—j)
[(2N+D)m], [(N+1)m]z—[Nm],
rewritten as y(m) = Zjvzl [(2NE§NJJ)FT)]mTUm]Z a;j(m). Hence, we obtain (4.14).
Next, we show (4.13) for A C Jy. Cases (i), 0 € A and (i), 0 ¢ A are proved separately.

First, we study case (i), 0 € A. Let

Mz the generators (m) in (A.7) are

Using the relation

A={ky,... kg,0,lp, ... 01 | k1 < <kg <0<, <---=<1I;,1<K,L<N}.

Multiplying (4.14) by A_A>(a:L_K+lz) on the left, and using (4.1) and (4.7) yields
1
f"" —_ =
:X)JN(z)K)A(xL_KHz): = @XA(QUL_KHZ). (4.15)

Using (4.2), (4.3) and (4.4) yields

:Xm@mmMyzAmﬁmwm 2),
:K)JN\{O}( A, (222): = K gy 0 (@2),

s —
:AJN\{ZL s+1s-- 7lL:0}( ( o ) AJN\{IL,S,...,ZL,O}(IZ)) ]- S S S L - ]-,
: A In\Lses ZL’O}(Z)AkK (33 - ) A IN\{l1,l0,0,k K } (:E_lz)’
N —L—2—s - _
:AJN\{ll,...,zL,O,EK,...,EK,SH}( Mg s( - ) AJN\{ll,...,lL,O,EK,...,EK,S}(37 12)7

1<s<K-1.
Using the above five relations yields
— — _
N () K a (e 542): = A1) Ky (2 5H2),

From (4.15) we obtain (4.13) for 0 € A.
Next, we study case (ii), 0 ¢ A. The proof for this case is similar to that of case (7). Let

A={ky,.... kg, 00 ..., [k <+ <kg <l <+ <1, 1<K,L<N}.

Multiplying (4.14) by H(:pL—Kz) on the left, and using (4.1) and (4.7) yields
_1
:XJN(Z)K)A(:I:L*KZ): = wXA (zE752). (4.16)

Using (4.2), (4.3), and (4.4) yields
— -
:AJN(Z)AZL (:EZ) = AJN\{lL}(:EZ)
ﬁ
A S\l rdn ) (DA, ($1+ z): =
%

X s\t (e (2757 12) = Ky g (8712),
(z

ﬁ
Kp\llpedr}(@2), 1< <L—1,

3

¢

=)

—L—1— . —1
JN\{ZI7--~7lLaEK7~--aEK—s+1}( )AkK s sz)' JN\{ll7~~~:lL7EK:-~~7EK—s}(:E Z)’

1<s<K-1.
Using the above five relations yields
— —
2AJN(Z)AA({L‘ z): _Aﬁ( L= Kz).

From (4.16) we obtain (4.13) for 0 ¢ A. [
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Lemma 4.5. The following relation holds for A C Jn with |A] < N:
N—|A]
d (x,r) A(l), 0€ A
dalz,T) 1, 0¢ A.
Proof. We define the map o: Jy — Jy+1 by

a(j) =40, J =0,
k+1, j=Fk 1<k<N.

For T' C Jy with |T| < N, relation (4.17) is rewritten as

N—|T|
o1\ (@, 1) _ I A% A1), 0eT,
dU(T)(x, ’f‘) P 1, 0 ¢ T.

Hence, the relation

N—|Bro(Jy)]
d(n\B)no(Ix) (@, 7) I N A x {A(l), 0¢ B, (4.18)

dBﬂa(JN)(J:’T) B =1 L, 0 ¢ B,

for B C Jy41 with |[BNo(Jn)| < N holds if relation (4.17) for A C Jy with |A| < N is assumed.
Here, we used |BNo(Jy)| = o~ 1(BNao(Jn))|.

We prove (4.17) by induction on N. First, we establish the base N = 1 using case-by-case
analysis. For A = @, we obtain da(z,7) = 1 and d;\ a(x,7) = A(2?). For A = {1}, we obtain
da(z,r) =1 and dj\a(z,7) = 1. For A = {0}, we obtain d4(z,7) =1 and d\ a(x,7) = A(1).
For A = {1}, we obtain d4(x,r) = 1 and dj\a(x,7) = 1. This implies that (4.17) holds for
N =1.

Next, we assume that relation (4.17) holds for some N, and show (4.17) for N replaced by
N + 1. Let A C Jy41. From the definition of d4(x,r), we obtain

dypna(, ) dig\a)ne () (T,7)

da(z,7)  dane(sy)(a,r)
1, 1e A, 1¢A or 1¢A 1€A,
x { AN T T e 4, (4.19)
A(22WN-IARD), 1, 1¢A.

Cases (i), 1 € A, 1¢ A(or1 ¢ A, 1€ A), (i1), 1, 1 € A, and (iii), 1, 1 ¢ A are proved
separately.

First, we study case (i),1 € A, 1¢ A (or 1 ¢ A,1 € A). In this case, we obtain |[ANa(Jy)| =
|A] —1 < N. Hence, (4.18) holds with B = A. Using (4.18), (4.19) and |[ANa(Jy)| = |A] — 1
yields (4.17) with N replaced by N + 1.

Next, we study case (i7), 1, 1 € A. In this case, we obtain |[ANc(Jy)| = |A|—2 < N—1. Hence,
(4.18) holds with B = A. Using (4.18) and (4.19), |[ANo(Jn)| = |A|-2 and |Jny\A| = 2N +3—|A|
yields (4.17) with N replaced by N + 1.

Finally, we examine case (ii1), 1, 1 ¢ A. Case (4it) is further subdivided into (4i7.1), |A| < N,
1,1¢ A and (i4i.2), |[A|=N+1,1,1¢ A.

For the condition (#4i.1), we obtain |[ANao(Jn)| = |A] < N. Hence, (4.18) holds with B = A.
Using (4.18), (4.19), and |[ANo(Jn)| = |A] yields (4.17) with N replaced by N + 1.

For condition (#4i.2), we obtain |(Jy \ A)No(Jn)| = N. Hence, (4.18) holds with B = Jy \ A.
Using (4.18) and (4.19), |[A| = N+ 1 and |(Jy \ A) No(Jy)| = N yields (4.17) with N replaced
by N +1. m
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Proof. Here we will show Proposition 3.1. Using (4.13), (4.17), and dj <4~ YO8 (z,7) = dj\q,(z,7)
yields
-4, T

dM(x’T)XJN\Qi(Z) = [2] H A 2k)dQ (l’ T‘)AQ ( ) (4_20)
T k=1

Adding relations (4.20) over all ; C Jy for each fixed i, 0 < i < N, yields (3.3). [

4.2 Proof of Theorem 3.2
Lemma 4.6. The W-currents Tj(z), 1 < j < N, satisfy the set of quadratic relations

ha( 2 )mem ) - £ (2 )T
~ o) (3(2 - IZQ)TJ-H(a:lzz) - 5(35‘7“"22)13“(%2)) + i, ) (2N +2-2)

Z1 <1
—2N+j—2 2N—j+2
% ({5(%@)7}_1({1@) _ 5(“:ZZ2>7}_1($Z2)>, 1<j<N.(421)
Z1 1

Here, we use f; j(z) introduced in (3.1).

Proof. In this proof, we frequently use exchange relations (B.1)—(B.7) in Appendix B. We start
from

LHS: j =f1,j(22/21)T1(21)Tj(22) — fin(21/22)Tj(22)T1(21), 1 <j<N.

From the definition of T}j(z) introduced in (3.2), LHS; ; can be written as the sum of

— — _
fri(z2/21)As(21) Ao, (22) — fi1(21/22) Aq;(22)As(21) over s € Jn, Q CJn, Q] =7,

summarized in Appendix B. Adding exchange relations (B.1)—(B.7) over s € Jy, Q; C Jn,
2] = j yields

; z
LHS,,; = C(x’r){ Z (5 <x_] 1+2mZ>GJ+1 om(22) — 5<$J+1_2mzi> Gj+12m(22)>
N*[%l
Z ( < —2N+j— 2+2m22)H2N it om(22)
21

N—j+2— zmz2>H2N e zm(22)>} (4.92)

Formulas for Gji1(2), Gjy1(2), Hon—jy2(2), Hon—ji2(2), Giti—2m(2),  Giti-2m(2),
Hon_jyo—om(2), and Hon_ji2-2m(2) will be given below. In (4.38) we define Ho(z) = 0
to avoid ambiguity of Ho(z) and Ho(z). In the case when j is even, we have LHS;; =
c(z,7)Ho(z2) — Ho(22)8(22/21) + Ha(22)0 (x7222/21) — Ha(22)8 (x220/21) + - - .
First, we define Gj11(2), 1 < j < N, as the coefficient of §(z777125/21) in (4.22). In what
follows, for a subset Q; C Jy with |[Q;| = j, we write its elements as s1, s2,...,5;, 51 < s2 <
- < sj. Adding the first term in (B.1) and the first term in (B.6) yields

Gz Z Z da, (x,r):As(x_j_lz)XQj(z):

Q CJn seJn
5<51,5¢Q;

N
+ Z Z ZA(xQ(NH_l_"))de(ac,r):An(x_j_lz)XQj(z):.

QCJNn 1 1=1
n<si1 s;=n
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Using :A,, (x_j_lz) ng(z): = XQ].U{”} (:E_lz) and

1, né¢Q;, )
deu{n}(az,T’) = dgq, (x,7) X {A(x2(N+1—l—n)) —— withn < s1, 1 <n <N,
yields
J— % _
Gir(2)= D > do,ugs(@,r) Ko,usy (27 '2).
QjCJN SiJN
$<81

Hence, we obtain Gj41(z) = Tj41(27'2), 1 < j < N.
Next, we define Gj1(z), 1 < j < N, as the coefficient of 6(27%129/21) in (4.22). Adding the
second term in (B.1) and the third term in (B.7) yields

Gjs1(z Z Z do, (z,7) AQ (2)As ( j“z):

Q i CJIN seJn
Sj<s 5¢EQ;

+ Z Z Z A 2AN+h—j— ”))dg( ):XQj(z)Aﬁ(ijz):.

Q;CJIy n=1 k=1
$; <M sp=n

Using :XQj (2)Am(27t12): = AQ ugmy (2) and

1, n §é Qj, . _
deU{ﬁ}(x,,r) = de (z,7) x {A(xQ(N+k—j—n))7 n= s with s; <7n, 1 <n <N,
yields
Gin(z)= Y > dougs(z,r )Xo, u{s}(22).
Q;CJIN SEiN
S5 =S

Hence, we obtain Gj41(z) = Tj41(2), 1 <j < N.

We define Hoy—j12(2),1 < j < N, as the coefficient of § (2727225 /2) in (4.22). Adding
the first term in (B.3), the second term in (B.3), the second term in (B.6), and the fourth term
in (B.6) yields

j=1lj—n

Hon_jia(2) = ZZ Z da, (x,7):Ap (x_2N+j_2z)K>Qj(z):

n=1k=1 Q;CJn
Sp=n
s;=n,l=j—n+1

s.k:n
s;=n,l=j—n
Jj j—n+l . . N
+ Z Z A(xQ(N73+k))de (x,7):Ap ($72N+J72z) A, (2):
n=1 k=1 Q;CJIN

Sk—1=N=<Sk
s;=n,l=j+1—n

- Z A(x2(N_j+k))de(x,r):An(:L'_QN’Lj_Qz)XQj(z):. (4.23)

n=lk=1 Q;CJN
Sk—1=N=<Sk
s;=n,l=j—n
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The second term in (4.23) vanishes, because there doesn’t exist s; € Jn, if ; C Jn, s = n,
1<k<j+1l1—-n,s=n,l=j—n,and 1 <n < j— 2 are satisfied. The fourth term in (4.23)
vanishes, because there doesn’t exist s; € Jn, if Q; C Iy, sp—1 <n < s, 1 <k <j—n, s;=n,
l=j—n,and 1 <n < j—1 are satisfied. Rewriting the sum of the first and the third terms yields

j—1 Min(j—n,n) N
Hon_jia(z Z Z Z do, (2, 7): Ay (272N H722) Ag,(2):
n=1 QjCJN,San
(8—n+15:8j-1,85)
=(m,...,2,1)
j Min(j+1—n,n)

> D ST A@EPN T dg (,1):An (a7 22) K, (2):

n=1 k=1 Q CJIN, Sk— 1-<n~<sk
(Sj7n+1,~-~,8j:175j)

The relation dg,(z,r) = A(:cQ(NH*j))de\{ﬁ}(x,r) holds, if s =n, s =n,1<n<j—1,and
1<k<l=j+1—n are satisfied. The relation do, (z,r)A (z*NV=ItH)) = A(aj2(N+1_j))de\{ﬁ} (z,7)
holds, if s 1 <n <sg, ss=m, 1 <n<j,and 1 <k <l =j 41— n are satisfied. Using the
above two relations and

Ay, (x_QNH_Qz)K)Qj(z): =
(Sj+1_n,...,8j_1,8j):(ﬁ,...,Q, ), 1<n<y,
obtained from (4.3) and (4.4), yields

1 Max(j—n,n)

_ - _
Hon—jy2(z) = Az AN- J+1 <Z Z Z da,\(s} (#,7) Mo\ () (% '2)
n=1 QJ‘CJN
sp=n, s;=n,l=j+1—n

7 Max(j+1—n,n)

+Zl Z > dﬂj\{sz}(%T)Xﬂj\{sl}(flz))-

Q;CJIN
Sp—1=N=<Sk
s;=n,l=j+1-n

Hence, we obtain Hon_j+2(2) = A(m2(N_j+1))1}_1(:C_lz), 1<j<N.

We define Hon—ji2(2), 1 < j < N, as the coefficient of §(2?V=7%225/21) in (4.22). Adding
the first term in (B.4), the second term in (B.4), the second term in (B.7), and the fourth term
in (B.7) yields

=2 J
Han—ji2(2) = — Z Z Z de(x,r):XQj(z)Aﬁ(xQN_j”):

n=1l=n+2 Q]'CJN
sg=n, k=n+1
s1=n

J

j—1
—i—ZZ Z dQ.rTAQ()A(ZN‘]+2)

n=ll=n+1 Q;CJn
sp=n, k=n

s|—n
J J
2(N+1-1 2N—j5+2
XN N A, () K, (A (e 22):
n=1ll=n Q;CJn
sp=n, k=n
S| <N=<S14+1

_Z Z Z 2(N+1— l))de( )AQ (2)As ( AN —j+2 ) (4.24)

n=ll=n+1 Q;CJn
sk:n,k:n+1
S| <N=<Sj41
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The first term in (4.24) vanishes, because there doesn’t exist sy € Jy, if Q; C Jn, s = n,
k=n+1,s=n,n+2<I1<j,and 1 <n < j—2 are satisfied. The fourth term in (4.24) vanishes,
because there doesn’t exist s; € Jy, if Q; C Jy, sp=n, k=n+1,5 <n <541, n+1<1<7,
and 1 <n < j—1 are satisfied. Rewriting the sum of the second and the third terms yields

J

7j—1
Han—jra(z Z S doy(a,r):Ka, (2)Am (e 9422):

=1[=Max(n+1,j+1-n) Q;CJn
(51,52,-+,8n)
:(1,27...,71)

s1=n

J J
+> Y ST AN dg (2,r): K, (2) An (12N 422):z
n=1|=Max(n,j+1-n) Q;CJIn
(31,32, >8n)
(1727 7 )
sl<n<sl+1
The relation do,(z,7) = A(xZ(N“*j))de\{n}(:n,r) holds, if sp, =n, s =m, 1 <n < j—1,
and k = n, and n+1 <1 < j are satisfied. The relation dgo, (z, T)A(ajz(NH_l)) = A(mQ(N‘H_j)) X
de\{n}(x,r) holds, if s, =n, s <7 <8141, 1 <n<j,k=mn,and n+ 1 <1 < j are satisfied.
Using the above two relations and

Ko, (DAn(@®V22): = N p(@2),  (s1s2eeoisn) = (L2,..0n),  1<n<j
obtained from (4.3) and (4.4), yields

_>
HQN,]'JFQ(Z) = A j+1 (Z Z Z de\{sk}(x,T) AQ]\{sk}($2)

n=1|=Max(n+1,j+1-n) $;CJN
sp=n, k=n
s;=n

J J
+ Z Z Z de\{sk}(‘/BaT)K)Qj\{sk}(mz)> :

n=1|=Max(n,j+1-n) Q;CJn
sp=n, k=n
8] <N<S8141
Hence, we obtain Hoy_j12(2) = A(:I:Z(N_jJrl))ZI}_l(xz), 1<j<N.
We define Gjr1-2m(2), 1 < m < [4], 1 < j < N, as the coefficient of §(z 712725 /)
n (4.22). Adding the first term in (B.1), the second term in (B.1), the first term in (B.6), the
third term in (B.6) the first term in (B.7), and the third term in (B.7) yields

_ e N
Gipiam(2) = > > doy(@,r):A (a7 722 N (2):
Q;CJn seJn
Sm=8<Sm+1
ggﬂj

Z Z do, (z,7):As (z7771H2my) XQj (2):

Q]’CJN seJn
Sm—1=8<Sm

520,
+ Z Z Z Az 2(l=mtn—N- ))Cle(l‘,T)ZAs(l‘_j_1+2mZ)K>Qj(Z)Z
Q;CIyn=1 Il=m+1
Sm‘<S:<Sm+1
$;=5,8=n
Z Z Z Az 2(l=mAn—N-— ))de(x,T):As(x_j_lﬁmz)ﬁgj(z):
Q CJy n=1

Sm— 1 <S-<Sm
81=8,8=n
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N m
_ _N— i -
+ Z Z A(xQ(m kn-N 1))de(x,r):As(x J 1+2mz)AQj(z):
QjCJN n=1 fl _
S =35, 8=n
Sm=<8=<Sm+1
N m—1 s
- Z A(:p2(m_k+n_N_1))de (z,7):As (:E_j_1+2m2) Aq,(2):
QCiyn=1 k=1 _
SL=35, =7
Sm—1=<8<8m
For a subset Q; = {s1,52,...,5;} C Jy and an element s ¢ Q;, s € Jy, we write elements
of Q; U {s} as ti,t2,...,tj41,t1 < ta < -+ < tjy1. In what follows, we use the abbreviation
Qj+1 = {tl, t2, PN ,t]’+1}. Rewriting the sum yields
6j+1—2m(z) = Z d{tl,...,tm}(‘rﬂ T) d{tm+2,“.,tj+1}(x7 T)
 Q5ncy
tmt+1¢Q2+1\{tm+1}
m  J+1
2 +t,—N—2 —j—142
X H H A (ptty )) Atm+1( Joiram )A97+1\{tm+1}( ):
p=1qg=m+2
ta=1,
- Z d{tl,.“,tmfl}(:’c’T)d{tm+1,...,tj+1}(x7r)
~ Qj+1CJN
tm & +1\{tm }
m—1 Jj+1 _
2(g— —N-2 —j—1+2
X H H A(:p (a—p+tp )):Atm (a: J—1+ mz)AQHl\{tm}(z):
p=1 g=m+1
tqzzp
J+1
+ Z Z Z d{th tm} x T)d{tm+27 7j+1}(:1: ’f’)
Q; +1CJN n=1 l=m+2
I 1= =F,, 1
m  J+1
> H H A(xZ(q—p—i—tp—N—Q))A(:L,Q(l—m+tm+1—N—2))
p=1qg=m+2
ta=1,
—j—1+2m \ N
X :AtnL-Q—l (CL‘ J * mz) AQj+1\{tm+1}(Z):
N J+1

Z Z Z d{tl,...,tm_l}@vT)d{tm+1,...,tj+1}(x77”)

Qj+1CJN n=1 l:’m,:l-l
m=N {;=f,,

m—1 Jj+1
H H A(£2(Q*p+tp7Nf2))A(x2(lfm+tmfN72))
p=1 g=m+1

tqftp

_>
Ao\ (tm} (2):

+ Z Z Z d{tlv vtm} x T)d{tm+2, 7tj+1}($ T)

Q]+1CJN n=1
tm41= ntm+1 tk

X :A (x—j—1+2mz)

m  J+1
XH H N 2(q—p+tp— ))A( (m—k+tk—N—1))
p=1q= mj—2

tq=tp
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i aom A=
X :Ath(x I Z>AQj+1\{tm+1}(z):

N m-1

Z Z Z d{tlz bm— 1} x T)d{tm-kh 7J+1}(‘T r)

Q;1CJIN tn 1 =

_ntm—tk
m—1 j+1
% H H A(mQ(q—p-Hp—N—Q))A(xQ(m—k’-i-tk—N—l))
p=1 g=m+1
tngp

aam T
x Ay, ( 7 )AQj+l\{tm}(z):'

Rewriting the sum yields

m  j+1
Val _ 2(q—p+tp,—N-—2
Gir1-2m(2) = Z d{tlv---atm}(w’r)d{tm+27---atj+1}(x7r)H H A(w (=pty ))
Qj+1CJN p:lq:mj—2
tq=tp
m J+1
H (m—p+tp— H A(xQ(q—m+tm+1—N—2))
p: q:’lzl+2
tm41 tp tg=tm+1
% A —j—14+2m X .
: tm+1($ Z) Qj+1\{tm+1}(z)’
m—1 j+1
2(q—p+tp—N—2
Z d{tla---vtmfl}(x’T)d{tm+1v---7t.j+1}($’r) H H A(gj (=rtts ))
Qj+1CJN p=1g=m+1
tq=tp
m J+1
% H A(an(m p+tp— H A 2(qg— m+tm—N—2))
p=1 qg=m+1
tim=tp tg=tm
; —
. —j—14+2m .
x Ay, (2 2) Ky i\ (e} (2):
Using
m  j+1
2(q—p+t,—N—2 (m—p+t,—N—1
Uty (07 oty (o) [T [T A@H777072) H NG
p=1g=m+2
tq=tp tm+1 tp
Jj+1
2(g—m—+tm+1—N—-2)\ _
H A(x ( A )) - d{t17~-~7tm_1}($7T)d{tm-‘-l,---»tjﬂ}(xvr)
q=m+2
tg=tm+1
m—1 j+1 j+1
> H H A 2(g—p+tp—N— 2) H A 2(m—p+tp—N— 1) H A($2(q_m+t7n_N_2))
p= lq m—+1 q:m-l,-l
ty=tp tm_tp tg=tm
and

i liom A i ldom
:Atm+1(x e Z)AQj+1\{tm+l}(Z):::Atvn(‘r I Z)Aﬂjﬂ\{tm}(z):

yields Gjy1-am(2) =0, 1 <m <[4 1,1<j<N.
We define Gjti1-2m(2), 1 < m < [%} 1 < j < N, as the coefficient of 5(33]“ 2m22/21)
n (4.22). Adding the ﬁrst term in (B.1), the second term in (B.1), the first term in (B.6), the
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third term in (B.6), the first term in (B.7), and the third term in (B.7) yields

- 1
Gjt1-2m(2) = Z Z de($,T)ZAQj(Z)AS($J+1 sz):
QjCJN seJn
Sj+1—m=8=S8j4+2—m
5¢Q;
X) A (I H1=2m .
Z Z do, (z,1): Ko, (2)As (@ z):
Q]‘CJN seJN
Sj—m=8=Sj—m+1
3¢Q J

+ Z Z Z A 2(l+m+n—j—N— 2))dQ( ):X)Qj(Z)AS(ZL‘j+1_2mZ):

Q;CIn n=1Il=j+2—m
Sj—m+1=8
'<5j—'m+2
$1=5, 8=n

Z Z Z A 2(l+m+n—j—N— 2))de(x,r):XQj(z)As(xjH_zmz):

Q;CJIy n=ll=j+1-m

5j—m<5
=Sj—m+1
S]=S,s=n
N  j+l-m
0D D AT g, (a,r): K, (2)As (27T 7P2)
Q]CJNTL 1 kfl
Sk=38, S=nN
Sj+1-m =S

Rewriting the sum, in the same way as the case of §j+1_2m(z), yields

Gj+1_2m(2) = Z d{tl,...,thrl,m}(‘rI’.?r)d{thrg,m,...,thrl}(x’/r)

~ Qj+1CJN
tir2-m &1\ {tjr2—m}
Jj+l-m  j+1 N
2(g—p+tp—N-2)). J+1-2m .
X H H A P )'AQjJrl\{tijgfm}(Z)Atj+27m('/L‘ Z)'

p=1 g=m+j+3—-m

te=tp
- E : d{t17~~7tj—m}(x’T)d{tj+2—m,m,tj+1}($’T)
~ Qj11CIN
ti+1-m &1\ {tj+1-m}
j—m Jj+1

et N = o
x H H A($2(q pte 2)):AQj+1\{tj+1—m}(z)Atj+1—m(xﬁl m2):

tq=tp
Jj+1
+ Z Z Z {tlv"'rthrl*m}(x’ T)d{t]'+3*m""vtj+l}(x’ T)
Q]+1CJN n=1 l=j+2—m

tj—m+t2=n  {;=n
Jj+l-m  j+1
% H H A(xQ(Q*p+tp7Nf2))A(x2(1+m+nfij72))

p=1 g¢=j+3-m
te=tp



Quadratic Relations of the Deformed W-Algebra for the Twisted Affine Lie Algebra 19

— 1o
x :AQj+1\{tj+2—m}( )At it m(l’J+1 2 Z):

N
Z Z Z d{tlv“'vtj*m}(x’T)d{tj+2*mv'“7tj+1}($7T)

Qj+1CJN n=1 l=j+1-m
jH+l1—m="n t;=n

j—m g+l
X H H A(mQ(q—p-l-tp—N—Q))A(mQ(l—i-m—s—n—j_N_g))

p=1 g=j+2—m
tq=tp

— o
X :AQj+1\{tj+1 (2 A m(mJH ? Z):

Jj+l—-m

T Z Z Z {t1, oti+1— m}(x T)d{t]-o—S mo- 7t7+1}($ ’I")

QJ+1CJN n=1 _
j+2—m=n tk n

X H H A($2(q—p+tp—N—2))A($2(j+n_m_k_N))

W ji+1—2m
X :AQj+1\{tj+2 m}(z)Atj+2 m(x]H Z):

Z Z Z {tlv tj— m} x T)d{tj m41s5t 4—1}('5C T)

Q]+1CJN n=1
tit1— m_ntk n

—-m 7+1
H H A($2(q—p+tp—N—2))A(x2(j+n—m—k—N))
p=1 q=j+2—m
te=tp

— 1-2m
X :AQj+1\{tj+1—m}(Z)Atjﬂfm(35]—H ? z)

Rewriting the sum yields

Gj+1_2m(2) = Z d{tl,,,,,thrl,m}(xy T)d{thrg,m,...,thrl}(x? T)
Qj+1CJN
Jjt+l-m  j+1 Jj+l-m
% H H A($2(qu+tp—N72)) H A(x2(j+tp7mfp7N))

p=1 g=j+3—m

tq=lp tit2-m=tp
J+1
2(qg+m+tjro—m—7j—N—2) j+1-2m _\.
H A e )AQ]+1\{tj+2—m}(Z)Atj+2fm($ z).
q=j+3—m
tq:tj+2—'m
- E d{tl,...,tj,m}(x7T)d{tj+2,m,...,tj+1}(x7T)
Qj+1CJIN

j—m Jj+1

j—m
% H H A($2(Q_P+tp—N—2)) H A(xZ(j-i-tp—m—N—p))

p=1 g=j+2-m

tq=tp tj+1—m:Zp
Jj+1 N
2(g+m+tjr1—m—j—N-3) JH+1-2m _\.
X H A e ) Ao\t omd () A0 (@ z)e
q=j+2—m

tg=tj+1-m
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Using

jHl-m  j+1
d{tla---vtﬁl—m}(x’r)d{tj+3—m ----- t,7'+1}(x’r) H H A(xQ(q_pHp_N_?))

p=1 g=j+3-m

tq=tp
j+l-m Jj+1
o I | R
~ q=j+3—m
tiy2—m=tp lg=lj12-m
j—m J+1

= d{tl,.‘.,tj_m}('xﬁ T‘)d{t]._m+27.“7tj+1}(x, T) H H A($2(q_p+tp_N_2))
p=1 g=j+2—m

tq=tp
— j+1
% H A(l.?(j-i-tp—m—p—N)) H A(xQ(qu‘m"‘thrlfm_j_N_?’))
~ q=j+2—m
tjt+1-m=tp tq=tjt1-m

and
o - j+1—
AQ]+1\{t]+2 m}( )AtJJerm ($]+1 sz): = :AQj+1\{tj+1—m}(Z)Atj+1—m (x]+1 sz):
yields Gjr1-2m(2) =0,1 <m < [%] 1
We define ﬁ2N7‘7+272m( ), 1 < j
§(z72NHI=2H2m 4, [21) in (4.22). We set

J s
< N,1<m<N — [%], as the coefficient of

Hon—jra—am(z) = Y e(B(2) +7.(2) + 6:(2)),

e=%

where we give B (2), B_(2), ¥, (2), _(2), 6+(2), and §_(z) in (4.25), (4.26), (4.27), (4.28),
(4.29), and (4.30), respectively. Adding the first term in (B.3) and the fourth term in (B.6) yields

Min(N,j+m—1) j+m—n -
=2 2 Do doy(@ )b (o) Ky (2):
Q;CJIN n=m-+1 k=1
Sp=n

si=n,l=m+j+1—-n
in(N,j+m) j+m+l-n

Mi
+ Z Z Z dg, (7, r)A(a:Q(m”*N*k))

Q;CJy  n=m+l k=1
Sk—1=N<Sk
s;=m,l=j+m+1—n
, -
X Ay (x_2N+3+2m_2z) A, (2): (4.25)

Adding the second term in (B.3) and the second term in (B.6) yields

Min(N,j+m—2) j4+m—-n—1 N
S Sl SH S RN
Q CJn k=1
Sp=n

1=n,l=j+m—n
Min(N,j+m—1) j+m—n

+ Z Z Z do, (:U,T)A(m2(m+j_N_k))

Q CJN k=1
Sp—1=N=<Sk
s;=mn,l=j+m—n

X Ay ($72N+j+2m72Z)X>Qj (2):. (4.26)
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Adding the first term in (B.5) yields

; —
Fo(2) = Z da, (w,7):Ao (z2NHI—2H2ma) X o, (2): (4.27)
Q;CJIN
s=0,k=j+m—N
Adding the second term in (B.5) yields
: -
F_(2) = Z dq; (7, 7):Ao (:U*QNﬂ*ZHmz) A, (2): (4.28)

QjCJN
sp=0, k=j4+m—-N—-1

Adding the first term in (B.4) and the fourth term in (B.7) yields

N J
% .
. —2N 2m—2 _\.
E E E do, (z,1): Ko, (2)Am (a2 T7H2m=22),
Q;CJIn n=2N+2—j—m l=m—+j+n—2N
sg=n, k=j+m+n—2N—-1
s;=n

J

N
+ Z Z Z de (x7T)A(l,2(N+l+1—m—j))

Q;CJIy n=2N+2—j—m l=m+j+n—2N—-1
sp=n, k=j+m+n—2N—-1
§1<N=<8141

X 2X>Qj (z)Aﬁ(m72N+j+2m72z):. (4.29)

Adding the second term in (B.4) and the second term in (B.7) yields

N J
% .
—2N 2m—2
>y S oKy (e,
QjCJN n=2N+3—j—m l=j+m+n—2N—-1
sp=n, k=j+m+n—2N—-2
Sl:ﬁ
N J
DD > do, (2, r)A (e HHmD)
Q;CIN n=2N+3—j—m l=j+m+n—2N-2
sp=n, k=j+m+n—2N—-2
§1<n<8141
— _ : _
x 1 Ko, (2) Ag(z 2N HIH2m=22), (4.30)

We show FQN_j+2_2m( )=0,1<j<N,1<m<N-— []T] In this proof we frequently
use relation (4.4). The proof is divided into three cases: (i), 1 <m < N—j, (ii), m = N+1—j,
and (iii), N +2—j <m < N — [I51].

First, we study the case (i), j +m < N. In the case (i), ¥, (2) and §4(z) vanish. Hence, we
have Hon_j12-2m(2) = B (2) — B_(z). We start from 3 (z). Rewriting the sum yields

Min(N,j+m—1) j+m—n n—m—1
B.(2) = ( )DEEDIEDD > A2 H)
n=m+1 k=1 Q;CJn =

SE=n (Slasl+l7“"sl+’l‘):(nn 1,..,n— T)
n—r—1<s;4ry1,l=m+j+l-n

Min(N,j+m) j4+m—-n—1 n—m—1
S S > > agre)
n=m+1 k=1 Q;CJN r=0

Sk— 1<n<sk (8158141558147 )=(n—1,...;n—T)
n—r—1<s;4ry1,l=m+j+1-n
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Xkl_[l H 2(m+j—N-a H H A 2(g—p+sp— 71))
a=1 b=1
a=n—>b

p=1 q=l+r+1
Sq=38p
, -
X H A(xQ(q_p+5p_N_1)):An (x_2N+J+2m_2z) Aq,(2): (4.31)
k+1<p<g<i-1
Sq=38p

Using

:ATL (x_2N+j+2m_2Z) K){Sl,

N ($72N+j+2m722)

— AN
527---75l—17n7n_17---7n_rasl+r+1751+r+27---75j}( )
—

— s — 2):
{81,52,.,81-1,n—1,n—2,. H*T*LSHTH,Sz+r+2,~~~,8j}( )5

0<r<n-—-m-—1, l=m+j+1-—n, (4.32)

obtained from (4.4), and replacing n by n + 1 yields 8, (z) = B_(z). Hence, we obtain
Hon_jio-om(z) =B (2) = B_(z) =0for 1 <m < N —j. 3

Next, we examine the case (it), m = N + 1 — j. In the case (i7), d+(z) and 7_(z) van-
ish. Hence, we have Hon_j12-om(2) = B4 (2) + 7, (2) — B_(2). We start from B (z) + 7, (2).
Using (4.4) yields

J

RN
Z Z :AN+17’C($ ]Z)A{N,r GNA1=k, 841,542, 781}( z):. (4.33)
k=1 Q CJn
N+1— k’-<8k+1‘< ©=<8j

Using (4.31), (4.32), and (4.33) yields B4 (2)+7,(2) = B_(2). Hence, we obtain Hon—j+2-2m(2)
=0, (2)+7,(2) —B_(2) =0form=N—j+1. ‘
Next, we examine the case (iii), N +2 —j < m < N — [I71]. Rewriting the sum yields

N J j+m4n—2N-2
< _ 2(l—j—m+N
04+(z) = ( E Z g E Az (=3 ))
n=2N+2—j—ml=j+m+n—2N Q,;CJn r=0
s|=n Sk—?"?£k—’f‘+17"'7sk)
=(n—r;n—r+1,...,n)
Sk—r—1=<n—7—1
k=m+j+n—2N—-1
N J j+m4+n—2N-2
SDRNED SIS VR SR
n=2N+2—j—ml=m+j+n—2N-1Q,;CJN r=0
s1=7 Sk—rSk—r+155k)
=(n—r,n—r+1,...,n)
Sg—r—1=<n—r—1
k=m-+j+n—2N—1
r J n—r—1 J
T T sy T ] Ao
a=1 b=I+1 p=1 q¢=I+1
Sp=n—a 8q=Sp
_ “N—1\. % _ i —
X H A(mz(q prsp=N U)ZAQ](Z)Aﬁ([L‘ 2N+j+2m 2z): (4.34)
k+1<p<q<i-1
8¢=3p
and
k=1 J N
= _ 2(q—p+sp—N—1 —2N+j—242m
HETD I | (| RN AT )
QjCJN p=1q=k+1
gk:(Lk:J+m—N qugp

N<sp41



Quadratic Relations of the Deformed W-Algebra for the Twisted Affine Lie Algebra 23

j—1 k—1 7
Y T ITa( )
Q;CJIN r=0 a=1b=0
5,=0, fo— j+m— N(5k+173k+2, Skhgr1)
N<spt1 =(N,N-1,...N-r)
N—r—1<sk+r+2
2(q—p+sp—N-1)\. 0} —2N+j—24+2m
<] TI A p )1, (2)Ao (2 ). (4.35)
p=1 q=k+r+2
Sq=38p

Using (4.2) and (4.4) yields

17{51, ( )Aﬁ(:):_zNH"'zm_Qz):

52 ,0esSk—r— 1,R—T—T 41, N84 1,5k425.--,55 } \ 7

(x72N+j+2mf2z),

=:A {81,528k —r—1,n—T"=1,n—7,... . n—1,8k 1,54 2,-,55 } (Z)Anfrfl 9

0<r<k-1, k=j+m+n—-2N -1, (4.36)

and

. o _ONjr2m—2_\.
A {31752r~~:3k7170,N7N_1a~~-’N_7"ask+r+2’sk+r+3:~~73]’}(Z)AO (1’ 2:) :

[ —ON+j+2m—2 ).
= AW A (o) st TN N Tt st sy AN (27 52)
0<r<2N+l+1—j—-m, k=j+m+n—2N—1L. (4.37)

Usmg (4.31), (4.32), (4.34), (4.35), (4.36), and (4.37) and replacing n by n + 1 yield 8, (z) +
V4 (2) +04(2) = B_(2) +7_(2) + 0—(2). Hence, we obtain Hon—jra-2m(2) = 2_1 €(B(2) +
Wg(z) +6:(2)) =0 for N+2 -5 <m <N — [25}]. Finally, we obtain Han_j42-2(z) = 0 for
L<m<N-—[5H].
We define Hon_jy2-om(2), 1 < j < N, 1 < m < N — [%], as the coefficient of
§(x72NHI=242m 4 /21) in (4.22). We set

e(Be(2) + 7:(2) + 6:(2)) otherwise,
Hon_jio2-2m(2) = 5=Zi (4.38)

0 if 7 is even, mzN—[%L

where we give f4(z), f—(2), 74+(2), 7=(2), 04(2), and 6_(z) in (4.39), (4.40), (4.41), (4.42),
(4.43), and (4.44), respectively. In (4.38) we define Hy(z) = 0 to avoid ambiguity of Hy(z)

and Ho(z). In the case when j is even, we have LHS; ; = c(x,7)(Ho(22) — Ho(22))d(22/21) +
Hy(22)0(z7%22/21) — Ha(22)6(2?22/21) + --+). Adding the first term in (B.4) and the fourth
term in (B.7) yields

Min(N,j+m—2) 7

Z Z Z da, (z, T)ZXQJ. (z)Aﬁ(:J:QNH_j_sz):

Q;CJn I=n+2—m
sg=n,k=n+1—-m
=n

Min(N,j+m—1) 7

+ Z Z Z dg, (x,r)A(x2(l+m_N_1))

Q CJN l=n+1-m
sg=n,k=n+1—-m
§1=N~<S;41

X IX)Qj (z)Aﬁ(xQNJrQ*j*?mz) . (4.39)
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Adding the second term in (B.4) and the second term in (B.7) yields

Min(N,j+m—1) j R
B-(z) = Z Z da, (z,7): AQj(Z)Aﬁ($2N+2_]_2mZ):
Q;CJn n=m+1 l=n+1-m
sg=n,k=n—m
S|=n
Min(N,j+m) Y
+ Z Z d, ($’T)A(x2(l+m—N—1))
Q;CJy n=m+l l=n—m
sg=n,k=n—m
§1<N=<S8141
N 2N+2—j—2m
X :Nq, (2)Ap(z I (4.40)
Adding the first term in (B.5) yields
Y4(2) = Z da, (w,7):Ag (x2NH2mi=2my) XQ](Z) (4.41)
QjCJN
sp=0,k=N-+2—m
Adding the second term in (B.5) yields
v-(2) = Z d; (7, 7):Ao (a:zNH*j*sz) X}Qj (2):. (4.42)

Q;CJn
s5=0, k=N-+1—m

Adding the first term in (B.3) and the fourth term in (B.6) yields

N 2N+2—m—n N
51 (z) = Z Z Z do, (x,7):Ay ($2N+2_j_2m2) Ao, (2):
Q;CJy n=2N+3—j—m k=1
Sp=n
s;=n,l=2N+3—m—n
N 2N+3—m—n
D SRS SE S PN
Q;CJy n=2N+3—j—m k=1
Sk—1=N=<Sk
s;=n,l=2N+3—m—n
, -
x Ay, (:E2N+2_j_2mz) Ao, (2): (4.43)
Adding the second term in (B.3) and the second term in (B.6) yields
N 2N+1-m—n N
I_(z) = Z Z Z do; (x,7):Ay (x2NH2mi=2my) Ao, (2):
Q;CJy n=2N+2—j—m k=1
Sp=n
$1=n,l=2N+2—m—n
N 2N+2—m—n
5 SHED SR SR IVETS S
Q;CJy n=2N+2—j—m k=1
Sk—1=N=<Sk
s;=n,l=2N+2—m—n
, -
x Ay (:E2N+2_j_2mz) Ao, (2): (4.44)
The relation Hon42—j—2m(2) = 0 is shown in the same way as HQNH,J-,Qm(z) = 0. [ |

Lemma 4.7. The currents T;(z) satisfy the following fusion relation

+(i+7)

. x zZ92 z92

1 1———= ) fiil = | ()T

Zl—>xfltr(l;l+]')z2 < Z1 )fZ’J<Z1> Z<Z1> ](Z2)
Min(4,5)—1

= Fe(z,r) H A(leH)THj (xiizg), 1<i,57<N. (4.45)

=1
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Proof. For QEI) = {s1,82,...,8} C Jny with 57 < s9 < -+ < s; and Q§2) = {t1,t2,...,¢;}
C Jy with t1 < 22 < -+ < t;, we set Q;; = le) U QgZ). From (4.1), the necessary and
sufficient condition that fiJ(ZQ/Z]_)K)Q(l) (zl)XQ@) (22) has a pole at z; = 2~ (7 2, (respectively
= azi+j22) is s; < t1 (respectively t; Z< 51). In]the case when s; < t1 or t; < s1, we obtain

Min(i,j)—1 xi(2k+1—i—j)22>

22\ = e
fi,j<a>AQEU(Zl)AQE-”(Zz): 11 A( 1

k=0

—1+i)—i—j}22> N N

)

LT

1 g=1
q=S,

:Aﬂgl)(zl) AQ§.2) (22):.

;Ci{Q(q—P-‘rsp_N
21

t P

X —
The signs + in the products in the above expression of f; j(z2/21) A oV (z1)A (2)(22) are in the

same order. The upper sign is for s; < t1, and the lower sign is for ¢; < 31 Takmg the limit yields

Min(i,5)—1

. 2t (+7) 2 22 \ - 20+1
Lt (1 - >f<> R R (az) =Felzr) ] AG)
% H H A( 2(g—p+sp— 1+i)>X>Qi+j ($ii22), 1< Z,] < N. (446)
p=1 qf
1q=3p

Here, we use :XQED (zi<i+J>z)XQ§2>(z): = K)QHJ (z*'z). Adding (4.46) over all le) and Qgg)

yields (4.45). [

Lemma 4.8. The currents T;(z) satisfy the following fusion relations:

+£(2N+1+i—j)
lim (1 _e Zz)fi,j <Z>T(z1)T (22)

21— E@N+1+i—j) 5 21
i—1 N+i—j
c(x,r) HA(Q:QZ'H) H A(z™) T - 1(:n "29), 1<i<j<N, (4.47)
I=N+1-3

+(2N+1—i+7)
lim (1_:1: Z2)fi,j<Z>Tz’(Zl)Tj(2’2)

Z1_>w:t(2N+lfz+] 22 21
-1 Ntj—i |
= Fc(x,r) H A(mQHI) H A(mzz)Ti_j (xi(QNJrlﬂ)zQ), 1<j<i<N. (4.48)
=1 I=N+1-i
Proof. Using (3.3), (4.8), (4.9), and (4.45) yields (4.47) and (4.48). [

Proof. Here we will give a proof of Theorem 3.2. We prove Theorem 3.2 by induction. Lem-
ma 4.6 is the base for induction. We define LHS; ;, RHS1; ; and RHS2; (k) with 1 <k <i <
j <N as

S = fug( 2 ) T Ty ) = fa( 2 ) ),

i—1 N+i—j
RHS1; ; = c(x,r) H A($2l+1) H A(:UQZ)
=1 I=N+1—j

—2N4j—i—1 ) 2N—j+i+1 )
(0T ) - o Tl ),

<1 21
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k=1 —jti—2k .
RHS2; (k) = ¢(x, 1) H A(xQHl) (5(332122) fickjtk (x]*l)Ti,k (wkzl)Tj+k (x*kZQ)
=1

itk i " i ‘
— 5<>fik,j+k (27 Tk (2% 21) T ( 2’2)>, 1<k<i—1,

z1
271 . . . .
) Iz . Itz :
RHSQ@J‘ (Z) = C((E, T‘) H A(w2l+1) <5< ) 2 > Tj—i—i (x 12’2) — 5< 7 2>Tj+i (33222)> .
=1
We prove the following relation by induction on ¢, 1 <7 < j < N.
i
LHS;; = RHS1,; + » RHS2, ;(k). (4.49)

k=1

The base, : =1 < 7 < N was proved previously in Lemma 4.6.

We assume that the relation (4.49) holds for some i, 1 <1 < j < N, and show that LHS; 1 ; =
RHS1;41;+ Zﬁ:;ll RHS2;41 (k) from this assumption. First, we summarize some relations. The
assumption (4.49) yields

wl—m?l]\’n}i—ij( T o Ji-1 o) D 1(w1) T (we) = 0, (4.50)
I 1 — g2N-i—j W2 (W2 \p T . -0 4.51
wl_,x211\rfnijw2< v w1 fl’] ! w1 l(wl) J l(wZ) ’ ( )

Fis (22 )Tt T = o221 ) ) (152)

for 32 # pF@N—g+i+1) p£(G—i+2k) ] < | < 4. Direct calculation yields

lim (11— ) A (27 ) = e(a, 1) (4.53)
wa—x " Lw; w9 w9 T )

Multiplying LHS; ; by fi1,i(21/23)f1,;(22/23)T1(23) on the left and using the quadratic rela-
tion (4.49) with ¢ = 1, along with the fusion relation (4.10) yields

fii (Zl) fij (Z2> Ti(z3) x LHS; ;

<3 z3

= fij (Z) fij (Z)fu (2>T1(Z3)ﬂ(21)7}(22)
= fin <2) Jii <2>Tj(22)f1,i <2>T1(Z3)E(Z1)
— c(z, ) A (22N H1=0)) g <$_2N+j_222 ) A <$_i21 > fi-1 (x_2N+j_lzl )

23 23 23
x Tj_q (1:2N_j+123)Ti(21) + c(z, r)A(:L"Q(NH_j))

x2N=i+2, z'z g2N-itl, _ i
(A (S (e e

<3 <3

a:_j_lzg x_izl a:_jzl :
—c(m,r)&( >A< >fj+17z'< o >Tj+1($JZ3)Ti<Zl)

<3 <3

$j+lz ",UiZ ij .
+C<1’,T)(5< 2>A< 1>fj+17i(Z31>Tj+1(x323)Ti(21). (4.54)

z3 <3
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Taking the limit z3 — z7""'2; of (4.54) multiplied by c(z,r) ™' (1 — 27121 /23) and using the
relations (4.45) and (4.48), (4.50), (4.52), and (4.53) yields

1 12
1i 1 -zt T x LHS;
e (3 () e s
—1
Tz _ x z _
—fz+1,3< z12>Tz'+1(CL“ lzl)Tj(@)fj,m( - 1>Tj(22)Ti+1(I t21)
Ntitl—j (xQNj+i+3z2 )

c(x,r)f[A(a:QHl) H A(az%)é
=1

I=N—j+1

Tj—i1 (l'iHZz)
21

Tt 29

- c(x,r)é( >fi7j+1 (27T (20) Ty (271 22)

<1
Litit2

ZQ) HA($2l+1)Ti+j+1($i+122)- (4.55)
=1

21

et

Multiplying RHS1;; by fi,i(21/23)f1,;(22/23)T1(23) from the left and using fusion rela-
tions (4.9) and (4.10) yields

i—1 N+i—j
fral 2 ) f Z2>T1(23)XRHSlz‘j:C(W’)HA@QHl) II A
"\zg )77\ 23 ’ -1 I=N+1—j

—ON4j—i—1 i ,
X {5<x ZQ) (x Zl)fl,] z(x Z2>T1(23)Tj—i (27"22)
21 z3

L <x2N—j+i+122 ) A <x z1 ) i (:czjg > Ty (23) Ty (2 22) } (4.56)

<1

Taking the limit z3 — 27712 of (4.56) multiplied by c(z,7)"1(1 — 2797121 /23) and using the
relations (4.47) and (4.51) yields

: 1 i
_>h?},1 c(a: 7“) (1 - 1Zl)fl z< )fl,j( >T1(23) X RHSlZ]
23T z1 s

i N+i+1—j x’QN“’Z’lzz ‘
— (e [[AE) ] A(x2l)5<21)TjH(x—z—lz2). (4.57)
=1 I=N+1—j

Multiplying RHS2; (i) by f1,i(21/23)f1,j(22/23)T1(23) from the left and using the fusion re-
lation (4.11) yields

<1

Jii <23>f1,j <22>T1(23) x RHS2; (i)
—i—j J 7 .
ele.r) HA ) < < 21 Zz)fl’iﬂ(ij)A(xz?>T1(23)Ti+j($JZ1)
”‘7 Z9 x Iz x7i2 s
- 5< >f1,i+1 ( )A( )Tl(z3)ﬂ+j (z le)> . (4.58)
21 z3 z3

Taking the limit z3 — z7""2; of (4.58) multiplied by c(z,r)™' (1 — 27121 /23) and using the
relations (4.45) and (4.53) yields

zsﬁ}bizril—lzl C(-Z'l, 7') <1 —e o > fl 2< )fl’ﬂ < >T1 (23) - RHSQZ]( )
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—i—j )
= c(x,r)d(x - ZQ) A(m2l+1)T+ +1(27 )
=1
a2 . 2041 i—j+1 i—1 i
— c(a:,r)é( - ) A(m + )f1’i+j (x%” )Tl(ac*“ zl)THj (CCZZQ). (4.59)
=1

Multiplying RHS2; j(k), 1 < k < i—1, by fi1,i(z1/23)f1,j(22/23)T1(23) from the left and using
relations (4.12) and (4.52) yields

f1,< )fl,j( > (z3) x RHS2; ;(k) (4.60)
—jti-2k, k o
c(z,r HA 2 ( <$le>f1z k(m §1>fj+k,ik($z_])f1,j+k

x lJrJ-H’CZ1 o a2k 4, k2
X (>T1(23)Tj+k(xﬂ z+k’ )TZ k(x zl) (5<>f1,ik< 73 )

z3 21

i—j a7k —k k ,
X fickjak (T77) f1 4k B Ti(23)Ti—k (2 "21) Tjyn (2¥22) |, 1<k <i—1.

Taking the limit z3 — "2 of (4.60) multiplied by c(z,r)~' (1 — 27" '21/z3), and using the
fusion relations (4.7), (4.45), and (4.52) yields

lim ! (1— zl“)fu< )ﬁd< )n@ngH&”@g
zz—x i1z C(.’E 7")

k
T —j+i— 2k o L
c(z,r HA 20+ < >J‘}+k—1,z‘—k(9€Z T2 21) Tjggerr (2751 20)

= “1
- 2l+1 J l+2k i—7+1 —k—1
H Az ( - >fi—k+1,j+k ()T (27 21)
=1
X Tjp(2F22), 1<k<i-—1. (4.61)

Adding (4.55), (4.57), (4.59), and (4.61) for 1 < k < i — 1, and replacing z1 by zz yields
LHS;+1; = RHS1;41; + Z};ll RHS2;41 (k). By induction on i, we proved quadratic rela-
tion (3.4). ]

4.3 Proof of Lemma 3.4

Lemma 4.9. The current Ty (z) commutes with the screening currents S(w) as follows.

rk

[T1(2), Sk(w)] = Cy(z )(D$T5)< Zw

2N+1—k,w

)+ O (*

z

), 1<k<N. (462)

Here we set g-difference
(Dgd)(2) = d(qz) — 6(q"2),
the currents Ci(z) and Cy(2), 1 <k < N, are given by

Ck(z) — Tl (.CL‘T_l - x—r+1),Ak( )Sk( r—k ).’

Ch(2) :xrfl(xrfl _]},fr+1> A ( )Sk( —14k—r )
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Proof. Adding (B.9) yields
[T1(2), Sk(w)] = (2" —27"*) <_$T+1:Ak(Z)Sk(w):5<$kTZ))
w) n x’”1:Ak<z>5k<w>a<x2N+lk+ﬂ:>

z

4+ 2" A g1 (2) Sk (w) o (xk”

— 27" A (2) Sk (w >5< ANk )) 1<k<N-1,
z
and

T1(2), Sy (w)] = (2= —a"~Y) (ac_rﬂ:AN(z)SN(w):(S(mN_’”w>

— 2" AN (2) Sp(w):6 (xN+1+TZ>) |

n [r[;_l]l[é] (x_x1)<5<xN+r1;’> _5<wN+1M;)>) Ao(2) S (w):.

2le

Using the relations

2N (2) Sk (27 7R ) = 2" A1 (2) Sk (2 RR):, 1<k < N -1,
e AN (2) SN (27N 2): = [T[%};C]:A()(z)sjv (27" N2)s,
2" AL (2) Sy (2N TR ) = x_’il N (2) S (22N HRT) 1<k <N -1,
2" A (2)Sh (27N ) = [T[_]Q} Ag(2)Sn (2" N 1z)
yields (4.62). x .

Corollary 4.10. The current Ti(z) commutes with the screening operators Sy
[T1(2), Sk] =0, 1<k<N. (4.63)

Proof. From (4.62), we obtain

111,50 = § 53 (e (22) + Cuto) ) (2 ) )

Using ¢ QW%w(DIr(S)(xZ“’) =0 with s =k, 2N + 1 — k yields [T1(z), Si] = 0. [

Proof. Here we will give a proof of Lemma 3.4. Set Tj(z) = Y, ., Tj[m]z™™, 1 < j < 2N and
fii(2) =222, fil,jzl. From (4.21), we obtain

(x*(j+1)k+m_ (jJrl)kfm)Tq_l[ }

NG, IN+2— 2])( (2N—j+2)k— m_x(—2N+j*2)k+m)Tj_1[m]

Z flel [likij]*f]l,lcz—‘j[kilim]Tl[lik])a
=0

m,k € Z, 1< jSN

Hence, Tj41[m], m € Z,1 < j < N, are expressed in terms of Tj[n], Tj—1[n|, and Ti[n], n € Z,
1 < j < N. From duality (3.3), Tj[m], m € Z, N +2 < j < 2N are expressed in terms of
Tont1—j[n], n € Z, N +2 < j <2N. Finally, Tj[m], m € Z, 1 < j < 2N are expressed in terms
of Th[n], n € Z. Hence, we obtain (3.5) from (4.63). |
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5 Conclusion and discussion

In this paper, we obtained the free field construction of higher W-currents T;(z), i > 2, of the
deformed W-algebra W, T(Ag ]\),) We obtained a closed set of quadratic relations for the W-

currents T;(z), which are completely different from those in types Ag\lf) and A(M,N)1). The

quadratic relations of W, (AS\),) do not preserve “parity”, though those of W, , (Ag\l,)) and

Wor (A(M,N)®) do. Here we define “parity” of T;(2)Tj(w) as i + j. We obtained the duality

Ton+1-i(2) = ¢iTi(2), 1 < i < N, which is a new structure that does not occur in types Ag), Ag\lf),

and A(M,N )( ). This allowed us to define the deformed W-algebra W, - (Ag\),) using generators

and relations similarly to the definition of the twisted affine Lie algebra of type Al 1\)[ given in

Section 2.
We also justified our definition of the deformed W-algebra of type AS\), We compare Defini-

tion 3.3 with other definitions. In [8], the deformed W-algebras of types Ag\lf), Bg\}), C](\}), Dg) ,

and AS\)[ were proposed as the intersection of the kernels of the screening operators. We recall

the definition based on the screening operators for A( )

by the formal power series currents of the form

Let H, , be the vector space spanned

:071Y;, (xrj1+k1 z) g Y, (:C”Hkl z) e

where g; = +1 2. We define W, . as the vector subspace of H, , consisting of all currents that
commute with the screening operators S;, 1 <i <N, in (2.6). Let {Fy(2)=3",,c7 Fa[m] _m}aeA
be a basis of the vector space W,,.. Let W' be the associative algebra generated by ele-
ments F,[m], m € Z, a € A. Let Jx be the left ideal of W'R generated by elements F,[m],
m > K €N, a € A. We define the deformed W-algebra

WER(ASR) = lim W'/ .

We propose another definition of the deformed W-algebra. From (3.5), the W-currents
Ty(z) = Ymer Tiim]z™™, 1 < i < 2N, commute with the screening operators. Let WAKOS
be the associative algebra generated by elements T;[m], m € Z, 1 <i < 2N. Let Lg be the left
ideal of YWAKOS generated by elements T;[m], m > K € N, 1 <i < 2N. We define the deformed
W-algebra

WAKOS ( A( )) hm WAKOS /L

In this study, our definitions W, , (Ag\),) were based on generators and relations. We have
introduced three definitions of the deformed W-algebra for the twisted algebra of the type AS\),

Conjecture 5.1. W, , (AS\)]) WAKOS (A(2)) and WFR(Ag]\)]) are isomorphic as associative

x,T
algebras

Wi (AR) 2= WAKOS (A5)) 2 WER(A). (5.1)

The author believes that this conjecture can be extended to arbitrary affine Lie algebras.
Some necessary conditions of isomorphism (5.1) in Conjecture 5.1 can be indicated immediately.
From (3.5), we obtain the following inclusion:

AR AR) W (A2

*We define Y;(2) " as the inverse element of Y;(z), that is, Y;(2)Yi(2)™' = Yi(2)"'Yi(2) = 1. Specifically, we
obtain Y;(z) ™! = 27" (O(Y;(2)Yi(2)): exp(— > mato Yi (m)z~™):, where we used the symbol () defined in (A.1).
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We establish a homomorphism of associative algebras ¢ € Homc (Wz,r (Ag\),),Wﬁfos (AS\),))
using o(T;[m]) = T;[m]. ¢ is surjective,

o(War(453)) = WSS (433)-

If we assume that ¢ is injective, the isomorphism on the left side in (5.1) is obtained. In other

words, no independent relations other than (3.3) and (3.4) exist in W, (Ag\),) We propose two
results to support this claim. In the classical limit the second Hamiltonian structure {-,-} of the
g-Poisson algebra [7, 8, 9, 15] was obtained from the quadratic relations (see (3.6) and (3.7)).
In the conformal limit all defining relations of the W-algebra Ws (Ag\lf) ), N = 1,2, are obtained
from the quadratic relations of W, , (Ag\lf)) upon the assumption that the currents T;j(z) have
the form of expansion for small parameter % (see [1, Appendix]).

The definition of the deformed W-algebra W, (g) for non-twisted affine Lie algebra g was
formulated in terms of the quantum Drinfeld-Sokolov reduction in [16]. Formulating the defini-
tion of the deformed W-algebras W, »(g) in terms of the quantum Drinfeld-Sokolov reduction
for twisted affine Lie algebra or affine Lie superalgebra [4, 6, 10, 12, 13] is still a problem that
needs to be solved.

It remains an open challenge to identify quadratic relations of the deformed W-algebras
W r(g) for the affine Lie algebras g except for types Ag\l,) and Ag\)j We believe that this paper
presents a key step towards extending our construction for general affine Lie algebras g. In [§]
and [6] the free field construction of the basic W-current T} (z) of W (g) was suggested in the

case when the underlying simple finite-dimensional Lie algebra B is of classical type,

A(z)+ - Anta(2) for g of type A( )
M(z)+--+ AN(Z) + Ao( )
Ti(z) =
1(2) + Ay (2) + - Az (z) for g of types B](\P, Ag\)[,D](V)H,
A(z)+ -+ An(2) + Aﬁ(z) -+ 4+ Ag(z) for g of types C(l), ](\P, Aé%\),fl.

Here we omit details of free field constructions of A;(z). The free field construction of T}(z)

has similar form to that for g of type AS\), except for the case of AS\I,). Therefore, we expect

that a similar duality as (3.3) and similar quadratic relation (3.4) hold in all cases in types
BJ(\}), C](\}), D](\}), AS\)I_I, nd D](Vl—l We would like to draw your attention to the following
analogy. Let g be an affine Lie algebras of one of the types B](\}), C](\}), DJ(\}), Ag\),_l, or D](\?ll.
Let B be the underlying simple finite-dimensional Lie algebra. Let fc; be a Cartan subalgebra
of E{ Let A1, As, ..., A; be the fundamental weights of El, where [ is the dimension of f(; Let Vf,

be the integrable highest weight representation of U, (O) with the highest weight A;. Let V be
the evaluation representation corresponding to Vg —of the quantum afﬁne algebra U,(g) with

a spectral parameter z € C*. Let n be the dimension of Vg, We have NV~ (/\ V) 2/\ vV,

because A V =~ C. The evaluation representation V' of U, (g) is self-dual except for g of type Ag\l,) .
Hence, we obtain the duality of the representations of U, (g),

NV AV if g is not of type A(l),
which is similar as that in (3.3). As an analogy, we expect the duality of the W-currents,
Th—i(z) = ¢;Ti(z) if g is not of type A( )

for the deformed W algebras W, (g). Here ¢;, 0 < i < n, are constants.
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It remains an open challenge to identify quadratic relations of the deformed W-algebras
Wi »(g) for affine superalgebra g except for those of type A(M, N )M, Recently the deformed
W -superalgebra W, »(g) has appeared in the study of D-branes and physical interest is growing
to this subject, see, e.g., [10]. As revealed in [10, 12, 13], it is expected that, in cases of
superalgebras g, infinite number of higher W-currents T;(z), i = 1,2, 3, ..., satisfy a closed set
of infinite number of quadratic relations. It is interesting to understand how duality will be
extended to the case of superalgebras. We expect to report on quadratic relations and duality
for more general deformed W-algebras W, ,(g) associated with affine Lie algebras and affine Lie
superalgebras in the near future.

A Normal ordering rules
We list the normal ordering rules. For operators V(z) and W (w) we use the notation
V()W () = (V)W () V()W (w): (A1)
and write down only the part (V' (z)W (w)) in the formulas below. Using the standard formula
edeB = A BleBeA (A, B],A)=0 and [[A,B],B]=0,

we obtain the normal ordering rules.

A.1 A;(z) and S;(2)

(Ay(21) Ai(22)) = (A(M)A<x_122>>_l, 1<i<N-1,

21 21
(AN (21)AN(22)) = A(Z) <A <?>A<x;zg>)_la
(eaa) = a(2), li-il=1 1<ii<
(Ai(z1)Aj(z2)) =1,  |i—jl=2, 1<i,j<N, (A.2)
(Si(21)Si(22)) = z12<r+1) <1 — Z) (33(;22222/22/12;19i2)ro)0007 1<i<N-1,

)

T:1 2 (m2z2/zl; $2T)oo($2r_2Z2/Zl; x2r)oo
(Sn(21)Sn(22)) = 2 <1 - > (woa/z1;27)_ (27 Lzg)or; 22

=t (22 g 2y 2T
(Si(21)8j(22)) = 21 7 ( (mzz/;;;%)oz

1—zr2)(1— g 22
(Ai(21)Si(z2)) = 2471 ((1 — xrzia) ((1 _ x2r2;2)) ’
zZ1 Z1

(1 — :c”i—j) (1 — xT*ZZ—Q) (1 — mI*”—Q)

21 21

(1 _ wfrﬂ) (1 _ $277‘%) (1 _ xrflﬁ) ’

zZ1 Z1

21

o8]

) ’Z_]’:L 1§7'a.7§Na

1<i<N-1,

(An(21)Sn(22)) = 220D (A.4)

(1-s'r3)
(Ai(21)8;(22)) = $2(T71)m7 i—jl=1, 1<i,j <N,
z1

(Az0)S;(2)) =1, li—jl=2, 1<ij<N, (A.5)
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Si(z1)A (1=a"73) l<i<N-1
S = oy ISISN-L
21 21
(1—ar2)(1 -2 72)(1 - or12)
(Sn(21)An(22)) = e —
(I—2r2)(1—ar22)(1 - alr2)
(1-2"12) o -
Sl = e limdl=1 1<igS N,
z1
S'ZlArL'ZQ =1 Z'—'ZQ 1§Z§N A6
(Sj(z1)Ai(22)) =1,  [i—j[=2,  J (
A.2 Y(z), Ai(z) and S;(z)
The symmetric matrix I(m) = (I; ;(m))N._, is the inverse matrix of B(m). The elements
Y ( ) ( 7]( ))’L,j—l ( )

I j(m) = I;;(m), 1 <i<j < N, are written as

(N +1—=j)mle = [(N = j)mls, i=1,1<j<N,

1 NI

Iij(m) = N ml, — Vo, < (DN (~)Fkm].,  2<i<j<N-1,
k=i—1

[im]s, 1<i<N, j=N.

The generators y;(m), 1 <i < N, are written as

N N
yi(m) = Zli,j(m)aj(m)v Q) = Zfi,j(O)Qj- (A7)
j=1 j=1
From (2.2), (2.3) and (A.2) we obtain

~1
(Yi(2)Yi(22)) = fin () ,

-1
(Y1 (21) A1 (2)) = A(z2> . Vi()Ai(z)) =1, 2<i<N,

21

~1
(A1(21)Y1(22)) = A(Z) ; (Ai(21)Y1(22)) = 1, 2<i<N,
—pr-lz
(Y1(21)S1(22)) = fﬂ_z(r_l)g_w”i;;a (Y1(21)8i(22)) = 1, 2<i<N,
_plerz
<Sl(21)}/1(22)> = M, <Si(21)Y1(22)> = 1, 2 S 1 S N. (AS)

B Exchange relations
In this appendix we list the exchange relations.
B.1 Az(Z)
%
We give the exchange relations of A;(z) and Aq,(z), which are obtained from (4.1). We set s €

Jy={1,2,...,N,0,N,...,2,1}. For an element s € Jy and a subset §2; = {s1, s2,...,8;} C Jn
with s1 < s9 < --+ < 's;, we calculate

Xo,a(21,72) = f1s (Z)AS(ZI)XW” i (2)791.(22)&(@).
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e In the case of 5,5 ¢ ;, we obtain

SN l,—i—3+2kz m_i_1+2kz
Xoualonz) = clo )b Ko G (0( =2 ) - o( =) @)
1 if s < sq,
Here weset k, 1 <k <i+1,byk=<(gq if sq-1<s<s, 2<¢q<u,

i1+1 if S; < 8.
e In the case of s € Q; and 5 ¢ ;, we obtain
z — z —
A2 )0 Ry en) = fia (2) R Ga)a(en) 0, (B2)
e In the case of 5, 5 € Q; and s =n, 1 <n < N, we obtain

%
XQZ',S(Zla 22) = C(:ZZ, T):An(zl) A Q; (22):

—2N —i+2n+20—4 —2N —i+2n+20—2
x (5(‘15 - Z2) —5<$ ZQ)). (B.3)
1 21

Here weset k, [, 1<k <l<i,bys=n=s,ands=n=yg.
e In the case of 5, 5 € Q; and s =7, 1 <n < N, we obtain

_>
XQi,s(Zl, 22) = c(x,7):Ag(21) A Q; (22):

2N —i—2n+2k 2N —i—2n+2k+2
x <5(w) _5(”” z2>> (B.4)
21 21

Here weset k, [, 1 <k<l<i,bys=n=s;and s=n=g.
e In the case of s = 0 € ;, we obtain

Xo, (21, 22) = e(, 7):Ao(21) K g, (22)- (5(”7_2%) - 5(””_%22)) (B.5)

z1 z1

Here we set k, 1 < k <1, by s =0.
e In the case of s ¢ ; and 5 € Q; and s =n, 1 <n < N, we obtain

X, s(21,22) = c(z,m)A ($2(l_k+"_N)) :An(zl)XQi (22):

$7i+2k73z2 .,L.72N+2n+2[7i7222
X[l —=] =9
21 Z1

+ c(z, T)A(xz(l*kJr”*N*l)) iAn(Zl)K)Qi (22):

—i+2k—1 —2N+2n+2l—i—4
)=o) 4s( 2. (B.6)
21 21

1 if s=mn< s,

Here weset k, [, 1 < k<[<i,bysy=s=mnand k = ] ]
g if s;1<s=n<s; 2<qg<i.

e In the case of s ¢ ; and 5 € Q; and s =7, 1 <n < N, we obtain

Xq, s(21,22) = c(z, T)A($2(17k+n7N71)):A%(Zl)XQi(ZQ):

g1, g2N—2n—i+2k+2
X (0| ——— | -4
21 21

+ e, ) A (220N AL () R g, (29):

—i4+2041 2N —2n—i+2k
‘ (4(”””) +5<w>). (B.7)
21 Z1

q if sq<s=n<s441, 1<qg<i—1,

Herewesetk:,l,l§k§l§i,bysk:s:nandl:{_ )
i if s <s=n.
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B.2 SZ(Z)
From (A.3) we obtain

—u 1 |
Si(21)Si(z2) = _W‘Si(22)5i(zl)a 1<i<N-1,
[ur — ug + $][ug — ug + 1]
S (21) Sy (22) = — S (22)Sn(21),
N(21)Sn(22) 2 1 + Lfr — w1 ~N(22)Sn(21)

[ur — us + 3] o .
Si(21)Sj(22) = ————1:5j(22)Si(21),  li—jl=1, 1<i,j <N,

[ug — u1 + 5]
Si(21)8j(22) = Sj(22)Si(21),  li—j|>2, 1<4,j<N. (B.8)

w2
Here we set z; = 22%, i = 1,2 and [u] = 27 2402 (2).

B.3 A;(z) and S;(2)
From (A.5), (A.6) and (A.8) we obtain

X Z9

[Ak(zl), Sk(ZQ)] = (x*27"+2 - 1):Ak(z1)Sk(z2):5<

21

[Ak+1(21), Sk(ZQ)] = (x2T72 - 1):Ak+1(2’1)5k(22)2(5<

Z1
x2N+1—k+r 29

[Ar(21), Sk(22)] = (SU2T_2 — 1)3Ak(21)5k(22)35< >, 1<k<N,

<1
1,2N+l—k—r

[Azg(21), Sk(22)] = (7242 — 1):AM(21)Sk(22)¢5< - z2>, 1<k<N-1,

ofen) Sz = (o ) e (5(70) g ()

[r—3l, A #l
X :No(2z1)Sn(22):. (B.9)

Other commutators on the type [A;(z1), Sk(22)] that are used in the proof of Lemma 4.9 are
Zeroes.
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