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Abstract. We study the space of (orthogonal) almost complex structures on closed six-
dimensional manifolds as the space of sections of the twistor space for a given metric. For
a connected six-manifold with vanishing first Betti number, we express the space of almost
complex structures as a quotient of the space of sections of a seven-sphere bundle over the
manifold by a circle action, and then use this description to compute the rational homotopy
theoretic minimal model of the components that satisfy a certain Chern number condition.
We further obtain a formula for the homological intersection number of two sections of the
twistor space in terms of the Chern classes of the corresponding almost complex structures.
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1 Introduction

A major open problem in differential geometry is to determine whether a closed almost complex
manifold of dimension at least six always admits an integrable complex structure. By a cele-
brated theorem of Newlander and Nirenberg, an almost complex structure is integrable if and
only if it satisfies a certain system of first order partial differential equations codified by the
vanishing of the Nijenhuis tensor. An understanding of the topology of the space of all almost
complex structures may be useful in the search for those which are integrable. We take this as
motivation for our study of the topology of the space of almost complex structures on a six-
manifold. The present work is a continuation of [13] which focused on the six-sphere and touched
upon the case of almost complex structures on six-manifolds with vanishing first Chern class.

Let M denote an oriented six-manifold and J (M) be the space of all almost complex struc-
tures on M inducing the given orientation. Fixing a Riemannian metric on M, the inclusion
J(M) — J(M) of the subspace of almost complex structures which are orthogonal with respect
to the metric is a homotopy equivalence, allowing us to analyze J (M) via a space of sections
of a fiber bundle with compact fibers. Generally, over an oriented Riemannian 2n-manifold M
one can consider the SO(2n)/U(n) bundle Z (M) — M whose fiber over any x € M is the set
of (linear) orthogonal complex structures on 7, M compatible with the orientation on M; the
space Z (M) is known as the (positive) twistor space of M. Sections of this bundle correspond
to orthogonal almost complex structures on M compatible with the orientation.
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The twistor space construction can be done in any dimension, but six-manifolds enjoy the
special property that the fiber of the twistor space is likewise six-dimensional. Hence two
orthogonal almost complex structures on a closed Riemannian manifold M give embeddings of
the manifold into its twistor space which generically intersect at a finite number of points. One
of our main results (Theorem 5.10) computes this intersection number in terms of the Chern
classes of the two almost complex structures. Namely, denoting by ¢; and ¢ the respective Chern
classes, the homological intersection number is given by

1/(.3 2/ /2 /3 1 / I
/ g(cl +cjcg —cicf — ¢ ) + 5(0162 + 6162) — C3.
M

In particular, the homological self-intersection of an almost complex structure is given by
i) €12 — c3. Employing a theorem of Michelsohn and Salamon, we observe that negative
self-intersection restricts the possible deformations of an orthogonal complex structure (Corol-
lary 5.6).

In order to study the homotopy type of J(M), in Section 3 we use the existence of spin®
structures on oriented four-manifolds and almost complex six-manifolds to describe the integral
cohomology of their twistor spaces. This will include both the positive and the negative twistor
space Z_(M), i.e., the total space of the bundle of linear complex structures inducing the
opposite orientation on the tangent space. Presumably these results are well known, but we
were not able to find them in the literature in this generality.

We take particular care with orientations throughout, due to varying historical conventions
(e.g., the original [2], and [16], refer to the negative twistor space as the “twistor space”, while
this terminology is reserved for the positive twistor space for instance in [17]' and [23]), and to
the authors’ difficulty in verifying some formulas in [16, p. 135]; see Remark 3.9.

The twistor spaces Zy (M) and Z_(M) (whose homotopy types generally differ when the
dimension of M is divisible by four) carry two natural almost complex structures, differing by
the choice of induced orientation on the fiber (see, e.g., [23, Proposition 3.1]), known as the
Atiyah—Hitchin—Singer and Eells—Salamon almost complex structures. Even though the stan-
dard complex structure and its negative on the fibers SO(4)/U(2) = CP! and SO(6)/U(3) = CP?
are biholomorphic via complex conjugation, the Eells—Salamon almost complex structure is never
integrable [23, Proposition 3.4], in contrast to the Atiyah—Hitchin—Singer structure (this phe-
nomenon is not unique to dimensions four and six).

Our second main result is a description of the rational homotopy type of (a given component
of) the space of almost complex structures on six-manifolds, under the additional assumption
that by(M) = 0 and [,,cico — c3 # 0 (Theorem 4.4). For this we use an expression of J(M)
as the quotient of the space of sections of an S7-bundle by an S'-action (Theorem 4.1), which
one can compare with the result obtained for ¢; = 0 in [13, Proposition 5.1]. Throughout we
provide examples for all of the mentioned results.

Notation and conventions

The projectivization of a complex vector bundle E is denoted by P(E). We denote the Chern
classes of a complex vector bundle by ¢;, and the Pontryagin classes of a real vector bundle by p;;
if the vector bundle is complex, by its Pontryagin classes we mean those of the underlying real
bundle. The Euler class is denoted by e. The Euler characteristic of a space is denoted by ¥,
and o is the signature of an oriented closed manifold. All manifolds are assumed connected
unless otherwise stated.

We denote by I'(E) the space of sections of a bundle £ — M (where F is not necessarily
a vector bundle). If s: M — E is a section, I'(F)s denotes the connected component of s

'Despite this, the statement of [2, Theorem 4.1] in [17, Theorem IV.9.14] uses the convention of [2].
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in I'(E). For E — M a vector bundle with a metric, we write S(E) — M for the associated
sphere bundle. We denote by J(M) the connected component of a specific point in I'(Z,(M)),
which will be clear from context. For a vector space V with an inner product, J(V) will
denote the space of all orthogonal (linear) complex structures on V. If V is oriented, J (V)
(respectively J_(V')) denotes the connected component of J(V) consisting of elements which
induce the given orientation on V (respectively the opposite orientation). By Map(X,Y) we
denote the space of unbased maps X — Y with the compact-open topology.

Cohomology is singular cohomology with integral coefficients unless another choice of coeffi-
cients is indicated. The evaluation of a cohomology class « on a homology class A is denoted
by (a,A) or by [, a. In the context of rational homotopy theoretic models, A(x;) denotes the
free graded-commutative algebra on generators ;.

We will make frequent use of the projective bundle formula, which states that for a complex
vector bundle E — M of complex rank k, the cohomology of the projectivized bundle P(F) 5 M
is the free H*(M)-algebra on one generator = subject only to the relation z* 4 c1 (E)z* =1 4--- -+
ck—1(E)r + cx(F) = 0, where z is the first Chern class of the line bundle Opg«(1) (see [8,
Definition 15.13]). This line bundle is dual to the tautological (Hopf) line subbundle of p*(E)
whose fiber over ¢ € P(E,) is £ C E,. It restricts to O(1) on each fiber CPF~1,

For a real vector space V' with an endomorphism J squaring to —Id, we denote by A% (V') the
(complex) exterior algebra of the complex vector space (V,J). For an almost complex manifold
(M, J), At(T'M) is the (complex) exterior bundle associated to (7'M, J).

2 Preliminaries

In this section we review some of the models for the space of orthogonal complex structures on
a FEuclidean space following [17, Section IV.9], to which we refer for further details.
Let (V,(+,-)) be a 2n-dimensional real inner product space. We will write

J(V)=1{J € End(V): J> = —1I, J is orthogonal}

for the space of orthogonal complex structures on V. This space naturally has the structure of
a complex algebraic variety, given by the isomorphism

J(V) S G e C)

with the Grassmannian of n-dimensional complex subspaces of V ® C, which are isotropic with
respect to the complex bilinear form on V' ® C obtained from the inner product on V' by linear
extension. The map ¢ is defined by

o(J)={vel+Jvi:veV}

(it assigns to J the plane V})’l C V ® C, which is the —i eigenspace of the complex linear
extension of J to V ® C).
There is a tautologous complex vector bundle on J(V') defined by

JV)x VI J(v),

where the fiber over J € J(V) is given the complex structure determined by J. The isomor-
phism ¢ is covered by a bundle map to the dual (or conjugate) tautological bundle over the
Grassmannian.

Lemma 2.1. Consider the universal bundle
J(R*") = 0(2n)/U(n) - BU(n) — BO(2n).
Then
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(i) ¢ classifies the tautologous complex vector bundle on J(]R%).

(13) t*(c1) generates a subgroup of index 2 in the infinite cyclic second cohomology group of
each of the two components of J(R2”).

n27n
(7i1) *(c1) is positive. In particular, 1*(c1) 2 evaluates on the orientation class of each of
the two components of J(RQ”) to a positive integer.

Proof. (i) The universal bundle can be realized by taking BU(n) = £0(2n)/U(n). The uni-
versal bundle over BU(n) is then given by £0(2n) Xy, R*" — £0(2n)/U(n), and pulls back
along the inclusion of the fiber ¢« to O(2n) Xy, R*™ = O(2n)/U(n), which is the homogeneous
expression of the tautologous bundle.

(#4) The inclusion-induced map BU(n) — BO(2n) factors through the double cover BSO(2n)
— BO(2n), and the two components of O(2n)/U(n) are, respectively, the fiber SO(2n)/U(n)
of BU(n) — BSO(2n) and the image of this fiber under a lift to BU(n) of the nontrivial deck
transformation of BSO(2n). Therefore it suffices to prove the statement for the component
SO(2n)/U(n). This follows from the Serre spectral sequence of the bundle BU(n) — BSO(2n)
(see for instance [20, Theorem II1.6.11}).

(131) t*(c1) is the pullback of ¢; of the dual tautological bundle under the embedding

J(R*) 55 Qi (C**) ¢ Gr, (C*).

The n'" exterior power of the dual tautological bundle on Gr ((C2”) gives the Pliicker embedding
of the Grassmannian in projective space. Hence t*(¢;) is the first Chern class of a line bundle
on J (RQ") whose sections embed J (RQ”) in projective space and is therefore positive. |

The above identification of orthogonal complex structures with isotropic planes in V @ C
leads to another description of the space J(V') which will play an important role in this paper.

Let C1(V') denote the Clifford algebra determined by the quadratic form g(v) = —|v||?, and let
Cl(V) =Cl(V) ®g C denote its complexification. Let S¢ denote an irreducible (2"-dimensional)
Cl(V')-module.

For each element, i.e., spinor, o € Sc we have the map V ®@r C — Sc given by right Clifford
multiplication by . A spinor is said to be pure if the associated kernel is half-dimensional. Let
PSc C Sc denote the subset of pure spinors. As the subspace ker(-0) C V®C is isotropic there is
a natural map from the projectivization of the set of pure spinors to the isotropic Grassmannian

P(PSc) % Giko(V ® C)

defined by [o] + ker(-0). This is a map of algebraic varieties and is in fact an SO(2n)-equivariant
isomorphism [17, Proposition IV.9.7].

The space J(V') has two connected components corresponding to the two possible orientations
induced by the complex structure. A choice of orientation for V' leads to a decomposition

JV) =L (V) [T 7-(V)

with J4 (V) the component corresponding to the given orientation. In turn this decomposes
the Grassmannian of isotropic subspaces into the components of positive and negative isotropic
subspaces.

On the level of spinors this decomposition takes the following form. The complex volume
element in Cl(V) is the element wc = i"e; - - - €2,, where {e;} is any oriented orthonormal basis.
As w% = 1, the volume element decomposes the module S¢ into a direct sum of +1 and —1
eigenspaces

Sc=S¢ eS¢
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The elements of the summands are called the positive and negative spinors, respectively. Note
that, since w¢ anti-commutes with the action of V' C CI(V'), both SE’ and S are spin® repre-
sentations, called the positive and negative spinor representations, respectively.

Every pure spinor is necessarily either positive or negative and the isomorphisms ¢, 1 give
rise to isomorphisms of algebraic varieties

P(PSZE) = J+(V).

In dimensions 2n = 4, 6 all nonzero spinors are pure [17, Remark IV.9.12] and the isomorphisms
identify the spaces of orthogonal complex structure with the disjoint union of the projectivization
of positive and negative spinors.

A point J € J(V) gives rise to a useful description (cf. [17, Chapter I, equation (5.27)]) of the
irreducible module S¢c. We will write (-, -) for the Hermitian inner product on the complex vector
space (V, J) whose real part is (-, ). Let AG(V) denote the exterior algebra of the complex vector
space (V. J). Contraction of a vector v € V with w € AL(V) is determined by the expression

k
va(wy A+ Awy) = Z(—l)j+1(v,wj>w1 A AW A - A wg.
j=1

The action V ®@r AL(V) — AL(V) defined by
VW=V AW— 01w

satisfies
v (v-w) = —vlfw,

as one easily checks using an orthonormal basis for V' having a real multiple of a nonzero v
as its first element. The complex linear extension of this action gives AZ (V') the structure of
a Cl(V)-module of complex dimension 2". This is the dimension of the irreducible complex
Cl(V')-module, so A% (V) is a convenient description of this module.

The following is an easy computation which we include for convenience.

Lemma 2.2. Let (V,J) be an oriented 2n-dimensional Euclidean real vector space with an
orthogonal complex structure J compatible with the orientation and let Sc = AL(V) be the
irreducible C1(V')-module described above. Then

SE= €D AE(V),  Sc= D Ak,
k even k odd

Proof. Let ej,...,e, be an orthonormal basis for (V,.J). Then we can write the complex
volume element as

we =1"e1Jer e Jey.

Consider the basis e;; A---Ae;, for Afé with 1 <141 <--- < i <n. Let 1 <m <n and assume
that m & {il, e ,ik}. Then

(emdem) - €y A=+ Nejy, =em - (Jem/\ei1 /\--'/\eik)
= —<em, Jem>el-1 N Nej, = —i ey N Nej,.
On the other hand, if m € {iy,...,ix}, let [ be such that m = 4;. Then
(emJem) - €iy N+ Aei, = en - (—(—l)l_1<Jem,eil>eil N Neg N A 67;k)
=em A ((=1)!(=i)es A Aeg Ao Aeiy)
= (=D (=D (=i)eny A Aey, =des Aee Ae,.
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Hence
we ey A Aej, = i”ik”(—i)”_kei1 A Nej, = (—1)2”_1’361'1 A A e,
which completes the proof. |

Remark 2.3. For (V,J) an oriented 2n-dimensional Euclidean real vector space with an or-
thogonal complex structure J compatible with the orientation, the line in Sér corresponding to
J € Jp(V)is AA(V) C S¢. Indeed,

(vel+wei) - l=v+Jw=0 < w=Jv.

3 Twistor spaces of four- and six-manifolds

In this section we describe the integral cohomology of the twistor space of (Riemannian) almost
complex six-manifolds, along with the integral cohomology of the twistor space of arbitrary
oriented (Riemannian) four-manifolds. Finally we compute the Chern classes of the Atiyah-
Hitchin—Singer almost complex structure on the latter.

3.1 Spinors on almost complex four- and six-manifolds

Let M be an oriented Riemannian manifold and let Z(M/) denote the space of orthogonal almost
complex structures on M, called the twistor space. The space Z(M) has two components corre-
sponding to the structures which induce the given orientation on M or the opposite orientation.
Recall, we denote these by Zy (M), and refer to them as the positive and negative twistor spaces.

The Atiyah—Hitchin—Singer almost complex structure on Z (M) is defined as follows: the
Levi-Civita connection induces a connection on the bundle Z(M) — M splitting TZ (M) into
a direct sum of horizontal and vertical subspaces

TZ(M)=T"Z(M)® T Z(M).

The almost complex structure on TVZ (M) is determined by the algebraic variety structure of
the fibers J(T, M) of Z(M) — M explained in Section 2. At a point J, in the fiber over z € M
the complex structure on T}}ZZ (M) = T, M is given? by J.

A spin® structure on M [17, Appendix D] yields a complex spinor bundle S¢c(M) — M
together with an action

CUTM) @ Sc(M) — Sc(M).

The discussion in the previous section then provides a one-to-one correspondence between pro-
jectivized pure spinors on M and orthogonal complex structures inducing a given orientation:

Zi (M) 2 P(PSE(M)).

Now suppose M is given an orthogonal almost complex structure J compatible with the orien-
tation. Then J gives rise to a canonical spin® structure on M via the group homomomorphism
U(n) & Spin®(2n), which is the unique lift as a group homomorphism in the following diagram

Spin‘(2n) = (Spin(2n) x S1)/{+(1,1)}

/ [
txdet

U(n) SO(2n) x St.

Here ¢ denotes the inclusion, ﬂ([h, ei‘g]) = [h], and 5([11, eie]) = o2,

2The Eells-Salamon almost complex structure is obtained replacing the vertical component of the Atiyah-
Hitchin—Singer almost complex structure by its negative; see [23, Section 3] for details.
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An element g € U(n) is diagonalized by some orthonormal basis (e1, Jey, ..., e, Jey). If
g = diag(eiel, e ,eie"),

then

. 4 0 Z0
k(g) = Lli[l (cos; +isin ;ekjek> ,€ 21

(cf. [17, equation (D.10)]). Using the formulas for the action of e;Je; in the proof of Lemma 2.2,
we see that the spinor action of x(g) on A% (RQ”), where R?" is equipped with the complex
structure given by diag (((1) _01) Yy ((1) _01 )), agrees with the standard action of g on this space.
We obtain the following result:

Proposition 3.1. Let M be an oriented Riemannian manifold with an orthogonal almost com-
plex structure J compatible with the orientation. Then we have the following isomorphisms of
smooth fiber bundles over M :

1. If dim(M) = 4, then

Z (M) =P(Ca AZ(TM)), Z_(M)=P(TM).

2. If dim(M) = 6, then
Zy(M)=P(CoALTM)), Z_(M)=P(TM o AL(TM)).
Remark 3.2. The Atiyah—Hitchin—Singer and Eells—Salamon almost complex structures on
(either) twistor space do not agree with the natural almost complex structure on the projec-

tivization. Indeed, the projection map from the projectivization is complex linear whilst this is
not the case for the twistor projection.

The projective bundle formula now gives the following formulas for the cohomology rings of
the components of the twistor space in terms of the Chern classes of (T'M, J).

Corollary 3.3. Let M be an oriented Riemannian manifold with an orthogonal almost complex
structure J compatible with the orientation. We have the following isomorphisms as algebras
over H*(M):

1. If dim(M) = 4, then
)) = HY(M)[z]/ (2* + e12),
) & B (M) fa] /(2% + 1+ ).

2. If dim(M) = 6, then

H*(Z (M)) = H*(M)[x]/(:v4 + 2c123 + (c% + 62)332 + (c1e2 — ¢3)x),
H*(Z_(M)) = H*(M)[az]/(a:4 + 2c123 + (C% + 02)x2 + (cre2 + ¢3)x).
Remark 3.4.

e The formulas above in dimension four agree with [11, Theorem 11.2], where it is established
that over a Kihler surface M, the positive twistor space is the projectivization of T%°M @ C
(note that T%9M = AZ(TM)), and the negative twistor space is the projectivization of
the holomorphic tangent bundle.
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e In [12, Section 6], Evans describes the cohomology ring of the positive twistor space of
a (not necessarily almost complex) six-manifold, with complex coefficients. The description
is in terms of the first Chern class of T"(Z,(M)). Using Proposition 3.8, one can check
that Evans’ description agrees with the one in Corollary 3.3 in the case of almost complex
manifolds. We remark that Evans’ computation can quickly be reproduced using naturality
in the pullback diagram

Zy (M) —— BU(3)

I |

— 5 BSO(6)

and expressing H*(BU(3); Q) as an H*(BSO(6); Q)-algebra using the known behavior of
the right-hand side vertical map on cohomology.

Remark 3.5. In order for the formulas of Corollary 3.3(1) to hold, it is crucial to have an
almost complex structure inducing the given orientation on the base manifold. For instance, the
positive twistor space of CP? (i.e., the complex projective plane with the opposite orientation)
with the Fubini-Study metric is the full flag variety U(3)/(U(1) x U(1) x U(1)) [23, p. 217,
Example 1], whose cohomology is given by

Zlw,y,z)/(x +y + 2,2y + 22 + yz, 0y2) = Lz, y)/ (2 + 2y + 3, 2%y + 27),
where x, y, z are in degree two [4, Proposition 31.1]. This ring is not isomorphic to
Zlz, )/ (v*, a® + kyz)

for any integer k, so the cohomology of Z ((CIP’Q) can not be expressed as in the first item of

Corollary 3.3(1). This corresponds to the fact that CP? does not admit an almost complex
structure compatible with its orientation (which can of course be seen by other means as well,
e.g., Hirzebruch’s congruence x + ¢ = 0 mod 4 for closed almost complex four-manifolds).

3.2 Spin©(4)-bundles and twistor spaces of four-dimensional manifolds

Twistor spaces of oriented Riemannian four-manifolds give interesting examples of almost com-
plex six-manifolds which we will consider in the following sections. In this subsection we will
compute their integral cohomology as well as the Chern classes of their Atiyah—Hitchin—Singer
almost complex structures.

Our computation requires knowledge of the integral cohomology of BSpin®(4). The cohomol-
ogy of BSpin®(n) is described in detail in [9]. We need only the simple case when n = 4, so we
include an elementary treatment of this case.

Our aim is to compute the cohomology ring of the “universal twistor space” over BSpin©(4),
namely the bundle of orthogonal complex structures on the fibers of the 4-plane bundle over
BSpin®(4) classified by the canonical map BSpin®(4) — BSO(4). Since every oriented four-
manifold admits a spin® structure, naturality will yield the cohomology ring of the twistor
space.

We will use unit quaternions to describe the four-dimensional spin groups and orthogonal
complex structures. We consider the quaternions H as a vector space over C via right multipli-
cation by C C H, i.e., we consider the identification of C? with H given by

(2’1,2’2) = 21 +j22.
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The standard complex structure on H = R* is then right multiplication by i, and (1,1, j, —k) is
an oriented basis.
The unit quaternion ¢ = wi + jwe acts on H by left multiplication as

(w1 + jw2) (21 +j22) = (w121 — Wazz) + j(wez1 + 20w1),
which corresponds via the identification with C? to the matrix
wyp —W2
w2 wy

with |wi|? + |wa|? = 1. This will be our identification of Sp(1) with SU(2).
The universal cover of SO(4) is modelled by the map Sp(1) x Sp(1) — SO(4) given by

(q1,92) = (v = qvg2)

and we will identify
SO(4) = (Sp(1) x Sp(1))/{#(1, 1)}.
In these terms, the subgroup U(2) C SO(4) is
U(2) = (Sp(1) x §1) /{=(1, )}
The group Spin®(4) is defined as
Spin®(4) = (Sp(1) x Sp(1) x ) /{*(1,1,1)}.

There are two canonical homomorphisms

SO(4) < Spin°(4) % S (3.1)
given by
W([Qluq2aeie]) = [Q1aQ2L 5([(]17QQaei9]) :e2i9-

The canonical map U(2) & Spin®(4) is the unique lift as a group homomorphism in the diagram

Spin®(4)

T e

U(2) 2% 50(4) x S

In terms of the coordinates above, this is given by /ﬁ([ql, eie]) = [ql, el e*ie].
Let © € H?(BS') = H?(CP™) denote the standard generator (the Chern class of the dual
tautological line bundle on CP*°) and

a = (BS)*(x) € H?(BSpin‘(4)).

We will write p; and e for the universal Pontryagin class and Euler class in H*(BSO(4)), re-
spectively.
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Lemma 3.6. Let m: Spin®(4) — SO(4) be as in (3.1). There are unique classes Si,52 €
H*(BSpin®(4)) such that

48, = Br*p; — 2Br*e — o,
48y = Br*py + 2Br*e — a?.

Moreover the cohomology ring of BSpin©(4) is a polynomial algebra,
H* (BSpinC(4)) = Zla, S1, Sa).
Proof. The short exact sequence of groups
Sp(1) x Sp(1) % Spin(4) % S,
where ¢(q1,92) = [q1, ¢2, 1], leads to a fiber sequence
BSp(1) x BSp(1) 2% BSpin©(4) 2% BS!. (3.2)

Let A,B € H*(BSp(1) x BSp(1)) be the generators which map to z* € H*(BS') under the
maps induced by the natural inclusions e'? — (eie, 1) and e? — (1, ew) of S in Sp(1) x Sp(1).
By the Serre spectral sequence of the fibration (3.2), any elements in H* (BSpinC (4)) mapping
to A, B under B.* together with o will freely generate the cohomology ring of BSpin©(4).

The effect of the composition

BSp(1) x BSp(1) 2% BSpin°(4) 25 BSO(4)
on degree 4 cohomology is determined by the homomorphism

1 -1
SleIQSlel

induced by 7 o ¢ on the standard maximal tori. Writing a,b € H? (BSl X BSl) for the stan-
dard generators corresponding to the maximal torus of SO(4), and z, y for the corresponding
generators for Sp(1) x Sp(1), we have

A+ (x—y)? + (—z —y)? =227 + 2%, ab — —z* + %,

and therefore p;,e € H*(BSO(4)) map to 24 + 2B and —A + B in H*(BSp(1) x BSp(1)),
respectively. Therefore

B Br* (p1 — 2e) = 4A4, Bu*Br* (p1 + 2e) = 4B.
It follows from the short exact sequence
0 — Za® — HY(BSpin®(4)) 25 HY(BSp(1) x BSp(1)) — 0

that there exists A € Z such that Br*(p; — 2e) + Aa? is (uniquely) divisible by 4.
The composition

cP? =2 BU(2) 2% BSpin®(4) 22 BS!

classifying the second exterior power of the tangent bundle of CP? induces multiplication by 3
on H? and hence (Bk o 7¢p2)* provides a 2-local splitting of the map B§* on H*.
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The pullback to H*(CP?) of Br*(p1 — 2e) + Aa? € H*(BSpin®(4)) is (3 — 6 + 9A) times the
orientation class, and the smallest value of A for which this number is a multiple of 4 is A = —1.
Since Br*(p1) — 2B7*(e) — o € H*(BSpin®(4)) is divisible by 4, we conclude that

. <B7T*(p1) — 2Br*(e) — a2> A

4

and similarly

* * _ A2
B (Bﬂ' (p1) +245’7r (e) — ) _B

which completes the proof. |

For four-dimensional M, a choice of spin® structure gives us the following diagram of pullback
squares:

Z(M) —— Z(BSpin®(4)) —— Z(BSO(4))

! | !

M —— BSpin¢(4) —B™ — BSO(4),

where Z(BG) denotes the bundle of orthogonal complex structures on the universal oriented
4-plane bundle over BG for G = SO(4) and its pullback for G = Spin®(4).

We will see that each of the two components of Z (BSpinC(4)) is the projectivization of
a complex plane bundle over BSpin®(4). The projective bundle formula together with naturality
will give us the following description of the cohomology ring of Z(M) as an H*(M )-algebra.

Proposition 3.7. Let M be an oriented Riemannian four-manifold and o € H?*(M) be an
integral lift of wo(M) (classifying the complex line bundle associated to a spin®-structure on M).
Then there is an isomorphism of H*(M)-algebras

p1 £ 2e — a2)

(3.3)

H*(ZL(M)) =2 H*(M)[z]/ <x2+am— 1

Proof. Under our identification of R* with H, the orthogonal complex structures on R* com-
patible with the orientation (respectively, opposite orientation) are given by right (respectively,
left) multiplication by a unit imaginary quaternion. The element [q1, 2] € SO(4) acts on J. (R*)
by

[q1, 2]u = qouqy,
and on J_ (R4) by

[q1, ¢2]u = qrug,.

That is, SO(4) acts on orthogonal complex structures via the two projections to SO(3). The
commutative diagrams

Spin®(4) X+ U(2) [ql,qz,eia] — [qg,e*ie]

I | ! J

SO(4) 5 S0(3), (g1, 42) —— [ga].
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and
Spin®(4) ——— U(2) [a1,q2,€%] —— [q1,e7]
SO(4) —"= SO(3), [q1, 2] ——— [a]-

allow us to express each component of the bundle of orthogonal complex structures associated
to an oriented 4-plane bundle with a spin® structure as the projectivization of a complex plane
bundle. The formula (3.3) will follow from the projective bundle formula once we compute the
Chern classes of these plane bundles. By naturality it suffices to compute the images of ¢1, c2

under ByZ.

As the composition Spin®(4) EEN U(2) det, g1 equals d, we have Bx% (c1) = a.

We will now show that
Bx’, (c2) = —So, Bx* (c2) = —5;.
In view of Lemma 3.6, this will complete the proof. The maps
Sp(1) x Sp(1) % Spin°(4) X U(2)

are given respectively by (q1, ¢2) — [q2, 1] and (q1, ¢2) — [q1, 1] (i.e., they correspond respectively
to the inclusions of the right and left copies of SU(2) in U(2)). Therefore, with respect to the
standard basis for H*(BSp(1) x BSp(1)) used in the proof of Lemma 3.6, we have B(tox 1 )*co =
—B and B(tox_)"ca = —A.

Hence

By (c2) = =S + \a?, Bx* (ca) = —So + pa?, for some A, u € Z.

Bko
We can determine the coefficients A and p by mapping to H* ((CIP’Q) under CP? &BSpinC(él).
The compositions

U(2) 5 Spin®(4) 5 U(2)
are given by
[q,eie] — [eie,ew] and [q,eie} — [q, eia],

respectively. The second map is the identity, while the first map is the representation U(2) 1&det,

U(2) (cf. Proposition 3.1(1)). It follows that the composition
CP? — BSpin®(4) 2% BU(2)

classifies the bundle C @ A2TCP?, and
CP? — BSpin°(4) 2= BU(2)

classifies the tangent bundle of CP?. Thus ¢; € H*(BU(2)) must go to 0 € H*(CP?) under
the composition CP? — BSpin®(4) B, BU(2), and to 3 € H*(CP?) under the composition
CP? — BSpin®(4) 2= BU(2), ie.,

~(346-9)/44+9A=0 < A=0, and —(3-6-9)/44+9u=3 < p=0. N
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Recall that TVZ4(M) and TPZy(M) denote the vertical and horizontal subbundles of
TZ (M) which are complex vector bundles via the Atiyah—Hitchin—Singer almost complex struc-
ture.

Proposition 3.8. Let M be an oriented Riemannian four-manifold and o € H?(M) a choice
of lift of wa(M). Then, in terms of the expression for H*(Z+(M)) in Proposition 3.7, the total
Chern class of the standard almost complex structure on Zy(M) is

1+ (42 + 2a) + (p1 £ 3e) £ (o + 22)e. (3.4)
Moreover, ¢i(TYZ+(M)) = ¢1(T"Z+(M)) = a + 2.

Proof. It suffices to compute the total Chern classes of the vertical and horizontal subbundles
of TZ4(M). We saw in the proof of Proposition 3.7 that Z4 (M) is the projectivization of a rank
two complex vector bundle E with total Chern class

p1 £ 2e — o?

1
+« 1

As TY(P(E)) & C = Og«(1) ® p*E (where P(E) £ M is the projection and Og-(1) is the
canonical line bundle restricting to O(1) on each fiber [8, Definition 15.13]) we have that

c1 (TV(Z:‘:<M))) = Cl(E) + QCl(OE*(l)) =qa+ 2zx.

As for the horizontal bundle, consider the pullback diagrams

7 (M) —— Z, (BSpin®(4)) —— Z,(BSO(4)) = BU(2)

]\g | 2

— 4 BSpin°(4) —— BT, BSO(4).

Note that Z,(BSO(4)) = £SO(4) xso(4) SO(4)/U(2) = BU(2), and under this identification
the projection Z,(BSO(4)) — BSO(4) is the map Be induced by the inclusion U(2) C SO(4).
Moreover, the universal bundle £SO(4) X 2) R* — £50(4)/U(2) pulls back to T"Z, (M) under

the composite map Z (M) — Z (BSpin¢(4)) = BU(2) (cf. Lemma 2.1).
We saw in the proof of Proposition 3.7 that

H*(Z4 (BSpin©(4))) = Zla, S1, Sa, 2]/ (2% + ax — S).
In terms of this identification we have 7*(cg) = Br*e = —5; + S2 and

(1) = vz + A for some v, A € Z.
As the bundle classified by CP! 22 SO(4)/U(2) — BU(2) has ¢; equal to two times the orientation
class (see Lemma 2.1), we have v = 2. Since p; € H*(BSO(4)) maps to ¢ — 2co in H*(BU(2)),
and to 251 + 25> + a? in H*(BSpin®(4)) we see that

(2z + )\a)2 428, — 28, =251 +25% +a? < 4z + 4hax + N2 =455 + o’

Hence A = 1, yielding the formula (3.4) in the case of Z,(M).
Let k € O(4) be an element with determinant —1 and let ¢: SO(4) — SO(4) denote con-
jugation by k. As a homogeneous space of SO(4) we have J_(R*) = SO(4)/¢(U(2)). Hence



14 G. Granja and A. Milivojevié

Z_(BSO(4)) = £SO(4) xso@) »(U(2)) = B(p(U(2)) and we have a commutative diagram

T

/_\

Z_(M) —— Z_(BSpin°(4)) — B(p(U(2)) 22 BU(2)

! | | |

M —— 5 BSpin©(4) — B, BSO(4) 221, BSO(4)
with the middle and left-hand squares both pullback squares and the right hand square an
isomorphism of fiber bundles induced by the automorphism ¢~!. Note that By~ is covered by
an isomorphism between the (complex) universal bundles ESO(4) X,y (2)) R* — £SO (4) X y(2) RY,
so that the composition Z_ (M) — Z_ (BSpin®(4)) = BU(2) classifies TP Z_(M).
Considering the action of By on the maximal torus we see that By: BSO(4) — BSO(4) has
the following effect on cohomology:

Bo*(pi) =pi,  By'(e) = —e
Arguing as before, we conclude that 7*(ce) = —Bn*(e) = S1—52 and 7*(¢1) = 22+, leading
to the formula (3.4) in the case of Z_(M). [

Remark 3.9.

e The formulas in Proposition 3.8 for ¢y and c3 of Z_ (M) differ by a sign from those given
in [16, p. 135]; however, the fundamental class being used in loc. cit. seems to also differ
by a sign from the one induced by the Atiyah—Hitchin—Singer almost complex structure
on Z_(M). Hence the values of the Chern numbers given in [16, equation (1.5)] coincide
with those obtained with the Chern classes in Proposition 3.8.

e In [16, equation (1.4)], there is a description of the real cohomology ring of the neg-
ative twistor space of a four-manifold X, as the free H*(X;R)-module generated by
h = %c1(TVZ_(X)) subject only to the relation h? = fe(X) — 1pi1(X). However, this
description is at odds with the identification of the negative twistor space of CP? as the
full flag variety U(3)/ (U(1) x U(1) x U(1)) [16, p. 133], [23, p. 217, Example 1]. Namely,
H* (CIP’Q;R) =~ R[z]/(x%), where (22, [(CIPQD =1,s0 e((CIP’Q) =p ((C}P’Z) = 322, Therefore
the real cohomology of the negative twistor space is, according to [16, equation (1.4)],
Rz, h]/(l’g,hQ — %xz). One can check directly, however, that this (graded) ring is not
isomorphic to the cohomology of the flag variety, i.e., to R[z, h]/(x2 +xh+h% 2?h+ hxz).

In terms of Propositions 3.7 and 3.8, we have h = z+ $ and therefore h? = ipl(x) — %e(X).

Remark 3.10. Let M be an almost complex Riemannian six-manifold. The fiberwise diffeo-
morphism a: Z, (M) — Z_(M) sending J, — —J; € Z(T, M) induces an anti-holomorphic map
between the fibers and hence

a*(c1(To(Z-(M)))) = —c1(To (24 (M)))-

The spaces Z1 (M) are projectivizations of rank 4 complex vector bundles with first Chern class
2¢1(M) (see Corollary 3.3), and so as in Proposition 3.8 we see that ¢ (T, Z+(M)) = 2¢1 (M) +4x.
Therefore

a*(2c1 +4x) = —2¢1 —4x = a”(4x) = —4x — 4c;.
As there is no torsion in H? of the universal example Z(BU(3)), it follows that a*(z) = —x —c;.

One can check that a* yields an isomorphism between the H*(M)-algebras of Corollary 3.3.

In view of the previous remark, from now on we will restrict our attention to the positive
twistor space of almost complex Riemannian six-manifolds.
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4 On the homotopy type of the space
of almost complex structures on six-manifolds

In this section we study the homotopy type of the components of the space of almost complex
structures on connected six-manifolds M, complementing our previous treatment [13] of the case
when ¢; = 0.

Theorem 4.1. Let M be an oriented Riemannian manifold of dimension four or six, J an
orthogonal almost complex structure on M compatible with the orientation, and J(M) its com-
ponent in the space of orthogonal almost complex structures. Let Sg(M) be the positive spinor
bundle on M determined by J. Then the map

D(S(SE(M))) = J(M)
is surjective, and for any lift s of J,

Map (M,S') = T(S(5¢)), = J(M)
is a fiber sequence.

Proof. Identifying Sg (M) with @y evenAfé(T M), Remark 2.3 shows that the constant section
s: M — AL(TM) C St(M) defined by s(z) = 1 lifts the section J. As S(S¢) — Z4(M) is
a fiberwise fibration over M, the map induced on sections is a fibration. Since the fiber over J
is nonempty, any choice of lift of J identifies the fiber with Map (M S 1). |

Remark 4.2. The above argument remains valid in all dimensions if one replaces S (S(Er (M ))
with S(Sg (M)) NPSE(M).

Now let (M,J) be a closed almost complex Riemannian six-manifold with H'(M;Z) = 0
(equivalently, by = 0) satisfying cjca — ¢3 # 0. By Theorem 4.1, we have the fibration
Map (M, S') — F(S(SE(M)))S — J(M). Since H'(M;Z) = 0, evaluation at a chosen base-
point gives a homotopy equivalence Map (M .S 1) £, S, so we have a principal fiber sequence
St = T(S(SE(M))), — J(M).

We can thus consider instead the fiber sequence

L(S(S¢))s — J(M) — BS' ~ CP™. (4.1)

Now, S (S’(Er ) is an oriented fiber bundle over M with fiber S”, and hence it is classified by a map
M — BAut™ (57) to the classifying space of orientation-preserving homotopy automorphisms
of S7. Tt is known that BAut™ (57)Q ~ K(Q,8), where the subscript of Q denotes (Sullivan)
rationalization [25, Section 11]. By [21, Theorem 5.3], the rationalization of T'(S(S& ))S is
homotopy equivalent to (the connected component corresponding to s in) the space of sections
of the fiberwise rationalized S” bundle over M. Since H®(M;Q) = 0, this latter bundle is trivial,
and hence (I‘ (S (S(ér ))S) 0 is homotopy equivalent to a connected component of Map (M , S(a)
Denoting the Betti numbers of M by b;, by Thom’s theorem on the space of maps into an
Filenberg-Maclane space, Map (M ) Sé) is in fact connected and has the homotopy type of
S§ % S§ x K(Q,3)" x K(Q,4)» x K(Q,5)".

We can describe the fundamental group of J(M) by using a theorem of Crabb and Sutherland:

Theorem 4.3 ([7, Theorem 2.12(i)]). Let M be a closed connected 2n-manifold and & a complex
(n + 1)-plane bundle over M. Denote by N& any component of the space of sections of P(€)
whose elements lift to sections of §. Then w1 (NE) is a central extension

0 — Z/({cn(&),[M])) = m(NE) — H' (M) — 0.
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By Theorem 4.1, we can apply this to £ = S{ (M) = C®ALZTM, which satisfies N = J(M).
Therefore, the fundamental group of J(M) is given by Z modulo [,,c1¢a—c3 (where ¢; =c¢;(TM)),
see Corollary 3.3. By [21], J(M) is a nilpotent space as it is the space of sections of a fibration
with nilpotent fiber (namely (CIP’B) over a finite-dimensional base. We may thus rationalize the
fibration (4.1) to obtain the fibration

(T(S(5)),)q = J(M)g = K(Q,2).

Consider the degree one rational class corresponding to the factor S%Q in the fiber. If cjeco—c3 # 0,
then since m(J(M)g) = 0, this class must hit (a nonzero multiple of) the degree two generator
in K(Q,2) in the Serre spectral sequence. A model for the total space is given by the tensor
product of the base and fiber’s models with a perturbed differential on the fiber generators [25,
Section 4]; the previous sentence thus tells us that a model for J(M) is of the form

(A(wg,zl,27,z§,zi,z§), dz) = @, dzg € (22), A2} € (22), dz) € (22), d2F € (z2)),

where (z3) denotes the ideal generated by z2, and i, j, k range over sets of size by, b3, ba,
respectively.

Notice that such a model is not minimal, and in fact a minimal model is obtained by quoti-
enting out the differential ideal generated by z;. Indeed, by the argument in [27, Proposition 2]
we see that the map (A,d) — (A/(z1,dz1)A, d) induces an isomorphism on cohomology. Here by
(A, d) we denote the differential graded algebra displayed above, and by d the induced differential
on the quotient. We see that

(A1) A ) = (A(er, 24, 4, 24).3 = 0)
where the right-hand side is minimal. To summarize, we have the following:

Theorem 4.4. Let M be a connected closed sixz-manifold with by = 0 equipped with an almost
complex structure J such that fM c1co — c3 # 0. Then the space of almost complex structures
on M in the component of J is a nilpotent space with finite cyclic fundamental group and minimal
model given by (A(z7, 2,25, zé‘c),d = 0) ; herei, j, k range over sets of size by(M), bs(M), ba(M)
(= bg(M)), respectively. In particular, this space is formal.

We emphasize that the above makes no nilpotency assumption on M. Alternatively, a model
for (a given component of) the space of almost complex structures can be obtained with the
Haefliger—Sullivan model for the space of sections of a fibration [25, Section 11], [15], applied to
CP? — Z, (M) — M. Our approach above lets one quickly describe the minimal model of .J(M)
using the geometry of the setup.

Example 4.5. Using Theorem 4.4, we immediately obtain the following:

1. Observe that the space of almost complex structures inducing a given orientation on the
connected sum 9(53 X 5’3) is connected. By Theorem 4.4, for g # 1, the rationalization
of this space is K(Q,7) x K(Q,4)%. In particular, the space of almost complex struc-
tures on S% has the same rational homotopy type as S7, i.e., K(Q,7); cf. [13] where it is
shown that a certain natural inclusion RP7 < J (56) induces an isomorphism on rational
homotopy groups and fundamental groups. (Note that the covering S7 — RP” induces an
isomorphism on rational homotopy groups.)

For g = 1, one can calculate directly using the Haefliger—Sullivan model that the space of
almost complex structures on S x S has the same rational homotopy type as S x CP? x
(HP>)2, cf. [13, Example 5.4].
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2. The components of almost complex structures on CP? are parametrized by ¢; = 2kz,
cy = (2k2 — 2)1‘2, where z is the generator of H? (CP3) such that <:U3, [CP3]> =1 (ie.,
x = ¢1(O(1)) for the standard complex structure). Hence cica — c3 = 4k — 4k — 4, which
is never zero. Hence every component of almost complex structures has rationalization
K(Q,7) x K(Q,5) x K(Q,3). Contrast this with the trivial CP* bundle over CP?, whose
(infinitely many) components of sections exhibit two distinct rational homotopy types [22,
Example 3.4]; the space of maps CP? — CP? homotopic to any fixed essential map has
rationalization K(Q,7) x K(Q,5) x K(Q, 3).

5 Intersections of almost complex structures on six-manifolds
as sections of the twistor space

We will now use the results of Section 3 to calculate the homological intersection of two almost
complex structures on a given six-manifold M, after identifying them with the image of M under
the corresponding section of the twistor bundle.

Lemma 5.1. Let E = M be a complex vector bundle of rank n over a closed oriented mani-
fold M. Let s: M — P(E & C) denote the canonical section given pointwise by [0 :---: 0 : 1].
Then the Poincaré dual of s,[M] in H*(P(E ® C)) = H*(M)[z]/(z" ™! + c12™ + - - - + ¢px) is

"o Mt
where ¢; denote the Chern classes of E.>

Proof. The Poincaré dual to s,[M] is the image of the Thom class of the normal bundle to the
submanifold s(M) C P(E & C) under the first map below in the long exact sequence of a pair,

H*™P(E®C),P(E®C)\ s(M)) = H**(P(E® C)) - H™(P(E® C) \ s(M)),

where H?"(P(E @ C),P(E @ C) \ s(M)) has been identified with H**(U,U \ s(M)) for some
tubular neighborhood U of s(M) via excision; see [5, Section 6.11]. This is a nonzero class,
as s«[M] is nonzero since it projects to [M].

Now notice that P(E & C) \ s(M) deformation retracts to P(F). Therefore the effect of the
second map on cohomology is the natural quotient

H*™M(M)[2]/ (2" + e + -+ cpx) = H*™(M)[z]/ (2" + c1z™ '+ 4 ¢n),

and thus the kernel is generated by z™ + ¢;z™ ' + --- 4+ ¢,. Hence the Thom class maps to
2"+ ciz™ '+ .- + ¢, up to sign. To check the sign, we restrict to a fiber and evaluate against
the fundamental class [CP"]. Since the Thom class is the orientation of the normal bundle,
which is given by the orientation of the fibers, and <$”, [(CP”]> = 1, we see that the sign is
positive. |

Theorem 5.2. Let s be a section of the positive twistor bundle over a closed Riemannian siz-
manifold M, and give M the orientation determined by s. Then the homological self-intersection
number s,[M] - s.[M] of s(M) in Z(M) is given by [,, c1ca — c3, where the ¢; are the Chern
classes of the almost complex structure determined by s.

3Here the orientation on P(E @ C) is understood to be the one induced by the orientation on M and the
canonical orientation on the fiber CP" corresponding to (z", [C]P"]) =1.
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Proof. In terms of the identification in Proposition 3.1, s is the canonical section of ]P’(SE ) =
IP’(A(ZCT M @C) (see the proof of Theorem 4.1), where T'M is equipped with the complex structure
determined by s. To compute the homological self-intersection of s(M ), we integrate the square
of the expression obtained in Lemma 5.1 for its Poincaré dual in Z (M). We use Corollary 3.3,

and observe that since z (23 + ¢1 (S¢)2? + 2 (S )z + ¢3(S¢)) = 0 in H*(Z4(M)), we have

2

(0 + 01 (8)a% + ea (S5)a + ea(SE))° = ea(S2) (0 +ea(S2)? + a5 + ca(5))

= c3(S¢)2® = (creo — c3)2. [
Using Theorem 5.2, we obtain the following:

Example 5.3.

1. For any closed oriented Riemannian four-manifold M, by Proposition 3.8, we have the fol-
lowing Chern numbers of the Atiyah—Hitchin—Singer almost complex structure on Z, (M):

| azonez.on = [ @ 2a)m s
Z4 (M) Z4 (M)

([ ) (- se)

= 12(a(M) + x(M)),
/ c3(Z4(M)) = / 2z + a)e = 2x(M).
Zy (M)

Zy(M)
Hence the self-intersection of the Atiyah—Hitchin—Singer almost complex structure on
Zi (M) in Zy(Z4(M)) is 120(M) + 10x(M).
By [1, Lemma 3], closed oriented four-manifolds admitting a maximally nonintegrable

almost complex structure satisfy 5xy+6c = 0. Hence for these manifolds, the corresponding
self-intersection number is zero.

2. By a theorem of Taubes [26, Theorem 1.1], given any closed oriented four-manifold M,
for every large enough k the manifold N = M#kCP? carries a self-dual metric. Hence its
negative twistor space X = Z_(N) is a complex manifold [2, Theorem 4.1]. It satisfies

| atn =260 - o). [ @) =2w.
X X
Indeed, we obtain this again from Proposition 3.8, namely

/ e1(X)ea(X) = / 2o+ 22)(pr (V) — 3e(I))
X X

= ([ 12) (L) - 3etv))) = ~12(0() = x(),

This agrees with [16, equation (1.5)]. Alternatively, from [10, Section 4] we see that the
holomorphic Euler characteristic of X is given by 1 — by (N) + b5 (N). Since x(N) = 2 +
by (N)+b; (N)—2b1(N) and o(N) = b3 (N)—b, (N), we have (x(N)—o(N)) = 1—b1+b;,
which equals the Todd genus [y 2—146102(X ). The Euler characteristic of X is twice that
of N, as seen immediately, e.g., using the Leray—Hirsch theorem.

From here we obtain
/ c1(X)ea(X) — e3(X) = 10x(M) + 120(M) — 2k.
X

Hence for any M, for large enough k we obtain compact complex threefolds X with negative
homological self-intersection in their own positive twistor space.
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Example 5.4.

1. For the connected sum 9(53 X 53), the self-intersection number of any almost complex
structure in Z4 (9(53 X 53)) is 2g — 2. In particular, for S we have —2.

2. 52 x S§* admits a unique homotopy class of almost complex structures for every choice of
c1 = 2ka, where a generates H?. Since p; = 0 we see that ¢ = 0 for any k € Z, and so
the self-intersection is —4 for any homotopy class of almost complex structure. Likewise,
for 9(52 X S4), the self-intersection of any almost complex structure is —2g — 2.

3. Recall that the homotopy classes of almost complex structures on CP? are parametrized
by ¢1 = 2kx, co = (214:2 — 2)332. The self-intersection numbers are given by 4k® — 4k — 4;
in particular, for the standard complex structure it is 20.

4. To obtain more examples of compact complex threefolds with negative self-intersection,
one can blow up any given compact complex threefold X at a point sufficiently many
times. Indeed, the blowup at one point, diffeomorphic to X #CP3, satisfies

/X e X#CP?) = /X crea(X)

#CP3

by invariance of the Todd genus under bimeromorphisms, and the Euler characteristic
is two larger than that of X. Note that if X is Kahler, this gives examples of Kéahler
threefolds with negative self-intersection.

5. In [19], LeBrun builds examples of compact complex threefolds X,,, m > 0, each diffeo-
morphic to K3 x S?, with [ X, c1c2(Xy,) = 48m. Hence the homological self-intersection
number is given by 48(m — 1).

6. By [14, Corollary 3.1], for a connected symplectic six-manifold M with a Hamiltonian circle
action with isolated fixed points, we have fM c1co = 24 and so fM creg —c3 =24 — x(M).
In particular, this formula applies to toric six-manifolds.

Recall the following theorem of Michelsohn, Salamon, Atiyah—Hitchin—Singer:

Theorem 5.5 ([17, Theorem 9.11], [24, Theorem 1]). A section s of the positive twistor space
Z+ (M) — M is pseudoholomorphic, with respect to the almost complex structure J corresponding
to s on M and the Atiyah—Hitchin-Singer almost complex structure on Z (M), if and only if J
1s integrable.

Now suppose we have an integrable orthogonal J on a Riemannian six-manifold M. Then s
gives us an embedding of M into Z, (M) as an almost complex submanifold. If we were able to
perturb s(M) to another almost complex submanifold that intersects s(M) transversally, then
the homological intersection number s,[M] - s.[M] would have to be > 0. A way to obtain
perturbations of s(M) to almost complex submanifolds is by translating J by an isometry of
(M, g), but any perturbation to a transverse representative would do. Note that it is unique to
dimension six that s.[M] - s,[M] inside Z, (M) gives an integer.

Corollary 5.6. Suppose a closed Riemannian siz-manifold M carries an integrable complex
structure, corresponding to a section s of Zi (M), with fM cico —cg < 0. Then there is no
representative of the homology class s«[M] given by an almost complex submanifold of Z (M)
which intersects s(M) transversally.

Example 5.7. Consider S® with the round metric. Take the canonical almost complex structure
induced by the octonions, and consider its orbit under the action of the isometry group SO(7),
diffeomorphic to RP7. After identifying the twistor space of round S% with the Grassmannian
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of oriented 2-planes in R®, Calabi and Gluck [6] show that these “octonion” J’s send S® to the
family of 2-planes of the form (o, v), where o is a fixed unit octonion depending on J (so, the
image of S% is the unit sphere in the hyperplane orthogonal to a given line in R®.) Two such
nearby families intersect transversally. Therefore, the —2 homological self-intersection obtained
in Example 5.4 shows the octonion J’s are not integrable. Of course, this also follows by a direct
computation of the Nijenhuis tensor, and the result is a special case of the classical theorem of
Blanchard [3] and LeBrun [18] that there is no integrable complex structure on S° orthogonal
with respect to the round metric.

In order to study intersections of almost complex structures in different components of the
space of sections of the twistor space we will now analyze the dependence of our formula for the
cohomology (Corollary 3.3) on the choice of almost complex structure.

Consider the map of fibrations

CP? —— CP*®
BU(3) —B5 BSpin®(6) (5.1)

| |

BSO(6) —=— BSO(6).

As the canonical map k: U(3) — Spin®(6) is an isomorphism on 71, we see that 7 is an isomor-
phism on 79 and hence the 5-lemma implies that Bk is a 7-equivalence. Therefore the set of
isomorphism classes of almost complex structures on six-manifolds is in natural bijective corre-
spondence with the set of isomorphism classes of spin® structures via the canonical map from
the former to the latter.

The set of isomorphism classes of spin®-structures on a manifold M is a torsor over the group
H?(M) of isomorphism classes of complex line bundles (corresponding to the action of the fiber
on the principal fibration along the right-hand column of (5.1)). Letting [s|] denote the spin®
structure associated to the almost complex structure s: M — Z, (M), and writing a - [s] for the
action of the cohomology class a € H?(M) on [s], we have the following result:

Lemma 5.8. Let M be an oriented Riemannian siz-manifold and let s,s': M — Z (M) be two
almost complex structures on M compatible with the orientation of M. Let a € H*(M) be (the
unique cohomology class) such that [s'] = a - [s]. Then the canonical isomorphism between the
expressions for H*(Z(M)) given in Corollary 3.3 in terms of s, s is given by

l‘,|—>.’L‘—a.

Proof. Let F and E’ be the positive spinor bundles associated to the spin® structures [s] and [s'],
respectively, and let L denote a complex line bundle with ¢;(L) = a.
The relation a - [s] = [¢'] implies that there is an isomorphism

v: LR E — F'.

The kernel in T, M & C of right multiplication by a positive spinor v € FE, is the same as the
kernel of right multiplication by A ® v € L, ® F, for any XA # 0, so the canonical isomorphism
given by the composition

P(L® E) %5 7, (M) 2= P(E)

is the obvious one sending the line L ® (Cv) to Co.
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We conclude that on Z, (M) the tautological (Hopf) line bundles H and H' coming respec-
tively from the identifications with P(E) and P(E’) satisfy the relation

H =H®L.
Since 2/ = ¢1(H™) and x = ¢, (H*), this completes the proof. [ |

Given a spin® structure [s] we will write ¢1([s]) for the Chern class of the line bundle classified

by the projection BSpin®(2n) B9 BS!. Note that c; (a-[s]) =2a+ c1([s]) so the difference class
a € H?(M) between two almost complex structures s, s’ is a specific “square root” of the
difference ¢j — ¢1. We can suggestively write

a—d
2 Y

:U’:a:—i—

(5.2)

which is unambiguous on rational cohomology (or when there is no 2-torsion in H2(M)).
Remark 5.9. If we use s: M — Z (M) to write
H*(Zy(M)) = H*(M)[z]/(z* + 2c12° + (] + e2)2® + (c1c2 — ¢3)2),

then s*(z) = 0. This follows from Remark 2.3 which implies that the pullback by s of the Hopf
bundle over P(E) is trivial. Using the isomorphism H2(Z (M)) 255 H2(CP?) @ H2(M) one
sees that the first Chern class of the horizontal plane bundle on Z (M) is* ¢1(M) + 2z (for any
choice of almost complex structure) leading again to (5.2).

Theorem 5.10. Let J and J' be two orthogonal almost complex structures inducing the same
orientation on a closed Riemannian siz-manifold M, corresponding to sections s and s of the
twistor bundle. Denote by ¢;, c; their respective Chern classes. Then the intersection number
$«[M] - sL.[M] in Z, (M) is given by
/M (et +cid —ad? — ) + L(eady + i) — s
Proof. By Corollary 3.3, the presentation of H*(Z;(M)) with reference to J is given by
H*(M)[z]/(2* + 2e12% + (& + c2)2® + (102 — c3) ),
and with reference to J' it is given by
H(M)[)/ (@) + 26 (@) + (ch)? + ) (@')? + (cheh — ).
Combining Corollary 3.3 with Lemma 5.1, we have that the Poincaré dual of s,[M] is given by
2+ 2122 + (c% + CQ)x + (c1e2 — ¢3),
and the Poincaré dual of s,[M] is given by
(@) +2c1(2")? + (()* + )2’ + ey — ¢,

Recall from (5.2) that 2/ = z + 1(c1 — ¢}). (Our calculation will be insensitive to torsion, so
we may in fact work in the rational cohomology ring where there is no ambiguity in writing
$(c1 — ¢}).) Using this to rewrite the expression for s,[M], and multiplying with s,[M], yields

333(%(0‘;) + 3y — e — 6/13) + %(616/2 +cich) — cg)

Pairing with the fundamental class of Z, (M) gives the result. [

4This computation also follows from the arguments used in the proof of Proposition 3.8.
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Remark 5.11. The expression for the intersection number in Theorem 5.10 is symmetric in J
and J' as expected, which can be verified by using ¢? — 2¢2 = p1 = ¢ — 2¢; and ¢ = ¢}.

Example 5.12. Let J and J’ be two almost complex structures on CP3, with Chern classes ¢;
and ¢,. Then ¢; = 2kz, ¢ = (2k* — 2)a?, c3 = 42® and ¢| = 20z, ¢y = (207 — 2)2?, ¢ = 4a?,
where k, ¢ are integers. From Theorem 5.10 we get that J and J', thought of as sections of the
twistor bundle, have homological intersection given by

k3 4+ k20 + k02 + 03 — 2k — 20 — 4.

In particular, taking J to be the standard complex structure, lying in the component determined
by k = 2, we have that the homological intersection with any .J’ with ¢ < 0 is negative.
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