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Abstract. The Weierstrass curve is a pointed curve (X,o00) with a numerical semi-
group Hx, which is a normalization of the curve given by the Weierstrass canonical form,
Y + A1 (2)y" T + Ao (z)y" %+ -+ Ar—1(2)y+ Ay (z) = 0 where each A; is a polynomial in x
of degree < js/r for certain coprime positive integers r and s, r < s, such that the generators
of the Weierstrass non-gap sequence Hx at co include r and s. The Weierstrass curve has
the projection @, : X — P, (z,y) — x, as a covering space. Let Rx := H°(X, Ox (x00)) and
Rp := H°(P, Op(*00)) whose affine part is C[x]. In this paper, for every Weierstrass curve X,
we show the explicit expression of the complementary module RS of Rp-module Rx as an
extension of the expression of the plane Weierstrass curves by Kunz. The extension natu-
rally leads the explicit expressions of the holomorphic one form except oo, HO(P, Ap(*0))
in terms of Rx. Since for every compact Riemann surface, we find a Weierstrass curve that
is bi-rational to the surface, we also comment that the explicit expression of RS naturally
leads the algebraic construction of generalized Weierstrass’ sigma functions for every com-
pact Riemann surface and is also connected with the data on how the Riemann surface is
embedded into the universal Grassmannian manifolds.

Key words: Weierstrass canonical form; complementary modules; plane and space curves
with higher genera; sigma function

2020 Mathematics Subject Classification: 14H55; 14H50; 16S36; 13H10

1 Introduction

The Weierstrass o function is defined for an elliptic curve of Weierstrass’ equation y? = 4z —
92w — g3 in Weierstrass’ elliptic function theory [40, 41]. Since (p(u) = —% log o (u), dgslu)) is
identical to a point (x, y) of the curve, we can use the equivalence between the algebraic objects of
the curve and the transcendental objects on its Jacobi variety. The equivalence leads to the cru-
cial relations among them and their algebraic and analytic properties associated with the elliptic
curves [40]. These relations and properties affect the various fields of science and mathematics.

We have studied the generalization of this picture to algebraic curves with higher genera in
the series of the studies [17, 18, 19, 20] following Mumford’s excellent studies for the hyperelliptic
curves [29, 30].

As the elliptic theta function was generalized by Riemann for an Abelian variety, its equiva-
lent function Al was defined for any hyperelliptic curve by Weierstrass and was refined by Klein
as a generalization of the elliptic sigma function. Since Klein defined his hyperelliptic sigma
function by using only the data of the hyperelliptic Riemann surface and Jacobian transcenden-
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tally, Baker re-constructed Klein’s sigma function by using only the data of the hyperelliptic
curve itself from an algebraic viewpoint [3]. Buchstaber, Enolskii, and Leykin extend the sigma
functions to certain plane curves, so-called (n, s) curves, based on Baker’s construction which we
call EEL construction due to work by Eilbeck, Enolskii, and Leykin (see [5, 10] and references
therein). For the (n,s) curves with the cyclic symmetry, the direct relations between the affine
rings and the sigma functions were obtained as the Jacobi inversion formulae [27, 28]. Further,
we generalized the sigma functions and the formulae to a particular class of the space curves
using the EEL-construction [18, 20, 26].

Recently as a generalization of Klein’s sigma functions, D. Korotkin and V. Shramchenko de-
fined the sigma function of every compact Riemann surface transcendentally [22]. Every compact
Riemann surface with a point P has the Weierstrass non-gap sequence at P, which is described
by a numerical semigroup H; we call the numerical semigroup Weierstrass semigroup. In [32],
Nakayashiki refined the sigma function for every compact Riemann surface with Weierstrass
semigroup H based on Sato’s theory on the universal Grassmannian manifolds (UGM) [35, 36].

On the other hand, it is well-known that for every compact Riemann surface Y with the
Weierstrass semigroup Hy at a point P € Y, there is an algebraic curve X which is bi-rational
to the surface Y and is obtained by the normalization of the curve satisfying the Weierstrass
canonical form, y"+ A1 (z)y" '+ As(x)y" "2+ - -+ A, _1(z)y+A, () where each A; is a polynomial
in z of degree < js/r for certain coprime positive integers r and s, r < s; the point P € Y
corresponds to co € X and the Weierstrass semigroup Hx at co € X is equal to Hy whose
generators include r and s [3, 6, 15, 38]. In this paper, we call such a curve Weierstrass curve or
W-curve. The set of W-curves represents the set of compact Riemann surfaces. The Weierstrass
canonical form provides the projection w,: X — P (e.g., (z,y) — x) as a covering space. For
Rx = H%(X,Ox(x)) and Rp = H(P, Op(*00)), let their quotient fields be Q(Rx) and Q(Rp).
Then Q(Rx) is a Galois extension of Q(P), or X is the Galois covering on P, and Rx is regarded
as an Rp-module.

The (n,s) curves are identical to the plane W-curves, whereas the space curves studied in
[18, 20, 26] are particular classes of the space W-curves. In [20], we implicitly showed that
these studies on the sigma functions in [5, 18, 27, 28, 33] are based on the algebraic structures
of Rx as an Rp-module for such particular W-curves. In [17], we show that if we have the data
of the holomorphic one-forms over X except oo, HY(X, Ax(*00)), we have the correspondence
between Rx and the Riemann theta function for the subvarieties of its Jacobi variety associated
with S¥X, 0 < k < g, where Ay is the sheaf of the holomorphic one-forms on X.

Our purpose of the studies series is to connect the algebra Rx and the sigma function for
every W-curve X and show the equivalence between the algebraic objects of the W-curve X
and the transcendental objects on its Jacobi variety using the sigma functions as Baker did
for the hyperelliptic sigma functions following Weierstrass’ elliptic function theory [3]. The
equivalence also leads to the crucial relations among them and their algebraic and analytic
properties associated with the W-curve X, like Weierstrass’ elliptic function theory. In other
words, we purpose to extend Weierstrass’ elliptic function theory [40] and Mumford’s study
[29, 30] to every W-curve.

It is a critical perspective that Weierstrass himself and related researchers had already ob-
tained some, but not perfect, results [3, 39]. Due to the difficulty, these attempts were given
up and forgotten for a century. However, the development of mathematics enables us to revive
their approaches. We also emphasize that the progress in the studies on the sigma function has
provided several non-trivial results as a generalization of those in elliptic curves, which had been
regarded as impossible for the century, e.g., [5, 8, 9, 10, 12, 27, 28, 31, 33] and reference therein
as Mumford did for the hyperelliptic curves using € functions in [29, 30].

In the general theory of the algebraic curves [7, 24, 37|, the algebraic curves with the Galois
covering are studied well, and it turns out that the complementary module plays important
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roles and is connected with the Kéhler differentials. The origin of the complementary modules
is in the study by Dedekind and Weber [7]; Weierstrass already stated some results in [39)].
Kunz showed the explicit expression of the complementary module for every plane W-curve [24,
Theorem 15.1] though he did not call it W-curve.

To connect Nakayashiki’s sigma functions in [32] for pointed compact Riemann surfaces with
the Weierstrass semigroup Hx and the algebraic properties of the W-curves X, in this paper,
we study the algebraic properties of Rx and the complementary module R% as Rp-modules.
This paper aims to show the explicit expression of RS since the expression of RS enables us
to apply the algebraic construction of the sigma function following the EEL construction to
every W-curve: 1) R is directly related to the meromorphic one forms H(X, Ax(x0)), i.e.,
H(X, Ax (x00)) = RS dx; we can find the Jaocobi inversion formula as mentioned in [17]. 2) As
we show in a follow-up paper [21], by using the structure of RS, we can define the fundamental
differential of the second kind €2 following the EEL-construction to obtain the Jacobi inversion
formula of Nakayashiki’s sigma function.

We remark that in Weierstrass’ elliptic function theory, if we regard x(u) = —% log o with
du = dz/y as a differential equation, it is known that x can be integrated twice in u to obtain
the elliptic sigma function without theta functions, at least, formally. Similarly, we regard that
the Jacobi inversion formula, i.e., the relation between Rx and the sigma function, for every W-
curve also means an algebraic construction of the sigma function as Baker considered [3]. In the
construction, the most critical and most complicated point is to obtain the explicit expression
of the complementary module RS. Thus this paper is devoted to the expression.

By using the general theory of the algebraic curves, in this paper, we obtain the explicit ex-
pression of the complementary module R for every W-curve X, including a space curve as an
extension of Kunz’s results on the complementary modules of the plane W-curves [24]. Though
the extension, especially to non-symmetric Hx cases, is complicated, we have already obtained
the expressions of particular space curves heuristically in [18, 20, 26]. By investigating them,
we found the essentials of the general constructions of R in terms of data of Rx for general
Wh-curves as follows. Since the W-curves X are characterized by the Weierstrass semigroups,
Hx [38], the monomial curves Xy and the monomial rings R% associated with Hx determine
the behavior of Rx at oo € X. Following such studies on the monomial curves by Kunz [23], Her-
zog [13], and Pinkham [34], we use the multiple groups Gy, action on the monomial curve Xy and
the monomial algebra Rfl. As we assume that the generators of the Weierstrass semigroup Hx
include the minimal number r, the cyclic group €, of order r gives the standard basis of Hx with
respect to r. The standard basis of Hx governs the monomial algebra and induces the standard
basis of Rx as the Rp-module globally. By using the standard basis of Rx, we investigate
the Rp-module structure of Rx. As a key proposition, we find the characterization of Rx in
Proposition 3.14 which induces an embedding of m x-dimensional space curve X into P2(mx—1)
with projection to each singular plane curve in P? in Proposition 3.15. This embedding leads
the trace structure RIZ{ in Lemma 4.6 and the structure determines the dual basis with the trace
of Rx in Proposition 4.18. Finally we find the explicit expression of R% in Theorem 4.27. Using
it, we describe HY(X, Ax (*00)) = R%dz in terms of Rx in Theorem 5.3.

Furthermore it is known that FCX := 7\ Hx provides the embedding of the algebraic systems
associated with X into the UGM due to Segal and Wilson [36, p. 46]. Since due to Riemann—
Roch theorem, R dz has the weight sequence which is equal to ﬁ;( — 1, R, dz might lead the
embedding as Nakayashiki did for (n, s) curve in [31] rather than the spin connection in [32]. Our
results in this paper can be naturally applied to the generalization of the EEL-constructions [20]
as we mentioned above. Our previous report on the Riemann constant on the theta function [19]
enables us to construct the sigma function of every W-curve algebraically and connect Rx with
the sigma function as we show in the follow-up paper [21]. We mention it shortly in Re-
mark 5.10.



4 J. Komeda, S. Matsutani and E. Previato

In [12], the explicit description of the Abelian functions in terms of the sigma function
demonstrates the degenerating behavior of the sigma function for the degenerating family of
curves given by the Weierstrass canonical form fx (z,y) = y> —x(z — s)(x — by )(x — b) for s — 0
for disjoint non-zero complex numbers b; and by recently, which is much more precise than the
known results [14]. The results in this paper with this follow-up paper [21] mean that 1) as we
handle the elliptic functions of an elliptic curve, we can handle the algebraic functions of any W-
curve X using the explicit connection between the sigma function for X and the affine ring Rx,
e.g., their additive structure, Jacobi inversion formula, and differential relations, 2) as we did
in [12], we can basically express the degenerating behavior of sigma function (theta function) for
any degenerating family of W-curves, and 3) in terms of them, we could have explicit expressions
of the algebraic solutions of KP hierarchy more precisely: Though it has not been a concern in
the study of the integrable system, even for soliton solutions of KP hierarchy, there is no study
on explicit description associated with the space curves except the recent interesting work by
Kodama and Xie [16]. Our results in this paper provide the bases.

Contents are as follows: Section 2 consists of the two subsections: Section 2.1 reviews
Dedekind’s trace, and its related topics based on Kunz’s book [24]. Section 2.2 gives the sum-
mary of the numerical and Weierstrass semigroups. We show the Weierstrass canonical forms
and Weierstrass curves (W-curves) and their properties in Section 3. Using their properties, we
find the identities in Rx in Proposition 3.14, as the first key proposition, to show the Rp-module
structure of Rx and an embedding of X into P2(mx _1), where myx is the minimal number of
the generators of Hy. Section 4 is devoted to the construction of the complementary mod-
ule RS . After rewriting the tools in Section 2.1 for W-curves X shortly, we start to review
the explicit expression of the complementary module for every plane W-curve of (myx = 2) [24,
Theorem 15.1] in Proposition 4.3. In order to extend it to a general W-curve X including a non-
symmetric case, we consider the trace structure of the monomial ring Rfl in Lemma 4.6 as the
second key proposition. Using it, we investigate the global structure of Rx as the Rp-module
in Proposition 4.18 and Lemma 4.22 as the third key propositions. Finally, we construct the
complementary module in Theorem 4.27 as the first main theorem in this paper. In Section 5,
we consider the W-normalized Abelian differentials H(X, Ax (*00)) and show the second main
theorem in Theorem 5.3. In Section 6, we provide some examples of our results.

2 Preliminary

2.1 Trace and complementary modules

We review Dedekind’s trace and its related topics based on Kunz’s book [24] whose origin
appeared in the paper by Dedekind and Weber [7].
Let Rp be an algebra over C and Ry an Rp algebra such that Ry = @;:& Rpy;, yi € Ry.
The dual of Ry is defined by

wRY/RP = HOH]RP (RY, RP)

with the basis {y}}icz, C wr, /g, satisfying y;y; = ;5. We assume that for z,y € Ry and
2 € WRy /Rp> (T 02)(y) = 2(7y), and we also regard wg,, /r, as an Ry-module.

Let us introduce standard trace, Tg,, /g, = z;:& yioy;, and its complementary module R5,
with respect to 7g, /g, glven by

Ry = {2 € Q(Ry) | TRy /rp(2Ry) C Rp}.

We construct the complementary module R5- as follows because Rj is directly connected with
the Kahler differentials.
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Lemma 2.1. There are structure coefficients a;ji in Rp satisfying yiy; = Y j aijpyr and
ik = Qjik, which determines the structure of the Rp-module Ry. Then the standard trace

shows Tpy /r,(Yj) = > i
Proof. The former statement is obvious and due to the definition of the standard trace, we
have Ty /g, (v5) = 22 Vi 0 ¥i (v5) = 225 yi (Vivi) = 225 yi 2k aigryr) = 225 aji- u

The Ry-action on the Rp-module Ry, x: Ry — Ry for x € Ry, has the matrix expres-

sion My, Le., (My)ij = D _p Trajki since (z2); = y; Qg Th2iYrYs) = ¥i(Qokje Thzjjkeye) =
> (30K Thajki)zj. Lemma 2.1 asserts that the standard trace Tg,  r,(z) agrees with trace

of M,, i.e, TRy /Rp () = (M)

Definition 2.2. If there is an element 7 in wg,, /g, such that wg,, /g, = RyoT as an Rp-module,
i.e., Wry /R 18 a free Rp-module with the basis {7}, we say that Ry has the trace 7.

We note that if Ry /Rp is separable, the standard trace 75, /Rp 1 @ trace in this definition.
Lemma 2.3. If Ry has a trace T, the following hold.

1. If an element a in Ry satisfies aoT =0, then a = 0. It means that wg, /p, = Ry o7 as
an Ry -module.

2. For a basis {y;} of Ry as an Rp-module, there exists a subset {y;} C Ry satisfying
7(¥iy;) = 0ij- (We call {y:} the dual basis with respect to the trace .) Then Tgy /g, =

(Y02 Vivi) o
Proof. (1) For any x € Ry, 0 = ao7(z) = 7(ax) = z o 7(a). For every b € wg, /g, b(a) =0

implies that a = 0. The Rp-morphism wg, /g, — Ry o7 is injective. (2) For the dual basis {y; }
of Wg, /g, such that yj(y;) = d;j, we can find an element ¥; € Ry satisfying y; = y;o7. Then

T(Fiy;) = yi(y;) = 6ij, and Try jr, = S Vioyi = (X0 Yiyi) o 7. |

We construct 7 and 7g,, /g, in terms of the enveloping algebra RY, := Ry ®pg, Ry. For Ry,
the standard multiplication p: R, — Ry is defined by p(a ® b) = ab.
Lemma 2.4. The kernel of u, Ker u, is generated by {y; ® 1 — 1 ®y;}i—o

-----

Proof. Following [24, Theorem G.7], we show it. Let I := ({a ® 1 — 1 ® a}qery )rp- Clearly
I C Ker p. There are surjective Rp-homomorphisms,

p/
Ry ®Rp Ry p_u> (RY ORp RY)/I - (Ry QRp Ry)/Ker,u =~ Ry.

For a,b € Ry, wehave a®@b=(a®1)(1®b) = —(a®1)(b®1—1®b) 4+ (ab® 1). Thus there
is an injection Ry RN (Ry ®grp Ry) = (Ry ®gr, Ry)/I. Hence pL is the identity map as a set,
and is bijective. Further since

(ab®1)—(1®ab)=bx1)(a®1l-1®a)+(1®a)(b®1-1R0D),
every element in {a ® 1 — 1 ® a}qep, is generated by {y; ® 1 —1® y;}i=0,.. r—1- [ |
We consider the annihilator of the kernel of p,
Annge (Ker p) := {z € Ry | 2 - Ker u = 0}.
For an element ) a;®b; € Annpge (Ker p), (c®1— 1®c)-> a;®@b; =00r Y ca;@b; = a;cb;.

Lemma 2.5. There is a natural embedding ¢: Annge (Ker ) — Hompg, (Wgy, /Ry, By )-
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Proof. Since Y ca; ® b; = > a; ® cb; for an element Y a; ® b; € Annpge (Ker 1) and ¢ € Ry,
it should be defined ¢ (>, a; ® b;)(p) = >, p(a;)b; € Ry for p € wr, /p,; for every s € Ry, we
have sp(a)b = p(a)sb = p(sa)b. [

Proposition 2.6 ([24, Corollary H.20]). Suppose Ry /Rp has a trace. Then ¢ induces a bi-
jection between the set of all traces of Ry /Rp and the set of all generators of the Ry -module
Annpge (Ker p): Each trace T € WRy /Rp S mapped to the unique element A, := Z’;& ViQyi €
Annpgg (Ker p1) associated with T such that Z;:& 7(¥i)y: = 1. Furthermore
L. A; generates the Ry -module Annge (Ker 1), and {y1,...,¥,} is the dual basis of the basis
{y1,...,¥r} of Rx with respect to 7; i.e.,

T(S’\i}’j) = 0; 4, ,7=1,...,7.

2. If Z;;(Jl Y; ® yi generates the Ry-module Annge (Ker p), and if 7' € wgy, /g, s a linear
form with Z;:& 7'(¥,)yi = 1, then 7’ is a trace of Ry /Rp and A, = Zf:_(} Vi ®y; is
associated with the trace 7'; hence {y},...,y.} is the dual basis of the basis {y1,...,yr}
of Rx with respect to T'.

3. For each trace T of Ry /Rp,
TRy/Rp = :LL(AT) oT.

Proof. Let us consider 1 € Homg, (wg, /g, Ry), and consider the inverse image of {1},
¢~ (1) € Annge (Ker u), which is denoted by A;. By using the basis {y;} C Ry, we can express
itas Ar =3,y ®y; for a certain {y;}. Thus (3, ¥y ®y:i)(7) =D, 7(¥:)y: = 1. The fact that
> i T(¥i)yi = 1 implies that y; = y;0 (3 Vi @ yi)(7) = (32, ¥i @ yi)(yj o 7) = 22 7(¥iy;)Yi-
Thus 7(y;y;) = 0i;. Hence the set {y;} is a dual basis of Ry with respect to 7.

Let us consider the case Annge (Keru) = Ry (X, ¥ ® yi) with Z;:_ol '(¥))yi = 1 for
7' € Wy /rp- Then by the above arguments, obviously (3, ¥; ® y;) = 1. we obtain (2).

Lemma 2.3 shows that 75, /g, = > ;¥yioy; =D ;ViyioT = u(As)oT. |

2.2 Numerical and Weierstrass semigroup

This subsection is on numerical and Weierstrass semigroups based on [2, 18]. An additive sub-
monoid of the monoid, non-negative integers Ny is called a numerical semigroup if its complement
in Ny is a finite set. In this subsection, we review the numerical semigroups associated with
algebraic curves.

Let X be a smooth (complex projective) curve of genus g, and M(X) be the set of the
meromorphic functions on X. For a point P € X,

H(X,P) :={n € Ny |there exists f € M(X) such that (f)e = nP}

forms a numerical semigroup by the Riemann—Roch theorem, which is called the Weierstrass
semigroup of the point P. If the Weierstrass gap sequence H¢(X, P) := Ny \ H(X, P) differs
from the set {1,2,...,¢g}, we say that P is a Weierstrass point of X [11].

In this paper, we consider a pointed curve, a pair (X, P) with P a point of the curve X with
the Weierstrass semigroup H (X, P).

In general, a numerical semigroup H has a unique (finite) minimal set of generators, M =
M(H), (H = (M)) and the finite cardinality g of H* = Ny \ H; g is the genus of H or H® and
HF¢ is called a gap-sequence. For example,

H ={1,2,4,5},  for H = (3,7,8),
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H={1,2,3,4,6,8,9,13},  for H=(5,7,11),  and
H={1,2,3,4,5,7,8,9,10,11,17,23},  for H = (6,13,14,15,16).

We let rmin(H) be the smallest positive integer of M (H), which is referred the multiplicity
of H. We call the semigroup H an ryin(H)-semigroup, so that (3,7,8) is a 3-semigroup and
(6,13,14,15,16) is a 6-semigroup. Let N(i) and N°®(i) be the i-th ordered element of H =
{N()|7 € No} and H* = {N“(3)|¢ = 0,1,...,9 — 1} satisfying N(i) < N(i + 1) and N°(i) <
N¢(i + 1), respectively. The Schubert index of the set H is

a(H) = {ag(H),o1(H), ..., a, 1(H)},
where a;(H) := N¢(i) — i — 1. Moreover,
a((3,7,8)) = {0*,1?}  and  «a((6,13,14,15,16)) = {0°,1°,6,11}.

Further the conductor cy of H is defined by the minimal natural number satisfying cy + Ng C H.
The number cp — 1 is known as the Frobenius number, which is the largest element of H*.

By letting the row lengths be A; = ay—;(H) + 1, i < g, we have the Young diagram of the
semigroup, A := (A1,...,Ag), Ay > Asy1. The Young diagram A is a partition of ), A;. We say
that such a Young diagram is associated with the numerical semigroup. If for a given Young
diagram A, we cannot find any numerical semigroup H such that A; = a4_;(H) + 1, we say
that A is not associated with the numerical semigroup. It is obvious that in general, the Young
diagrams are not associated with the numerical semigroups.

(3,7,8), (5,7,11), (6,13,14,15,16).

The Young diagram and the associated numerical semigroup are called symmetric if the Young
diagram is invariant under reflection across the main diagonal. It is known that the numerical
semigroup is symmetric if and only if 2g—1 occurs in the gap sequence. It means that if cgy = 2g,
H is symmetric.

We obviously have the following proposition:

Proposition 2.7. The following hold:

(1) N(n) —n < g for every n € Ny,

(2) N(n) —n=g for N(n) > cx = N(g),

(3) N(n) —n < g for0 < N(n) < cx,

(4) #{n|N(n) = g} = #{n|N(n) < g},

(5) for N(i) < N¢(j), N°(j) — N(i) € H, and
(6)

6) when H is symmetric, cyg = N(g) =2g and cg—N(i)—1=N(g—i—1) for0 <i < g—1.
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Proof. (1)-(3) and (5) are obvious. By noting #H® = ¢, (4) means that what is missing must
be filled later for H¢. (6) is left to [2]. |

In this paper, we mainly consider the r-numerical semigroup, H. We introduce the tools as
follows:

Definition 2.8.
1. Let Z, :=={0,1,2,...,r — 1} and Z) := Z, \ {0}.
2. Let ¢; :=min{h € H|i=h mod r}, i € Z,.

3. Let €y = {eili € Z,} be the standard basis of H. Further we define the ordered set
Cpy = {Bi € Cy | e; < 2¢+1}, and QEE = ¢y \ {0}, e.g., ¢ :Eo =0.

4. Let ezi be the element in € such that ezi = ¢y — ¢; modulo r.

5. Let H := H|J(~N), where N := Ny \ {0}.

6. The Apéry set Ap(H,n) for a positive integer n is defined by
Ap(H,n):={se€ H|s—n¢g H}.

Since it is obvious that Ap(H,r) = €y = &y as a set, the standard basis is sometimes defined
by the Apéry set Ap(H,r).

We have the following elementary but essential results:
Lemma 2.9. For a € Ny, we define

(¥

la], :={a+kr|k € No}, m; :={a—kr|k e N}, [a]t := [a], NN.
1. We have the following decomposition:

(@) No = By, [l
(b) H Dicz, [eilr,
(¢) H = Dicz, [el]r, HUUH =12,
(d) H = @icy, leilr = Djegxleils, HUH® =Ny,
2. for every x; € [¢i], (i € Zy),
{zi modulo r|i € Z,} =7Z/rZ,
especially for x € [¢;]y, © =i modulo r, and
3. eZé =e¢9 =0, and ezo = ¢y.
Proof. (la), (2) and (3) are apparent. From the definition of g, H = {e;+kr|i € Z,, k € Np}.

For i # j, [¢;]» N [¢j], = @ and thus we have the decomposition in (1b). Since H* = Ny \ H, we
have (1d) and (1c) noting (1a). [

The following is obvious:

Lemma 2.10. For the generators r and s in the numerical semigroup H, there are positive
integers s and v, such that igzs — i,r = 1.

We remark that H determines the structure of the differentials on a certain curve X in
Theorem 5.3 and the embedding of the curve into the universal Grassmannian manifold as in
[36, p. 46].

A numerical semigroup H is said to be Weierstrass if there exists a pointed curve (X, P)
such that H = H(X, P). Hurwitz posed the problem of whether any numerical semigroup H is
Weierstrass. The question was revived in the 1980s, viewed as the question of deformations of
a reduced complex curve singularity (X, 00). Buchweitz and Greuel showed a counterexample.
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3 Weierstrass canonical form and Weierstrass curves
(W-curves)

3.1 Weierstrass canonical form

In this subsection, we now review the “Weierstrass canonical form” (“Weierstrass normal form”)
based on [17, 19, 20], which is a generalization of Weierstrass’ standard form for elliptic curves.
This form originated from Abel’s insight, and Weierstrass investigated its primitive property
[38, 39]. Baker [3, Chapter V, Sections 60-79] gave a complete review, proof, and examples of
the theory. Here we refer to Kato [6, 15], who also produces this representation with proof.

Proposition 3.1 ([6, 15]). For a pointed curve (X,o00) with Weierstrass semigroup Hx :=
H(X,00) for which rmin(Hx) =1, and ¢; € €y, 1 € Z), in Definition 2.8, and we let s :=
min,x{¢; € €y | (¢,7) = 1} and s = ¢,. (X, 00) is defined by an irreducible equation,

fx(z,y) =0, (3.1)
for a polynomial fx € Clz,y| of type,

fx(@y) =y + A1)yt 4 As(z)y" 2+ 4+ A ()Y + A (), (3.2)
where the A;(x)’s are polynomials in x, Ay =1,

lis/r] lis/r]

=D el = H ai0(z — aij),
j=0

and )\@j S (C, )‘778 =—1

Proof. We let €, = {e1,¢2,...,¢,—1} \ {8}, €my =: {e2,...,% -1}, (& <& for i < j), and
¢ = s. Let ng, be a meromorphic function on X whose only pole is oo with order ¢;, i € Z),
taking ys := 0s = g, and 1 = g,. From the definition of X, we have, as C-vector spaces,

H(X, Ox (x00) ZZW% (3.3)

=0 j=0

Let the affine ring Rx of X be defined by HY(X, Ox(¥00)), i.e., Rx := HY(X, Ox(x)). Thus
for every ¢; € €y, j = 2,3,...,r — 1, we obtain the following equations,

YsWe, = A0 + A21Ys + Ao, + -+ Agpale,_, + A2, 106,
YsDey = A3+ Az.1Ys + A3V, + - + Az r—2Vs, , + A3 r—195, 4,

(3.4)

YD,y = Ar—10+ Ar10Ys + Arm1296, + -+ Arm10—205, 0 + Ar10—196_ s
=A10+ A11ys + A120e, + -+ Arr—ae,_, + A1,y (3.5)
where A; ; € Clz].

When r = 2, (3.1) equals (3.5). We assume that r > 2 and then (3.4) is reduced to (r — 2)
linear equations,

As1 — s Asp E A1 e, Ao+ Az 1ys

S e | Il I B P

A1 Ao o A1 —ys) \De Ar10+ Ar11Ys
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One can check that the determinant of the matrix on the left-hand side of (3.6) is not equal

to zero by computing the order of pole at oo of the monomials Bl-yg_z_i in the expression,
Az 1 —ys Az e Az r_1
P(z,ys) = A%‘),l A3,2.* Ys : A3,.r71
Ar;l,l Ar;1,2 e Ar—1,r.—1 — Ys

=y 24+ By 3 4+ By_3ys + B,_4,

which is s(r —2 — i) +r - deg,, B; by letting deg, h(z) be the degree of h with respect to x. The
fact that (r,s) = 1 shows that s(r —2 — i) + - deg, B; # s(r —2 — j) +r - deg, B; for i # j.
Hence by solving equation (3.6), we have

Qi(xa yS)

Ple,ys) (3.7)

e, =
where Q;(z,ys) € C[z,ys] and a polynomial of order at most » — 2 in ys. Note that the equa-
tions (3.7) are not algebraically independent in general but in any case the function field of the
curve can be generated by some of these ng’s, and its affine ring Rx can be given by a quotient
ring of Clz, Yry, Yrgs - -+ s Yry, | for i5 € Mx == M(Hx), where Mx = {r1,r2,...,mmy} C NTX
with the conditions that mutually coprime, (r1,...,7my) =1, 71 =7, 72 = s, and r; < r; for
2 < i < j, is a minimal set of generators for Hx. Here the cardinality of the generator Mx
of Hy is mx(< 7).

By putting (3.7) into (3.5), we obtain (3.2) if it is irreducible. If it is reducible, fx(z,ys)
is decomposed to polynomials whose degree is less than r with respect to ys. However the
relation (r,s) = 1 shows that there does not exist such monic polynomials due to the order of
the singularity at oo.

Further the order of the singularity of A;4%~% is given by s(r — i) + rdeg, A;. The cases
satisfying that s(r — i) +rdeg, A; = s(r — j) + rdeg, A; mean that i = j or (¢,5) = (0,7), (r,0)
due to (r,s) = 1. Hence rdeg, A, =s. Fori=1,...,r —1, s(r —i) + rdeg, A; < rs leads that
deg, A; < si/r. [

Remark 3.2. Let us call the curve in Proposition 3.1 a Weterstrass curve or a W-curve in this
paper. The Weierstrass canonical form characterizes the W-curve, which has only one infinity
point co. The infinity point oo is a Weierstrass point if HS, = H(X,00) = {N*(i)} differs
from {1,2,...,g}. Since every compact Riemann surface of the genus, g(> 1), has a Weierstrass
point whose Weierstrass gap sequence has genus g [1, 11], it characterizes the behavior of the
meromorphic functions at the point, and thus there is a W-curve which is bi-rationally equivalent
to the compact Riemann surface.

Further Proposition 3.1 is also applicable to a pointed compact Riemann surface (Y, P) of
genus g whose point P is an ordinary point rather than the Weierstrass point; its Weierstrass gap
sequence at P is H(Y,P) = {1,2,...,g}. Even for the case, we find the Weierstrass canonical
form fx and the W-curve X with HS, = {1,2,..., ¢} which is bi-rational to Y.

Remark 3.3. Let RS, := Clz,y]/(fx(x,y)) for (3.1) and its normalized ring be RS if X° :=
Spec RS, is singular. R% is the coordinate ring of the affine part of X \ {oco} and we identify RS
with Ry = HY(X, Ox(*00)). Then the quotient field C(X) := Q(Ry) of Rx is considered as
an algebraic function field on X over C.

By introducing Rp := H°(PP, Op(*c0)) = C|z] and its quotient field C(x) := Q(Rp), Q(Rx) is
considered a finite extension of Q(Rp). We regard Rx as a finite extended ring of Rp of rank 7,
e.g., R%. = Rp[y]/(fx(x,y)) as mentioned in Section 3.4 [24]. Further as we will mention in
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Section 3.3, g, in the proof of Proposition 3.1 is the standard basis of Rx as an Rp-module,
and the matrix in (3.6) are naturally interpreted as the Rp-module.

For the local ring Rx p of Rx at P € X, we have the ring homomorphism, ¢p: Rx — Rx p.
We note that Rx . plays crucial roles in the Weierstrass canonical form. We let Mx =
{ri,72,...,rmy} be the minimal generator of the numerical semigroup Hy = H(X,o0) ap-
pearing in the proof of Proposition 3.1. The Weierstrass curve admits a local cyclic €, = Z/rZ-
action at oo, cf. Section 3.2. The genus of X is denoted by gx, briefly g and the conductor
of Hx is denoted by cx := cy,; the Frobenius number cx — 1 is the maximal gap in Hy, i.e.,
cy=N(g—1)+1. Welet Hy :=Z\ Hyx.

3.1.1 Projection from X to P
There is the natural projection,
wr: X = P, wr(x,yr2,...,miX):x:yr,
such that w,(c0) = oo € P.
Let {yo} = {¥s = Yros Yrgs- - s Uy, } a0d Clz, yo] 1= Clz, 45 = Yy, Yrgs - - - s Yrpy, |-

3.1.2 Symmetric and non-symmetric Weierstrass curves (W-curves)

We also investigate the W-curves whose Weierstrass semigroups Hx are symmetric and non-
symmetric, which are called symmetric Weierstrass curve or symmetric W-curve, and non-
symmetric Weierstrass curve or non-symmetric W-curve respectively in this paper.

3.2 The monomial curves and W-curves

This subsection shows the monomial curves and their relation to W-curves based on [17, 19, 20].
For a given W-curve X with the Weierstrass semigroup H = Hx, and its generator Mx =

{r = ri1,72,...,"my }, the behavior of singularities of the elements in Ry at oo is described
by a monomial curve X fl For the numerical semigroup H = (Myx), the numerical semigroup
ring Ry is defined as Ry := C[z"™, 2", ..., 2" "x].

Following a result of Herzog’s [13], we recall the well-known proposition for a polynomial ring
ClZ] :=ClZy, Zrgyy -y Dy, -

I T’mX

Proposition 3.4. For the C-algebra homomorphism 951%1 ClZ] — R, Zq, — 2%, the kernel of

@%I is generated by certain binomials fi1 € C[Z], i = 1,2,...,kx, for a positive integer kx,
mx — 1 <kx <o, i.e., ker@% = (f{{,ff,...,f,g(), and

Ry ~ C|Z]/ ker $% =: R%.

Proof. This follows from a result of Herzog’s [13]. There are the multiplicative group actions
(Gm-actions) on Z,,’s, whereas Ry is invariant for the action. It means that the number of
generators of ker (ﬁfl is determined, i.e., kx. The relation in the ker @é is reduced to a binary
one. |

We call R% = C[Z]/ker $% a monomial ring. Sending Z, to 1/z and Z,, to 1/y,,, the
monomial ring R% determines the structure of gap sequence of X at oo [13, 34]. Bresinsky
showed that kx can be any finitely large number if mx > 3 [4].

Let Xpg := Spec RIZ{,WhiCh we call a monomial curve. We also define the ring isomorphism
on Rff induced from cﬁfl, which is denoted by @IZ{,

©%: ClZ]/ker 3% = R% — Ry.
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Further, we let {Zs} = {Zy,, Zpy, ..., 2y, }, and C[Z,, Zd| = ClZ;, Zyy, Zog, -, Zr,y -
A monomial curve is an irreducible affine curve with Gy-action, where Gy, is the multiplicative
group of the complex numbers; Z, — ¢%Z, for g € Gy, and it induces the action on the monomial
ring Rfl.

The following action of the cyclic group of order r plays a crucial role in this paper.

Lemma 3.5. The cyclic group €, of order r acts on the monomial ring Rfl; the action of the
generator a € €, on Z, is defined by sending Z, to (*Z,, where ¢, is a primitive r-th root of
unity. By letting ©f = (r,r;), v = r/¢f, and ¥; = r;/t}, the orbit of Z,, forms &, ; especially
for the case that (r,r;) = 1, it recovers &,.

Thus in RIZ{, we have the following identities:

(2., 2,,) =0, W—zi— 79, j=2.. mx. (3.8)

For example, the case Mx = {3,7,8} provides these elements { i ff } are given by the
72 Zr Zs
Z7 Zs Z3
action. Due to the relation, there are other possibilities which are given by the 2 X 2 minors of
Z2 (8Z7 (29Zg
97 (20Zs 73

hand, ) = 73 — 77 and [ = 73 — 75 for (3.8).
§li) such that

= (H Zf]?('w) - (H fo(“), (3.9)
j=2 Jj=1

2 X 2 minors of . There is a cyclic group €3 := {(§ |a =0, 1,2} action on Ry as a Gp,

for a = 0,1,2. It means that f is unique up to the Gy, action. On the other

There are non-negative integers h

where, in the first term, Z,, does not exist because (ri,72,...,7m,) = 1.
Corresponding to the standard basis of Hx in Definition 2.8, we find the monic monomial
3., € RZ such that ¢%(3,,) = 2%, and the standard basis {3, | i € Z,}; 3¢, = 1.

Lemma 3.6. The C|Z,]-module R% is given by
R%I == C[Zr] D C[Z'r];?)el b---D (C[ZT‘]BQT717

and thus 3 = {3¢, = 1,3¢,---,3e.1} is the basis of the C[Z,]-module R%. Then there is
a monomial b;j, € C[Z,] such that

Be;de; = Z bijkde,-

kEZy
Further, there are elements 3 € R% and 3: € RZ, (i € ZY) satisfying
3:1_3% =3, for ie€eZ),
and {Z,;1j=2,...,mx} C 3n.

Moreover, the cyclic group of order r acts on these elements; the action of the generator
(r € € on 3B, i =0,...,7 — 1, is defined by sending 3., to (Fi3,. For f,g € R%, by letting

G(f9) = G(1)G(9), &(B3er3er 3er 1) = 3e:3es+ 3er_y-

Proof. They are obtained from Definition 2.8 and Lemma 2.9. From the definition of My,
every Zr;, j =2,...,mx, belongs to 3. The group action is obvious from Lemma 3.5. |
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To construct our curve X from Ry or Spec Ry, we could follow Pinkham’s strategy [34] with
an irreducible curve singularity with the G, action, though we will not mention it in this paper.
For the coefficients \;; in Rx, we may consider the coefficient ring C[\;;], and then we also
consider the case C[\;;]/my divided by its maximal ideal my = (A;;). Pinkham’s investigations
provide the following proposition [34]:

Proposition 3.7. For a given W-curve X and its associated monomial ring, R% = C[Z]/(ff{,
JE ,f,f;), there is a surjective ring-homomorphism [2, p. 80]
goﬁ: Rx — RIZ{

such that Rx /my is isomorphic to RIZ_I, where my is the mazimal ideal (X\;;) in the coefficient ring
C[Ny], and ©X(yr;) = Zr,, and there is a set of polynomials { £ }i—1._ky € Clz,ye] satisfying

(1) (f modulo my) = fH fori=1,... kx,

(2) the affine part of Rx is given by Rx = (C[x,y.]/(flx,fQX, e J‘,g;), and

(

3) the rank of the matriz (afix)
Byr; ) i=1,2,..kx j=1,2,....;mx

is mx — 1 for every point P in X.

Proof. As we showed in the proof of Proposition 3.1, Rx is a quotient ring of C|x,ys|. Since
@ﬁ must be a surjective, there is a prime ideal (ff(,fjx,...,flgi) C C[z,ye| generated by
{fiX}Z.le’kX C Clz,ye] satisfying (1). Thus we prove (2). By noting kx > my, Nagata’s
Jacobi criterion [25, Theorem 30.10] shows (3). |

Definition 3.8.
1. Recalling Lemma 2.10, we define the arithmetic local parameter at oo by [33]

.fiT

yis

2. The degree at Q(Rx ) as the order of the zero or singularity with respect to ¢ is naturally
defined by

wt = deg,.: Q(Rx) — Z,

which is called Sato—Weierstrass weight [38].

3. In the ring of the formal power series C|[t1,...,ts]], we define the symbols d~(t1,...,ts)
and d>p(t1,...,tr), which express that they belong to the ideals

d>n(t1, o ,tg) € { Zail’_“,ilt? . ~té€ ]ailw,iz =0forig+---+i < n},

dsn(ty,. .. te) € {Zailw,wt? ot gy, iy = 0 for iy 4 g < n}
The weight of y,, is given by

. 1
wt(yr,) = —ri, i=1,2,...,mx, Yr; = — (1 4+ d>o(t)).

= tri

Since Rx or RY is given by a quotient ring of C[x, Yry, Yrg, - - - s Yr,, ] divided by the relations,
{ fiX }i:l ky e have the decomposition of Rx as a C-vector space,

Rx = PCsi, (3.10)
1=0
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where ¢; is a monomial in Rx satisfying the inequalities —wt ¢; < —wt ¢; for i < j, i.e., ¢pg = 1,

qbl =T, ....
Further by assigning a certain weight on each coefficient \; ; in (3.1) so that (3.1) is a homo-
geneous equation of weight rs, we also define another weight,

wty: Rx — Z.
Definition 3.9. We define Sx := {¢;|i =0,1,2,...} by the basis of Rx as in (3.10).
Then N (i) = —wt(¢;), for {N(i)|i € No} = Hx.
Lemma 3.10. Let t be the arithmetic local parameter at oo of Rx.

1. By the isomorphism piny: z — %, goinV(RH)(%RfI) is a subring of(C[%] ; for g(2) € Ry,
(¢) eCl4].
9\t t
2. There is a surjection of 1ing Yoo: Rx — Ry (%RIZ{); for f € Rx, there is g(z) € Ry such
that

1
(= (7) 1+ 0t € R o
where (f)s means the germ at 0o or (f)eo € Rx o via @ in Proposition 3.7. It induces
the surjection Rx o — Ry (%RIZ_I).

Proof. By letting g = ¢% o X (f), the existence of g is obvious. |

3.3 R]p—module RX

Rx is an Rp-module, and its affine part is given by the quotient ring of Rp[ye]. We recall
Definition 2.8 and Lemma 3.6, and apply them to W-curves:

Proposition 3.11. Fore¢; € €, , we find v, such that it is the monic monomial in Rx whose
weight is —e;, (v, = 1) and satisfies

r—1 r—1
Rx =Rp®@ @ R]PUei = @ R]Pt)ei = <erv Deysons Uer—1>R]P
=1 =0

with the relations,

r—1
Dee; = D Qijkleys (3.11)
k=0

where a;;, € Rp, a1 = aji, especially agjr = ajor = jk-
Further we let He := {—wt(f)| f € EB%E@IX{ RpY., } and then H. C Hx.

Proof. The generating formula is directly obtained from (3.3) noting y,, = 1 and Lemma 3.6.
H, C Hx is obvious. |

The set Dx := {90, ey, - - -, Ve, ; is called the standard basis of Rx as an Rp-module, which
is essentially the same as g, in the proof of Proposition 3.1; 9x = {vg, } U {1,ys}, and thus we
let s be ys = v, . ag, k¢ in (3.11) corresponds to Ay in the proof of Proposition 3.1.

The following corollary is obvious:

Corollary 3.12. In C[z,.), the ideal generated by (3.11) is a sub-ideal of I, = (f{*, f5*,...,
f,g;) in Proposition 3.7.
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As we regard an element in Rx as an element in Rp-module, we introduce a polynomial in Rx
as an Rp-monomial such that it is given by §(z) [/~ yh for certain non-negative integers h; and
d(x) € Rp, e.g., (a; —ar — b) Yy Yrs- Since we also define the weight, wty, on the Rp-monomials,
we can consider homogeneous polynomials as elements in the Rp-module.

Remark 3.13. Corresponding to (3.9), the relation fX in Proposition 3.7 is decomposed as
R nG)
(H Yr! ) - 5fx (H Yr! > + lower weight terms with respect to —wt

as an Rp-module, which is relevant to (3.11). Here d;x(z) is an element of Rp whose degree

is th) in (3.9). The first and the second terms are homogeneous polynomials in the Sato—
Weierstrass weight wt.

3.3.1 Embedding of X into P2(mx—1)

The projection from X to P in Section 3.1.1 with the Rp-module structure induces an embedding
of X into P2mx~1) ag follows. Besides { fX li=1,. k:X} we introduce a subset of polynomlals
{f)((l) li=2,.. mX} of Clx, ye|, which are Rx- analog of fH in Lemma 3.5 such that fX =0
an identity in R X-

Proposition 3.14. Let X be the W-curve in Proposition 3.1 with the affine ring Rx =

Clz, yol/ (f*, f5° ,...,f,*jg(). There are polynomials AZ(-j) € Clz], i = 2,3,...,t; = r/(r, rj,
j = 2,...,mx, satisfying Al(-j) = Z,&Z:b/tjj )\l(.j]gmk, where t; = r;j/(r,r;), )\(Jk) e C, )\wj =1,
and an irreducible polynomial,

P @) =+ APy AT T 4 ATy 4 A, (3.12)

in Clz,y,,], especially f)(?) = fx in (3.2), so that f)(g) satisfies the identity f)(g)(x,yrj) =0
m Rx.

Proof. The mx = 2 case is trivial. Let us consider mx > 2 case. Then Spec(Clx,y|/(fx(z,y)))
is singular and the commutative ring Clz,y]/(fx(z,y)) is not normal. We normalize it to
obtain Ry, in which every element in Q(Ry) is expressed by a monic equation with coefficients
in Rx. It means that y,, satisfies a certain relation y;; + blyf}]fl + o+ b1y, + by = 0 for
certain positive integer n and b; € Rx. We show that when n = r;, it is irreducible and b; € Rp
as follows.

We remark that y,, is equal to an element of the standard basis Yx from the definition
of y,; in the proof of Proposition 3.1; we take 5 such that y,, = De- - We apply the investigation
of Ay for v,, = ys in the proof of Proposition 3.1 and ag, in (3.11) to this De- = Yr, Case. We
introduce

A0 7. : =
Ai,k = a;ﬂ.’k — l)e;(si,k, b; == —ag%o — Cl;’i’e;lje;, 1, ke Z;f \ {j},

and then we consider the De- = Yr; action on P x in (3.11), which is described by

> Ao, =b,  kezX\{j}, (3.13)
eeZ\{7}
, = _
v = A5 F Ay - Y A e (3.14)
keZ\(}

where Az, := a5~ , € Cla].
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If (rj,r) = 1, the matrix ﬁ](gé) is regular and we obtain (3.12) as in the proof of Proposition 3.1.
Thus we assume that r; and r are not coprime. We Eecall v = (r,7j), vj =7/t and ¥; = r;/v].
If the determinant of the (r —2) x (r —2) matrix AY) is not equal to zero, it is reduced to the
above case. Then we obtain the formula f which is given by y,fj —x"i 4+ ... and thus its image

(v —1) T (i —1)

of 7 is reduced to Zr — Z,?, which is decomposed into (Z;j — Zﬁj) (ZTJ. + .+ Z )
If the formula f is irreducible, the infinity point co in X must not be unique, which contradicts
the uniqueness of co in W-curve as mentioned in Remark 3.2. Thus the formula must be
reduced to two formulae; one of them must be the Sato-Weierstrass weight, —rr;/t} and contain

the terms yfj — 2%, which is equal to f)(g) (3.12). If the other formula h%) is algebraically
independent to f)(g), there are two proejctions, ., : X — Spec ((C[x, yrj]/( )(g))) and W;’Tj X —
Spec ((C[x yr]] / (hgz-))) It also contradicts the uniqueness of the infinity co at X in W-curves.

Hence f = ( f ))tf up to a constant factor. Hence we have (3.12) and the identity fX =0.

Hence we further assume that the matrix AV is singular, and its rank is ¢(< r — 2).

Now we consider the case that ¢ = 0. Then in the relation (3.14), we show that Z
keZ \{ ]} must vanish. If some of A~ does not vanish, there is an element y € €, €2\ (7} R]pt)gl
which is expressed by a meromorphic functlon of z and y,; from the relation. However, it means
that there is a non-trivial relation in (3.13) and thus the rank ¢ must not be zero. It contradicts
the assumption. Hence yf is expressed as A~ 30 —i—Z}?yr ;; the order of Z~.0 in x is ¥;. Accordingly,
if ¢ = 0, there exists a Rp-submodule R =Rp® Rpyr;, which forms a subring of Rx, Clz,y,,]/
(yrj - ij - Ajjyrj) C Rx. X is a covering of a hyperelliptic (or elliptic) curve, and wt(x) is
divisible by two and 2|r. It is obvious that (y,%j — Z},O - ZﬁyTj) is irreducible as an Rp-module
since X is not a covering of decomposed curve, and we obtain (3.12).

Hence we let ¢ # 0 or 0 < ¢ < r — 2. We introduce a subset I := {n1,ng,...,ny} of Z) and
a submodule R x of Rp-module Rx defined by

Rx = Rp & Rpyr, © P Rev...
i€l

We assume that Ry is closed for the Yr; action on R X, i.e.,

yrjéx C Rx. (3.15)

The assumption enables us to find the regular submatrix Al = (;15],2)% el of AW satisfying
S APy, =b, el (3.16)
kel

We let I :=1U{0,r;}, and D% = {n., |i € I}.

By considering the image of (3.16) under p% o %, the weight —wt of each component
in Al obviously leads the fact that there is a sub-monoid H' := (r,rj,¢,,,...,¢p,) such that
(r,rj) C H C Hx, and the set I is characterized by

I={tez|qcH}#2, and > [ex)y=H. (3.17)
kel
Then we find an expression v, of k € I as a meromorphic function of z and y;,

o ka‘(x?yTj)

== : (3.18)
AT (2, )



Complementary modules of Weierstrass canonical forms 17

where ‘ﬁ] } is a monic degree ¢ polynomial of y,, with Rp coefficients, whereas the degree of @k
in y,, is ¢ — 1. (3.18) means that v, satisfies the relation ’A ’Uek Qi(, Yr,)-

Then by substituting (3.18) into 1, in the relation yr = Aj, + Zﬁyrj + D ker ijknek, we
obtain

yg;r2 + A y(I+1 4. +Zq+1yrj —I—Zq+2 = 0,

where A4; is a certain element in Rp. We state (g + 2)|r because ¢ (y — 2%) = 0 and it
must belong to <p ~1({o}). Thus we let (¢ + 2) = nt; for an integer n(> 1). However due
to gpﬁ (yg — a:ff) = 0 again, yr — 2% is equal to lower weight terms with respect to —wt
because of the uniqueness of the co in X. Thus the equation is reduced to multiply the same
equation with v; order in y,,, due to the above arguments. It means that H "'C (r,rj), and thus
H' = (r,rj), i.e., ¢ = nt; — 2. Hence we obtain (3.12) as in the proof of Proposition 3.1, which
is irreducible.

We now show (3.15) under (3.17). Assume that yrjﬁx \ Rx # @ and let T' := Z) \ (I).

Obviously 1., belongs to Ry for i € I because of (3.16). Hence the assumption means

where there exists, at least, a non-vanishing A~ 50 € Rp for a certain £ € T', and Z~ € Rp. By
considering the Sato-Weierstrass weight of the both hand sides, we have —Wt(A el)e,_,) 2rj e H'

and ¢; belongs to H'. It means ¢ € I and thus contradicts (3.17). Hence we show Yr; Rx C Ry
r (3.15). |

Proposition 3.14 obviously leads the following observations. Using (3.12) in Proposition 3.14,
we introduce Ry ) := Clz, yrl]/(fX ) 1=2,...,mx, which are Rp-modules and the unnormal-
ized rings for myx > 2, and their associated singular curves X (@), i =2,...,mx, with the projec-
tion @y (s : X0 5P, wyw(x,yi) =x,1=2,...,myx. Since f)(;) is irreducible, Ry @) is a sub-
ring of Rx, and Rx is the normalized ring of RX(Z There are injective ring-homomorphisms

’I"I‘,L

L@
Rp 2 Ry — Rx; thus it induces the projections w,, ,: X — X0 ((z,ys) — (x,yr;)) and
wf«l): X® = P ((z,y,) — x). They satisfy the commutative diagrams,

Lr,r w'r'r

Ry <—— Ry X*>XJ
Lri,TT \ TLQ) @Wryrg \ lw
Ryt < . X0 =P

2

r

Further we also define the tensor product of these rings Ry (2) @ g, Rx () @Rp -+ @Rp R (my)
and its geometrical picture XI[mefl] = X@ xp XO) xp ... xp XX By identifying C|z, ya)

/(fX , X s )(gnx)) — Ri[mx_l] with a ring Ry ®r, Rx) @Rrp -+ @rp Rymyx), we have
the natural projection goR [mx—1] R®[mx_1] — Ry, ie., Rx = R®[mx_1]/(fix, e ,f,g;), and

the injection ¢ REImx = 1: Rp — R®[mx Y. 1t induces the injection Lybmx— X = X, mx =1 and
P

the projection [[; @y : X[mx U_.p

Moreover, we also define the direct product of these rings R[)T(nxfl] =Ry X Ry@ XX
Ry (ny), and its geometrical picture Xlmx—1] .— I1 X (@ < P2(mx=1)_ Then we have the following
proposition.
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Proposition 3.15. Ezpression (3.12) in Proposition 3.14 provides surjective and injective ring
homomorphisms,

P poimy 11 : RY™ 1 5 Ry, Lpelmy-1: Rp <= R
X X
so that they satisfy the commutative diagrams
¥ ®[mx —1] belmx —1]
RX Ry R;@}[mxfl]’ X Xp ]I[me71L
T Rg[mxfl] lﬂ(i)
Rp P
which is consistent with the projection Wy lmx -1 XILmX_” — X. They induce the homomor-
P
phism by the ideal (v — x2,2 — 3,...,T — Tm, ) and an embedding,
SOR[;(”X—U : R[)Tx_l] — Ry, Lxlmx—1]+ X = X[mX_1]<C P2(mX—1))_

Remark 3.16. Since the normalization of a ring is not unique in general, the surjective ring
homomorphism P pelmx 1] is not injective except myx = 2. For example, in the (3,4,5) case,
X

there is an surjective ring homomorphisms whose ¢y image is given by
ClZ3, 24, Z5)/ (73 — Z3, 75 — 7Z3)
— C[Z3, Z3, Z4)/ (23 — (§ 2525, Z4Z5 — Z3, Z2 — (325 Zy).
Thus y and y,; are related via fZX ’s whose image of cp)]f, are binomial relations.
Direct computation gives the following relation based on (3.12).

Lemma 3.17.

; G (p vy — )
By f9) (@, Y, y) = 152 13_ ;”X (2,)

fj—l ) t’j—f—l
=Y AP@) Y viyu il € Rx @, Rx.
=0 i=0

3.4 The covering structures in W-curves

We follow [24, 37] to investigate the covering structure in W-curves.

3.4.1 GGalois covering

As mentioned in Remark 3.3, let us consider the Riemann sphere P and Rp = H?(P, Op(*00)).
We identify Rp with its affine part Rp = C[z] and its quotient field is denoted by C(x) = Q(Rp).
The quotient field Q(Rx) = C(X) of Rx is an extension of the field C(z).

Following the above description, we consider the covering structure of the W-curve X. The
covering w,: X — P ((z,ys) — ) is obviously the Galois covering. Further we have the Galois
group Gal(Q(Rx)/ Q(Rp)) = Aut(X/P) = Aut(w,), which is denoted by Gx. The w, is a finite
branched covering. Each point in @, !(x) for z € P except certain finite points is biholomorphic.
A ramification point of =, is defined as a point of such that is not biholomorphic at the point.
The image w, of the ramification point is called the branch point of w,. The number of the
finite ramification points is denoted by fg.

We basically focus on the Galois covering w,: X — P:
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Definition 3.18. Let Bx := Bx, = {Bi}i:O,‘..Z

B

g% = #%X _ 1’ BO =00 € X and bi = wr(B’L)

and Bp := @, (Bx) = {b;}i=o,...r, Where

We have the following results.

Lemma 3.19. Every element B; in B x \ {oo} is given by the point (x,ye) at which there exists,

o (7) Yrs o (7) Y
at least, a certain j in {2 < j < mx} such that % =0 and % £0.
7

T

(7) (i)
Proof. When W =0 and % =0 at a point P € X, the point means the singular

J
point as the plane curve given by f )(g) (x,yr;) =0 at w,,, (P). However, since X is not singular,
there exists j satisfying the condition. Then at the point, dz is identically zero, and thus at
the point, = is not a local parameter of X. Thus P must be an element in Bx \ {oo}, P = B;.
It means doz = d(t%)(1 4 dso(t)) for a positive integer e; > 1 in terms of the local parameter ¢
such that ¢(B;) = 0, and there exists j such that dy,, = dt and dy,, = thidt(1 4 dso(t)), i # 7,
fi> 1 L

The e; appearing the proof for the ramification point B; in Lemma 3.19 is called the ramifi-
cation index, and denoted by ep,.
3.4.2 Riemann—Hurwitz theorem

Let us consider the behaviors of the covering w,: X — P, including the ramification points.
The Riemann-Hurwitz theorem [24],

153 Oy
20—2=-2r+ (ep, 1)+ (r—1)=> (ep —1)— (r+1),
=1 i=1

shows the following:
Corollary 3.20. The divisor of dx is given by

Loy
div(dz) = > (ep, = 1)Bi — (r + 1)oc.

=1
4 Complementary module RS of Rx

4.1 Trace in the covering structure

It is known that the Riemann-Hurwitz relation and the divisor of dz are obtained via the
Dedekind different [24, Theorem 15.11]. In this subsection, we consider the properties of Rp-
module Ry, which are related to the trace, the complementary module, and the Dedekind
different [24, Chapter 15].

4.1.1 Trace in Rx/Rp

We review the general results of Rx as a ring extension of Rp following [24] (see Section 2.1).
Let us consider the covering structures of w,: X — P to discriminate its lifted points, and the
enveloping field Q(Rx)¢ = C(X)® := C(X) ®¢(y) C(X) = Q(Rx) ®o(ry) LRx)-

The field extension C(X)/C(z) induces the extension ring Rx of Rp. As mentioned in
Section 2.1, we consider the dual of Ry with respect to Rp,

WRy /R = Homp,(Rx, Rp),
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which is a free Rp-module. For Rx = @!_) Rpy; (i.e., y; =1,), it is expressed by the dual basis
{y}}i=o,...r—1 such that

r—1
Wiy r, = EP Ry, and  yiy; = di;.
1=0

Here y; and y; correspond to the point in fiber which lies over x € Rp. For the standard trace
TRy /Re ‘= Z;:ol YioYy; € Wry /R, We define the complementary module RS over Rx/Rp with
respect to the standard trace 7r, /g, by

Ry = {z € Q(Rx)|Try/rs(2a) € Rp, Va € Rx}. (4.1)

It is obviously that the localization (R%)p at P € X is equal to RS p from the definition.
Since for a point P € X, Rx p is a principal ideal domain, every ideal is generated by a cer-
tain element in Rx p. There is an element hy p € Rx p such that RS , = hx pRx p [37,
Proposition 3.4.2]. Following [37, Definition 3.4.3], we define the different of Rx /Rp.

Definition 4.1. The different diff(Rx/Rp) is a divisor defined by

diff(Rx/Rp) == > dpP,
PeX\{oo}
where the different divisor dp := —degp(hx, p) for R p = bxpRx p.

By Dedekind’s different theorem, we have the following:

Proposition 4.2. dp, = ep, — 1 for P € Bx \ {oo}, and the support of diff(Rx/Rp) equals
Bx \ {oo}.

Proof. See [24, Theorem 15.11] and [37, Theorem 3.5.1]. |

4.2 Trace operator for plane W-curves: Rx = Rxo. (mx = 2) case
Following Kunz [24, Theorem 15.1], we review RS of the mx = 2 case:
Proposition 4.3 ([24, Theorem 15.1]). For the plane W-curve (mx = 2), we have the relation,

1
RS = — - Rx. (4.2)
fX,y
Proof. Let us show the proof by Kunz. We note that the extension of field Q(Ryx) of Q(Rp)
is separable and fx is monic,

r—1

Q(Rx) = Q(Rp)[Y]/(fx) = D Q(Re)y',

i=0
and thus we note y* = y; = 1., in Proposition 3.11 and in Section 2.1, and
Q(Rx)" = Q(Rx) ®g(ry) L(Rx) = Q(Rx)[Y]/(fx)

Using the ring-homomorphism p: Q(Rx)¢ — Q(Rx) (a®b + ab), the standard trace 7p, /g, =

Z;:& y' oy’ is obtained by the extension of a trace 7. Let us find the basis {y;} of Rx with
respect to 7, and A, := @2;& yi®y" as an element of Rp-module Annpge (Ker p). If we find {y:}
and 7, using them, we obtain the standard trace 7r, /g, = w(Az)o7. Accordingly, we construct

the 7 and {y;} as follows.
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For an element h € Q( x)[Y] such that fx(z,Y) = (Y —y)-h, we can identify Annpge (Ker p)
with the principal ideal ( )/(fx(z,Y)). Indeed, in Q(Rx)[Y]/(fx(x,Y)),

fx(x,Y) — fx(x,y)
Y-y

fx(@,Y) = fx(x,Y) - fx(z,y) = (Y —y) = (Y —y)h=0.

It means that E(w, Y,y) := 0y, fx(z,Y,y) belongs to Ry ®pg, Rx noting Lemma 3.17. Thus we
have
r— r—{—1 . .
A=Y Ax) Y v @y "7 € Ry = Rx @r, Rx,

which generates the ideal Annpge (Ker p) in R%, ie., (a®1—1® a)A; =0 for every a € Rx.
Further from Proposition 2.6, it corresponds to the trace 77 € wr, /g, by
1

r—1 l—
=Y ) Y )
/=0 7=0

For example, » = 4 case, it is

r—

=17 (y3 + Ay + Agy + Ag) + 7 (y2 + Ay + Ag)y + 7 (y + A)y? + Tﬁ(l)y?’,
which should be interpreted as 7;:(1) = 0, 75 (y) = 0, 75, (y?) =0, and thus i (y*) = 1. Similarly

r—l—j—1

since Ag = 1 and y =1 when £ = 0 and j = r — 1, we compare the both sides in the

equation and obtain

) 1 fori=r—1,
Tz(yl)—{

0 otherwise.

In other words, for y; = v*, i € Z,, we have

as the dual basis of the basis {y’ = yi = v, }icz, with respect to 77 in Section 2.1. Then
7 (Rx) C Rp. It is obvious that u(Ay) = fx,. Thus the standard trace 7, /g, of Rx/Rp is
given by

TRx/R]p:/"[’(Ah)OT nyoTh

We have

< Yy > 1 fori=r—1,

T _— =

o T fxy(@,y) 0 otherwise.

Let us consider an element in RS as in (4.1). We consider v € Q(Rx) which is expressed by

r—

1 1
u:ﬁz%y € Q(Rx),
)y Z

0
and its conditions in (4.1). For every element v = Z;;é bjy) € Rx, b; € Rp, u satisfies
TRX/R]P(UU) € Rp, ie.,

TRX/RP(UU):Z a; ]yy Zaz r—1—i € Rp.
,J

It implies that a; € Rp for every i = 0,1,...,7 — 1. Thus we obtain the relation (4.2). |
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Remark 4.4. Here we note that instead of {y;} in the proof, we define a simpler dual basis of
{y' = yi = Ve, }iez, with respect to 7; by

{ﬁei = yriiil }iEZr7
because it is obvious that 75 (9e;0e,;) = i from the definition of 7;.

From (4.2), the Dedekind different of the plane W-curve is given by

diff(Rx/Rg) =— > degp(fxy)P
PEX\{oo}

By Dedekind’s different theorem (Proposition 4.2), we have the following [24, Chapter 15]:

Proposition 4.5. degp (fxy) = e, — 1.

4.2.1 Trace in the Galois covering at Rx 1

We generalize the result of the plane curves to the space curves. The surjective ring homomor-

phism in Proposition 3.15 can be interpreted as follows. We implicitly introduce the dual mod-
®mx— 1]

ules WR. () /Re of Ry ;) and their tensor product Why Ry T WR (o)/Re ORp " ORp WR (/R
to find RS. More precisely, we implicitly construct the trace 7 in Rx by using the data of
(T2, ..., Tmy) Of R;e}[mx_l] by regarding Rx as Rx = R® mx—1] /(f1 5 ,...,f,g;). By investi-

gating them, we obtain RS, for the mx > 2 case.
We first investigate the similar relations in Ry following Lemma 3.5.

4.2.2 Trace in the (Galois covering at Ry

In order to generalize the investigation of the complementary module for the plane curves mx = 2
to general W-curves, we investigate the trace structure at Ry since the monomial curve in
Section 3.2 is crucial in W-curves. We assume mx > 2.

We use the surjection ¢ : Rx — Ry in Lemma 3.10, and consider the behavior of the trace
in R%. We investigate a “covering” structure in wy: Xy = Spec R — P = Spec C[Z,]. The
cyclic group €, of order r acts on Rfl and Xy as the Gy action. We regard it as the Galois
covering and consider C[Z,]-module RZ and Ry.

We introduce a meromorphic function on Spec R% X Spec C[Z,] SPec RZ or an element p in the
enveloping field Q(R%)¢ := Q(RIZ_I ®c(z,] Rﬁ), and an element A in its associated enveloping
ring RIZf = RIZ_I ®c[z,] RIZ{, ie., Z]. = Z]' = Z" fori =2,...,mx. We extend the group action
of €, to that on Q(R% ®c(z,] R%) such as Ch(Zy, Za, Z}) = h(Zy,(Zs,(Z)) for ¢ € €. We
define an element py in Q(RIZ{ Q®c(z,] Rf]) by

mx

(ZmZan/ 1—‘[]9HrZ ZmZnaZ/ )
1=2

PH,r; (ZT7 Zria Zylﬂl) =

vi—1 v —2 7/ v —3 712 rei—1
Zy A2y H 2T+ 2
A

Due to Zyi = Z% = ZJ% in Lemma 3.5, then each factor behaves like

1 for Z. = Zy,,

A
pH,n( Ti )= {0 otherwise.



Complementary modules of Weierstrass canonical forms 23

We have the trace property,
1 for Z, = Z,,

. (4.4)
0 otherwise.

H(Zr7 Ze, Z:) = {

Lemma 4.6. There are polynomials hy(Zy, Ze, ZL) € R% ®c(z.] R% and hy(Z) = hy(Z,, Zs)
= EH(ZT, Ze,Ze) € Rﬁ such that

r—1 r—1
0f (ht1(Zy, Za, Z0)) = 20> "2/ %27% =3 " 2425 € Ry @cpor) Ru, (4.5)
=0 =0

where
(1) z and 2’ are given by 9% (Zy,) = 2", 5(Z].) = '™, fori € Zy, and 2" = 2'"
(2) dp, ©i, 0i, i € Zy, and £ are non-negative integers satisfying the conditions that
(a) dp > ¢; for everyi € Z,,
(b) dy, is determined by Lemma 4.16,
(¢) dp, = eg+ dor such that ep = > "% (v; — 1)r; modulo r, and
(d)
Ci=dp—¢ = ey +ir, 208 = 500,00 — 20 (4.6)
for every v € Zy, especially
e = dj, = ¢y + dor, ey = dor, d¢ = 0o, (4.7)
(3) hy(Zy, Za, ZL) comsists of r monomials corresponding to each term in (4.5) and satisfies
hi(Zy, Za, Z))
hu(Z)
Proof. The cyclic group €, acts on py(Z,, Ze, Z,) so that it is invariant. We consider Ry rather

than R%. We note the following: 1) For j = 2,...,mx, r; and r; € My, {r;i modulo r|i €
Zy} = Zy, 2) the numerator in each ppg ,, in (4.3) is homogeneous, and 3) their product is also

pu(Zy, Ze, Z,) = (4.8)

homogeneous. Therefore we see that there are non-negative integers, JA and A;, A; < Ajyq,
such that

da N1 I A
208N 0%

r2da

has the property of the right-hand side of (4.4) after acting ¢% both sides in (4.4), and
{A; modulo r |i € Z,} = Z,. It means that {A;|i € Z,} equals {¢; + n;r|i € Z,} for a certain
non-negative number n; € Ny from Lemma 2.9, and Ay = 0.

Due to the isomorphism 4,0%, for sufficiently large n and m, we find an element in R%, 7 ®c(z,) R%, it
whose image of ¢ is z"2'™. For {; satisfying > rili = 0 modulo r, [] Zfz? =1] Z’Zl, and thus
we can find dj, such that z3a 370 o/ Aiz=8i = 2dn S0l =% noting 27 = 2/7. There is
a preimage ?LH(ZT, Ze, 7)) as an element in R% R[] R%. Tt is obvious that EH(ZT,Z., Zl)
consists of 7 monomials and satisfies (4.5) and (4.8) for py(Z,, Zs, Z)).

We note that the determination of dj has the ambiguity up to r, and thus we set it such that
it satisfies Lemma 4.16. Here dj, = givh + npr so that élvh is the minimal element satisfying the
above relations.

From the definition and Lemma 2.9 (3), we obtain the relations (4.6) of i = 0 and ¢ = ¢, and
0y = dy.

We consider the cases dj, modulo r.
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1. dp = ¢gp = 0 modulo r case: We note that {¢; modulo r|i € ZX} = Z), and ¢ < ¢,_1,
whereas ¢, must be non-negative. Each ¢;, i € Z), cannot be divided by r and thus ¢;,
especially, e,_1 is not equal to dj. From Definition 2.8. we find a non-negative integer d;
such that ¢; = ¢g; +0ir, i € Z). Tt is obvious that dj, = e = dor > ¢,—1 > 0. We also note

¢-—1 > 0 because of ¢or—1 > 0.

2. dj, = ¢y modulo r case (¢ = 1,...,r —2): Similarly, since d, = ¢, + dor satisfies dj, —e; > 0
for i € Z, (especially dj, > ¢,_1), we find non-negative integers d; such that e; = ¢;, + ;r
for i € Z,, and ¢, = J;r = Jor > 0, noting ¢;,=0. Then ¢—1 > 0 because of ¢/ >0

3. dp = er—1 modulo r case: Similarly since dj, = e¢,._1 + dgr satisfies dj, — ¢; > 0, especially
dp > ¢,_1, &y is non-negative. We find non-negative integers d; such that ¢; = ¢*_, . + &;r

r—1,2
fori e ZY, and ¢,_1 = 6,17 > 0 or §,_1 = &y because of ¢f_1,-1=0.
These show the statements in the proposition. |

Proposition 4.7. The 6y in (4.7) equals zero if and only if dp, = ¢y—_1.

The case dp, = e,—1 or g = 0, occurs if and only if H is symmetric whereas the case dg # 0
if and only if Hx is not symmetric.

Thus we say that if 69 = 0, dy, is symmetric and otherwise, dy, is not symmetric.

Proof. They are proved in Lemma 5.4. |

Remark 4.8. We remark that Ry and R% are characterized by these parameters (Mx = {r;},
mx, kx,{ei}, {e:},dn,{d:},£). Especially ¢ is a fixed number for a given X in this paper.

Example 4.9.

1. H=(4,6,7,9) (non-symmetric) case (d, =409 +9, 6o =1, £ =3): H ={0,4,6,7,8,9, 10,
11, e }, H = {1, 2, 3, 5}, RH = C[Z4, Z6, Z7, Zg]/N and then

hpi(Z, Ze, Z,) = Z4Zo + Z1Zg + Z Z7 + ZaZy, hy(Z) = 4Z42,.

7 0 1 2 3
¢; 0 6 7 9
| 44+9 7T 6 4

2. H = (5,7,11,13) (non-symmetric) case (d = 5dp, 09 = 5, £ =0): H = {0,5,7,10,11,12,
13, 14, v }, Ht = {1, 2, 3,4, 6,8,9}, RH = (C[Zg,, Z7, ZH, Zlg]/N and then

hpy(Z, Ze, 2) = 23 + ZsZ1327 + Z1aZiy + Z5Z0Zys + Z11 21y, hu(Z) =5Z5.

7 0 1 2 3 4
e; | O 7 11 13 14
e 125 1345 14 745 11

3. H=(6,13,14,15,16) (symmetric) case (d = ¢,—1, 9o =0, L =r—1): H ={0,6,12,13, 14,
15,16,18,19,20,21,22,24, ...}, H* = {1,2,3,4,5,7,8,9,10,11,17,23}. Ry = C|Zs, Z13,
Z14, Z15, Z16)/~ and noting Z13Z16 = Z14Z15,

hpu(Z, Ze, Z4) = Z13216 + Z13 216 + 214215 + Z15 214 + Z16 213 + 213214,
hH(Z) = 6Z13216.
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t 0 1 2 3 4 5
e, | 0 13 14 15 16 29
e [29 16 15 14 13 0

By comparing the semigroup Hx with {¢;}, we have the following corollaries:

Corollary 4.10.

(1) he(Zy, Za, Z,) is a homogeneous polynomial whose degree is dj, = ¢y + dor in (4.7),

(2) hat(Zr, Zo, Z0) = X125 2 3e; 3

(3) Z23e, = Z%3¢: 3,

(4) hy(Z) = 1Z)i3er3e, = 12203¢, fori € Ly.
Proof. They are obvious from Definition 2.8, Lemma 2.9 (3), Lemma 3.6 and Lemma 4.6. W
Corollary 4.11. ¢, —7—1>0,¢;,—r—1>0andd, —r—1>0, fori € Z}.
Proof. ¢; > min;n:’é rj =1y > 1+ 1 because of r +1 < 7. [ |

Remark 4.12. Corollary 4.10 determines the Rp-module structure of Rx in Proposition 3.11.

4.2.3 Trace structure in Weierstrass curves (W-curves)

We use the Rp-module structure of Rx in the previous subsubsection and the properties in Ry
and RIZ{ noting the surjection ¢ : Rx — Ry to define pgg) in the quotient field Q(Rx ®pr, Rx)
for every affine ring C[z, y]/( )(g)):

Definition 4.13. For f)(g) € Clz,y], we define
(5y,y’f)(g)) (x, Y, y/)
(£ (x,y)
(9) %)) ()

We regard py’ (z,y,y) as an element in Q(Clz,y]/(f{’) R[] Clz,y]/(fy’)) associated with
Q(Rx ®py Rx). We extend the Galois group Gx to the action on Rx ®pg, Rx, such that

~

C(wv Ye, y/o) = (.%', th Ey/o)

PP (@, y.y) =

. 1 — ~
Lemma 4.14. pg?) (x,y,9) = Jory=4y, and for a Galois action ¢ € Gx,
0 fory#y,

G 7 7y — ) /
¥ (2, ¢y, ¢y') = vy (z, 4. 9).

Let us consider pry = [[7% pgg) as an element of Q(Rx ®g, Rx). The following is obvious:

Proposition 4.15. For (P,Q) € X xp X,

1 for P=Q,
0 for P#Q.

However, some parts in its numerator and denominator are canceled because they belong
to Rp. Thus we introduce an element h(z, ye,y,) € Rx ®g, Rx such that h(z, ye, v.)/h (T, Ye, Ye)
reproduces the product.

The ring homomorphism gogx in Proposition 3.7 is extended to the surjective ring homomor-

pr(PvQ) = {

phism from Rx ®g, Rx to R ®c|z,) RE.
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L.emma 4.16. For a point (P = (z,y.),P" = (z,9.)) € X xp X, there is a polynomial
hiy (T,Ye,Ys) € Rx ®r, Rx such that

(1) by regarding the element a in Rx as a®1 in Rx ®p, Rx, ERX (Z, Yo, Yo ) and %RX (%, Yo, Yh)
are coprime as elements in Rx @p, Rx,

hry (CyeCye) _ hry (x.9e.50)
’ hRX (#,8Ye,Cye) hRX (7,Ye.Ye) ’

(2) for a Galois action ZE Gx

RX(z7y07yo) _ /
(3) it satisfies T o) PRy (T, Ve, Ys), and
(4) goﬁ(?mx (x,y.,y,)) = hH(ZT,Z.,Z’ (h (z y.,y, ) = dy, with respect to (x,y), forﬁH
in Lemma 4.6 by letting i (yi) = Zi, o (y )

Proof. By considering the numerator and denominator in H % pg‘})( +(P), wr](P) @, (P))

modulo (fX) they are reduced to hRX Let the numerator be denoted by hRX (@, Yoy Ya)

k )
€ Rx QR RX It is obvious that M
hRy (Tye,ye)

Rx ®gy Rx. Due to the condition (1) we have a unique hRX (@, Yo, Ys). Then we can find dj in

must be invariant for the Galois action Gx on

Lemma 4.6 such that the image @7 (hRX (z, y.,y.)) is equal to hH in Lemma 4.6 because it is
invariant for the Gy, action; the reduction in (3) correspond to the reduction in Rfl Q®c[z,] Rfl
as in (4). Then it is clearly that (1), (2), and (3) are satisfied. [

Definition 4.17. Let hx(x,y,) := ﬁRX (T, Yoy Yo )-
Noting Corollary 4.10, we have the expression of h Ry (T, Ve, Yb):
Proposition 4.18. ﬁRX € Rx ®pr, Rx is expressed by

ERX(SU,Z/.,?/:) = ?0 -1 + Tlt)/m + -4 Tr—lt)é

=104+ 90 T+ 4., Loy
= DegWey + Dey Ve, + - -+ + De,_, e, + lower weight terms with respect to —wt

as an Rp-module. Here v, =1, and each ?Z holds the following properties:

(1) Y= > i éb”t)ej, with certain b; ; € Clz], and

(2) Ti = 9, + lower weight terms with respect to —wt, where 9., = gz’(fL‘)Ue;i with a monic

polynomial &;(z) € Clx] whose weight is —;r, (especially, 9o, = go(:v)ljezo = go(a:)ljee) such

that

Deo = Ve, Ve, + lower weight terms with respect to —wt
fori € Zp, wt(9e,) = —¢; = —(dp — ¢;) in Lemma 4.6, where b; j is a certain element in Rp
for (i, j).

Proof. From the construction, 7LRX (%, Yo, yh) = hRX (z, y.,y.) hRX (%, Yo, ys) is invariant for
the exchanging between y, and y,. From Proposition 3.11, T s are uniquely determined. It
is obvious that b;; belongs to Clz] = Rp. However by letting ¢; satisfy ey, = ¢;;» due to the

Sato—Weierstrass weight of ’Y‘i, —wt(bs j0e;) < _Wt(bi!i‘)eei) and Wt(?i) = Wt(bi,&‘)qi)~ Thus
we let &; = bi¢,, and then we obtain 1., = git)ezi, in particular 9., = g()l)eg. 9e, is monic from

Corollary 4.10. Hence i~LRX (2, Yo, ys) must have the form mentioned above.
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Since 9, and 1., 9., are homogeneous with respect to —wty and correspond to the relations in
Corollary 4.10, 9, — 9, e, is given by the lower weight terms with respect to —wt. Further (3.11)
shows dove,,

6&;‘)22’ - 6i09(i Uei - Z 6Z'ai,fi,jt)2j
JELy
= giai7gi7gt)eé + lower weight terms with respect to —wt.

Unless giai’g%g / 6~0 belongs to Rp, it must be expressed as /. where o and 3 are elements of Rp
and their Sato—Weierstrass weights are the same, and thus we redefine

621- = ﬁgz“)ezia 6eo = ag()‘)eg'
We repeat such operation for each ¢ and then, for every i, we obtain
fjei‘)ei = 660 + Z gz‘ai,éi,jt)ej-
JEZLr,j#L
However if hRX (x,ye,ys) and hX(x Yo, Yo) = hX (z,ye) are not coprime, it means that there is
a cofactor in hRX (2, Yo, yo) and we can divide hRX (%, Ye, Ye) by the factor. [
Recalling Proposition 4.7, 0., and hx(x,ye) are expressed as follows.
Corollary 4.19.
1. If dy is symmetric, 9., = gi(x)‘)e:_lyi fori € Z,, 80 = Op1 = 1, Doy = Yoy, and 9, , =

Deo = 1.
2. If dy, is not symmetric, 9., = &( )er . fori € Z), and S0 # 1.

3. hx(z,ye) = 0y + lower weight terms with respect to —wt.

We extend the arguments for the mx = 2 case to general mx cases.
Obviously, due to Proposition 3.11, the dual wgp, /g, of Rx as an Rp-module has the standard
basis as a trace.

Lemma 4.20. We define
A =To®@1+ Y Tp®hg = Y Debix @0, = > e, @bigne,.
kezZx i,kEZLy 0,kELy
Then for every a € Rx, (a®1—1®a)A; =0 and A; RS is equal to Annpe, (Ker pg).
Proof. First we consider
UEthX ($) y.7 yi) = Z bj,kUeiUer/ek = Z bj,kaijé‘jeglj/ek
Jsk 7.k,
and
Ve, PRy (T, Yo, Ys) = Z b kQikeYe; Ve,
J.k,L
The latter can be expressed by Ze,j,k bmaijkt)egt)’%. Lemma 4.16 with Proposition 4.15 shows

that both cases agree

Ueth fOI' y. = yiﬂ

}; x707£:/~ﬁ mv'ulo:
De; Ny (T5 Yo, Ys) = 0, M (T, Yo, Us) {0 othermise.

It means that Zj by jaije = Zj by jaijr. This relation shows sz b kDe;De; @Yoy, = sz bjkDe; @
De,Ye, and we obtain the equality (a ® 1 —1® a)A; = 0.
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Further from Proposition 2.6, A; in Lemma 4.20 provides the trace 7; € wg, /g, With the
dual basis {TZ} of Rx with respect to the trace 7+

i
Lemma 4.21. {TZ} is the dual basis of Rx with respect to the trace T3, such that
~ 1 fori=0,

0 otherwise.

Proof. These {T } correspond to the dual basis {y;} of Rx with respect to the trace 77. By
considering

1= A+ > (k)
keZx
we have the relation. [ |
We introduce an Rp-module, RY = <?0, Tl, e Tr_l>R]p>’ and consider its structure as
»h

an Ry-module. Due to Proposition 2.6, wr, /g, = Rx o 75, and thus wr, /g, = R},T,; as an
Rx-module:

Lemma 4.22. R}ﬁ is an ideal of Rx, especially UeiR}ﬁ C R}JE, and

R}’Tﬁ = <’?07 Tla s 7,YT71>RX = <’/f17 cee ’?T71>RX-
It means that as Rp-modules,

<T0a :fl’ SRR ’YT—1>RP = <’/-f17 RN ’YT—1>RX'

Proof. Let us consider y,, Tj, which is equal to

r—1 r—1
e, Lj = Zbiknwg% = Z 0 ik e,
k=0 k=0

However from the proof in Lemma 4.20, >, bjraixe = > ;. beraix;, and thus

r—1 r—1
T; = E bredirve, = E ki L
k=0 k=0

Hence, R . is closed for the action of y.,.

On the other hand, we take an integer ¢, ¢ # £, and then consider v, T which is decomposed
by T s but has the form,

r—1
UeiTi =Ty + Z Dij’rj, (4.9)
=1

where 0;; belongs to Rp because the leading terms of the both UeiTZ- and Y’o must agree in the
both sides. It means that Tq € <T1, R T’”*1>Rx' [ |

This proof shows the following lemma:
Lemma 4.23. 7> (UQT ) =1 for every i € 7, and thus 5 (1)8 T, ) = 0;j-
Proof. (4.9) shows this. [

Noting Remark 4.4 for the mx = 2 case, we also introduce the more convenient basis {9, }icz,
with respect to 7 instead of {Y;}iezy:
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Definition 4.24. For i € Z,, we define a truncated polynomial ¥, of Tz such that the weight
—wt of T; —1,, is less than —wt(¥,,), i.e., e, = ¢, + certain terms, and the number of the terms
is minimal satisfying the relations as Rp-modules,

(Tro Do)y = G By = B B ) 700 = {; ot
Lemma 4.25.

1. When dy, is symmetric, O, = 9e,_,_,, especially for mx = 2 case, e, = e, = Y.

2. When X has a cyclic symmetry of order r, e, = 1, .

Proof. The mx = 2 case is described in Section 4.2 and the statement is obvious. For sym-
metric dj, case, under which the numerical semigroup Hx is symmetric due to Proposition 4.7,
De; = Ve, 145 D,y = Lp—1 = 1, and thus it is obvious

<F/I\\1a’/f2)' "7?7‘71>Rx = <UQO7U€1"’ "Uer—2>RX = RX

Further, when X has the cyclic symmetry of the order r, Y“, = 1., because of the invariance for
the cyclic action. ]

Since j1(Az) = hx(z,ye), the trace 7p, /g, of Rx/Rp is given by
TRx/R]p = hX(x7 y.) o Tﬁ'
Then we obviously have the following lemma:

Lemma 4.26. For a monomial ¢ in Rx as an Rp-module and v,,, we have the following:

1. When dy, is symmetric (dp = e,—1,90 = 0) in (4.7),

< e, ) 1 fori=0,

T —_— =

Rx/Rp hx(z,Ye) 0 otherwise.

2. When dj, is not symmetric (dp, = ¢y + dor, 09 # 0) in (4.7),

- ( ¢ ): ¢/ﬁeo forﬁeo‘(lsa
Rx/Re hx(x,y) 0 otherwise.

Here we note that the case Ve, |¢p means (Ueego)]qﬁ whereas the case Ve, 1 ¢ consists of two
cases 1) ¢ = (f(x)0e,), do1 f and 2) ¢ = (f(x)ve,) i € Zy \ {¢}.

Let us consider elements in RS as in (4.1). We consider u € Q(Rx) given by

r—1
1 N
U= —7—— a; i S Q R )
hx(x,ye) ; o (Bx)

which satisfies the condition in (4.1). Indeed, for any element v = Z;;(l) bjne; € Rx, bj € Rp,
u satisfies Tp, /g, (uv) € Rp, ie.,

r—1
TRX/R]P,(UU) = ZTE(aibjﬁeiURj) = Z(azbz) S R[p.
The condition 75 /g, (uv) € Rp means that a; belongs to Rp for every i = 0,1,...,7 — 1, and

thus we obtain RS .
We, now, state the first theorem in this paper.



30 J. Komeda, S. Matsutani and E. Previato

Theorem 4.27. The complementary module R is given as a fractional ideal of Rx,

65217 cee 7aer—1>RX

[
RX N hX(xay.)

Proof. It is obvious that due to the above arguments and the identity <T0, ’Yl, cee ’Y}_1>RX =
(Ders -2 0ery) n, due to Lemma 4.22 and Definition 4.24. [ ]

Let us identify the generator hx p of the principal ideal R p locally.
Proposition 4.28.
1. Symmetric d, case (8o = 0 in (4.7) or dg = 1 and dj, = e¢y_1): The complementary module
(as a fractional ideal) is given by

Ry = —— Ry = hxRx, (4.10)

and we define hx = m

2. Non-symmetric dy, case (8o # 0 in (4.7)) or go %1 and dyp, = e+ 6gr: For complex numbers
(a;i(#0));, e.g., a; = 1, we define

r—1 =
D im1 @iDe;

[]X . hX(JJ,y.) .

For the both cases, we obtain the local expression of the complementary module at P € X,

RS{,P: bx pRx p. (4.11)

Proof. Symmetric dj, case: The ideal Z contains 1 because ¥, , = 1. It includes myx = 2 case
in Section 4.2. In other words, hx p in Definition 4.1 is given by ¢p(hx) = hx p by using the
homomorphism ¢p: Rx — Rx p in Remark 3.3.

Non-symmetric dj, case: By noting

r—1

s () =i (o ).
i=1

we also identify hx p in Definition 4.1 with ¢p(hx). n

Using the complementary module for both cases, we have the Dedekind different,

diff(Rx/Rp) =~ > degp(hx)P.
PeXx\{oo}

By Dedekind’s different theorem (Proposition 4.2), we have the following.

Proposition 4.29. ep, — 1 = —degg, (hx), and the support of div(hx) is equal to Bx.

Since some of f)(g)y(P) =0at P=B; € Bx \ {0}, hx(z,ys) € Rx vanishes only at the
ramification point B; € X from Proposition 4.29 and the construction of hx, we have the
following corollary:
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Corollary 4.30.

div(hx(z,ye)) = Z dp,B; — dj00,
B;eBx\{oo}

where dp, == degp, o(ha) = (ep, — 1), and dn = 3" p e\ (o0} 4B, = —WH(hx).

Definition 4.31. The effective divisor, > p o\ {00} (dB, — €B; +1)B;, is denoted by fx, i.e.,
Rx >0andlet Ex :=3 p ey \ (o0} (dB, — €5, + 1) = deg(Rx) = 0.

Lemma 4.32. The divisor of}?—i is expressed by (2g—2+tx)oo—Rx, and 29—2+tx = dp,—r—1
ortx =dp, —2g—7r+1.

Proof. Since the meromorphic one-form in general has degree 2g — 2, we obtain deg(dz/hx) =
2g — 2. From Definition 4.31, its divisor is expressed by div(dz/hx) = (29 — 2 + tx)oo — Rx.
Further since at the oo, its degree deg. (dz/hx) = dj,—r—1, we have 2g—2+¢tx = dp,—r—1. B

From Corollary 3.20, we note that these Rx and tx play crucial roles in the investigation of
the differentials on X (e.g., Lemma 5.4).

Proposition 4.33. tx is equal to zero if dy, is symmetric whereas tx is not zero otherwise.

Proof. For the symmetric case, (4.10) and Proposition 4.29 show that dp, = ep, — 1, whereas
for the non-symmetric case, (4.11) and Proposition 4.29 yield non-vanishing €x. |

We recall ¢; in (4.6), ¢; in Definition 2.8 for the standard basis in Lemma 3.6 and Proposi-
tion 3.11, and ¥y, in Definition 4.24.

By applying Propositions 4.27 and 4.29 to differentials on X, we consider
holds the following proposition:

kYe. d .
e which

Proposition 4.34.

. (w’fae.@,y.)da:) (@F0i(@)ve, (2, yo)da
div| ————F—— | =div :
hX(xayO) hX("L‘ayO)

> = kdivo(z) + divo(ye;)

123
— Z(dBj —€B; — 1)Bj + (dh —?i — (]{7 + 1)7“ — 1)00
j=1
= kdivo(z) + divo(ye;) — Bx + (¢; — (k+ 1)r — 1)oo,

where divg(D,,) — Rx > 0. We have

k., (z y.)dx)
wt ( T Dald Ye) T —|—1’z’6Zf,/~:eN,ei— k:+1r>0}:H‘,
{ (hm,y.) o b= (bt 1) X

and

k/\
{Wt (96 Uei(w,y-)dl“) 41

i€Z, keNyy=Hy.
hix (2, ya) 0} *

Proof. The former statement is asserted from the previous lemma, whereas the latter two
relations on H and H'y proved by Lemma 2.9 noting wt(9,,) = —¢; = —(dj, — ¢;) due to (4.6)
and ¢y = 0. |
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5 W-normalized Abelian differentials H°( X, Ax (*00))

Following K. Weierstrass [39], H.F. Baker [3], V.M. Buchstaber, D.V. Leykin and V.Z. Enol-
skii [5], J.C. Eilbeck, V.Z. Enolskii and D.V. Leykin [10], we construct the Abelian differentials
of the first kind and the second kind H%(X, Ax(xo0)) on X for the hyperelliptic curves and
plane Weierstrass curves (W-curves). We extend them to more general W-curves based on
Proposition 4.34.

We consider the Abelian differentials of the first kind on a general W-curve. Due to the
Riemann—Roch theorem, there is the i-th holomorphic one-form whose behavior at co is given
by

(VN1 4 doo (1)) dt,

where N°(i) € H,,i=1,2,...,9, N(i) < N°(i + 1), and ¢ is the arithmetic local parameter
at co. We call this normalization the W-normalization. Similarly we find the differentials or the
basis of HO(X, Ax (x00)) associated with H'y.

5.1 W-normalized Abelian differentials

The W-normalized holomorphic one-forms are directly obtained from Proposition 4.34:

Lemma 5.1. For xkﬁei in Proposition 4.34, we have the relation,

2"y,
deiGZf,kEN,ei—k+1r>0> =H(X, Ay).
<hx(x,y.) ’ (k+1) C (X, 4x)

By re-ordering z*v, ; with respect to the weight at oo, we define the ordered set {(ZZ}
Definition 5.2.
1. Let us define the ordered subset S x of Rx by
§X = {(Zz"b GN()}
such that &L is ordered by the Sato—Weierstrass weight, i.e., —wt ggz < —wt ch for i < j,
and Sx is equal to {:ckﬁez |i € Z, k € NO} as a set.
2. Let ]3LX be an Rx-module generated by §X, ie., ﬁX = <§X>RX C Rx.

3. Recalling Rx and £x in Definition 4.31, we let ]V(n) = —wt ($n) —tx, fIX = {—Wt(&ﬁ\n) \
n e No}, and we define the dual conductor ¢x as the minimal integer satisfying ¢x + Ny C
Hyx —tx.

4. We define §§?) = {ggo, ggl, .. ,59_1} and the W-normalized holomorphic one form, or the
W-normalized Abelian differentials of the first kind 1/1-I as the canonical basis of X,

bi_1dzx | ~ N
<V} =2 h; i ‘qbi_l € S§§)> = HO(X, Ay). (5.1)
C

We note that at oo, v} behaves like v} = (#V*(9==D=1(1 4 d.(t)))dt for the arithmetic local

parameter ¢ at oo, and further dn}:i)l(dw = (th(g_i_l)_l(l + d0))dt where N°(i) indicates the

element in HYy such that N¢(—i) = —i for i € N; they are W-normalized Abelian differentials.
Finally we state our second theorem, which is obvious.
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Theorem 5.3.

~

Rxdl'
hx

didz
hx

L H(X, Ax(xx)) =@ C

1=0

= RS dz =

= {wt(¢;) +dy, —7]i € No} = {wt(¢;) +29 -1 —tx |i € No}.
The Riemann—Roch theorem shows that
dim H(X, Ox(—noo)) — dim HY(X, Ax(noo)) —n=1—g.

Lemma 5.4. If d;, = ¢,—1 or 09 = 0 in (4.7) (dy is symmetric in Proposition 4.7), Hx is
symmetric, otherwise (6o # 0 or dy, is not symmetric) tx # 0 and Hx is not symmetric.

Proof. If dj is symmetric, £x = 0 from Proposition 4.33. Thus if dj, is symmetric, (dz/hx) =
(29 — 2)oo, and due to the Riemann—Roch theorem, Hx is symmetric. It corresponds to dyg =0
and dp = e¢,_1 in Proposition 4.7 and Lemma 4.6. On the other hand, the case £x # 0 means
that Hx is not symmetric and §y # 0 in Lemma 4.6. Thus we prove it. |

Proposition 5.5.

1. Assume dj, is symmetric or dp = ¢,—1, 69 = 0, in (4.7). Then we have the following:

—~
S

S~—
=
>

= 0 in Definition 4.31 and Hx is symmetric,
(b) §X = Sx in Definitions 3.9 and 5.2, Rx = 0 in Definition 4.31, ¢x = cx, and
Rx = Rx in Definition 5.2.

2. In general, Rx # Rx and we have the equality if and only if Hx is symmetric.
Proof. We note Proposition 2.7 (5). They are obvious. [

By the Abel-Jacobi theorem, fx in Definition 4.31 can be divided into two pieces, which are
related to the spin structure in X or the half-canonical form [19].

Definition 5.6. Let & and K% be the effective divisors which satisfy
Ax — Exoo ~ 2R, — 28,00, ﬁX—FR}—(EX—i-ECX)OONO
as the linear equivalence, where € and £ are the degree of & and K respectively.

Since the W-normalized holomorphic one form is given by the basis (5.1), Definition 5.6 shows
the canonical divisor:

Proposition 5.7. The canonical divisor is given by
Kx ~ (29 — 2+ tx)oo — Rx ~ (29 — 2+ 28;)00 — 28, ~ (29 — 2 — £ ) oo + K.

This expression can be applied to the shifted Riemann constant for the non-symmetric W-
curves [19]. Theorems 4.27 and 5.3 enable us to define the fundamental 2-form of the second kind
algebraically and to construct the sigma functions of every W-curve as we show in a follow-up
paper [21]. Using the results [19], we connect them with the sigma functions, which is defined
as a modified Nakayashiki’s sigma function [21]. We find the explicit relations between Rx and
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the meromorphic functions on the Jacobi variety Jx associated with the sigma functions like
Weierstrass’ elliptic function theory.

As mentioned in introduction, Segal and Wilson showed that F;( provides the embedding
of the algebraic systems associated with X into the UGM [36, p. 46]. In contrast, we find the
Rx-module RSdz as an algebraic system with the same Sato-Weierstrass weight as ﬁ;( -1
explicitly. Though Nakayashiki defined his sigma functions based on the embedding of the
UGM [32] in terms of the ‘wave function’ with a half (spin) density, it is expected that our
results might directly show the construction of the sigma functions by the embedding of the
complementary module RS dx into the UGM as a natural generalization of his approach in [31]
for plane W-curves.

For the application in [21], as the end of the above discussion, we will summarize the properties
of these parameters.

Lemma 5.8.

L {—wt(di)} =&+ kr|i € Z, k € No} = {dy, —¢; + kr|i € Z,, k € No}.

2. dlv(gbz) > (Rx — (29 — 2+ tx)o0) for every bi € S(g), i=0,1,2,...,9 — 1.

3. div (gbl) > (Rx — (g + tx +1i)o0) for every gbi € Sp, i > qg.
Proof. They are obvious. |
Lemma 5.9.

(1) —wt% =%¢_1 (=0 if Hx is symmetric) =¢x +tx —cx =dp, —r—cx + 1,

(2) —Wthg 1 =cx +Ex —2=dy —r—1=(29—2) +tx, i.e., N(g—1) =29 — 2,

(3) ex=2g=dp—tx—r+1, —wt, =29 +bx =Cx +tx =dy —r+1,

(4)

—th/i;g,l+vvt<?50 =¢_1—r—1l=cx—2,andcx =¢—1—1r+1.

Proof. Lemma 5.4 (2) means that —wt ((Zg) = ¢,—1 due to the order of the weight. Then (1)

is proved by the relations —wt gy = N(0) —|— tx and N(0) = &y — _cx. Let us consider (2).
Since from the Riemann-Roch theorem, wt 1/ = 0 whereas on v} = qbg 1dz/hx, wt(dx/hx) =

g
(29 —2)+tx = dp —r — 1, we have —wt gbg 1 = (29 — 2) + tx or (2). The Riemann—Roch
theorem also shows that —wt d)g = —wt <Z>g 1+2=¢cx +ty, or (3). We compare them and
obtain (4). [

Remark 5.10. As we show in a follow-up paper [21], we mention how the results in this paper
provide the connection between Rx and the sigma function shortly in this remark. We extend
Pry (P, Q) for (P,Q) € X xp X in Proposition 4.15 and Lemma 4.16 to

hx (P, YPe, YQe)
hx(zp,ype)

Pw(P,Q) =

for (P = (zp,Ype), Q@ = (2Q,¥yqges)) € X x X as in [21, Definition 12]. This extension of the
domain from X Xp X to X x X is not unique in general. However, it has an excellent property

1 for P=Q,
0 for P # Q and w,(P) = w.(Q),

for X x X except ramification points. Thus we introduce the one-forms [21, Proposition 15],

pw(P;Q> = {

dxp

dzp  hx(zp,Yer, Yeg)
(zp — 7q) ‘

(xp —2q) hx(Tp,Yepr)

E(Pv Q) = pw(Pa Q) =
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By investigating the one-form E(P, Q) and its derivative dgX (P, @) in @, we can define the W-
normalized differentials of the second kind and the third kind, and the fundamental differential
of the second kind Q(P, @) such that [21, Theorem 3],

(1) QP,Q) =Q(Q, P),
(2) for any ¢ € Gx, Q(CP,(Q) = Q(P,Q), and
(3) Q(P,Q) is holomorphic except @ as a function of P and behaves like

de pdtQ

MO P

(1 + d>o(tp, tQ)).

It turns out that for any extension of p,, the differential 2 is unique under the cohomological
meaning so that the choice of how we select the extension does not affect the final results
essentially [21, Proposition 16]. In the considerations, the properties of the complementary
module, as the results in this paper, play a crucial role. Further, as the differential {2 is connected
with the differential of the third kind, we have its connection to the sigma function, o [21,
Theorem 4]: for (P,Q, P;, P!) € X* x (S9(X)\ S{(X)) x (89(X) \ S{(X)),

w = ws(Pr,...,Py), vi= ﬁg(Pll,...,Pg'),

g _ ~
P) —u)o(w(Q) —v)

nne, | - ol - . 5.2

2| 2" | = otw@) — wotwtP) 0 o

where Hgll’fi = 15;1 J. Q; Q(P,Q), and w and ws are the ordinary and the shifted Abelian

integrals. The sigma function o is the modified version of Nakayashiki’s one [32] based on the
results in [19]. In the Weierstrass elliptic function theory, as g(u — v)dudv has the double
order pole at u = v and the elliptic sigma function, o(u — v), is connected with the integral
p(u — v) with respect to du and dv, (5.2) means that based on our results in this paper, we
can generalize the picture to every W-curve as mentioned in [21, Theorem 4]. Our results in
this paper undoubtedly contribute to the significant progress in the Weierstrass sigma function
theory for general algebraic curves.

6 Examples of Weierstrass curves (W-curves)

6.1 Special other curves: pentagonal, non-cyclic trigonal, 6-symmetric curves

I. Non-cyclic trigonal curve (3,7,8): y® + a1ks(2)y? + aska(2)ka(z)y + ko(z)2ks(z) = 0, where

ka(z) = (z — by) (@ — by), ks(z) = (z — bs)(z — by)(x — bs) ko(x) = (& — bg)(x — br), for pairwise
distinct b; € C and a; generic constants. Here (3.5) and (3.6) correspond to

y? = —arkay — kaagks — kow, yw = kaks.

Multiplying the first equation by y and using the second equation gives the curve’s equation.
Besides them, we have

w? = —(agzilzw + arkoks + k:gy),
since multiplying the first equation by w? gives

wd + CLQ};QU)Z + arkoksw + kzk% =0.
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Table 1. Examples of ¢ of special curves.

0 1 2 3 4 5 6 7 8 9 10 11 12
I 1 - - x - - x? Y w x3 Ty rw ozt
Imj 1 - - - - T - Y - - z? w Yy
Imr | 1 - - - - - T - - - - - z?
13 14 15 16 17 18 19 20 21 22 23 24
I2%y ¥ yw w? zy? zyw 2w? 22y? 2lyw 2?2y 2w
o - ¢ 22 2w 2%y wy zy* 2t y® By wyw  2?y?
IL | yi3 yia Y5 Y6~ 2 ayiz Tya Tyis Ty - !

This curve is trigonal with Hx = (3,7,8) but not necessarily cyclic,
hx (z,y, .y w') = kak + ks(yw' + y'w)
1 ~ ~
+ gkg (2a1yy’ + arka(w + w') + (alks + aske)(y +y') + 2a1a2kaks)

1~ -
+ §k2 (alag(yw' + y'w) + 2aww’ + a3ks(w + w')),
hx(z,y, w) = 3kok3.

The differentials of the first kind are given as follows:

zwdx
3kok?’

rydx
3kok?’

I yda 1 wdz
V= ’ Vo = )
3kok? 3kok?

II. Cyclic pentagonal curve (5,7,11): y° = ko(z)?ks(z), where ko(z) = (z — b1)(z — ba),
ks(z) = (x — b3)(x — by)(x — bs) for pairwise distinct b; € C: (3.6) corresponds to

I _ I _
V3 = Vg =

-y 0 1 w 0
ko —y O y? | = 0
0 0 -y wy —k3ks

The affine ring is RS = Clz, v, w]/(y3 — kow, w? — ksy, y?w — k:gkg). Here (3.7) is reduced to
k’2k'3 kgkg ) k‘zw
_ w = : _

o Yy Y
Y y y
This is a pentagonal cyclic curve (X, o00) with Hx = (5,7, 11).

hx (2, y,w, ¢, w') = y*w + ywy' + v’ +wy'? + yuw'y,
hx(x,y,w) = 5y*w = Skoks.

These ¢’s and dp, in Lemma 4.6 are given as ¢g = 0, 1 = 7, ¢a = 11, e3 = 14, ¢4 = 18, and

dp, = 25.
The differentials of the first kind are given as follows:
| biade
Vi — .
Skoks

III. 6-symmetric (6,13,14,15,16) curve: We construct a non-singular curve X by giving an
affine patch, an ideal in the ring Clz,y13,y14, ¥15,y16]. For any complex numbers {b;}i—1,. 7
such that each is distinct from the others, we let

k() := (z — by)(x — bo) (2 — bg) = 2% + APa2 + APz + AP,
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Table 2. Examples of (E in S 'x of special curves with respect to wt (q@z)

0 1 2 3 4 5 6 7 8 9 10 11 12

| - - - - - - - Y w - Ty Tw -
Im| - - - - - - - Y - - - w xy
Im | 1 - - - - - x - - - - - x?

13 14 15 16 17 18 19 20 21 22 23 24

I| 2%y 2 ogw w? ozy? oayw  aw? 2%y? 2Pyw 2?2y 2wl

Y
Im| - ¢ - zw 2%y wy xy? - Y3 2y xyw  2?y?
I |y z v w — z3 Ty Tz xv TW — x?

ko(x) := (x — by)(x — bs) = )x + )\g).
Fo() = (2 = bo)(z — br) = 2+ 2D 3P By(a) = a2 ks(z),
kis(x) o= ks(@)ka(2)?ha(2)?,  Kua(z) = kr(2)? = ks(@)?ka(2)",
Ris(z) = ks(0)’,  Ris(w) == hs(2)” = ky () ko (@),

The Weierstrass canonical form is given by yg = Eg’kgk:g, which is normalized as follows.
Let the prime ideal P in Clx, y13, Y14, Y15, Y16] be defined by

= (fi2,1, f12,2, f12,3, f12,4, f12,5, f12,6, f12,7, f12.8, f12,9),
where

fio.1 := Y35 — ka(2)yua, fi2,2 == y13y14 — k2(x)y15, fizs = ka(2)y?4 — yisyiska(2),
fi2,4 = yiy — ka(2)y16, f12,5 == Y13Y16 — Y14¥Y15, fi2.6 == yis — Ez( Vka(x),
fi2,7 = y1ayie — ka(z)k3(x), f12,8 == Y1516 — k3(x)y13, fi2,9: — k3(x)y14,

which are the 2 x 2 minors of

ka(x) w13 yiaka(x) y1s|.
yi1s Y14 yiska(z) yig|’

ka(z) wvia  yie
yia  yie ks(x)|’

again, the minor y13y15 — Eg(x)ylg is not in the list of f; ; and fi2,g is not a minor, but they are
compatible — the minor follows by combining fi2g with fi21 and fi2g9.
We define the Gy, action on x and y, by ¢ %z and g~ %y,, a = 13,14,15,16, at co € X1.
Corresponding to Proposition 3.14, the affine ring is given by

R% = Clz,y13, Y14, Y15, Y16) /P,
and ﬁx and hyx are

EX(CU, Ye,1,Yo2) = Y13,1Y16,1 + Y13,2Y16,1 + ¥13,1¥16,2 + Y14,2Y15,1 + Y14,1¥15,2 + Y14,2Y15,2,
hx(x,ye) = 6y13Y16-

The differentials of the first kind are given as follows:

o ¢pi—1dx _ ¢i—1dx
6y13y16  6Y14Y15
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