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Abstract. We provide the law of large numbers for roots of finite free multiplicative con-
volution of polynomials which have only non-negative real roots. Moreover, we study the
empirical root distributions of limit polynomials obtained through the law of large numbers
of finite free multiplicative convolution when their degree tends to infinity.
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1 Introduction

1.1 Free probability theory

Denote by P and P the set of all probability measures on R and [0, c0), respectively. Moreover,
we define P, and P, . as the set of all compactly supported probability measures on R and [0, co),
respectively. The notation — means the weak convergence of sequences of probability measures.

Voiculescu initiated free probability theory to attack problems related to the free product of
operator algebras. One of the most important notions in this theory is the free independence
of non-commutative random variables. In this paper, we say free random variables as freely
independent non-commutative random variables for short.

The law of large numbers (LLN) is well-known as a result that a sample average of independent
identically distributed random variables with finite mean concentrates on the theoretical mean
when the sample size is sufficiently large. As the analogous result on classical probability, the
LLN for free random variables was also established (see [5]). More precisely, for any u € P with
mean a, we have Dy /,, (") 2 64 as n — oo, where (i) De(v) is the push-forward of a measure v
by the mapping = — cx for ¢ € R and (ii) p B v is called the free additive convolution, which is
the probability distribution of addition X 4+ Y of free random variables X and Y distributed as
p € P and v € P, respectively, in particular u™" is the n-th power of free additive convolution
of u.

The LLN for multiplication of (classically or freely) independent positive random variables
are also considered. In classical probability, it is easy to formulate and investigate the LLN
of multiplication by considering the exponential mapping of those random variables. However,
it is not easy to consider the LLN for multiplication in free probability since eXtY #£ eXeV
for (non-commutative) random variables X and Y. In [8], the LLN for multiplication of free
bounded positive random variables was obtained. After that, this LLN was extended to one for
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multiplication of free positive random variables (which are not necessary to be bounded) in [3].
More precisely, the LLN for multiplication of free positive random variables can be formulated
as the convergence of

{(Mxn)%}neNv (1.1)

for p € Py, where (i) v® denotes the push forward of a measure v by the mapping = +— z¢
for « € R and (ii) u X v is called the free multiplicative convolution, which is the probability
distribution of multiplication VXY VX of free random variables X > 0 and Y distributed as
i € Py and v € P, respectively, in particular p®" is the n-th power of free multiplicative
convolution of p (see [10] and [2] for more details). According to [3], the limit distribution of
the sequence (1.1) always exists and is denoted by ®(u). For p # g, the measure ®(u) € Py is
characterized by the S-transform (see Section 2.1 for details).

1.2 Finite free probability and main result

In [6] and [7], Marcus, Spielman and Srivastava investigated a link between polynomial convolu-
tions and the sum of random matrices related to free probability theory. For monic polynomials
p(x) = Z?:O(—l)ipixd_i and ¢(x) = Z?:O(—l)iqia:d_i of degree d, the finite free additive con-
volution p By q is defined by

(pBag)(z):= ) (—1)i+jmpiqjxd—i—j‘

i+j<d

The finite free additive convolution plays an important role in studying characteristic polynomi-
als of the sum of (random) matrices. More precisely, for d x d real symmetric matrices A and B
with characteristic polynomials x4 and xp, respectively, x4 Hq x5 is given by

(xa BaxB)(z) = Eqdet[zI; — A — QBQ"],

where the expectation is taken over unitary matrices () distributed uniformly on the unitary
group in dimension d. Furthermore, the finite free additive convolution is very closely related
to free additive convolution because it turned out to be that the empirical root distribution
of pg By qq converges weakly to u H v when d tends to infinity, where u,v € P are limit laws
of sequences of empirical root distribution of pg and ¢4, respectively. Moreover, Marcus [6]
obtained the typical limit theorems (LLN, the central limit theorem and the Poisson’s law of
small numbers, etc.) for finite free additive convolution. According to the evidence above, we
can treat finite free probability as a discrete approximation theory for free probability.

In this paper, we investigate the LLN for finite free multiplicative convolution. The finite
free multiplicative convolution X; of monic polynomials p(z) = Zfzo(—l)ipixd*i and ¢(x) =
Z?ZO(—l)iqiwd_i of degree d with non-negative real roots is defined by

d

(p Mg q) (z) == Z(_l)z‘pz‘dqz' i
=0 (z)

In particular, p®" denotes the n-th power of finite free multiplicative convolution of p. We
formulate the LLN for roots of finite free multiplicative convolution of polynomials as the con-
vergence of a sequence of

{007 =207 (12)
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where )\E”) is the i-th (non-negative) root of pa»

non-negative roots.
We define the notations for later use. For a finite multiset A = {\1,...,A\g} of complex
numbers, the i-th elementary symmetric polynomials e;(A) is denoted by

ei(A) = > <HAj>, eo(A) =1,

JCld),|J|=i ~jeJ

for a monic polynomial p of degree d with

where [d] :=={1,2,...,d}. In addition, we define
ei(A)
T
()
for each 0 <7 < d.
We then obtain the limit theorem for the sequence (1.2) as follows.

Theorem 1.1 (LLN for X;). Let p be a monic polynomial of degree d with non-negative real
roots A and let us set k = k(p) as the number of zeros in A. Then,

. Nt &)
dm ()= 2

1
for1<i<d—k, andlim, oo (A\™)" =0 ford—k+1<i<d.

(2

The paper consists of 4 sections. In Section 2, we introduce some concepts and preliminary
results on free probability and finite free probability theories. In Section 3, we study the roots
of finite free multiplicative convolution of polynomials and provide a proof of our main result
(Theorem 1.1). In Section 4, we investigate the behavior of the empirical root distribution of
polynomials obtained by the LLN for finite free multiplicative convolution when their degree
tends to infinity. In the last of this section, we give a conjecture related to a connection between
LLNs for Xy and X from evidence obtained by this section.

2 Preliminaries

2.1 Free multiplicative convolution

In this section, we introduce free multiplicative convolution and its characterization via the
S-transform (see [2] for more details). For a probability measure p # dp on [0, 00), we define

)= [T, zeC\Do),

It is known that its inverse function w;l exists in a neighborhood of (u({0}) — 1,0), and so we
define the S-transform of u by

Su(e) = TR0, € ({0~ 1,0)

According to [2], for probability measures p, v # dg on [0, 00), the free multiplicative convolution
u X v is characterized by

Su&l/(z) = SM(Z)SV(Z)u

for all z in the common interval where all three S-transform are defined. Note that the common
interval is not empty since (1 X v)({0}) = max{u({0}),v({0})} (see [2, Lemma 6.9]).

The LLN for free multiplicative convolution of a probability measure on [0, c0) was obtained
by Tucci [8] and Haagerup and Moéller [3].
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1
Proposition 2.1. Let us consider p € Py. As n — oo, the sequence of (,u&”)" converges
weakly to the measure () € Py characterized by

() ({o S(;_DD —t, te(u{op.1),
2(0)({0}) = u({0)).

Moreover, the support of the measure ®(u) is the closure of the interval

(</OOO t—lu(dt)>_1 ’/Omw(dt)>  [0,00].

Example 2.2.
(1) Let MP be the Marchenko—Pastur distribution which is defined by
t(4—1)
MP(dt) = Tl((ﬂ) (t)dt.

Then ®(MP) is the uniform distribution U(0, 1) on the open interval (0,1) by [9].

(2) Consider p = (6o + 61). Then we have

1 1
d(p) = 550 + ml(o,lﬂ) (t)dt,

since Sy, (t) = (2+2t)/(1 +2t), t € (—1/2,0) implies that ®(u)([0,¢]) = 271(1 —¢)~! for
all 1/2 <t < 1.

2.2 Finite free multiplicative convolution

In this section, we introduce some concepts and preliminary results on finite free probability
that are used in the remainder of this paper; see [1, 6, 7] for more details.

Definition 2.3. For monic polynomials p and q of degree d which have only non-negative real
roots:
d d
p(x) =Y (~1)'pix’™, and  g(z) =Y (~1)'ga"",
i=0 i=0
the finite free multiplicative convolution p Xy q is defined by
d

(P Raq) (@) =Y (~1)=5ra".
i=0 (z)
In [7, Theorem 1.5], the finite free multiplicative convolution X, can be realized as a char-
acteristic polynomial of a product of positive definite matrices. That is, if x4 and yp are
characteristic polynomials of d x d positive definite matrices A and B, respectively, then

(x4 Ra xB)(z) = Eqg detlz] — AQBQ"],

where the expectation is taken over unitary matrices @ distributed uniformly on the unitary
group in dimension d. Moreover, if p and ¢ have only non-negative real roots, then so is p X, g
(see [7, Theorem 1.6]).

There is the following asymptotic relation between finite free multiplicative convolution and
free multiplicative convolution by [1, Theorem 1.4]. Let us consider p; and ¢g as real-rooted
monic polynomials of degree d in which pg has only non-negative real roots. Assume the empirical
root distributions of pg and g4 converge weakly to p € P4 . and v € P, as d — oo, respectively.
Then the empirical root distribution of py Xy g4 converges weakly to u X v as d — oc.
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3 Main result

In this section, we provide the LLN for finite free multiplicative convolution. First, we calculate
the n-th power of finite free multiplicative convolution of polynomials which have only non-
negative real roots. Let A(™ be the set of roots of p&a” for n > 1 and a monic polynomial p of
degree d with non-negative real roots. We put A := A, for short.

Lemma 3.1. Let p be a monic polynomial of degree d with non-negative real roots A. Then we
have

G(AM) =g )", 0<i<d (3.1)
In particular, the number of zeros in A is the same as the one in A,

Proof. Note that

d
(d\ _ .
pne) = S (e
This is equivalent to (3.1). The rest is because the number of zeros in A is equal to k if and only
if
ea-x(A) >0 and eqx11(A) =0,
where we understand egy1(A) = 0. [

Due to the relation (3.1), we obtain the following LLN for roots of finite free multiplicative
convolution of polynomials.

Theorem 3.2. Consider a monic polynomial p of degree d with non-negative real roots A and
let k = k(p) be the number of zeros in A. Let A := {)\gn) > )\gn) > > )\((in)} be the set of

non-negative real roots of p™a™. Then we get
nh—>Holo ()‘i ) = F () 1<:<d—k.

Remark 3.3. Note that /\(n) =0ford—k+1<i<dby Lemma 3.1.

i
Proof. For 1 <i <d — k, the equation (3.1) implies that

GAM) _fam) \
5171(/\(")) o (gz_l(A)> ’ (3.2>

For i = 1, the equation (3.2) implies that

A 4l

y =& (AM) =& (A,




K. Fujie and Y. Ueda
Since
n) (n) (n)
A AT <A,
d d
we obtain

a(A) < (AWM < i (A),

and therefore ()\(n))

3 — €1(A) as n — oo.
For 2 <i < d — k, we have

3=

ZJC[d], |J|=i (HjeJ A§")) ZJC[d], |J|=i (HJGJ )‘S‘n))
A (n)) - (n) =z d yy(n)y(n) (n)
ei-1 (A > Jcid, |J]=i-1 (Hjej Aj ) GE)ATA

d \"'\w
(z‘ill))‘g ))‘g )"‘)‘E—)1 i1

Similar to the estimation above, we obtain

n (n)y(n) n)
ei—1(AM™) ~ )\gn) )\gn) . )\Z(f)l !

7

Consequently, we have

<d) -1 e@(A(”)) - )\(n) < < d > el(A(n)) |
i €i—1 (A(”)) -t T \i—1) e (A(n))
and therefore

-1 ~ n ~ n
‘ d Nei(A) < )\(n) < d Nei(A)
1—1 61‘_1(/\) -t T \4 6,‘_1(A)
by using (3.2). Taking the n-th root of each value in the above inequality, we get
1 1
AT ald) (A™) 7 < d\r e(A)
1—1 eifl(A) t

1) €i—1(A)

]

3=

Hence, we obtain (Agn))

— €i(A)/€;—1(A) as n — 0.

real roots, we define

|
For a positive number o > 0 and a monic polynomial p(z) Hf’:l(x — \;) with non-negative

d
P\ (z) = H (z =A%),

=1

Remark 3.4. According to Theorem 3.2, if p is a monic polynomial of degree d with non-
negative real roots A and k is the number of zeros in A, then

d—k ~
im (p%en () z) = z¥ T — ¢i(A)
i (p=e) (o) Hl< al(A)>

Thus, the LLN for finite free multiplicative convolution of polynomials is established.
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Remark 3.5. Let p be a monic polynomial of degree d with non-negative real roots A = {\; >
-+ > Mg}, k the number of zeros in A, and )\En) the i-th real root of p®a” for 1 < i < d. By
Newton’s inequality (see, e.g., [4]), we have

ei(A) €ir1(A)
) S EA)

1<i<d—k—1, (3.3)

where the equality holds if and only if Ay = --- = A\g. However, the inequality (3.3) can be

directly proven by Theorem 3.2 due to )\gn) > >‘z(’j-)1'

Consequently, we find the following remarkable phenomenon; except for trivial cases, the

1
limit roots of (p&d”)("), not being zero, are all distinct.

In particular, we apply Theorem 3.2 to the (renormalized) Laguerre polynomial and a poly-
nomial with two real roots.

Example 3.6 (case of the Laguerre polynomial). Consider d > 1. We define
p(@) = di(=d)~ Lo q(dx),
where L, g4 is the Laguerre polynomial which is defined by
d

Loa(z) =) (_;)i (Cclii(j)

i=0

Let A be the set of positive real roots of p. Note that p has no zero roots since p(0) =
d!(—d)~¢ # 0. Computing the polynomial p, we have

p(z) = di(~d)™ zd: (_j!x)i (d ! z>

1=0

d .
(d\ (d d—1 d—j+1\ , .
d d
— _1) z. j

J

where the last equality holds by changing variable to j = d — ¢. This implies that
~d d-1 d—j+1

e;(A . 1 <5 <d.
e]( ) d d d ) S7 >
Suppose that /\gn) > e > /\El") are non-negative real roots of p¥a". By Theorem 3.2, we
obtain
~ d d=1 d—itl .
lm (A)E = G0 gt doitd
n—oo v é/l—l(A) % . d%dl .. d_2+2 d

for 1 <i < d, where note that ép(A) = 1.

Example 3.7 (case of a polynomial with two roots). Given d > 1, consider the following monic
polynomial p of 2d degree:

p(z) = 2%z — 1)4, d>1,

and put A ={1,...,1,0,...,0} as the set of roots of p. Then we get
—_——— ——

d times  d times

O
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and €;(A) =0 for d+1 < j < 2d. Suppose that )\gn) > > )\&n) are positive real roots of p™e™.
By Theorem 3.2, we have

1 d—i+1

lim (AM)» = =T —

Jim (A7) 2d—i+1
forall 1 <i<d.

At the end of this section, we mention the rate of convergence in the LLN for roots of finite
free multiplicative convolution of polynomials.

Remark 3.8. According to a proof of Theorem 3.2, it is easy to see that

log (A™) ™ = log (;_(1/(\1)\)) +0 <711> ,

as n — oo.

We demonstrate an example in which the rate of convergence is of order 1/n and it is optimal.
Consider d = 2 in Example 3.6, that is, p(z) = 2% — 22 +2~!. As a consequent result of a proof
of Lemma 3.1, we obtain p*2"(x) = 22 — 22 + 27" for n € N. Hence (positive) real roots of p2"
are given by

A =14 Vi—2 AP o112

= 1, limy 00 (AYY)

S|=
3=

It is easy to see that lim,,_ (/\gn)) =1/2 and also

n (log ()\gn))% — log 1) — log 2, n <log ()\én))% — log ;) — —log2,

as n — oo. Consequently, the order 1/n is optimal.

4 Relation to the LLN for free multiplicative convolution

In this section, given a monic polynomial of degree d, we investigate how the empirical root
distributions of their limit polynomial obtained by Theorem 3.2 (or Remark 3.4) converge weakly
as d — oco. For the reason above, we emphasize their degree as follows.

Let pg be a monic polynomial of degree d with non-negative real roots Ag = {A1 4 > -+ > Aga}

1
and let k4 be the number of zeros in A4. Denote by R;(A4) the limit roots of (p?"m) () asn — 00
for 1 <i < d, that is,
éi(Aq)
éi-1(Aa)’

as provided in Theorem 3.2. In the following, we investigate relationships between the empirical
root distributions:

Ri(Ag) =

d d
1 1
Hd = p E 6>\i,d’ and Vg -= d E :5Rz'(1\d)'
=1 =1

Lemma 4.1. Let pg be a monic polynomial of degree d with non-negative real roots Ag. Assume
that kg = 0 (equivalently, A\gq > 0 or Rq(Ag) > 0). Then we have

[ g0ttt = [0zt vatan).
0 0
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Proof. Note that the integrals [, (logt) pg(dt) and [;°(logt) va(dt) are finite since kg = 0.
A direct computation shows that

/ (logt) vg(dt) ZlogR (Ag)
0

6Z Ad
le G(h) (by Theorem 3.2)

=~ Logza(Ag)  (since 3p(Ag) = 1)
1 d

= log lel Nid

IR | o) nata), .
d =1 ’ 0

We study how the empirical root distributions vg = 52?:1 OR;(A,) behave as d — oo when

I = é Z?Zl 0, 4 converges weakly to some probability measure on [0, co).

Proposition 4.2. Let pg be a monic polynomial of degree d with non-negative real roots Ag.
Assume that there exist p € Py . and a compact set K in [0,00), such that the measures fiq
and p are supported on K for all d > 1, and such that pg — p as d — co. Then we obtain

Ri(Ag) — /O en

as d — oo. In addition, if 0 ¢ K, then it satisfies that

Rd(Ad)—>< /Ooot_l,u(dt)>_1 and /Ooo(logt)ud(dt)% /Ooo(logt)CD(,u)(dt)

as d — oo, where ®(p) is defined in Proposition 2.1.

Proof. By the assumptions and Theorem 3.2, we get

Ri(Aa) = E1(Aa) = dzm—/ traldt) [ (e

as d — oo.
Moreover, we assume that 0 ¢ K in the following. Note that the functions ¢ + ¢! and
t +— logt are bounded and continuous on K. We then obtain

Ry(Ay) = m - (;iﬁ;) o </O°° t_l,ud(dt)> o </OOO t—lu(dt)>‘1

=1

as d — oo. It follows that ky = 0 from 0 ¢ K. By Lemma 4.1, we obtain
| togtatan) = [~ ogthuatat) > [ (ogtyuta)
0 0 0

According to [3, Proposition 1], the last integral equals to [ (logt)®(u)(dt), and therefore we
get the convergence. |
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We give examples of the weak limit laws of empirical root distributions %Z?:l OR;(Ay) @S
d — oo.

Example 4.3.

(1) In Example 3.6, it was shown that R;(A4) = <= when we consider

pa(z) = d!(—d)deo,d(dx)

with non-negative real roots Ay for each d > 1. It is easy to see that
1
w
y z; Sazizs <> U(0,1) = 2(MP),
1=

as d — oo, where the last equality holds due to Example 2.2 (1).

(2) In Example 3.7, we obtained that R;(Agg) = Qil:i;jrll for 1 < i < d when pg(x) = 2%(x —1)¢

with non-negative real roots Asy. For any bounded continuous functions f on [0, c0), we

get
e —i+1
/0 1) 2d—z+1>

o
()
<

7
d
¢
f<1+t>
1/2 f
/o <1—u> du

where the last equality holds by changing variable to u = ¢/(1 + t), and therefore

1 1 1 1
F00+ 5 25 doit1 — 500+ ml(o,l/z)(f)dt = (2(50 + 51)) ;

—i+1

as d — oo, where the last equality holds due to Example 2.2 (2).

According to Proposition 4.2 and Example 4.3, it is natural to conjecture the following
statement.

Conjecture 4.4. Let pg be a monic polynomial of degree d with non-negative real roots
Ag = {Mag > - > Agaq}. Let us further consider 4 € Py .. Assume that the empirical
root distributions of pg, that is, é Zle 0, 4 converge weakly to p as d — oo. Then we obtain

d

1 w
p Z ORy(ng) — P(1)

=1

as d — oo.
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