Symmetry, Integrability and Geometry: Methods and Applications SIGMA 19 (2023), 025, 18 pages

The B, Harmonic Oscillator with Reflections
and Superintegrability

Charles F. DUNKL

Department of Mathematics, University of Virginia,

PO Box 400137, Charlottesville VA 22904-4137, USA
E-mail: c¢fd52z@Quirginia.edu

URL: https://uva.theopenscholar.com/charles-dunkl

Received October 27, 2022, in final form April 17, 2023; Published online April 25, 2023
https://doi.org/10.3842/SIGMA.2023.025

Abstract. The two-dimensional quantum harmonic oscillator is modified with reflection
terms associated with the action of the Coxeter group B, which is the symmetry group of
the square. The angular momentum operator is also modified with reflections. The wave-
functions are known to be built up from Jacobi and Laguerre polynomials. This paper
introduces a fourth-order differential-difference operator commuting with the Hamiltonian
but not with the angular momentum operator; a specific instance of superintegrability.
The action of the operator on the usual orthogonal basis of wavefunctions is explicitly
described. The wavefunctions are classified according to the representations of the group:
four of degree one and one of degree two. The identity representation encompasses the
wavefunctions invariant under the group. The paper begins with a short discussion of the
modified Hamiltonians associated to finite reflection groups, and related raising and lowering
operators. In particular, the Hamiltonian for the symmetric groups describes the Calogero—
Sutherland model of identical particles on the line with harmonic confinement.
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1 Introduction

The two-dimensional quantum harmonic oscillator is modified with reflection terms associated
with the action of the Coxeter group Ba, the symmetry group of the square. The wavefunctions
are known to be built up from Jacobi and Laguerre polynomials. This paper introduces a fourth-
order differential-difference operator commuting with the Hamiltonian but not with the angular
momentum operator; a specific instance of superintegrability. The action of the operator on an
orthogonal basis of wavefunctions is explicitly described. The wavefunctions are not in general
invariant under the group, rather are classified by the representations of the group: four of
degree one and one of degree two. The group-invariant wavefunctions of the By oscillator and
its superintegrability have been studied by Tremblay et al. [10, 11], Quesne [9].

First the general background on finite reflection groups and root systems, Dunkl operators,
and the associated Hamiltonian is described. In particular, the Calogero—Sutherland model
of N identical particles on a line with r~2 interaction and harmonic confinement comes from
the symmetric group (Lassalle [8], Baker and Forrester [1]). In the general situation, there
are raising and lowering operators which can be used to construct operators commuting with
the Hamiltonian and the group action. After this the development turns to dihedral groups
(type I2(k)) and the use of a complex coordinate system, which simplifies the description of
rotations. Some general formulas are specialized to this setting.
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2 C.F. Dunkl

The description of the wavefunctions of By and of the action of specific operators is in
Sections 4 and 6. The important operators are the Hamiltonian H, the angular momentum 7
and a new operator  which commutes with # and the group action but not with J2. This
property constitutes superintegrability. There are a number of different classes of wavefunctions,
requiring frequent case-by-case analysis. The explicit action of L on the orthogonal basis of
wavefunctions is found in Section 7.

In the appendix, there are details on some proofs, and a sketch of a symbolic computation
method of proving relations involving polynomials and Dunkl operators.

2 Reflection groups and a harmonic oscillator
In RY the inner product is (z,y) := YN | 25y, and ||z||? = (z,2). If v # 0, then the reflection o,
along v is defined by

_me)
o]

TOy =T

This is an isometry ||zo,||? = ||z||? and an involution o2 = I. The set of fixed points (zo, = )
is the hyperplane {x: (z,v) = 0}. A finite root system is a subset R of nonzero elements of R
satisfying u,v € R implies uo, € R. We restrict consideration to reduced root systems, that
is if u,cu € R, then ¢ = +1. Define W(R) to be the group generated by {o,: v € R}; this is
a finite subgroup of the orthogonal group On(R). There is a decomposition of R into Ry (the
positive roots) and R_; this relies on choice of a vector u such that (u,v) # 0 for all v € R then
set Ry = {v € R: (u,v) > 0}. Since o, = 0_,, the set R, can be used to index the reflections
in W(R). The set of reflections o, decomposes into conjugacy classes (W orbits) o, ~ o, if
u = vw for some w € W(R). A multiplicity function k, is a function on R which is constant
on each conjugacy class, usually here r, > 1. Set 7y, := > Ry o Define the Dunkl operator
(1<i<N)

Dif(a) = S+ 3 J‘W

8 vERL ’ >

Then D;D; = D;D; for all i, j (Dunkl [2], also see Dunkl and Xu [4, Theorem 6.4.8]). Let

N 2
0 d 0
. A= .= (Di,...,Dy).

The Dunkl Laplacian is A, := Ef\il D? and
(2 <Vf(17),"0> . ||,UH2 f($) — f(.ZL'O'v)>

(x,v) (x,v)?

Agf(x)=Af(z) + Z Ky

vER,
This leads to the modified Schrodinger equation (with parameter w > 0)
Hy o= (WP[|2]]* = Ax)y = By
The exponential ground state is g(z) := exp(—%||z|[?), as can be seen from the transformation
g (WP lz]® = Ax)(f9) = —Anf + w(N + 27, + 2(z, V) f,
which implies (w?[|z]|? — Ax)g = w(N + 27,)g. An equivalent expression is

N
9" Hg = —Dp+w > (2Di + Dizy). (2.1)
i=1
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Denote the set of polynomials on RV by P and the set of polynomials homogeneous of degree n
by P, (that is, p(cx) = "p(x) for ¢ € R). Let Hy, = {p € Pn: Aup = 0} (k-harmonic
polynomials). We find eigenfunctions of g~'Hg of the form p(z)q(w||z||?) with p € H, (thus
Axp=0and (z,V)p = np). This gives the differential equation (where t = wl|z||?)

d? N d 1 E
dt2q+ (nJr2+’y,$—t>dtq—4<2n+N+2’y,g—)q-O

and the solution is the Laguerre polynomial ¢(t) = Lg,?) (t), m=0,1,2,..., a=7y,+n+ % -1,
E = w(N + 27, + 2n + 4m). Note E depends on deg(pq) = n + 2m. The Laguerre polynomial
of degree n and index o > —1 satisfies

L)1) o= 2 Dn g ((”% v

n n! ‘ a+1);5V
; m! m!

The Pochhammer symbol is (a), = [[;(a+i—1) (or (a)o =1 and (a)p+1 = (a + n)(a)y).
There is an orthogonality structure which uses the W (R)-invariant weight function

= 11 Ko™

vERL

positively homogeneous of degree v,. The orthogonality H, ,LH.m for n # m holds with
respect to the measure h,(r)2du(z) on the sphere SV=1 := {z: ||z| = 1}, where u is the
rotation-invariant surface measure. There is a key result on adjoints: suppose p, q are sufficiently
smooth and have exponential decay then (with 1 <i < N)

iP)d m = — piriq m, .
D;p)gh? d D;q)h2 d 2.2
RN RN

where dm is Lebesgue measure on RY (see [4, Theorem 7.7.10]). Thus the adjoint of D; is
defined on a dense subspace of L? (RN ) hidm) and D = —D;. This meaning of adjoint will be
used throughout. Furthermore, the conjugate of H is

(150 — o) [[v]|?
(w,0)> 7

(A Pl )t = —A 4 WPl + Y

vERL

(details of the derivation are in Appendix A) a Schrodinger equation with the potential

K — 0 v
Vi) =z 4 3 ol

vER,

which includes reflections. The ground state is hcg. For the special case where R is the root
system of type Ay_1 and W(R) = Sy (the symmetric group), this potential occurs in the
Calogero—Sutherland model of N identical particles on a line with 7~2 interaction potential and
harmonic confinement. There is a closely related model of N identical particles on a circle
with =2 interaction, called the trigonometric model. The wavefunctions are Jack polynomials
in the variables x; = €%, 1 < j < N. Lapointe and Vinet [7] defined raising and lowering
operators and found Rodrlgues formulas for the Jack polynomials arising in this model. The
Jack polynomials can be used as bases for generalized Hermite (Lassalle [8]) and Laguerre
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polynomials, which occur as wavefunctions in types A and B models on the line (Baker and
Forrester [1], also see [4, Section 11.6.3]).
We need the basic commutation relations ([A, B] := AB — BA) for a,b € RY:

b

[a, V), (b)) = (a,b) +2 > HUW%, (2.3)

vER,

[Aw, (0, 2)] =20, Vi), [ll]? (a, V)] = —2(a, ). (2.4)
Definition 2.1. For a,b € R, the angular momentum operator is J,p = {(a,z){b, V) —
(b,x){(a, V).

Proposition 2.2. J,; = (b, Vi)(a,z) — (a, Vi) (b, x); 5, = —Jop and [H, Jop] = 0.
Proof. From (2.3), the commutator [(a,z), (b, V)] = —[(b,x), (a, V,)]. This proves the first
statement. By (2.2), J;, = —(a,z)(b, V&) + (b, z)(a, Vi) = —Jap. Next by (2.4),

[H, (b, Vi) (a,2)] = w*{||z]*(b, Vi) (@, 2) — (b, Vi) |2]*(a, )}
—{A(b,Vi){a,z) — (b, V) (a,x)AL}
= w?[||z]|?, (b, Vi) [ (@, 2) — (b, Vi) [As, (a, 7))
= —2w?(b,2){a, x) — 2(b, Ax)(a, V),
and this expression is symmetric in a, b and thus [H, J, ] = 0. [ ]
Corollary 2.3. [Ay, Jop] =0 and [||z]?, Jop] = 0.

This family of angular momentum operators has been studied by Feigin and Hakobyan [6],
especially in connection with the symmetric group and the Calogero-Moser model.

We introduce raising and lowering operators. These operators were used by Feigin [5] in his
study of generalized Calogero—Moser models, which are constructed in terms of subdiagrams
(certain subsets of roots) of the Coxeter diagram of W(R). Note {4, B} := AB + BA.

Definition 2.4. For a € RV, a # 0, let AT = w(a,z) £ (a,V,) and H, := 3{A] A;} =
w2<a,x>2 - (CL, vn>2'

Proposition 2.5. (A1) = A, ; gt Atg = (a,V,) (lowering) and g~ *A; g = 2w(a, ) — (a, V)
(raising); HY = Hy and [H, H,) = 0. Also g7 H,g = w({(a,z){a, V) + (a,V,){a,z)) — {a, V)2

Proof. From (2.2), it follows that (A})* = A, and HY = H,. The commutator
[w2<a,x>2 - <a,VH>2,H] = —[(a, V,{>2,w2||xH2] — [w2<a,x>2,AN]

and expanding the right hand side with formulas (2.4) and [A?, B] = A[A, B] + [A, B]A shows
[Ha, H] - O. .

Proposition 2.6. Suppose w € W(R), then w™'H,w = Hgyy; suppose S C Ry and S U (—S)
is an W (R)-orbit (closed under v — vw), then Y., o HY commutes with each w € W(R) for
k=1,2,3,....

Proof. This follows from (a, V.)w = w(aw, V) (see [4, Proposition 6.4.3]) and
w({aw, 2)p(z)) = {aw, sw)p(aw) = (o, zywp()
(because w € On(R)). |

This produces a collection of self-adjoint operators commuting with W(R) and H.
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3 The dihedral groups

For m = 3,4,..., the dihedral group I2(m) is the symmetry group of the regular m-gon. We
will use complex coordinates for R:

z = x1 + ixo, Z =2z — ixs.

Let ¢ := exp (22!), then the reflections in Ir(m) are o;: (z,%) — (2¢7, zC 7) (0 <j <m), and
the rotations are p;: (2,2) — (ij z¢ ) Then o100}, = oo—j and p, ajpk = 0j42k; when m
is even, there are two conjugacy classes {o2;} and {o2j4+1} with 0 < j < B — 1. The real root
vector for o; is v; = (sm( J) — cos ( j)) and (z,v;) = Lexp(— ]m)( — (7z). The Dunkl
operators are (8Z : 2

Qv‘@
9”
i
S

Tf(z) =0.f(2) + Z%JWZ;(Dl—iDg)L
7=0
. m—1 _ —rj '
Tf(z) =0zf(z) - anCJ = %(D1 +iDy) f.
j=0

These imply A, = 4TT. If m is odd, then kj = k; if m is even then ko; = ko and Koj11 = K1
for all j. Denote H,, by H; and let H; = g_lng. In the complex coordinates,

(vj,x) = %exp (_‘]m771> (Z - CjE), (vj, Vi) = —i<exp ]mm> (T - Q*jT),
(note (exp Jm) = (), thus

(w3, )03, Vi) = 3 (= = €92) (T = ¢T)
and
(0, V)2 = =) (T = ¢IT)* = —¢/T% + 2TT — (T,
Then using (2.1),
= 3T oTT + ¢IT° + g{ (2 = ¢72) (T = ¢CIT) + (T — ¢T) (2 — 7)),
g "Mg = —ATT + w{zT + 2T + Tz + Tz}. (3.1)

In R? there is only one angular momentum operator (up to scalar multiplication), namely x1 Dy —
29Dy =i(2T — 2T). Set J := 2T — zT.

The k-harmonic polynomials can be found in [4, Section 7.6]; they are expressed in terms of
Gegenbauer, respectively Jacobi, polynomials, in case of odd m, respectively even m.

4 Orthogonal basis of wavefunctions for B,

Henceforth, we specialize to the group By = I5(4). The formulas in the previous section apply
with ( =1i. Let v, = 2Kk¢ 4+ 2k1. The weight function h, = ‘22 —22‘% ‘2’2 —I—Ez‘m. The group has
five irreducible representations: four of degree one and one of degree two. The four multiplicative
characters satisfy xo(ox) = 1, x1(o%) = (=1)%, x2(or) = (=), x3(0%) = =1, 0 < k < 3.
The basis of wavefunctions (solutions of Hi¢ = 2w(n + 1 4 ~,)1) are denoted v,,—; ; where the
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subscript refers to a dominant monomial in the polynomial part (ignoring ¢g) and monomials
292" (a + b = n) are ordered by |a — b|. The factor ¢ in the wavefunctions will be omitted and
we use operators in the form ¢g~'Ag acting on polynomials.
The basis functions are all expressed in the following:
24+ 7
22272 >

RfﬂN@::(z@%U%“m<

(—1)" " n 2 _9\2j/ 2 , _2\2n—2j
=5 ) (n—a)p—j(—n—B)j(z* —Z 2“4z .
22np)| ]go <]> J J( ) ( )

The Jacobi polynomial pi*? (t) of degree n and indices «, B can be defined as (see [4, Propo-
sition 4.14])

Pl ()= 2D (1 “)ni (onlson =B (1~ 1)1';

n! 2 = (a+1); 5! t+1

this formula leads to the expression stated above. Then define

Pan,00(z) = Rro=1/2m-1/2) ().

n

pana1(2) = (24 =2 ) RUOTVEHH2) ()

Pansa0(2) = (2242 R 2m (),

p4n+2’01(z) — (22 . 22)ngﬁo+1/2,ﬁ1—1/2) (Z)

These are of isotype X0, X3, X1, X2, respectively. The L?-norms are necessary for normalization,
and are derived from

/2 a_lpg_1 a_lg_1
/ sin?® ) cos?’ QP,E 27 2)((:0829)Pk( 27 2)(00829) dé
0

_ 1 1 (@4)),(B+3),(a+p+m)
- 25"’“B<0‘+2’5+2) nl(a + 5+ Dn(a+ B +2n)

The beta function B is defined by a definite integral and satisfies B(a,b) = I'(a)I'(b)/T'(a + b).
Denote for polynomials p(z, %)

ol = | (&) Ph(e)?

Hp||2 ::/O exp(—wrQ)r%“'Hdr/ ‘p(reie)‘th(ewfdQ,

—T

1

then

Hl”% = 2%+1B(F60 + %, K1+ ;)
The squared norms are
(o + B+ D)0t t)
nl(ko + K1 + 1)p(ko + K1 + 2n) b
(ra-+ 1), (1 +3) (0 1 1)

1pan,00/l7 =

Hp4n,11H’]2I‘ =16 (n — 1)](/{10 TR+ 1)n(’£0 TR+ 2n) H1||’]21‘7
2 4(KO+%)n(K1+%)n 2
Hp4n+2,10H’]I‘ = nl(ko + #1 + L)n(ko + k1 + 20 + 1) 11,
2 4(”0 + %) (“1 + %) 2
|Pan+t2,01 |7 = 2 = 11|

nl(ko + K1+ (ko + k1 +2n+ 1)
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For the odd degrees,
1
Pant1(2) = {P4n,00(2) + 4P4n,11(2)}, (4.1)
1 1
p4n+3(2’) = Z{ <n + Ko + 2>p4n+2,10(z) + (n + K1+ 2>p4n+2701(z)}. (4.2)

From the orthogonality relations papn 00 L pan,11 and pany2.10 L pany2,01 (different isotypes),

(Ko + 5),, (1 + 5)
nl(ko+ k1 + 1),

1
[Pant111E = lIpan.oollt + 75 lIPan11llF = 21107,

2 1) 2 1) 2
|pan+3llT = | 7+ Ko + B |Pan+2,10llT + | 7+ K1 + B |Pant2,01 [T

(K:O + %)n—‘rl( 1+ )n—l—l
nl(ko + K1+ 1),

[R(Eeg

Next we list the orthogonal basis, which involves the Laguerre polynomials. The subscript
notation may appear strange, but it makes it easy to identify the isotype and every possibility
of (n — j,j) can be found by suitably replacing n (the trailing factor g is understood),

Van+t4,j(2) = Pan,oo(z )L§7”+4n)(wz§),
Yant2+4,5(2) = Panye, 10(Z)L(7'“+4n+2) (w2Z),

) =
(
) = panan ()L
(

Vjan+j(2) = pan1(2)L; w2Z),
tdn+2 _
Vjant2+5(2) = Pant2 01(Z)L§7 i )(sz)-
In this list, og¥on—j; = on—j; and oo¥jon—j = —jon—j, for 0 < j < n (j < n for the second
case). For odd degrees,
wFdnt1 _
Vant144,5(2) = Pant1(2 )ng " )(WZZ),
w+4n+3 _
w4’n+3+]j(z) = p4n+3( )L(’y " )(O.)ZZ),
Vjant1+5(2) = 00Vant144,5(2),
Vjan+3+5(2) = 00%an+3+45,4(2)-

By construction, Ht,—; ; = Eptn—; ;, where the energy eigenvalue is £, := 2w(n+2k0+2k1+1).
The squared norms of the v follow from the formula

(v +n+£0+1)
[9]? = Sw (et == 7 Ipll%,

where p(z) is homogeneous of degree n and ¥(z) = p(z)Lé%Jrn) (wzZ). When w = 1, the wave-
functions 1), ; ; are eigenfunctions of the Dunkl transform with eigenvalue (—i)” (see [4, Theo-
rem 7.7.5]).

5 Some self-adjoint operators

5.1 General properties

In this section, we are concerned with finding the action of operators which commute with H
on the basis functions described above. Suppose A is such an operator and A is self-adjoint
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(in L2 (R2, hidmz), then for any (n — j,j) the polynomial A, _; ; is an eigenfunction of H with
the same eigenvalue 2w(n + 14 ~,) and has an expansion Y ;" ; ¢;t)n—;; (note that dms denotes
the R? Lebesgue measure and equals rdr df for z = reig). Suppose it is known that the top-
degree (nonzero) monomials 2" ~z' in Ay, ; satisfy m < i < N —m, then t,,_p for k < m
or n —m < k < n cannot appear in the expansion of Av,_;;. This is an implicit inductive
argument: if 2" and z" do not appear, then neither v, ¢ nor vy, can appear in the expansion,
now consider 2"~z and 22" !, Yn—11 and Y1 -1 and so on. It also follows that it suffices to
consider the top-degree terms to find the coefficients of the expansion. The top degree terms
of ¢, ; are scalar multiples of 2" 927 & 2Jz"~J if n is even, and of 2" 7z7 (or 272"77) if n is
oddandn—j>j (orn—j<j).

Definition 5.1. For a polynomial p(z,z), let C(p, 2™z") denote the coefficient of 2"z" in the
expansion of p. If p can be expanded in a series of wavefunctions, then C(p, 1,—; ;) denotes the
coefficient of ,_; ;.

Suppose, as above, that [A, H] = 0 and A is self-adjoint, then

C(AYn—j s Yn—tg) [ Vn—k k> = C(AYn_k o, Yn—jj )| ¥on—j.j

generally the coefficients we use are real and the complex conjugate on C can be omitted.
In particular, C(AtY,—;j j, ¥n—kx) = 0 implies C(AYp_j k, Yn—j;) = 0.

% (5.1)

5.2 Angular momentum

Here J = 2T — ZT, from Proposition 2.2 we have J* = —7 and [J,H] = 0. Also g 'Jg=J
(because J (2Z)F = 0). We determine the effect of 7 on t,,_; ; by considering the dominant top-
degree monomials. This suffices because [J, Ax] = 0 and the image of a k-harmonic polynomial
under J is x-harmonic, and there are only two (independent) s-harmonic polynomials of each
degree (> 1)

3 n S=\n
z5 —\1VZ o
Jz”:nz”—l—Z%jmodg (i'2) (z +1/2)
j=0
=nz" 4 2(ko + £1)2" + {ko(1 + (1)) + k1 (i" + (=)") }z" + - -

= (n+2ko +2k1)2" + (14 (=1)") (ko +1"61)Z" + - -,

z—1z

omitting terms like 2" 9%/ with 1 < j < n. Also

JzZ" = —(n+2ko + 261)2" — (1 + (=1)") (ko +i"K1) 2" + - -
because 09 Jog = — 7. If n is odd, then

Jz2" = (n+2ko+2k1)2" 4 - -+ and T?2" = (n+ 2ko + 2k1)%2" 4 -+ .
Thus

Tnrs = T (Pa(2) L (w27)) = (Tpa(2)) LT (w22) = (n + 260 + 261) Y.,
TVjn+j = —(n+ 2k0 + 261)Yj ntj-
If n = 0mod4, then

Tz = (n+2ko +2kr1)2" + 2(ko + K1)Z" + -+ -,
T2 = —(n+ 2K+ 2K1)Z" — 2(ko + K1)Z" + - - -
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and thus

T?2" = (n+ 2k0 4+ 261) T 2" + 2(ko 4+ k1) TZ" = n(n + 4k + 4k1) 2"+ - - -,
T?7" =n(n + 4kg +4k1)Z"+ - - - .

If n = 2mod 4, then

Jz2" = (n+2ko+2k1)2" +2(ko — K1)Z" + -+,
J2" = —(n+2ko + 261)2" —2(ko — kK1)Z" + -+,
T2 = (n+4ko)(n + 4k)2" + - - -,

T?7" = (n+4ko)(n +4k1)Z" + - - .

Thus
T*antjj = 16n(n+ Ko + £1)Pant i, (5.2)
T*Pjants = 16n(n+ Ko + K1) V) antj, (5.3)
T *Yantorij = 42n + 2k0 + 1)(2n + 261 + Dtbant21j.s (5.4)
Jij,4n+2+j =4(2n+ 2k + 1)(2n + 261 + 1)V} ant24j- (5.5)

5.3 Raising and lowering operators

Formula (3.1) specializes to
Hy = V1% = 20T + 17T + S{(: = ¥2) (T = i7T) + (1 = i7T) (= = 7).
Proposition 5.2. Hy+ Hy = H = Hi + Hs.

Proof. We use the polynomial parts I;Tj. First
Hoj = —20T + %{zT—i—Tz + 2T+ Tz} + (~1) <T2 +T g{zT—i-?T—i-Tz +T§}>,

thus ﬁo + ﬁg = —4TT+w{zT+Tz —I—ZT—i—T?} = g~ 'Hg. Similarly, I;ﬁ + ﬁg = g '"Hg (using
P27+l = (—1)71). [ |

Corollary 5.3. [Ho, Ha) =0 and [Hi, H3] = 0.
Proof. HyHs = Hyo(H — Hy) and [Hy, H] = 0 by Proposition 2.5. |

The formula w™'H,w = Hg, (see Proposition 2.6) implies pgﬁopl = ﬁg. To find the effect
L§v~+m)
a scalar multiple of z examination of each of the formulas for p,, shows that each monomial
29%b satisfies a — b = mmod 4, this also applies to Y)jm+; except for the odd case where the
leading term is 2727 7™ and a —b = —mmod 4. Also p;(292°) = (i2)%(—iz)? = 1% b29% = im223P,
Thus by replacing m by n — 27, we obtain p1,—;; = i”_2j1/1n_j,j; this applies to all n (if n is
even then i"~% = {%~"). Replace i by —i to find p3in_; ;.

of p1 or ps consider the leading term in ¥,4;; = Pm(2)
)

(wzZ) (total degree n = m + 2j),

Proposition 5.4. Suppose I?Iown_j,j = E?:o Cjin—ii, then (1) ¢jj = %En, (2) i = jmod?2
and i # j implies ¢; j = 0, (3) Hotbp—j; = %E,ﬂ/}n_j,j — > A¢jitn—ii: j —i=1mod2}.
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Proof. By hypothesis,

n n
y iy o
Hoytpp_2jj = psHop1n—j; = p3i" ™~ § CjiVn—ii =1""" § O B
=0 =0

n . .
= Z(—l)z_jcjﬂ/}n—i,i-
i=0
From Hy + Hy = H, it follows that > 1 c;i(1 + (=1) ") ¢p_i; = Entbp—j;. Thus 2¢j; = E,
and j —i = 0mod 2 and j # 4 implies ¢;; = 0. |

Since {op,02} and {o1,03} are conjugacy classes, the operators Hj* + H3" and H" + HY"
commute with H and with the action of the group for m = 1,2,3,... (Proposition 2.6). There
is a fairly simple formula for 2?20 HZ. Note I denotes the identity in the group.

Definition 5.5. Set R := (I + k(0o + 02) + k1(01 + 03))* — 2(k§ + £7)(1 — p2). This is an
element of the center of the group algebra, that is, [R,0;] = 0 for 0 < j < 3 and [R, p;] = 0 for
1<5<3.

Equivalently, R = I + 4(k2 4 k%) p2 + 2k0(00 + 02) + 2K1(01 + 03) + 4kor1(p1 + p3)-
Theorem 5.6. HZ + H3 + H} + H} = 3H? — 20272 — 20°R.

Proof. The details are presented in Appendix B. The idea is to use direct (computer-assisted)
calculation. |

The following defines the operator which is the main concern in the sequel; it will be shown
to commute with H and the group action but not with angular momentum. The latter claim is
proven by demonstrating that eigenfunctions of J?2 are not preserved.

Definition 5.7. Set K := HZ + H3 — H} — H3, a fourth-order operator.

From Propositions 2.5 and 2.6, it follows that [K,H] = 0 and each of H3 + H3, H? + H3
commutes with the group action.

Proposition 5.8. K = 2(H Hs — HyHy) = —31? + 20272 + 202 R + 4(Hy — 17)”.

Proof. K = (Hy + H»)? — 2HoHa — (H1 + H3)? + 2H  H. Also K+ 3.0 (H? = 2(H3 + H3) =
2H? — 4HyH>. From Proposition 5.4, Hy — %7—[ = —(Hp— %7—[) and HoHy = %’Hz — (Ho — %7—[)2.
Thus

K =2H? — 4HyH, — @7{2 — 22 T7% — 2w2R>
1 2 2 72 2 1 2 1 2

this completes the proof. |

6 The expansion coefficients of H

6.1 General formulas

This section calculates the coefficients in Hot,—; j. Start with
~ _ w — —
Hy=(T-T)"+ {(=2)(T-T) + (T - T)(z - 2)}

= (T-T)" +w{(z=2)(T = T) + 1 + 2rp00 + r1(01 + 03) }.
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Let

A:=(z2—-2)(0, — 0z) + 1 + 2ky,
B = /11{(01 + o03) —i—(z—z){(l +.1,)(1—U1)+ (1 _.1,)(1 —03)}}

z—1z Z2+1z

so that Hy = (T—T)%+w(A+ B). The part of (z—%)(T —T) corresponding to og is 2ko(z — Z) x
1-09 __ 77

s = 2k0(1 — 0¢). To determine the coefficients in Hotp—jj = > i ¢j,ihn—i,i, it suffices to
consider the monomials of degree n in ﬁozpn —j.j» that is, analyze (A+B)v; ,—;. For a polynomial
p= Zf:kc 2" with ¢ # 0 # ¢ let D(p) = 2" F2F + ¢p2" 2" (D for dominant terms).
Then (for 2j <n)

D(Az"_jéj) = —jnitlziml (n— j)z”_j_IEjH,

D(Azjfn_j) = _jzj_lzn—j"rl _ (TL _ j)2j+1§n_j_1,
Let 25 <n and m :=n — 2j, then
B2V % = ki (22) 1M (1 + (-1)™)z™

m—1
+r1(22) (2 — 2 Z zm_l_kzk{ik(l +1) + (=i)k(1 - i)}
k=0
= k1(22)’ {22 + 26,12 +2 Z 2 RER (g — g 1)}
k=1
where ¢;, = (—1)l*+1)/2] and |r] is the largest integer < r. Thus
D(B2"77) = 251 (2" 7F + en_nj1277"7);

the same formula holds with (z,Zz) replaced by (Z,z) (because [B,og] = 0). The special case
B2i7) = 2k12977.

Let 1 < j < n, then by construction D(to,—j;) = C(@Dgn,j,j,z%_j?j) (an_jEj + zjizn_j),
similarly for v;2,—;; and from the above formulas, it follows that

D((A+ B)an—j;) = —iC(an—jj, 2" 727 ) (P41~ 4 27715207t (6.1)
D((A+ B)jan—j) = —jC(0jan—j, 2" 727 ) (220941071 — 27 ig2n7t), (6.2)
the other terms are dominated by these. This implies that C(Howgn_m,wgn_,;,i) = 0 and

C(Hovj2n—j,Yian—i,) = 0 for i < j — 1. Thus the nonzero coefficients occur only for |j —i| < 1.
For the odd case, suppose j < n, then

21— jj\ 2nt+1—jzj i+ 1=2n—j\ j+l=2n—j
D(Yans1-j5) = C(ans1—jj, 27" 7727) 2202 4 Chongr—jy, 27127 7) 2T
This implies

D((A+ B)ponti1-j;) = (—jz>" 29701 4 252n+2jl“flzj72n+l_j)c(¢2n+1—j,j7 Z2 =izl

_(]+1) (¢2n+1 ]7],ZJ+1 =2n— ]) 2n+17j. (63)
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6.2 Even degree

To find C(ﬁ()an—j,j,an—jJ,_Lj_l) and C(ﬁ(ﬂﬂjgn_j,¢j_1’2n_j+1), we used formulas (6.1) and
(6.2). Then for C(H0¢2n—j,j7w2n—j—17j+1) and C(Hozpjgn_j,1/1j+172n_j_1), we used (5.1). The
leading coefficients of 1,,_; ; are derived from

1
C(R@P), 2} = ¢(RI™P), 74) = s (T at B+,
o ol
C(L{ ) (wz2z), 277) = (4)1%.

Then

1
C(pan00, 2*") = C(Pan,00,2") = (n+ Ko + K1)n,

- 22np)
1
C(pana1,2"™) = —C(pan11,2") = W(n + Ko + K1+ 1)p—1

n—1)

and

1
C(pan+2,10, 2" 2) = C(pant2,10,2"2) = o2 (n+ ko + K1 + 1)n,

1
C(pant2,01, 2" "?) = —C(pant2,01,2"1?) = 2n] (n+ Ko+ K1+ 1)

First consider the even degree polynomials satisfying oop = p

1 n+ ko + K1
Hy — = Eypyo; =W
< 0= 5 4n+2]) Yanjj = w 9+ ko + i1

n (5 +1)(2n + 250 — 1)(4n + 2k + 2k1 + J)
2(2n + ko + K1)
n+1

1
Hy — - B2 = Aw?
( 0= 5 4n+2j+2> Pant24j,j = 4w M + o + iy + 1
(j+1)(2n + 21 + 1)(4n + 2k + 2k1 + 7 + 2)

Yantj+1,5-1

Yantj—1,j+1 (6.4)

Yantj+3,5-1

+2 2+ ko + F1 + 1 Vinsti o
then the even degree polynomials satisfying oop = —p,
(Ho 1 4n+2j> Vjants = 4w )i 1 angjin
2 2n + Ko + K1
LA DCa+om - Dlnt 2o+ 21 4G) (6.6)

(2n + Ko + K1)

1 n+ryg+r+1
Hy— - FE . . L — 2 . .
< 0~ 5 4n+2j+2> Vjantotj = W TR, 1% 1,4n+j+3

L G+ 1)(@n+ 260 + 1)(4n + 260 + 21+ +2)

2(2n + ko + K1 + 1) Vjt1dnt145- (6.7)

Thus the matrix of Hy in the bases {t2,—;;: 0 < j < n} and {¢j2,—;: 0 < j < n} is tridiagonal.

6.3 0Odd degree

Formula (6.3) is used to find C(ﬁ0¢2n+1—j,j7w2n+2_j7j_1) and C(ﬁ0¢2n+1_j,j,wj,2n+1_j). We

will show that the nonzero coefficients in Hotop11—j; = 2222(4{1 Cjiont1—is occur at @ = j — 1,
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J,j +1,2n+1— 3. Suppose m is odd, then 1,,_;; = Zﬁ;j_l a;z™'z" and aj,am—;—1 are

involved in finding C(Howm_j’j, zm*jHEj*l) and C(Howm_j,j, z’?m*j). Then

C (H0¢m+j,ja Zm+1+j§jfl)
C(Ym14j,j-1,2mTHHIZ 1)

JuwC (d’m-ﬁ-]}j? Zm—m?j)
ZerlJrjgj—l) ’

C(HoYm+jjs Vmy11jj-1) =

C(Ymt144,-1,
C(Hotmj,j, 2/ 2") = C(HoYm+j s Ymt14+5,-1)C(Ymr14g5-1, 27" )
+ C(H[)wm-&-jvj? wj,m+j)c(¢j,m+j, Zj§m+j)
= —w(j + DC(Ymg, 2/ 2" HH)
+ 2(*1)(m+1)/2wl“€1€(1/1m+j,j, Zm+j§j).

The lower three lines are used to solve for C(HoYm+j j, ¥jm+;). There are two cases: m — 2j =
dn 4+ 1,4n + 3. First

1 1
C(pan+1,2"") = C(pan,00, 2'") + Zc(p4n,lla Z) = m(n + ko + K1+ 1)p,

4n) Ko + K1
- 22np)

1
C(pant1,22"™) = C(pan00, 2™) — ~C(Pan1, (n+ ko + kK1 + 1)1

4

and second

1 1
C(p4n+3a Z4n+3) = (n + Ko + 2)C(p4n+2,107 Z4n+2) + <n + K1+ 2>C(p4n+2,01a Z4n+2)

1
Szt Ko+ K1+ g,

~ 92ny
1 1
C(panys, 22" 1?) = (n + Ko + 2>C(p4n+2,1o, 242y (n + K1+ 2)C(p4n+2,01, 22
Ko — K1
= 2ol (n + Ko + K1+ 1)n-

Then

1
(Ho - 2E4n+1+2j> Yany14j,5

w? (G+1)(An+2ko+2k1+j+1)

eI R 2n + ko + 1 Vanjj+1
J(2n+ 2k + 1) 2n(j +1) _
— (2 +2k1 + 1) Py » 6.8
+w{2n+f€0+/€1+1 2n + kg + K1 (27 + 261 + 1) p¥jan+145, (6.8)
1
<H0 - 2E4n+3+2j>¢4n+3+j,j
_4w2(n+1)(n+/€0+ﬁ1+1)¢ B
= M + Ko + iy £ 2 dn+4+4j,j—1
(j + 1)(4n + 20 + 261 + j + 3)(2n + 2k + 1)(2n + 21 + 1)
" Vant2+j,5+1

2n+ ko + K1+ 1

(J +1)(2n + 2k + 1) 2j(n+1) ,
- 2j+2 1) pt; . (6.9
—|—w{ 2n+ Ko+ K1+ 1 2n+m0+51+2+(]+ k14 1) p¥jantsj- (6.9)
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7 The expansion coefficients of IC

7.1 Even degree

The matrices of Hy — 3H with respect to the bases {t,—;;: 0 < j < n} (opp = p) and
{tjon—j: 0 < j < n} (ogp = —p) are tridiagonal with zeroes on the main diagonal. If M is such
a matrix, then the only nonzero elements in M? are (MQ)M;2 = M; ;1 M;_1,;—2, (MQ)M+2 =
Mi’fiJrlMiJrl’iJrZ and (MZ)i,i = Mi,iflMifl,i + Mi,i+1Mi+1,i- By use of the expansion coeflicients
of Hy — %7—[, we find the matrix for £ = —%7—[2 + 20272+ 2R + 4(H - %H)2 (the first three
terms act as scalars).

To compute K 45,1, we use the coefficients of the expansions of HoYu, 4 j4k,j—r With k& =
—1,0,1 from (6.4), (6.5). Note 4n +j—1 = (4n—1)+2)+(j+ 1) and dn +j + 1 =
(4n 4+ 2) 4+ (j — 1); this indicates which types are involved. The scalars derive from FEy,o;,
Ripantjj = (14 260 + 261)*Pan+jj and JT*Yanj; = 16n(n + ko + K1)Pant; (from (5.2))

Ktpanyjj = AL (n)antjr2j-2 + AQ(n, ) Pansjj + AV, 5)Panyj 2,512,
(n+1)(n+ ko + K1)
(2n+ ko + k1)(2n+ Ko + K1 + 1)’
J+ 1 +2)(2n+2k0—1)(2n + 2k — 1)
(2n + Ko+ K1 — 1)(2n + Ko + /‘61)
X (4n + 2k0 + 2k1 +J — 1)(4n + 2K0 + 251 + 7),
(m+1)jG—-1)  n(+1)([+2) }
2n+rkp+kKk1+1 2n+kKkKo+rK1—1

A% (n) = 16w*

A, ) = 4t

xﬁmﬁz—&ﬂm—m%%+

For Ktan42+4j,;, we use 4(n+1)+ (j —1) and 4n+ (j + 1) for the adjacent labels, and Eyp12+425,
Ripanyotj = (1+2k0 — 261)*Yanso4j; and T*Pantotj; = 4(2n+2k0+1)(2n+ 261 + 1) Yunto4j
(from (5.4))

Ktbans24s5 = ALy ()¥ansarjj—2 + AG(n ) ¥anv2+sg + AL (0, 5) a2,
(n+1)(n+kro+r+1)
(2n+ ko + K1 +2)(2n + Ko+ K1+ 1)
G+D(G+2)2n+2k0—1)(2n+2k1 + 1)
(2n + ko + K1+ 1)(2n + Ko + K1)
X (4n + 2k +2k1 + j +2)(4An + 2K0 + 261 +j + 1)
(nt1)ji—1) n@E+1(+ 2))
2n+ Ko+ K1+ 2 2n+ Ko+ K1

Al [ (n) = 16w?

Al(n,j) =4

Ab(n, §) = 8w?(rko+ K1) — 8w? (ko — K1 — 1) (2j+ 1+

For K1)j an+ j, use the coefficients from (6.6), (6.7), the reversed labels from 14, ; j and from (5.3)
Ripjants = (1= 260 — 261)°Yjantjs T Ujants = 16n(n + Ko + K1)1hj an4
then

]C"l/}j,4n+j = Bgl(n)wj—2,4n+j+2 + Bg(n,j)"l/}jAn-i,-j + B?(n7j)¢j+274”+j_2’
nn+ko+ k1 +1)
(2n+ ko + K1)(2n + Ko + K1 + 1)
G+DG+2)2n+2k0—1)(2n+2k1 — 1)
(2n + Ko+ K1 — 1)(2n + Ko + Hl)
X (4n + 2ko + 2k1 + j — 1)(4n + 2kK0 + 2K1 + 7),

B%,(n) = 16w?

BY(n,j) =4
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njj—1) -1+ +2)
2n+ Ko+ K1 + 1 Mm+ro+r1—1 |

BY(n, ) = —8> (ko — m>{2j Lo+

For ’ij,4n+2+j7 use the reversed labels from ¢4n+2+j,j and R¢j,4n++2j = (1 - 2/‘%0 +2/€1)2wj,4n+ja
jzwj,4n+2+j = 4(2n + 2K0 + 1)(2n + 2Kk1 + 1)¢j,4n+2+j (55)

Ktbjantarj = BLi(n)j-1anta+j + Bo(n, )¥jantatj + Bi(n, )it antjtt,
(n+1)(n+ Ko+ K1+ 1)
(2n+ ko + k1 +2)(2n + ko + K1 + 1)’
G+DG+2)2n+2k0+1)(2n +2k1 — 1)
(2n + ko + K1 + 1)(2n + Ko + K1)
X (An+2k0 + 21 + 5+ 1)(dn + 260 + 261 + § + 2),
Bi(n,j) = —8w? (ko + k1) — 8w (ko — k1 + 1)
y <2j+1+ (n+1)j(G—1) _n(j+1)(j+2)>_

B! (n) = 16w*

Bi(n,j) =4

2n + ko + K1 + 2 2n + ko + K1

That concludes the even degree case. One might notice that all the coefficients are bounded
in (n — j), except for the types o, —j; — ¥2n—j-2j+2, J <n —2, and Yjon—j — Vjr22n—j-2,
j <n — 3, which are O((n — j)Q).

7.2 0Odd degree

The matrix M of Hy — %7—[ with respect to the basis {¢2p41—j;: 0 < j < 2n + 1} has nonzero
entries on the subdiagonal {(i 4+ 1,7)}, the superdiagonal {(i,7 + 1)} (with 0 < i < 2n) and the
cross diagonal {(i,2n+1—14): 0 <i < 2n+1}. Because [HO - %7—[, 00] = 0, there is a symmetry
property M; ; = Moy y1-—i2n+1—5. Then

(M?), ive = Miir1Miyy v, (M?), io = MiiaMiy1; o,
(M2) 7 z+1Mz+1 7 + Mz i— le 1,2 + M52n+1—ia
(M?) M i1 (Mig12n—i + Miont1-i),

2
)ionia—i = Mii-1(Mi—12n4+2-i + Migni1-i)

z,z

i2n—i

=

(because Moy y1-i2n—i = M1 and Moy y1—iont2-i = M;;—1). The two cases for 1o, 1-j; are
2n+1-2j = 1,3mod 4. The adjacent (j & 1) polynomials to 1,114, are Yupny34(j—1),j—1 and
Ya(n—1)+3+(j+1),j+1- By use of (6.8), (6.9) and Section 5.2, Eint142j, T ans145 = (dn+ 1+
2K + 2k1)2, Rpanii1445 = (1 — 453 — 4&%)¢4n+1+j, we obtain

Kipant14j5 = A—a(n)Yani31jj—2 + Ao(n, 1) Vant14j5 + A2(n, §)Van—1+455+2
+ A1 (1, ) Vj+1,an45 + A1 (s J) V-1 4n+2+45)
A 5(n) = 1601 (n+1)(n+ Ko+ K1+ 1) 7
(2n+ ko + K1 +2)(2n + Ko+ K1 + 1)
(G+1)(G+2)(2n +2k0 —1)(2n + 2k1 — 1)
(277, + Ko+ K1 — 1)(2n + Ko + Hl)
X (An + 2k + 21 + J + 1)(4n + 2k0 + 2K1 + 7),

(ko + K1) (ko — K1)(2n + Ko + K1+ + 1)2
(2n+ ko + K1)(2n + Ko + K1 + 1)
(j+1)(2n + ko + K1+ j + 1)(4n 4 2k0 + 2k1 + 5 + 1)
(2n+ Ko+ K1 —1)3

A2(n7j) =4

AO(n, ]) = _8w2

)

Ai(n,j) = —8w(ko — K1)

)
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Cn+ko+ kK1 +J5+1)

A_i(n, j) = —8w° (ko + K1) (2n 4+ Ko + K1)3

Omit A_»if j <2, Ayifn=0, Ay if n =0, A_; if j < 1. In the special case ¥ ¢ = z, only one
term appears: Kz = Ag(0,0)z and Ag(0,0) = —8w?(ko — K1) (ko + K1 + 1).

The adjacent (j £ 1) polynomials t0 Yun+3+5; are Yumgn)+14(—1)j—1 AN Yapi14(j41),541-
By use of (68), (69) and E4n+3+2j, j2¢4n+3+j7j = (4n + 3 + 2Kkg + 2&1)2, R¢4n+3+jaj =
(1 — 4k3 — 4&%)¢4n+3ﬂ-, we obtain

Ktpant3+4j; = B-a(n)Yants+jj—2 + Bo(n, )ants+5; + Ba(n, ) Vant14jj+2

+ Bi(n, §)¥j+1,4n+2+5 + B-1(n, )¥j-1,4n+4+5,
(n+1)(n+ Ko+ K1+ 1)
(2n+ ko + K1 +2)(2n+ Ko+ K1 +3)’
G+ +2)(2n+2k0+1)(2n+2k1 + 1)
(2n+ Ko+ K1+ 1)(2n+ Ko + K1)
X (An+ 2k0 + 261 + 7 +2)(dn 4+ 2k0 + 2k1 + 5 + 3),
(ko + k1) (ko — K1)(2n + Ko + K1 + § + 2)?
(2n+ ko + K1+ 1)(2n + Ko + K1 + 2)
(2n+ Ko+ K1+ J + 2)(4n + 2k0 + 2K1 + 5 + 3)
(2n + Ko + Iﬂ)g

X (74+1)(2n+42ko + 1)(2n + 2k1 + 1),

m+1)2n+ko+rK1+7+1)(n+ Ko+ K1+ 1)
(2n+ Ko+ K1+ 1)3

B_5(n) = 16w*

BQ(nvj) =4

BO(nv .]) = _8w2

I

Bi(n, j) = —8w(ko + k1)

B_1(n, j) = —32w(rio — 1)

Omit B_ if j < 2, By if n = 0, B_; if j = 0.

It is perhaps a surprise that the coefficients Ay(n,j) and By(n,j) are products of linear
factors, in contrast to the even case where the neatest expressions for A8, A(l), Bg, B(l) are partial
fractions. In fact, all of the coefficients in this subsection are products of linear factors, which
is not the case for some of the terms in Hoto,41—j,;-

8 Conclusion

We described an orthogonal basis of wavefunctions in terms of Jacobi and Laguerre polynomials.
Each of the basis elements is of a particular isotype, that is, involved in one of the five irreducible
representations of the group By. We defined a fourth order differential-difference self-adjoint
operator X which commutes with H but not with the angular momentum 72. This is an example
of superintegrability. The action of I on the basis elements was found explicitly. It is known [9]
that there are differential operators of degree 2k which demonstrate superintegrability for the
two-parameter 3(2k) (even dihedral group) model. It does not appear straightforward to adapt
the methods of this paper to the larger groups.

A Transformation of the Hamiltonian
This is a short proof of the formula

Ky — Uv)”””2
(z,v)? ’

h,i(—A,<+W2||33H2)h;1 :—A—l—w2||:c||2+ Z Hv(

vERL
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where hy(z) = [[,eg, [(z,v)|™, the W(R)-invariant weight function used in L2 (RN, hZdm).
For the Laplacian, we have

heA(fRY) — Af = fh,.;Ah,jl +2h,(Vf, VR

—r Y w +fz<z ) 3w Y

vERY i=1 “veERL LU vERY

?

and

g:( 3 <vaz> S s s -y ﬂz HUH2

i=1 vERL u,vER vER,

this follows from breaking up the double sum over rotations w = 0,0, and the identity o2 and
applying a lemma [4, Lemma 6.4.6] the w terms vanish. Thus

AR = AF = £ 3 kalie +1) ”“” 2k,

vER vERL

Also

Z 2,% (fh ) > (V/f,v) _of Z ﬁufiv ) — _of Z ;o2 HUH2

vER, <$’ U> u,vER L

The other part of h,A (fh;l) contributes — ZU€R+ Koy sz BE thus

2
A/{(fhgl) —Af= Z Ky <:|Lvl>2{(/€v+1)f_2ﬁvf_f+0'vf}

This proves the formula.

B Symbolic computation proofs

There is an analog K (z,y) of the exponential function exp(z,y) on RY x RY which satisfies
K(z,y) = K(y,x), K(zw,yw) = K(x,y) for all w € W(R) and DZ(I)K(aj,y) = y; K(x,y)
(where DZ@ is the operator D; acting on z, for 1 < ¢ < N). The kernel exists for nonsingular

parameters {k,}, which include the situation x, > 0. Suppose p(z) is a polynomial then by the
product rule

Di(p(z)K (z,y)) = <y¢p(x) 2 p(z ) + > Ko M”)K(:wv,y)vi.

8:@
vERL

This formula together with wK (z,y) = K(zw,y) = K(x,ywil) show how an element of the
rational Cherednik algebra (an algebra of operators on polynomials generated by {Dl@), xit 1<
i < N}UW/(R)) acts on a generic sum >wew(r) Pw (2, y) K (zw, y). It can be shown that if 7" is
in the rational Cherednik algebra and 7 K (z,y) = 0, then 7 = 0 (see Dunkl [3]). For particular
groups and operators, the calculation of 7K (z,y) can be implemented in computer algebra.
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The function K is an undefined function with argument (z,y) (or <x,yw‘1>). To compute
D?)K(xw,y) = D,@K(m,yw‘l) = (yw_l)iK(xw,y) one applies 8%1- to <a:,yw_1>, a straight-
forward calculation.

In the By application with complex coordinates z = x1 +irs, u = y1 + iy2, the inner product
is (z,y) = $(20 + Zu). As examples,

TK(;(zu—i—zu)) - ;uK(;(zu—i—zu)),
T{ (22— z2)K<;(zu+zu)>} _ {5(22 ~P)ag 2z}K<;(zu—|—zu)>
+ 2n0(z — z)K<—;(zu + zu)>
+ 202 +z)K(;(zu 4 zu)),
and
K <—;(2u + zu)) — oK (;(zuﬂu)) K (;(zu +zu)> — oK <;(zu+ zu)> .
This method is used to prove Theorem 5.6.
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