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1 Introduction

Several recent works (e.g., [2, 3, 12, 13, 14]), motivated by mathematical physics and probability,
have used explicit central elements of various quantum groups. For the applications in those
paper, the central elements need to be explicitly written in terms of the generators of the
quantum group. In particular, in a probabilistic perspective, the probabilities are required to
be non-negative, which requires explicit expressions for the central elements for calculations.
Furthermore, in an asymptotic analysis, the analysis tools also require explicit expressions for
the central elements.

The explicit generators of the center of U,(gl(/N + 1)) was first constructed for generic ¢ in [7]
without proof (see [1]). Previous work of [24] applies Drinfeld’s central element construction [6] to
universal R-matrices in order to construct central elements of quantum groups and to determine
their eigenvalues on irreducible highest weight modules.

Jimbo in [9] provided a method to construct a polynomial z(z) = SV ng z;x® in variable x
such that all z;’s are central. Tanisaki in [21] proved that all these z;’s generate the whole centre
by quantized Harish-Chandra isomorphism. However, the expression of z;’s in [9] are not explicit
enough for applications cited in the first paragraph.

By using Jimbo’s [9] formula for the R-matrix of U,(gl(N + 1)), further work by the same
authors [8] explicitly writes a quantum Casimir element of U,(gl(/N + 1)) with a formula for its
eigenvalues. Using an explicit formula for the universal R-matrix in [11], the authors [23] write
an explicit (but somewhat complicated) expression for general Casimir elements in quantum
groups.

In this paper, we apply Drinfeld’s central element construction to the fused R-matrices of
Uqa(gl(N + 1)) in [9], rather than the universal R-matrices of [11]. The resulting central elements
appear to be slightly simpler than the previous expressions. The proof requires some new ingre-
dients, notably relations between the root vectors [10, 18, 22] and some elementary knowledge
of coset representatives of symmetric groups.

We also note the work in [16], which shows that the Casimir elements (and a trivial central
element) generate the entire center of U,(gl(/N + 1)), although this had been known as early
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s [20]. Additionally, the paper [17] explicitly writes two algebraically independent central
elements in Uy (gl(N + 1)). Recently, Dai [5] provided the explicit generators of the center of all
(simply-connected) quantum groups of finite type by following [24]. In principle, it should be
possible to match those central elements to the ones here, but we do not pursue this direction
here.

2 Notations and backgrounds

2.1 Symmetric groups

Recall that the symmetric group is the Weyl group of the special linear group. Define the
usual action of the symmetric group Sy, on N by o(z1,...,2m) = (1), -, To(m)). For any
A € N™, define Hy < Sy, to be the subgroup {o € Sp,: 0(A) = A}. Let Dy C Sm be the set
of (left) coset representatives of H4 with the fewest inversions: in other words, o € Dy if and
only if inv(c) < inv(7) for every 7 € 0 H4. Here, inv is the length function defined as the fewest
number of simple reflections constituting the Weyl group element.

Example 2.1. Take A = (3,3,3,2,2,1). Then Hy = S5 x Sz x S1 < Ss. We have (34) € Dy
with (34)-A = (3,3,2,3,2,1), and (35) € D4 with (35)-A = (3,3,2,2,3,1). However, (134)-A =
(34) - A and inv((134)) > inv((34)), so (134) ¢ D 4.

We recall (see, e.g., [4]) that each coset of H4 has a unique representative o € Dy, and that
inv(o7) = inv(o) + inv(7) for every 7 € Ha.

Lemma 2.2. Suppose that 7,7" € D4. Then there exist a sequence of elements 1g,..., 7 € Da
such that 1o = 7', 7 = T and every Tj+17';1 s a transposition for j =0,...,1 — 1.

Proof. It suffices to prove this statement when either 7 or 7/ is the identity permutation e,
because the two sequences can be concatenated. So suppose that 7 is an arbitrary element
of Dy and 7 = e. Let s ...s1 be a minimal word representation of 7 and set Tj = Sj...51.
Then Tj+17'j_1 = sj41, which is a transposition. So it remains to show that 7; € Dy4. If it were
not, then there would exist a transposition s € H4 such that inv(7;s) = inv(7;) — 1. But then
inv(rs) =inv(r) — 1, contradicting the assumption that 7 € Dy4.

Now suppose that 7 = ¢ and 7’ is an arbltrary element of D4. By the previous paragraph,
there exist a sequence of elements 79 = e,7y,...,77 = 7/ in Dy such that every T]+1T ~1 g
a transposition. Setting 7; = Ti—j, we have that 70 = 7,...,71 = e is a sequence of elements
in Dg and Tl_j_le_lj is a transposition for every j. The latter equality is equivalent to the
condition that for every k, 7, = s7x+1 for some transposition s. Since this is also equivalent to
the condition that 717, 1is a transposition for every k, this finishes the proof. |

Let BT(nN) denote the set of sequences p = (po, ..., un) of non-negative integers such that
o+ -+ pun =m. For any u € BﬁnN), let H* < S);, denote the subgroup S, x --- x S,,, and
likewise let D* denote the set of left coset representatives with the fewest inversions. Define B,
to be the union (Jy+, B,

Let W,, € N™ denote the subset of elements (iy,...,4,) satisfying i; < .-+ < 4p,. For

i € Wy, and assuming that N > i,,, let N(N)(i) € B&N) be defined by
WMy = (e {1, m): i = K}

For i € W, satisfying i, < N, we have a natural isomorphism between the subgroups H; and
N) (i i e . N)(j
7Y@ Thus there is also a natural bijection between D; and pra),
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Given i € W,,, define the equivalence relation ~j on S, by

T ~; o if and only if o7 € Hj.

In words, 7 ~j o if and only if they are in the same left coset of H;j. For any 7 € .S,,, there is

1

a unique o € Dj such that 7 ~; 0. Define dj(7) = inv (O'_ 7'). In other words, if 7 is written
uniquely as 7 = o€ for 0 € D; and £ € Hj, then d;j(7) = inv(£). We will also let o3(7) and &(7)

denote the two permutations in the unique expression 7 = o§.

Finally, given 7 € S, let 7 denote the reversed permutation 7(k) = 7(m + 1 — k).

We conclude this section by noting the following identity.

Lemma 2.3. Foric W, set u=puN(i). Then

—Npog— (N =2)p1+ -+ Npunv = —Nm+2(i1 + -+ +ipp).
Proof. By definition,

pe=1le{1,...,m}: i =kl
We thus rewrite

—Npo— (N =2)p1 +---+ Nuy = —=N(po + -+ pn) + 21 + 4po +
=—-Nm+2u +4ps+---+2Nun

and note that

N N
2(i1+...+im):22k-’l€{L--wm}:il:k’:QZk"uk’
—1 k=1

which shows the identity.

2.2 Quantum groups

We use the following notation modified from [9]. Define U,(sl(N + 1)) to be the associative

algebra over C generated by the symbols ¢="i/2, é+4, 1 <i < N, under the following relations:
g2 gl = il ghal2 2 g2 = ghal2 L ghil2
¢y g = gF ey,
R R q T q 7
€4 6] = 6 T
7 X3 (2X) q _ q 1
€4 i€ it = €4 64, li — 4| > 2,
éi,iéi,iil —(q+q ")érbr iniér, + é:ﬁ:,iﬂ:léii =0, 1<4,i+£1 <N

Here, (a;,ir)1<i#<n denotes the Cartan matrix of type A, i.e.,

2, i=1,
aipp =< —1, i=1+1,

0, otherwise.

Then define U,(gl(N + 1)) by adjoining to U, (sl(N + 1)) the elements ¢*=</2,

q" = ¢-17% and that ¢®* TN belongs to the center.

42Ny

0 <i < N, so that
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The m-fold co-product is the algebra homomorphism

A : U, (gl(N +1)) = Uy(@U(N + 1) @ -+ @ Uy(al(N + 1)

m
such that
m
Alm) (F/2) = gral? g g g2, A (e ;) = Z é(il”)i’ (2.1)
v=1
where
=g 0P 0 M0 @ g2,
v—1 m—uv
We also have the reversed co-product
A(m) (q:l:ei/Q) _ q:i:q/Z R ® q:I:ei/Z’
m
A=Y g "o @q " et 0 "
v=1 e

We write A, A for A A®). The map A endows U, (gl(N + 1)) with a structure of a bi-algebra.
It is also a Hopf algebra, but we will not need the counit and antipode.
Consider the following relations for R:

RA(u) = A(u)R  Yu € Uy(gl(N +1)). (2.2)

This admits a unique (up to a multiplicative constant) solution R € End(V ® V'), where V :=
CN*1 s the defining representation of U, (gl(N + 1)).
Let us consider (2.2) in Uy(gl(N + 1)) ® End (C¥*!). Then a family of solutions is given by

(see [9]) R(z) = o< j<n EAZIJ(w) ® eji, where
e 1 .
. B (mq( ite; 1)/2)3F Ez(j’ i S,
El](x) - € 1 —e; -1 . .
(¢ —atq ) /(q—q "), i=.

For this paper, only the value at x = 1 will be used in the proofs, but for completeness Jimbo’s
result is stated in its full generality. Here, Elfj are the root vectors defined recursively by

El; = Ej By — qilEilq T isksy, Bl y;=¢é1 Ei, 1=¢é
and e;; is the usual matrix which acts on the canonical basis {ly,...,In} of CN+1 by
ejily = 0ird;.
In [8], the authors define
- q(J%'JrEjj—1)/2]5;”7 i # 7,
v {qE“'/(q -q"), i=j
where the modified root vectors are

-1 . . / ~ / ~
Eij = By Ey; — q  Egj By, isksy, Ei 1;=¢14 Eii1=¢é_;
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Using Jimbo’s results, they show that

R= Y Ei;®ejcUygl(N+1))®End(V),

N2>i>j>0
R'= Y Eji®e; € Ufgl(N +1)) ®End(V)
N2>i>j>0

satisfy
RA(u) = A(u)R, RTA(u) = A(u)RT.

We can solve (2.2) even more generally. Consider the m-fold tensor of the defining representa-
tion V™ and let P,,V®™ be the symmetric projection. In other words, P,,V®™ is isomorphic
to the module of highest weight mv, where v is the highest weight of V.

Then the solution of (2.2) in Uy(gl(N + 1)) @ End(P,,,V®™) is given by the fused R-matrix [9]

Ry 19, my(®) = Rom(z)Rom-1(2q) - -- Ro1 (2™ ") Py € Uy(gl(N + 1)) @ End (P, VE™).
Therefore, the fused R-matrices

RD,{LQ,.,.,m} = RomBRom—-1-- R P € Uq(g[N+1) ® End (va®m),
Ra{l,?,...,m} = RonRon—l o 'ROTle € Ug(gly11) ® End (PmV®m)

satisfy
RO,{LQ,...,m}A(U) = A(u)}zo,{l,l...,m}a R0T,{1,2,...,m}A(“) = A(U)R(j):{l,l...,m} (23)
in Uy(gl(N 4 1)) ® End(P,, V™) for all u € Uy(gl(N +1)).
Therefore,

L = R,(I]-:{LQ’M,m}RO,{l,Z,...,m} € Ug(gl(N +1)) ® End (P, VE™)

commutes with A(u) for all u € Uy(gl(N + 1)). By Drinfeld’s central element construction [6],
the element

Crm = id @ trg(T'm)
is central in Uy(gl(/V + 1)), where the quantum trace tr, of an operator A is defined by
trq(A) =tr (q72hpA) = tr (qiNeof(N*mél*'“JrNENA)'

We also have the following relations between the root vectors:! For i <1 and j < k,

EjpEy, 1<j<k<lori<l<j<ek,
q  EjEq, i=j3<k<l,
EyEj, = 7 o (2.4)
qEjkEy, 1 <j<k=l,
| EinBu+ (¢ —a ') EpEy, i<j<l<Fk,
(EyjEy, i<j<k<lori<l<ij<k,
qEx; Eu, i=j<k<l,
EiEg =< 2 . (2.5)
q By By, i<j<k=lI,
EkjEli — (q — qil)El]’Eki, 1<j<I<k.

!Similar relations can be found in the paper [22], but there appear to be some typos. They can also be derived
from (2.3) by applying id ® B to both sides, for suitable linear maps B on End (P2 V®2). One can also check that
the relations hold in the explicit representations in Remark 3.4 below.
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By the first and fourth lines above,

EgEj +q 'ExEy = EjBEy + qFj B, (2.6)
EliEkj + quiElj = EkjEli + qilEAleAki- (2.7)

For any i and j in N™, define
Ej: . Ei1j1"'Eimjm7 i(il_jl)a'“ai(im_jm) 207
Y 0, else.
and let ej; := ej4, ® - @ €j,.4,,- Fori,j € W,,, define

== +(inv(r)—inv(¢))
Bj=)_ 4 Ecwriy
¢eD;

where 7 is an arbitrary element of Dj. Note that the notation does not depend on 7, which is
justified by the following lemma and the relation inv(7) = (m — 1)m/2 — inv(7).
Lemma 2.4.

1. For every 7,7 € Dy, the following identity holds:

(inv(o)—inv(7)) £ F(inv(o)—inv(7’)) frt
> qF B wo) = > d B ayo(my
ceDp oc€Dp

2. Likewise, for every o,0’' € Dp,

(inv(T)—inv(o)) £t F(inv(7)—inv(c’ ))
> qF B o) = PN ( )o'(B)’

TED 4 TED 4

Proof. For m = 2, both cases are equivalent to the relations in (2.4) and (2.5).

Now suppose that m > 2. We only prove part 1, as part 2 is similar. By Lemma 2.2, it
suffices to consider the case when 7 = st where s is a transposition, and assume without loss
of generality that inv(7’) = inv(7) + 1. Define the two sets Dg) and Dg) by

DY ={o e Dp:so(B)=B}, DY ={o¢c Dg:so(B)+ B}.

First, note that by the second and third lines of (2.4),

inv(o)—inv(r) inv(o)—inv ST)
> g E oy = D 4 Byr(a)0(B)
oeDy) seD)

Partition the set Dg) into two sets D_ and D, of equal cardinality, where ¢ € D_ if and only
if inv(o) < inv(so). Then

Z qlnvo —inv (7 ET(A)U(B) Z (qinv(a)*inv(T)ET—(A)a(B) +qinv(0)+17inv(T)E;(A)SJ(B))

aeDE? oeD-
(2:6) inv(o)+1—inv(7’) f— inv(o)—1—inv(7) fr—
= > ( B aysom) T4 EST(A)U(B))
oeD_
_ inv(o)+1—inv(7’) fi— inv(o)—inv(7’) £
=2 (g Erraysom) T4 o ayotm)
oceD_
_ inv(o)—inv(7’) fpr—
=2« Errayo(my
OGDg)

as needed. The proof for E is similar, where one uses (2.7) instead of (2.6). [
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Example 2.5. Consider m =2 and N = 3. Set j = (0,1) and i = (2,3). Then
Ej_i = E13Ep + qBosEro = ¢ (E12E03 + qE02E13)7
with the equality following from (2.6). Additionally,
Elj = E31Ey + q "By B3 = Q(E30E21 + q_lEzoE:ﬂ),
with the equality following from (2.7).
3 Statements and proofs
The main theorem is the following expression for central elements of Uy (gl(N + 1)).
Theorem 3.1. The element given by
Cm — Z q2i1+'--+2immeE~j;Ei—.ii-
i?jew'"]/
is central in Ug(gl(N + 1)).
Example 3.2. Consider m = 1. Then
N
01: (q_q—l) 22 2i—N 25l+ Z 2i—N—1 261+251E EZJ7
=0 0<j<i<N
which is (up to a constant) the central element C' from [8].
Example 3.3. Consider m = 2 and N = 3. Then
0<j<i<3
™ Z q_6+221+222E Ejm (E Ellj + q_lEileléj)
0<y<i1<i2<3
+ Z ¢ (BB + 0 EpiEyy) Eig, By,
0<j1<j2<i<3
+ Z q76+2h+2i2Ej1i1Ej2i2Ei2j2Ei1j1
0<j1<i1<j2<i2<3
T S (B By + 0 B i) (B Bigy + @ By By ).
0<j1<j2<i1<i2<3

The central element C5 has 50 terms, consisting of 10 terms from 0 < j < ¢ < 3, 20 terms
from 0 < j1 < jo<i<3and 0 <j <1 <i9 <3, 15 terms coming from 0 < j; < i1 <
jo < i9g < 3 and 5 terms coming from 0 < j; < jo < i1 < 9 < 3. One can also verify that 50

is the correct number of terms, from the fact that [Wa| = 10 and the set {{i,j}:

ivj € WQ}

has 55 = 10(10 + 1)/2 elements, but the term Ejjf is zero when {i,j} is one of the 5 sets

{(0,2), (1, 1)},{(0,3),(2,2)},{(0,3), (1, )}, {(1,3),(2,2)}, {(1,2), (0,3)}.

The representation P,C* of Uy(gl(N + 1)) is 10-dimensional, which can be explicitly written
using Example 3.7 below. By multiplying 1() x 10 matrlces one can check that Cs acts as
const - Idjg, where the constant is (q +q 1) q O (1 +@+2¢* + P+ B+ 0+ ¢+ + q20)
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Remark 3.4. In [23], the central element C*° is defined, where Ag is the highest weight of
a finite-dimensional irreducible module V(Ag). The construction there is similar to the one
here, with the major difference being the use of explicit universal R-matrices in place of fused
R-matrices. Although it is not necessarily simple to check directly that C,, equals (up to
a constant) Co for V(Ag) = P,,V®™, it is straightforward to check that their eigenvalues are
the same.

If V(Ap) has distinct weights A1,..., A, with multiplicities dy,...,d,, then the eigenvalue
of C on an irreducible module with highest weight A is given by

T
3 dyg2ten),
k=1

Here, p is half the sum of the positive roots, and (-,-) is the usual invariant bilinear form on h*.

Now take Ag to be the highest weight of P,,V®™; then the distinct weights are elements of BﬁnN)
with multiplicity 1. Therefore the eigenvalue is

Z g2 2 (),

peB)

If C),, acts on the same module V(A), then its eigenvalue can be found by evaluating on the
lowest weight vector, because then only the diagonal terms (i = j) have a nonzero contribution.
So the eigenvalue is

) —2mq

—Nm 201+ 4+2im (20N (1),A
Z q 1 mq( 12 () )
iEWn,

(g—q7!

—2m _

By Lemma 2.3, this is (q — q_l) ¢~ N™ times the eigenvalue of C*0.

Remark 3.5. The value of the central character on C,, can be found using [19, Corollary A.2].
Their result implies that

XM (Crm) = Tr (7w, (70,

where W, is the mth symmetric tensor power of the defining module. Since W,, has weights

indexed by BﬁnN), the right-hand side is

Z ﬁ q(2>\i+N—2i)ui‘

veBy) i

3.1 Basis for P, V®™

Before proving Theorem 3.1, we will write a basis for the symmetric projection P,,V®™.
Let Iy, ..., In be the canonical basis of V, and define the action on V by

eyaly =051, e il =00, ¢FPL =gt (3.1)

For u € B,(q]lv ), define the vector

U(H) :I(;@MO(X)...@IJ%MN
Define
M(p) =" q ™o (v(p)).

oeD#
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Here, as before, S, acts on V®™ by permuting the order. By an abuse of notation, for i € W,,
we define

where N > i,,. Note that these definitions do not depend on the value of N. We briefly note
the identity

L (o (0(u) = o (eh(w(w)  for all o € S, 52)

We now show that the set { M ( u)}“6 5V gives a basis for P, V®™ A more general statement

appeared in [14] with a more complicated proof, but the expression here is more convenient for
calculations.

Theorem 3.6. The set {M ()} ) gives a basis for P, V™,

peBLy

Proof. Note that ‘BﬁnN)‘ = dim BP,,V®™ and {M(/,L)}MGB(N) is a linearly independent set, so it

suffices to show that M(u) € P, V™ for all u € B™ . To show that every M (u) is in P, V®™,

it suffices to show that

~ 10, . _ _ — 9y ~
A (e_ ) (M(p)) = g2t D (14 g 2 4 g o q72) - M (- i), (3.3)

)

where ¢ = (0,...,0,1,—1,0,...,0) with the —1 occurring in the ith position. By (2.1) and (3.1),
A (é_ ) (M(p)) is in the span of {T(v(y — 1))}res,,. Let A(T) be the coefficients in the
expansion

AP JM@) = S AE)(o(n 1)),
reDr—1
It suffices to show that A(7) = q%(‘”—l‘“‘i_l) (1 +q 2 4qg - -—l—q_QW)q_ inv(7) for all 7 € DHE,

In fact, we show something stronger: for all 7 € D*~%, there exist elements o, ... o) e pr
such that for 0 < j < p;,

6199) (=) 50D (1)) = g Guim1+mi=D =2 g=inv(r) - (y (1 — 3)).

iy
We will proceed by induction on the value of inv(7), using Lemma 2.2. The base case is
when 7 is the identity permutation. Then it is straightforward to check that
o) = (Bpoi—1) M-+ 1 oo pyoi—1 + ),

where pjg;_1) = po + - - + pi—1, satisfies the necessary conditions.

Now fix 7 € DF=% and suppose that the induction hypothesis holds for 7. Suppose that
7 € DF satisfies 7 = s7 for some transposition s, and assume without loss of generality that
inv(7) = inv(7) + 1. Define

- (j) sa(j), if sol) e D,
o\ = .
o), else.

We now aim to prove that

e (= v @) 5D () = g3 1= =2 =V 7 (3 (1 — 7)), (3.4)

—
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If 50 = 560, then (3.4) follows from (3.2) and the induction hypothesis. Now assume that
0 = 0'( 7). Then s = (a; — 1 a;) and

) =Lo Ll 10L& - @ I,.

a;j—2 m—a;
Using that
P((é-@q ™) Liaelia)=¢ ' (" @é )T @),
where P(x ® y) = y ® x is the permutation operator, we have that

é(s(fbj)) (q—inv(&(j))a_(j)<v(u))) =q 16( y)( 1nv(a(j))a(j)<v(u)))_

—,0 —

And now (3.4) follows from the induction hypothesis. [

Remark 3.7. For all p € B et M (1) = ¢(p) M (1) where ¢(p) is defined inductively by

( ) % (1 . _2Mi)
e(m,0,....00=1, LT A
c(p) gith —q i1
then equation (3.3) is equivalent to
- i+l o —pi—1 R
A (e_ )M (p) = T L N (- ).

q—q*
In fact, one can show that

- qﬂifl‘f'l _ q_llifl—l N

A (&4 )M (1) = R M (p+1i),
m) /A ~ q//‘7,+1 — qfﬂzfl - A
A (e_ )M (1) = WM(M —1),

A (gFhil2Y N (1) = g3 -1 N (1)

defines a representation on P,,V®™. This is equivalent to the representation in [15, equation (3)]
and [14, Lemma 3.1].

Corollary 3.8. Leti,j € Wy,. For any 7,0 € D; and any ¢ € Dj,

(@™ Pecyrs — ™ eciom)| pryem = 0-
Furthermore,
(ZqiTJﬁ)Mszm
TED;

Proof. For any p € B%v) not equal to u(i), it is straightforward that

(qinV(T)eC(j)T(i) - qinV(U)eC(j)o_(i))M(lu,) =0-0=0.
On the other hand,
(@™ ey — @™ eco ('))M(“(i))

= "™ Decir (a7 ™ V7o) = @™ Vecgon (a7 ™ o (v(0(1)))
= ((v(p(3))) — C(v(p(j))) = 0.
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For the second statement, we use that

er)ro(v(i)) = {T(’v(j)), T~ 0,

0, else.

in order to show

< S e > Y ™) = > g EOTVEe o g0(u(i))

TED; oceD; T€D;,0€D;
TGO

= 3 O (()). .

TEDj
Example 3.9. Some examples are

(e21 ® €31+ ¢ ez ® e1) M(1,1) = M(2,3),
(e31 ® e32)M(1,2) = M(3,3),
(€31 ® €42 + €42 @ e31)M(1,2) = M(3,4).

With Corollary 3.8 as motivation, define for any i,j € Wy,

€ji = Z qidi(T)eT(j)T(i)-

TEDj

3.2 Proof of Theorem 3.1

We will now prove Theorem 3.1. Begin by rewriting Ry (1, ,,}- By definition,

RO,{I,,,,’m} = ROmROm—l Ce ROI
- < Z Bipj @141 ®€jmz’m> ( Z Eijy ® €, ® id®m_1>
im2Jm s

tm>Jjm 11271

=2 2 Bl ®euw

1,jEWm (eD;,T€D;

From here, the goal is to write this expression as an element of Uy (gl(N + 1)) ® End ( (V®m))
By Corollary 3.8,

Rof1,..m} = Z Z qmv(ai(T))—lnv(C) g—(i)?(j) ® €r(j)oi(r)(i)-
1,jeEWm CGDi,TEDj

By definition, 7 = 03(7)&(7) and di(7) = inv(&(7)), so therefore

_ inv(7)—d;(17)—inv(¢) r+
Ro1,..my = Z Z g™ ()l minv(C )E Z)7G) @ Er(j)r(i)-
1L,jEWm CGDi,TEDj

By Lemma 2.4 and the identity inv(7) = m(m — 1)/2 — inv(7),

Z qll’lV T)—inv C)E S070)
¢eD;
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does not depend on 7. Therefore, the R-matrix factors as

RO,{l,...,m} _ Z <Z qanT —inv(() 2— > <Z q —di(7) er T(l)>

1L,j€éWm ~(eD; T€D;
_ o o
= Z Eij ® €ji-

1L,j€EWm

A similar argument shows that

RO A1,...m} = Z EJ: & €ij-
1L,ji€eWm

Therefore,

P = Bo 1, mBogtemy = D > BBy @ ey

LieWm i',j/EWn

By Corollary 3.8,

Cm = (1d®trq Z E:']_ & trq(eijeji).
LjEWn

It just remains to calculate the quantum trace. It is given by

—Npo—(N=2)p1++Nuy
9

—NEg—(N—-2)E11++NENN eii) —q

try(esjesi) = trg(es) = tr (q

where p = p™(i). Applying Lemma 2.3 finishes the proof.
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