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1 Introduction

The pioneering work of Koenigs [13] which led to a finite set of metrics with non constant
curvature and with a superintegrable (SI) geodesic flow was rediscovered and generalized in [11]
and [9] at the classical and at the quantum levels, leading to the determination of its geodesics [1,
6, 17] and allowed impressive three dimensional generalizations thanks to ideas from conformal
geometry [7]. Needless to say, this field is closely related to superintegrability, a flourishing
domain of research [16].

The original proof given by Koenigs is not so convincing and in [11] and [9] some complex
coordinates changes are even needed to recover the real forms of the metrics.

The quest for a proof, in a more modern approach, was first given in [4]: after having proved
that SI metrics are metrics admitting three independent projective fields the authors proceeded
to give a complete classification and description of these metrics with arbitrary signature.

Unaware of these results and starting from Matveev and Shevchishin framework [15] the
complete list of Riemannian Koenigs metrics was derived in [17, Theorem 3]. According to the y
dependence of the quadratic integrals one has

hyperbolic: g = w (dx2 + dy2),
sin® x

go = (ae*”” + be*h) (dav2 + dy2),

asinhx +b
: . = —— —(dz? + dy?),
trigonometric: 9+ cosh? 2 ( v?)
acoshzx +b
= ——"""(dz? + dy?),
g sinh? z ( Y )
2
(agx + 2a1x + ao) 9 9
affine: = dz” +dy~). 1.1
g (agz + a1)? ( v) (1.1)

The parameters which do appear must be restricted in order to avoid a constant Gaussian
curvature and to insure that the metric is indeed of Riemannian signature.
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Koenigs theorem stemmed from the following problem: start from a generic Hamiltonian on
some surface of revolution

H = aQ(x)(P:f + Py?)
find all the possible quadratic integrals

Our first aim will be to give a direct proof of Koenigs theorem facing up to the PDEs which
allow for the construction of S.

On the way, we were also interested in another related problem: is it possible to find all
Riemannian Liouville metrics which are SI? Some partial answers were already found in the
literature [14] and not surprisingly this problem is also related with Koenigs metrics.

Let us observe that this problem, in the pseudo-Riemannian setting, is much richer than in
the Riemannian case. It was first considered in [5] and generalized in [2] where all the normal
forms of the pseudo-Riemannian metrics with a quadratic integral were determined, showing
three possible classes whereas for the Riemannian metrics there is a single class.

The content of this article is the following: in Section 2, we present our direct proof of Koenigs
theorem. In Section 3, we give the setting of SI Liouville metrics and the PDE which determines
these metrics. Then in Section 4, solving this PDE reveals a finite set of metrics. In Section 5,
the global structure of these metrics is discussed and, in Section 6, we interpret our results in
terms of coupling constant metamorphosis. Three appendices conclude the paper: Appendix A
which describes a non canonical metric on H?, Appendix B gives a summary of the various SI
Liouville metrics found and Appendix C which relates the metrics given in [4] and the ones given
by (1.1).

2 A direct proof of Koenigs theorem
The setting is the following: we have for Hamiltonian
H =1} +a*(x)P}, I, =a(z)Ps,

for which {H, P;} = 0 and we are looking for an extra quadratic integral (which should be
irreducible) having the most general form

S = A(z,y)H + B(x,y)lI, P, + C(x, y)Py2

2

Remark 2.1. We will exclude a constant Gaussian curvature R = aa” — (a’)* since this implies

the reducibility of S.
Remark 2.2. An additive constant either in A or in C is irrelevant.
Let us begin with

Lemma 2.3. S is an integral iff (A, B,C) solve the following system of PDEs:

(1): 0,A=0, (2): 0yB = —a0yA,
{H,§} =0 +—
(3):  0,C =—0y(aB), (4):  0yC = 0,(aB).

Proof. It follows from an elementary computation of Poisson brackets. Let us observe that the
functions aB and C are harmonic conjugate. |
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Lemma 2.4. The previous system admits a solution iff

a(2)03 Aly) + AMx)dyAly) — 92B8(y) — n(x)B(y) =0, (2.1)
where
)\_(az/’)"’ N:O;/:/v o —a

Proof. Relations (1) and (2) are easily integrated
A=Aly),  Blxy) =—a(x)d,A+B(y).
The remaining equations (3) and (4) become
9,0 =ad A -d'9,8,  9,C =—(ad) A+ d"B.
Their integrability condition gives relation (2.1). |
Let us prove:
Proposition 2.5. The integrability equation (2.1) is equivalent to
B=-ad,A,  BA+s00,A=0, (a?)" —s0(a®) =0,  so€{0,%1}.
Proof. Let us first deduce some necessary conditions. Applying d, to (2.1) gives
A OPA+NOyA — /B =0. (2.2)

Observing that p/ cannot vanish, otherwise the Gaussian curvature is constant, this relation
determines 3(y) according to

o g N
§= 0+ 0,

Applying on it J, leads to

o\’ 3 A\
() 4+ () =0
from which we deduce the separation relations
N = spa’\’
DA+ s00,A =0, so €R, <u’) =0. (2.3)
By a scaling of y, we can restrict so to be in {0, £1}.
The relations obtained in (2.3) are necessary. To lift them up to sufficient conditions we must

discuss backwards successively the relations (2.1) and (2.2).
Integration of the right-hand relation in (2.3) produces

N —spd =l = N—spa=Ilu+m, (I,m) € R (2.4)
Since p/ cannot vanish, relation (2.2) determines 3:
f=10,A = B=—(a-1)0,A.

Eventually relation (2.1) gives m = —sol. Hence the right-hand relation in (2.4) leads to the
following ODE

[(a = 12" = so[(a—1)%] =0,

showing that we can take | = 0 since a = o/ = (a —1)".
It follows that $(y) = 0 and B = —ad, A, ending the proof. |
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So we conclude, in agreement with [13] and [17]:

Theorem 2.6 (Koenigs). Recalling that H = (/)? (P2 + Py2), according to the values of sp we

have:
y?
so =0, A:kly—l—kg?, o? :ao+a1x+a2x2,
so = +1, A =kysiny + ko cosy, o? = ag + a1 sinh z + as cosh z,
so = —1, A = kysinhy + ko cosh y, a? = ap + ar sinz + as cos z,

while S is given by

2\/
1
s0 = 0, S=AH - (O;)((‘)yA)PxPy + 5 (a*0A - (a?)"A) P2,
(O‘Q)I 50 2 2
so==+1, S=AH-— T(ByA)PxPy - E(Q —ag)AP;. (2.5)
Proof. Proposition 2.5 gives
()’
aB = — 5 0yA
and C (see Lemma 2.3) has to be determined from
O[2 2A ]- N A
(%C:?ay s ayC:—i(Oé ) 6y .
Elementary computations give C' in each case. |

Remark 2.7. Let us notice the striking balance between trigonometric and hyperbolic lines in
the differential equations obtained in Proposition 2.5:

32A + 500y A = 0, (a2)/// s (az)/ _o.
Remark 2.8. One can check that aB and C are indeed harmonic conjugate.

Remark 2.9. From Theorem 2.6, we observe that we can define S = k151 + koSo, where these
integrals are easily deduced from (2.5). It follows that the linear span of the quadratic integrals
is indeed four dimensional, with

H, P, S, &

Remark 2.10. However a well known theorem (for a proof see [18, p. 461]) states that in dimen-
sion 2 there may be at most three algebraically independent integrals including the Hamiltonian.
Indeed there is a quadratic relation between S; and S given in [11] and [9] which does reduce
the number of algebraically independent integrals to three.

Remark 2.11. The global properties of these SI metrics, their geodesics and their quantum
structure were discussed in [1] and in [17].

For further reference, let us mention three metrics of interest. The first one is
so =0, a=2yz: g=axz(dz?+dy?). (2.6)
A second one is

da? + dy?
sp =0, a=1s+z2: g—(s—l—xg)(x;y). (2.7)
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The last one is

2 2
=t a= T 1) g (e e R

The change of coordinates X = e~ /2 cos(y/2) and Y = e~%/?sin(y/2) leads to
g=(s+X*+Y?)(dX* + dY?). (2.8)

Let us consider now the second item: SI Liouville metrics.

3 The setting

The metric on a Liouville surface is defined locally as

9= (f(z) +g(y)(dz® + dy?),
and its geodesic flow, generated by the Hamiltonian
_ P}+ P
 f@) +g)

does exhibit the quadratic integral

P2 — f(x)P?
g(y}(;) +J;§y§ Y — P2 f(x)H = g(y)H - P2,  {H,Q}=0.

To reach superintegrability, we need an extra integral which can be written without loss of
generality

Q=

S = A(z,y)H + B(x,y) P, Py + C(z,y)Py.

Remark 3.1. We will exclude from our analysis the metrics g of constant curvature since in
this case all the integrals become reducible.

Remark 3.2. Constants either in A or in C are irrelevant.

3.1 PDE system and a master equation

Let us start with

Proposition 3.3. The conservation relation {H,S} = 0 is equivalent to the following set of
PDE:

1) 9,A+ 4B =0,

A+ (f+9)0.B+LB+gC=0,
A+ (f+9)(0,B+0,0)+ 4B =0,
4) 9,A+ (f+9)0,C+ LB+ gC =0.

2

(1)
(2)
(3)
(4)

Proof. Elementary calculation. |
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3.2 Discussion
Computing relations (1)—(3) and (2)—(4) gives

0,C = —0yB, 0,C = 0, B, (3.1)
implying that these two functions are harmonic conjugate while A is determined by

. /
O, A = _ng OyA = —f0,C — J%B—ay(gC).

So, defining A = A + gC, we end up with
_ g
035./4 = —gayB — §B,

'
I B,
2

— S=AH+ BP,P,—CQ. (3.2)
Oy A= —10,B —

The integrability condition of this system is therefore
Bf" +3B'f +2B"f = Bj + 3Bg + 2Bg. (3.3)

This is the master equation to be solved.
Having observed in (3.1) that B and C' are harmonic conjugate, let us define

(z +1y)" = Rn(x,y) + iZn(z,y).
Since equation (3.3) is linear, we can consider separately the following four cases:

I: B = RQn(xay)a Ir: B :IQn+1(x7y)’
III: B =TRopt+1(x,y), IV: B =Ty, (z,y).

Remark 3.4. Despite the usefulness of 4, and since Q = g(y)H —Pg, we will write the integral S
in its initial form

S = A(z,y)H + B(x,y) PPy + C(z,y)P;.

4 Discussion of the four cases
4.1 Casel
Let us prove

Proposition 4.1. For B given by

" /2
B = Ron(z,y) = ") (—1)nlay2eh >,
21
=0

the integrability constraint (3.3) never gives a Liouville metric except for n = 0 for which we
have

f(z) = pa* + 2a1x + a9,  g(y) = py* + 2by + by (4.1)
and

A= —pxy — bz — ary, S =AH + P, P,. (4.2)
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Proof. For n =0, we have B =1 and C = 0. Relation (3.3) becomes f” = § = 2 with p € R
which gives (4.1). Integrating (3.2) gives (4.2).

Let us consider n > 1. We will call S} (resp Ss) the left-hand side (resp. the right-hand side)
of the relation (3.3). Positing C}* = (—1)"~ l( 1) and 0, = 0, and &, = yd,, we have

S1=> Cra® V(@) ), Fix) = (6, + 20 — 1)(0x +41) f(2),

while

Sy = chx” 2= G (y), Gy (y) = (8, + 2v — 1)(5, + 4v)g(y).
=0

The leading terms are
Si=Cyf'(@y™ + -, Sy=Cra™ji(y) +-
Acting with 8%”85” on the relation S7 = S gives the separation relation
0,0 f(a) = (=1)" 9" Vg(y),

which leads to polynomials for f and g

2(n+1) 2(n+1)

Z akx Z bky ’ b2n+2 = (—1)"a2n+2.

Now we can compute

2(n+1) n
= Z Z Cllagp(k+20—1)(k+ 4l)xk+2(l_1)y2(n—l),
k=0 (=0
2(n+1) n

2 = Z Z Clbp(k +2(n — 1) — 1)(k 4 4(n — 1))z #2000,
k=0 1=0

The relation S7 = Sy implies that k can take only even values, giving

" S n+l n

Sy = ?1 =3 Clagk(2k + 21 — 1)(k + 21)a?FH= 120070,
k=0 [=0
n+l n

= =3 OPbak 20k n— 1) = 1)k +2(n — )2y,
k=0 [=0

The first sum can be written

n+l n
S1 = agdp + Z Z C’l"agk(2k: + 2l — 1)(]€ + 2l)$2(k+l_1)y2(n_l), (4.3)
k=1 1=0

where

n—1

Ag =) CPy (204 1)(21 + 2)2?y? 171,
=0
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n (4.3), let us operate the change of summation index | — L =1+ k — 1 giving

n+1n+k—1
Y CF pia(2L +1)(2L — k + 2)a?Fy PR, (4.4)
k=1 L=k—-1

Exchanging the summations in (4.4) leads to

L+1
Sl = apdgo + Z 2L + 1 2L Z CL k:+1(2L k+ 2)a2ky 2(k+n—L-1)
L=0 k=1
n+1
+ Z QL+ 1)z > CF (20 — k4 2)agy T,
L=n+1 k=L—n+1

Comparing with 52 shows that the last _sum must vanish because L > n + 1 and this entails
ass =0 for s =2,3,...,n+ 1, reducing S to the simple form

§1 = agAo + a2 Ao, ZCZ 21 + 1 22 2(n l)

Let us consider gg, which can be written

n+1
So = boBo + by By +ZC{L Q’Zb% (k+n—1)— 1Dk +2(n—1))y2n—tk=1,
=0 k=2
where
BO—ZCZ 2(n—1)—1)2(n — l)x21y2(n - 1)’ ZCZ 2(n —1) +1)2 21 2(n D

Comparing Sy with Sy implies bos = 0 for s = 2,3,...,n+ 1 and we are left with
So = by By + b2 Bs.

The relation
QI+1D)2+2)C =—-2(n—1)-1)(2n—-21)C)' = By= —Ao,

so we end up with
Sy — Sa = (ag + bo) Ag + azAs — by By = 0,

or more explicitly

Sy — 8o = (ag + bp) (2072 ™V - 4 (2n — 1)2nCNz 2" Y)
1 ag (C(T]Lan 4ot (2n + 1)207?332”) . bg((2n + 1)20(7)Ly2n 4+t C;,Lx2n) = 0.

It follows that ap + by = 0 and ag = by = 0, hence f(x) + g(y) = 0. [

Let us consider the second case.
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4.2 Case II
Let us prove

Proposition 4.2. For B given by

" on+1 e n—
B=Toi(z,y) =) ( ol )(—1> Ly DR >,
=0

the integrability constraint (3.3) never gives a Liouville metric except if n = 0 for which we have

b
f(x) = pz® + 2a12 + ao, g(y) = 'Z Sy —2 + bo, (4.5)
and
A——gmy f?y —bpxr = S=AH+yP,P,+zQ. (4.6)

Proof. For n =0, we have B = y and C = —z. The relation (3.3) becomes
PR
f=g+§g=2u, pER,

which implies (4.5). Integrating (3.2) gives (4.6).

Let us consider n > 1. Positing this time C}* = (—1)"‘1(2’;;“1), we have

=Y Cra? VR0 Fy(w) = (0. + 20— 1)(0x + 41) f(2),
and

Z a2y 201G G, Guly) = (6, + 20)(6, + v + 2)g(y).

The leading terms are
S S 3
2Locpf @)y 2202x2n(§+g>+...,
Yy Yy Yy
so acting with 8%”85" gives the separation relation

G207 () = (—1)"(2n + 1)@2" (;q' + 2g> ,

which are easily integrated into

2(n+1) 2(n+1) (=1)"
f(z) = Z arz®,  gly) = Z bry*, bo(nt1) = 55y @2(n+1)-
2(n+2)
k=0 k=—2 k%1

Similarly to Case I, we obtain

n n+l
Z Z Cl k +l o 1)<k' + 2l)a2kx2(k+l_1)y2(”_l)+l,

=0 k=0
n n+l

g _ Z Z Cl2(k+n—10)(k+2(n—1)+ 1)bgp2ly?tn=D=1,
1=0 k=—1
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Following the same lines as in the proof of Proposition 2.5, we get

§1 = apAp + a2 Az,
n—1

Ap =) CP (204 1)(21 + 2)2?y?0 D71, Zq (20 + 1)2g 2D,
=0

Let us consider now 52. It can be expanded

n n+l
Sy=b_9B 9+boBy+baBa+ > > CP2(k+n—1)(k+2(n— 1) + 1)bgya®y?*Hn=0-1,
=0 k=2

where

B_5 = ZC’I”Q(TL — 1 —1)2(n — 1)z?y?n-0-3
1=0

Comparing with S, implies
b_o =0, by=bs="-=bypy1)=0
and we are left with

Sy = by By + by By,

By = ZCZ"Q(n — l)(2(n _ l) 4 1) 2ly2(n - :

BZZZCZTL[ n—l+1)]2 21 2(n l)+1

Here also we have By = —Ag and the relation §1 = §2 reduces to
(a() + bg)Ao + a9 Ay — by By = 0.
Since we have

Ag = 2072 o (20 — 1)2nCna XYy,
Ay = CRy*" ™ 4 (2n + 1)2C1 2"y,
By = 4(n 4 1)2CPy*" T 4 - 4 40T 2Py,
it follows that for n > 1 we have ag + bp = 0 and ag = be = 0 hence f(x) + g(y) = 0. [ |

Let us consider the third case.

4.3 Case III
Let us prove

Proposition 4.3. For B given by

n

o (2n+1 _
B =TRont1(z,y) = Y _(-1)" ’<2l N 1>w2l“y2<" D, n>0,
=0
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the integrability constraint (3.3) never gives a Liouville metric except for n = 0 for which we
have

f(z) = ng +— +ao,  g(y) = py® + 2bry + by, (4.7)
and
b
A= —5.@ y— 21332 —ar =— S=AH+zP,P,—yQ. (4.8)

Proof. For n =0, we have B = x and C' = y. The relation (3.3) becomes
3 ..
4+ =f=g=2u,
x
which implies (4.7). Integrating (3.2) gives (4.8).

Let us posit CF = (—1)"~ (22?111) This time we have

n

S1=> Cra ')y, Fi(x) = (0a +20)(6x + 41+ 2) f (),
=0

and

Sy = Z C’[Lac21+1y2(”7171)Gn_l(y), Gu(y) = (6y +2v —1)(6y + 4v)g(y).
=0

The leading terms are
S 3 S
1_Co <f”+f/>92n+"'> *2:02532”@4‘"‘,
x T x
so acting with 8%"85” we get the separation relation

2n " § 1y _ (71)71 2(n+1)
& (f +xf _2n+18y 7

which implies

2(n+1) 2(n+1)
f(z) = Z aa”, Z bky ) ba(n+1) = (=1)"2(n + 2)a2(n+1)-
k—2,k#+1

As in the previous cases, we get

n n+1
— chnyZ(n—l) Z 2(]{7 + l)(k + 21 + 1)a2k$2(k+l)_1,
= k=-1
n+1
Z Cra®™ Y "(2(k +n —1) = 1)(k + 2(n — 1)) by 171,
=0 k=0

By an analysis similar to the proof of Proposition 3.3, we have
S1=a_9A 5+ apAp + az A,

with
n—2
n=1: Ay=0, n>2: Ay=2) Cly(2+2)(2+ 42y 172
=0
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and
n—1 n
Ag =2 CP (20 +2) (20 +3)a® Ty D71 0 Ay =23 " (21 + 2)%% A0,
=0 =0

Since the powers of y appearing in A_s never appear in S, it follows that for n > 2 we
have a_s = 0 and S7 = agdg + asAs.
By an argument similar to the proof of Proposition 2.5, we have

Sa = bg By + bz B,

where
n—1
Bo=Y_Cl2(n —1) = 1)2(n — a2,
=0
By = CP(2(n— 1)+ 1)%2 1200,
=0

Here also the relation By = —Ap holds. So we have
§1 — §2 =0 <= (a() + bo)Ag + agAg — by By = 0.
The relations

AO = 120?.%’3/2”_1 + -4 4TL(2TL + 1)0,?.%'2”_13/,
Ay = 8CTzy™ + -+ + d(n + 1)2C1z?" |
By = (20 + 1)’Ciay® + - - + Cpa®™*!

imply, for n > 1, that ag + bp = 0 and ag = ba = 0 hence f(x) + g(y) = 0. |

Remark 4.4. One should observe that Case III is not really different from Case II since, if we
define

b_
f(z) = px? + 2a12 + ao, 9(y) = Ey? + TQ + b,
4 Y

the Hamiltonians are respectively

P} + P? P} + P}
2z ¥ and Hypp= —Y— ,
f(@)+9(y) 9(x) + f(y)

and therefore they cannot be considered as different since they are related by the substitu-
tion = < y.

Hy =

Let us consider the last case.

4.4 Case IV

Let us prove



Koenigs Theorem and Superintegrable Liouville Metrics 13

Proposition 4.5. For B given by

n—1
2n
B — _ E _ —1 2l+1, 2(n—1)—1
—IZn(xvy) - l_o( 1)n (2l + 1)‘1" ) " ) n Z 1>

the integrability constraint (3.3) does not give a Liouville metric except for n = 1 and n = 2.
Forn =1, we have

a_ b_
f@)=pa?+ 2L +a0,  g(y) = my?+ — + bo, (4.9)
x y
and
b 1
A= —pa? — 5%2 - %yQ, § = AH +ayP. P, + 5« — 1) Q. (4.10)

and

S = 4(ay2 — bx2)H — 4a:y(x2 — yQ)PxPy — (374 — 622y + y4)Q.
Proof. For n =1, let us take B = zy and C' = —%(azQ — y?), in which case the relation (3.3)
becomes

3 . 3.
f”+5f’=g+§g=8u,

leading to (4.9). Integrating (3.2) gives (4.10). Let us consider now n > 2. Positing this time
cr = (—1)”*1(212;‘1), we have

n—1

Sp =) _Cra® 'Fax)y? "0 Fi(a) = (0, + 20)(6, + 41+ 2) f (),
=0

while

n—1

Sy =y Ol 071G, y(y),  Guly) = (0, +2(v — 1) (6, + 4v — 2)g(y).
=0

The higher order terms are given by
Sy =Cgaf"+3f )y 4, So=Cpy2® Ny +39) +-- .
So, acting with 6%”_185”_1 on the relation S; = S5, gives the separation relation
7 af" +3f") = (=1)" 195"y + 39),

which implies

2n 2n

f(.’E) = Z akxk) g(y) = Z bkykv b2n = (_1)n_1a2n-

k=—2,k#+1 k=—2,k#+1
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It follows that

n

n—1
§1 _ Z ClnyQ(n—l)—l Z 2(]6 + l)(k’ + 9l + 1)a2kx2(k+l)_1,
=0 k=—1

n—1 n
Sp=> CPa® " 2k +n — 1= 1)(k+2(n — 1) — 1)bogy® 1701,
=0 k=—1

As in the previous propositions, one can prove that
§1 = a_QA_2 + CL()AO + CLQAQ, (4.11)

where
n—3
n=2: Ap=0, n>3: Ay=> CPy(2+2)(2+ 42ty i=20
=0
and

n—2
Ag = Z Cﬁrl(Ql + 2)(2l + 3)x21+1y2(n—l—1)—1’
=0
n—1
Ay = Z Cln(2l + 2)2x2l+1y2(n—l)—1.
=0

Similarly, one can show that S, can be written

Sy = byB_s + by By + by Bs,

where
n—3
n=2: B_y=0, n>3: B_g= Z Cr2(n — 1 —2)2(n — | — 1)z?H1y2n=1=2)-1
=0
and
n—2
By =) Cp2(n—1—-1)(2(n—1) — 1)ty
1=0
n—1
By = Z Cln(z(n _ l))2x2l+1y2(nfl)fl'
=0
Since the relation By = —Ag remains valid the last step in the proof requires solving
S1=8y <= a_9A_9—b_9B_ o9+ (ao + bo)AO + a9 Ay — bg By = 0. (4.12)

At this stage we must discuss separately the cases n = 2 and n = 3 before the general
case n > 4.

4.4.1 First case: n = 2

In this case, we have A_y = B_o = 0 and the previous relation reduces to
—3(ap + bo)xy + 2as (my3 - 8:L‘3y) — 2by (wy3 - xSy) =0,
implying ao = by = 0 and ag + by = 0 but no constraint on a_s = a, b_o = b. So we have
b

@) +9) = 5+

and integrating (3.2) gives
S = 4(ay2 — b$2)H — 4xy(aj2 — yz)PxPy — (x4 — 622y + y4)Q. (4.13)
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4.4.2 Second case: n = 3

Comparing, in equation (4.12), the y dependence of the various bivariate polynomials shows
that this equation reduces to

a_9A_9—b 9B 9 =0, (CLO + bo)Ao =0, agAg — by As = 0.
Taking into account that
Ao=B o=—-48rty = bo=a_s=a.

Since Ay = 3O:Uy(3y2 — 43:2) it follows that ag + by = 0.
Observing that

Ay = 4(C§xy3 +4C323y3 + 9C’§’x5y), By = 4(9C’893y3 + 4C3 233 + C’g’xg‘y),

implies as = by = 0. Setting a = 1, we have

f(x) +g(y) = % + ;2

and one can check that
S=— 2(5564 — 622y + 5y4)H — 2xy (3:134 — 1022y? + 3y4)PxPy
— (2% — 152%y? + 152%y* — %) Q. (4.14)

As shown in Appendix A, the corresponding Liouville metric is of constant negative curvature
and should not be considered any longer.

4.4.3 General case: n > 4
This time we have

Ay =4(2C3zy* " + -+ (n—2)(n — 1)C1_12*"y),
By = 4((" —2)(n — 1)CPay*™° + - + 20273372"*531),

as well as

Ag=2(3CTzy* > + -+ (n—1)(2n — 1)C_12*"3y)

and
Ay = 4(Chay®™ '+ + 020 2™ Yy),
By = 4(n?Cay®™ '+ + O _2® ).
It follows that ag + by = 0 and a—_s = b_s = az = by = 0 hence f(z) + g(y) = 0. ]

5 Global structure

One should take care of the following point: in principle (H,Q,S) are independent integrals
which ensure the superintegrability, but for particular values of the parameters a Killing vector
may appear (let us call K the corresponding linearly conserved quantity) which may induce
a reducibility either of @) or of S. So we may have, in these particular cases, a SI system either
of the form (H,Q, K) or (H,S, K).
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5.1 Casel

In Proposition 4.1, we got the Liouville metric

f(@) = pa® + a1z + ao, g(y) = py* + by + b,

b
A= —pxy — Elw— %y, S =AH + P, P,.

If 4 = 0 by a translation of = and y, we can set ag = by = 0. Then, by a linear change of
coordinates and a scaling of the metric, one obtains

2 2
P+ P}

g:az(dx2+dy2) = H= .

(5.1)

This geodesic flow is not globally defined because the conformal factor vanishes for x = 0
inducing a singularity in the Gaussian curvature R =1/ (2363).

This is one of the SI systems discovered by Koenigs [13], see (2.6). This case is special since P,
is now conserved and the SI system is

H, P, S:—%H—FPIPy,

since @) = —Py2 is reducible. It is well known [11] that there is another quadratic integral

2

T = —%H +2P,(yP, — xP,),

which is reducible since we have HT = —252 — ZP;.
When p # 0 a translation of x and y allows a3y = b1 = 0 and a scaling of the metric
allows p = 1, leaving us with

g=(s+ z? + yz) (dac2 + dy2), (z,y) € R?, s =ag + by. (5.2)

This metric is Koenigs [13], see (2.8). It was also considered by Matveev in [14, p. 555]. It is
globally defined iff s > 0: since the conformal factor never vanishes we have for manifold M = R2.

This metric was advocated in [14, p. 565] to be an example of a geodesic flow with four
independent integrals. Indeed there are 4 integrals:

H Q= +b)H-P}, K=aP,—yP, S=-ayH+P,P,
which are not functionally independent since we have
S?=—(Q+ayH)(Q —byH) + HK>.

5.2 Case Il

In Proposition 4.2, we got the Liouville metric with

b
f(x) = pa® + ax + ap, g(y):%y2+?+bo,
and
H oo G 9
A=——zy”— —y" —bpx =— S=AH +yP, P+ xQ.

2 4
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If u=0and a # 0, b+# 0 a translation of & reduces the metric to

(dz:2 + dyQ)

g=(b+ (s+az)y?) /2 ,

reR, y>0, (5.3)
which is never globally defined due to the zero of the conformal factor.
The three independent integrals are

y2 ~ (b + sy2)P§ - anyPy2

H=—Y% _ _(p2yp? -
b+(s+aa:)y2( s+ 5, @ b+ (s+ ax)y?

9

and
a ~
S=-— (Zy2 + sx) H+yP, P, + zQ.

A companion case is obtained via (z <> y).
For a = 0, taking b = s and scaling the metric gives

dz? 4 dy?
2

g=(s+v°) = (s+y?)go(H?), reR, y>0, (5.4)

we recover a second metric due to Koenigs, see (2.7), globally defined on M = H? iff s > 0. Its
three independent integrals are
Y2

H =
s+ 12

(P2 +P), Py, S = —xH + Py(zP, + yP,),

since Q = P? — sH is reducible.

If u # 0 we can set p = 1. For a = b = 0, one gets

2
g= <s + 2% + y4> (d:lc2 + dy2), (5.5)

a metric derived by Matveev [14], globally defined on M = R? iff s > 0. Its three independent
integrals are

P2 1 p? - 2 ~
H=—*%*_"Y_| Q= P> —2°H, S:—m(s—i—y)H—i—nyPy—i—a:Q.
s+a?+ % 2

More generally, for b # 0, we have

2
g= \Il(x,y)gg(H2), U(x,y) =b+ 9> <8 + 2%+ y4> , (5.6)

globally defined on M = H? iff b > 0 and s > 0.

The three independent integrals are
2 _ y2 -~
H="(P+P?), Q= P> —2°H, S=—z <s+2>H+nyPy+xQ.

Due to Remark 4.4, Case III does not produce new metrics and can be skipped.
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5.3 CaselV

In Proposition 4.5, we got the Liouville metric
_ .2, 0 _ o9, b b
f@) = pa”+ 5 +ao.  9(y) = ny + oz T ho,
and

b a 1
A=—pay? — 22? - 202 8= AH + ayP,P, + 5(;):2 - 4%)Q. (5.7)

If 4 = 0, the case where ag = by = 0 is special since the metric is

bz? + ay?
:W(de—i—dyz), a>0, b>0, a#b, (5.8)
encountered in Section 4.4.1 for n = 2. It exhibits an extra Killing vector: z0, + y0,.
We have for integrals
B 2292
© ba? 4 ay?

(P24+P2), Q=P- %H K =P, +yP,. (5.9)

However, there are two other quadratic integrals: the first one from (5.7) is reducible
28 = 2xyP, Py + (m2 — y2)Q =K?— (a+b)H.

So we remain with 4 integrals: H, @, K and S given by (4.13) which are not independent since
one has the relation

QS = —(a—b)*H?* +2(a +b)HK? — K*,

and we remain with a SI geodesic flow with three independent integrals: (H, @, K).
More generally, when p > 0 and s = ag + bg > 0 the metric is

ba? + ay’ z*y? 2 o\ T2 +y o 2
g= < 22 | 42 +51‘2—|—y2 + pxy 222 (dx + dy ), x>0, y>0, (5.10)

and taking into account Proposition A.1, we have g = xgo (H 2).
In terms of the global coordinates (X X2 X 3), defined in Appendix A, relation (A.1), we
have
g JEER L, X2
TV X3 xU° x y_X?)_Xl’
leading to

b’ +ay® a+b (a—b) X?

22 + o2 ~ 9 2 /1+(X2)2'

—1,41) the sum of the first two terms, for a > 0 and b > 0 is strictly

: X
Since ooy € (

positive, so if (a > 0, b > 0) and (s > 0, g > 0) the non-vanishing of the conformal factor
implies M = H?.
The three independent integrals are
_ay? (PR+P)) 5
2?4y X

and

s
S =22 <§ + uy2> H A zyP, P, + f(x2 — yQ)Q.
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Remark 5.1. The global structure meets the manifolds R? and H? but never S?. The explana-
tion stems from a theorem due to Kiyohara [12]: a SI geodesic flow of Hamiltonian H, globally
defined on S?, with two extra quadratic integrals implies that its metric is of constant curvature

hence cannot appear in our analysis. This applies as well to Koenigs metrics which are never
defined on S2.

Let us now relate our results, via coupling constant metamorphosis, to previous work.

6 Coupling constant metamorphosis

The so-called “coupling constant metamorphosis” [8] or Stéckel transform [3] establishes that if
a system has for Hamiltonian

_ p2 2
H=P; + P, +V(x,y) (6.1)
and is quadratically SI then

o BE
V(z,y)

will be also quadratically SI. Since all the systems having the form (6.1) were derived in [10] let
us give their relation with our work.
In Case I (Section 5.1), we have

V = p(z® +9%) + 2(a1x + bry) + s, s = ag + bo,

which is the case E’3, merely the case E3 with a translation of both variables.
In Case II (Section 5.2), the potential is

2 y2 b
V:u(x +f>+2a1x+—+s,
4 32

which is the case E2. Case III is obtained by the permutation x <> y.
In Case IV, the potential is

a b
V:u(a:Q—i—yz)—i—ﬁ—i-E—l—s,

and this is the case E1.

A Appendix
Let us prove:

Proposition A.1. If one takes

1 y2
flx)=—, ) =— = g0:72)(dx2+dy2), x>0, y>0,

1 (x2 +
y x2y

the Liouville metric is a non-canonical form of go (HQ)
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Proof. The Gaussian curvature R = —1 implies a non-canonical metric of H2. There are three
linear integrals

zP, —yP,
K1 =P, +yP, K2:7m§+ly{2y

, K; ::L‘(x2—SyQ)Pm—y(yQ—Z}xQ)Py.
Within this geometry all the quadratic integrals are reducible:

H = — (K} — K2K3), Q = K1 Ky,

=

and despite the apparent complexity of S, see (4.14), we have merely S = —Kg.
Defining the coordinates

2 4 .2)2 22 2, .2)2
22 +9y%)% -1 _ 22 +y2)° +1
%ER, x2=2"Y g XiE%ZL (A1)
4dxy 2zy dxy

X! =

one can check the relations
(X1)7+ (X2 = (x%) = -1
and

(1) = (@'Y + (@x7)" - (ax?)? = L0

B Appendix

The list of SI Liouville metrics is the following;:

1. The first Koenigs metric (5.1):
g:x(dx2+dy)2, x>0, yeR, M=g.
2. The second Koenigs metric (5.4):

2 2
9= (5+I2)d$+dy = (s+a%)go(H?), x>0, yeR, s>0 = M~H.

3. The third Koenigs metric (5.2):

g=(s+2*+y°) (dz? + dy?), (z,y) € R? s>0 — M~R2%

4. The variant (5.3):

g:(b+(s+ax)y2)go(H2), reR, y>0, M =&,
and its companion via (z <> y).
5. Matveev metric (5.5):
y?
g:<s+x2+4> (d:c2+dy2), (z,y) € R?, s>0 = M =R?

and its companion via (z <> y).
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6. The most general metric in Case II (see (5.6)):

2
g:[b+y2<s+m2+y4>]go(H2), reR, y>0, b>0, s>0

= M =H?

and its companion via (z <> y).
7. The metric (5.8):

_ bx? + ay?

5 (dz? + dy?), a>0, b>0, a#b <+— M=H>.

3y
For a = b, it reduces to a non-canonical metric on H?, see Appendix A.

8. The most general metric in Case IV (Section 5.3) given by (5.10)

bz? + ay? x2q?
S
z? + y? z? + y?

g = X(IE,y)gO(H2)7 X(xvy) = + M!E2y2,

andifa>0,b>0,a#b, s>0, >0, we have M = H?.

The three independent integrals are given for each metric in Section 5.

C Appendix

The metrics derived in [4] are expressed in terms of algebraic functions while Koenigs ones resort
to trigonometric or hyperbolic functions. Let us put a bridge, in the Riemannian case, between
these metrics observing that a scaling of the metric is irrelevant since this is tantamount to
a scaling of the Hamiltonian.

C.1 The affine case

The metric (a) given in [4], in which we substitute u = e, leads to
u(du® + dy?). (C.1)
The metric (b) given in [4], in which we substitute u = 2y/e* + €, becomes

(du2 + dy2)

u

. (C.2)

(u2 — 46)

Let us compare with the affine case in (1.1)

(a2x2 + 2a1x + ao)
(asx + ay)? (d2” + dy).

g:

If as = 0, we can set a; = 1/2 and taking u = = 4 ap we obtain (C.1). If as does not vanish, we
take ag = 1. Defining u = x + a1, we recover (C.2) up to an overall scaling of u and .
What remains to be discussed in [4] is the metric (c) which can be written

= ° da” +dy? a€R, =+l
g_(x2+2ax+e) xQ(x2+2ax+e) v ’ T
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C.2 The hyperbolic case

If e = —1, let us define the coordinate change z — u:
Va2 4+ 2ar —1
u:arctan<$1+m , a <0, r>x0=Va?+1+al
—ax

It maps z € (z9, +00) into u € (0,arctan(1/|a|)) and we have the relations

1
Va2 +1cosu —|a|’

dz?
2 (xz + 2ax — 1)

= du?, T =

leading to
1 (Va?+1lcosu—la|) (du? + dy?)
= u s
g a?+1 sin? u Y

which fits with the first metric in (1.1).

C.3 The trigonometric cases
For e = +1, we have two possible cases. The first one defines the coordinate change

V2 +2azr+1

u = arctanh <
1+ ax

), a>1, x>0,

which maps = € (0, +00) into u € (arctanh(1/a),4+00). We have the relations

dz?
2 (x2 + 2ax + 1)

1
VaZ —1coshu —a’

= du?, T =

leading to
1 21 hu —
g va ' co; u a(du2+dy2),
(a2 — 1) sinh® u

which fits with the fourth metric in (1.1).
The second case is given by the coordinate change

14+ ax
Va2 +2azr +1

which maps = > 0 into u € (arctanh(a), +00). We have

u:arctanh< >, a€e(0,1), z>0,

1
V1—aZsinhu —a’

dz?
22 (:U2 + 2az + 1)

= du?, T =

leading to
g 1 \/1—aQSinhu—a(du2+dy2)
1—a? cosh? u ’

which fits with the third metric in (1.1).
Up to now a # +1. For a = 1, we have
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For a = —1, we have two possible cases:
eu
T= = g= (eQu—e“)(du2+dy2),
_ e (o 2u 2 2
x_e”+1 = g—(e +e )(du +dy).

Due to the freedom u — +u, we are in agreement with the second case in (1.1).
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