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Abstract. We give a geometric condition on a meromorphic affine connection for its Killing
vector fields to be single valued. More precisely, this condition relies on the pole of the
connection and its geodesics, and defines a subcategory. To this end, we use the equivalence
between these objects and meromorphic affine Cartan geometries. The proof of the previous
result is then a consequence of a more general result linking the distinguished curves of
meromorphic Cartan geometries, their poles and their infinitesimal automorphisms, which
is the main purpose of the paper. This enables to extend the classification result from
[Biswas I., Dumitrescu S., McKay B., Epijournal Géom. Algébrique 3 (2019), 19, 10 pages,
arXiv:1804.08949] to the subcategory of meromorphic affine connection described before.
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1 Introduction

1.1 Geometric structures and Cartan geometries

A class of smooth geometric structures on real manifolds, or holomorphic geometric structures
on complex manifolds (see [20, p. 65] for a modern definition) is obtained as infinitesimal versions
of a model geometry. As an example in the smooth category, the notion of Riemannian metric is
obtained as an infinitesimal version of Euclidean geometry, and affine connections as infinitesimal
versions of affine geometry. These two classes of geometric structures were intensively studied,
in particular by Riemann who initiated with Gauss the Riemannian geometry.

In the two examples above, we remark that the group of global automorphisms of the model
geometry, i.e., global transformations preserving the characteristics of this geometry, acts tran-
sitively on the base space, namely R"™. We say that the geometric structure corresponding to the
model geometry is homogeneous. This property was later proposed by Klein to give a definition
of a geometry, in his famous program aimed at classifying all the geometries. A Klein geometry
is a couple (G, P) formed by a Lie group G, seen as the group of global automorphisms of the
geometry, and a closed Lie subgroup P seen as the subgroup of isotropy at a fixed point of the
space G/P.

Geometric structures underlying a Klein geometry are of diverse kinds. A general fact is that
the model space G/P is endowed with a Q-structure where @ is a linear subgroup naturally
associated with P. The geometric structures obtained in this way are of order one, but some
Klein geometries define higher order geometric structures. For example, for the affine Klein
geometry, where G is the affine group of R™ and P the linear subgroup, the group G is exactly
the group of global automorphisms for the canonical flat affine connection on R™. In general,
the geometric structure underlying (G, P) is defined using the P-principal bundle G — G/P
and the Maurer—Cartan form wg of G.
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In a series of papers, in particular [10], Cartan described affine connections as infinitesimal
versions of the affine Klein geometry, and proposed to generalize this principle to any Klein
geometry to obtain a Cartan geometry. The formalism used nowadays came, in affine case,
from the works of Ehresmann, who gave a purely geometric definition of an affine connection
in terms of a principal bundle, a principal connection [17, p. 154], and a soldering form to give
a geometric meaning to the principal bundle. There is also an equivariant definition which was
proposed by Atiyah in [1, p. 188], and which is useful to extend some results in the meromorphic
setting (see Section 5.1). The definition of a Cartan geometry on M modelled on (G, P) that
will be adopted in this article is the following: a couple (F,w) formed by a P-principal bundle
over M and a g-valued equivariant one-form on E mimicking the infinitesimal properties of the
Maurer—Cartan form of G.

In this way, the principle constructing a geometric structure on G/P from a Klein geome-
try (G, P) can be generalized to Cartan geometries, except that it produces non-homogeneous
geometric structures in general: the global automorphisms of the Cartan geometry do not act
transitively on the base manifold.

1.2 Classification of quasi-homogeneous geometric structures

A natural question then, going back to the work of Riemann, Hopf and Killing for Riemannian
metrics (see, for example, [28]), is to classify locally homogenous geometric structures, i.e., for
which the infinitesimal automorphisms span the tangent space of the base manifold at any point.
As an example, it is well known that any locally homogeneous and complete Riemannian metric
on a simply connected manifold is homogeneous.

The above question is more relevant in the holomorphic category, for two principal reasons.
First, the existence of a holomorphic geometric structure on a complex compact manifold gives
some restrictions on its geometry or its topology. Secondly, local homogeneity is sometimes
deduced from the complex geometry of the base manifold, at least on an open dense subset.
These two reasons are well illustrated by the holomorphic version of Riemannian metrics, i.e.,
holomorphic fields of nondegenerate bilinear forms on the tangent spaces of a complex manifold
(see, for example, [13, definition on p. 1663] and [23, definition on p. 210]). Indeed, on a general
complex manifold, such an object gives a trivialisation of some power of the canonical bundle.
On a compact complex surface, the curvature of such a object is a constant function, implying
local homogeneity.

In dimension two, we can also mention the work by Inoue, Kobayashi and Ochiai in [22].
Using the vanishing of the first two Chern classes of a complex compact surface in presence of
a holomorphic affine connection and the Enriques—Kodaira classification, they gave a complete
classification of such objects. In particular, any compact complex surface admitting a holo-
morphic affine connection admits a flat holomorphic affine connection, which is thus locally
homogeneous.

In [24], McKay showed that the existence of an arbitrary holomorphic Cartan geometry
on a complex K&hler manifold imposes relations on its Chern classes. In a common paper
with Dumitrescu [3], they proved that a simply connected compact complex manifold, with
algebraic dimension zero (i.e., whose meromorphic functions are the constants), does not bear
any holomorphic affine connection. This results is stated for a vast class of models, called of
algebraic type (see [14, p. 1]).

Dumitrescu gave in [14] a result in arbitrary dimension which implies that on compact com-
plex manifolds with only constant meromorphic functions, any holomorphic Cartan geometry
must be quasi-homogeneous, i.e., locally homogeneous on an open dense subset. This was used
in [4] by Biswas and the two previous authors to improve the above result.
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Theorem 1.1. Compact complex manifolds, whose meromorphic functions are constants, bear-
ing a holomorphic Cartan geometry of algebraic type (see above) have infinite fundamental group.

Two important facts are used in the proof. First, it is proved that any germ of infinitesimal
automorphism of the Cartan geometry is the germ of a global infinitesimal automorphism: this is
a generalization of a result by Nomizu [25] for analytic Riemannian metrics, and follows from the
fact that the former objects form a local system on M. Hence, using the result by Dumitrescu
mentioned above, there are n = dim(M) independent germs of infinitesimal automorphisms
at some point of M, extending as a family of n global holomorphic vector fields which are
infinitesimal automorphisms. Next, it is proved that there exists a commuting family of vector
fields with the previous property. Hence, there exists an action of a complex abelian Lie group L
with an open dense orbit in M. The conclusion follows from detailed study of the geometry of
such manifolds M, which implies that the Cartan geometry is flat.

1.3 Results of the paper

In this paper, we consider the meromorphic generalization of the holomorphic geometric struc-
tures, in particular the meromorphic affine connections. In the meromorphic category, the two
above facts no longer stand: infinitesimal automorphisms could be multivalued (see [5, Exam-
ple 3.8]). Moreover, meromorphic single valued infinitesimal automorphism may not have a well
defined flow at some point of the pole.

We give a sufficient condition on some meromorphic Cartan geometries to recover the first
fact. Let us explain briefly the condition. In the remainder of this paper, a pair is a couple (M, D)
where M is a complex manifold and D a divisor on M. The holomorphic P-principal bundle FE
of a meromorphic Cartan geometry (F,wg) on a pair (M, D) (see Definition 3.2), modelled
on a complex Klein geometry (G, P), comes equipped with holomorphic foliations (possibly
singular) 74 whose leaves are the A-distinguished curves (see definition in Section 3.4, or [27,
Definition 4.16] in the non-singular setting). In the case of the affine model, it is natural to
consider these leaves because their projections 3 on the base manifold M are exactly the spirals
of the corresponding meromorphic affine connection (see [27, p. 344]).

Moreover, there is a well-known result in Riemannian geometry stating that any Killing
vector field X for a Riemannian metric g is a Jacobi field, i.e., for any geodesic ¥ of V, the
scalar product g(v/(t), X (7(t))) is constant along . We can translate the two objects in terms
of the Cartan geometry (F,w) corresponding to the Levi-Civita connection of g. The proof
that any Killing vector field is single-valued can then be recovered from the fact that (F,w) is
torsionfree and from the structure of the Lie algebra g of the complex FEuclidean group G.

In the meromorphic setting, and for an arbitrary model, we prove the result below. It
involves the following objects: the sheaf V of holomorphic functions on E with values in g, for
any A € g (resp. V(*[)) for the meromorphic functions with poles at D, the inverse image of D),
the subsheaf V4 of functions with values in CA, 7y ), the corresponding projection, and K the
subsheaf of V formed by the images of the local infinitesimal automorphisms of the meromorphic
Cartan geometry (E,wy).

Theorem 4.2. Let (G, P) be a complex Klein geometry, and (M, D) be a pair with dim(M) =
dim(G/P). Let (E,wp) be a meromorphic (G, P)-Cartan geometry on (M,D), V = O ® g
and K the sheaf defined as in (4.4). Let xqg € D belonging to the smooth part of an unique
irreducible component Dy, and Do = p~H(Dy).

Suppose that there exist A € g\ p and a A-distinguished curve ¥ for (E,wo) such that
YN ]ja = {eo} for some point eq in the fiber of xg.

Denote by Ty the distinguished foliation of E (3.1), as well as Va4 = Dy, (Ta) (see (4.3)).
Then there exists a neighborhood U of xg with the following properties:
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(1) Let s be a section of K on an open subset V .C p~'(U \ D). Then the class [s]yy, of s in
TE/Tx extends as a (single-valued) section of TE/Ta on p~ (U \ D).

(2) The image under O, (see (4.3)) of the section defined in (1) is the restriction of a section
of V/Va(xD) over p~1(U).

(3) Suppose moreover that (E,wq) is holomorphic branched on (M, D). Then the above section
lies in V/Va(p~H(U)).

The meromorphic Cartan geometries satisfying this condition of the above theorem for
a generic point xg € D on the pole are said to be strongly spiral (see Definitions 3.17 and 3.20).
This theorem implies that Killing fields of meromorphic affine connections which are strongly
spiral are single valued and meromorphic. If we restrict ourselves to the subcategory of branched
holomorphic affine connections, i.e., those arising from branched holomorphic Cartan geometries
(see [3]), we obtain that the Killing vector fields may be seen as holomorphic sections of submod-
ule & C TM(xD) satistfying T'M C €. Using this fact and some results in complex geometry, we
obtained the following partial generalization of Theorem 1.1.

Theorem 5.11. Let M be a compact complex manifold with finite fundamental group, and whose
meromorphic functions are constants. Then M does not bear any spiral branched holomorphic
affine connection.

1.4 Plan of the paper

The plan of the paper is as follow. In Section 2, we recall the dictionary between locally free
modules of finite rank and vector bundles, the corresponding meromorphic sections, and recall
the definition of Atiyah’s exact sequence associated with a principal bundle. In Section 3,
we introduce meromorphic Cartan geometries and the holomorphic vector bundles naturally
associated to these objects. In Section 4, we prove Theorem 4.2 and deduce from this result
sufficient conditions for two classes of regular meromorphic parabolic geometries (see Section 4.2)
to have single-valued infinitesimal automorphisms. We say in this case that the geometry satisfies
the extension property (see Definition 3.16). In Section 5, we prove the equivalence between
meromorphic affine Cartan connections and meromorphic affine connections, and we introduce
the spiral connections (see Definition 5.8). We moreover restricts ourselves to a subcategory of
meromorphic affine connection, namely the branched affine connections (see Definition 5.2). This
is because in this subcategory, the spiral connections are induced by a meromorphic affine Cartan
geometry satisfying the sufficient condition described before. We then use the extension property
to prove the classification result Theorem 5.11. Finally, in the last section, we discuss the
genericity of the spiral connections, and illustrate Theorem 5.11 by examples in any dimension.

2 Preliminaries and notations

This preliminary section is devoted to recall the notion of meromorphic connections on a locally
free module, and the meromorphic version of Atiyah’s exact sequence associated with a principal
bundle. This enables us to extends the equivalence proved by C. Ehresmann in [17] between
principal connections and linear connections to the meromorphic setting.

2.1 Locally free modules and meromorphic connections

Let (M, D) be a pair, i.e., a complex manifold M equipped with a divisor D, we denote by O,
the sheaf of holomorphic functions on M and M, the sheaf of meromorphic functions on it.
In order to write statements about meromorphic objects with poles at D, we may use the sheaf
O (xD) of meromorphic functions with poles supported on the irreducible components D,
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of D=73%"_naDq (see [26, p. 17]). Let £ be a coherent Ops-module. Then we can consider the
sheaf

ﬁ(*D) = OM(*D) RO L

of meromorphic sections of £ with poles supported at the irreducible components of D. The
order ord%(s) at D of a section s of £(xD) defined on an open subset U C M is the greatest
integer d € Z such that s is also a section of £L(—dD) on U.

Definition 2.1. A meromorphic connection on (M, D) is a couple (V, V) where V is a locally
free Op-module of finite rank, and V is a morphism of C-sheaves from V(xD) to Q}, ® V(xD)
satisfying the Leibniz identity V(fs) = d(f)s + fV(s) for any s € V(U) and f € Op(xD)(U)
(U is an open subset of M).

If (£,V) and (£, V) are two meromorphic connections such that £ = @._; Onsi, £ =
@D, Omt; and t; = 22:1 gjisj for a meromorphic matrix ¢ on M, then the matrices A
and A’ respectively associated to the basis (s;)i=1,.» and (t;)i=1,., are linked by the gauge-
transformation formula (see [26, p. 29])

A'=QQ +Q'AQ,

where d stands for the de Rham derivative.

A meromorphic affine connection on (M, D) is a meromorphic connection V on T'M with
poles supported at D. The torsion of a meromorphic affine connection V on (M, D) is the
meromorphic section Ty of Q}\/l ® End(T'M) defined by

To(X)(Y) = Vx(Y) = Vy(X) = [X, Y]rar. (2.1)

Now, let describe the categories associated with the above objects. Let M, M’ be two complex
manifolds and f: M — M’ be a holomorphic map. We denote by

f 10w

the pullback in the sheaf theoretic sense. This is a sheaf of algebras over the constant sheaf C,,.
Then Oy is naturally a f~1Ojp-algebra through the C,,-algebras morphism

far F1OM — Ow,
s—so f.

Hence, any f~'Opp-module defines a Op-module obtained by tensorizing with Oy in the
category of f~1Op-modules.

Recall that there is a well-known equivalence between the category of holomorphic vector
bundles V' of rank r > 1 over complex manifolds and locally free Op;-modules of the same
rank obtained by considering the sheaf of local holomorphic sections of V' (see [26, Proposi-
tion 4.1]). Let U: Vi — Vs be an isomorphism of vector bundles V7, V5 over two complex
manifolds M, M’. Denote by &, & the associated sheaves of sections, and f: M — M’ the
isomorphism of complex manifolds covered by . Then the arrow obtained as the image of U
under this equivalence of categories is the isomorphism ® of Oj;-modules defined by

d: & — Op Qf-10,, f7152,
s—Woso f (2.2)

where s stands for a local section of &;.
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Definition 2.2. A couple (f, ®) as above will be called a isomorphism of vector bundles be-
tween & and &. More generally, we define a isomorphism of meromorphic bundles by replacing
the sheaves of holomorphic sections by the corresponding of meromorphic sections with poles at
a divisor D of M and D’ of M’.

The following definition of the pullback of a meromorphic connection is a particular case of
the construction of inverse images for D-modules (see [21, p. 21]). Let V' be a meromorphic
connection on the Oyp-module £ with poles at D’ and f: M — M’ be a morphism of complex
manifolds. The dual of the differential df : TM — Oy @ f~ T M’ is a morphism of Oy-modules
(df)*: O ® f710L, — Q.

Now, let dj; and djp denote respectively the de Rham differentials on Oy; and Oys. Since
dpro fu = (df)* o f~1dp by definition of fu, we remark that the left composition

IV T — Q@ On @ fHE (+D))
of the sheaf theoretic pullback f~'V’ with (df)* ® Id satisfies

TV (f4(9)s) = du(fu(9) @ s+ 9 @ F7IV/(s) (2:3)
for any section s of f~1& and ¢’ of f~'O)p. Thus, it extends as a morphism of Cjy;-modules

VO flE — Qe (0ne f e D)) (2.4)
satisfying the Leibniz rule on M.

Definition 2.3. Let f and (&', V') as above. The pullback of (&', V') is the pair (£, V), where
E =0y ® f1& and V is the morphism defined as in (2.4).

When Oy ® f71Oy(D') = Op(D) for some divisor D on M, the pullback (&£, f*V') is
a meromorphic connection on (M, D). This the case, for example, when f is a submersion, but
we may find many counterexamples as the following example.

Example 2.4. Let M’ = C? and D' = {z = 0}. Let & = O} and V’ be the meromorphic
connection on &, with poles at D’, whose matrix in the canonical basis is dz—zf ® Id.

Let v: C — M’ be the holomorphic curve defined by (t) = (0,¢). Then Oc ® y~1&" = OF?
and 7*V’ is the null morphism.

Proof. We have Oc ® v 1Oy (D) = @C because v(C) C D’. Now, by definition of V', the

morphism y~1V’ defined before (2.3) maps v '€ in O ® Oc ® 77! (%5’). By the first remark,
this is the trivial module. |

We finish with the Riemann—Hilbert correspondence. A flat meromorphic connection V on £
with poles at D is a meromorphic connection such that the subsheaf of horizontal sections ker(V)
on M \ D defined by

YU C M\ D, ker(V)(U)={se€&(U)s.t.V(s)=0}

is a local system (see [12, Chapter I, Theorem 2.17]).

We recall [12, Chapter I, Theorem 2.17] that there is an equivalence of categories between
the category of local systems of rank r on M \ D with arrows being the isomorphisms, and the
category of representations p: m (M \D,z) — K (for any z € M\ D, and K is a C-vector space
of dimension ) with arrows being the isomorphisms of representations. Once a point = € M\ D
is chosen, this equivalence is obtained by associating to any local system /C, the monodromy map
Mon”(K): m (M \ D,z) — Aut(K;) (for the definition, see [12, Chapter I, Section 1.2]).
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2.2 Atiyah sequence of the frame bundle

We recall and extend the Atiyah exact sequence (see [1, Theorem 1]) in the meromorphic setting.

The frame bundle of a locally free Op-module € of rank r is the holomorphic GL,(C)-
principal bundle E 2+ M whose fiber at € M is the set of isomorphisms C" ~ & (). Here
E(x) = &;/m, stands for the fiber of £ at z.

We recall that for any complex Lie group P and a holomorphic P-principal bundle £ Y ,
there is a notion of P-linearization for a Og-module V (or of a P-equivariant sheaf, see [21,
Definition 9.10.3]). This is a family (¢y)sep of isomorphisms ¢y: V ~ 7;V (where 7 is the right
action of P) with nice properties. A Op-module equipped with a P-linearization is said to be
P-equivariant. In this context, there is an equivalence between the P-equivariant locally free
Op-modules and the locally free Op;-modules, and between the P-equivariant morphisms and
the morphisms between the corresponding Oj/-modules (see [2, Lemma, p. 3]). For any repre-
sentation p: P — GL(V), and any holomorphic P-principal bundle F 25 M, we denote by

E(V) (2.5)

the Op;-module associated with the Og-module O ® V, where the P-linearization (¢p)pep is
given by ¢p =1y ® p(bil). We call it the representation module associated with £ and V. For
any isomorphism ¥: F — E’ of holomorphic P-principal bundles covering ¢: M — M’ the
representation isomorphism of associated vector bundles corresponding to W is the isomorphism

U(V): E(V) — o*E'(V) (2.6)
associated to the P-equivariant isomorphism ¥* ® Idy of trivial Og-modules.

Definition 2.5. Let V be a representation of a complex Lie group P. Let E 2L M and
E'" 4 M’ be two holomorphic P-principal bundles, and D, D’ be respectively two divisors
of M and M’.

(1) Anisomorphism WE|yn p — E'[yn pr of holomorphic P-principal bundles is V-meromor-
phic between (M, D) and (M’, D) iff the representation isomorphism ® = ¥(V) restricts
to an isomorphism ®: E(V)(xD) — @*E'(V)(xD') (see (2.6)).

(2) A V-meromorphic section of a holomorphic P-principal bundle E 25 M on U with pole
at D is a holomorphic section o: U\ D — E such that the corresponding trivialisation 1,
of E(V)|y\p induces an isomorphism of meromorphic bundles between E(V) and Oy ®@V.

In particular, mapping holomorphic GL,(C)-principal bundles E over M to the associated
representation modules E(C") gives an equivalence of categories. A pseudo-inverse is given by
mapping a locally free Ops-module £ of rank r to its frame bundle E.

Consider p = Lie(P) which is the adjoint representation of P. Let At(E) be the O/-module
associated with the P-equivariant locally free Og-module T'E equipped with the P-linearization
induced by the infinitesimal action of P on E: it is called the Atiyah bundle of E, and fits into
the short exact sequence (see [1, Theorem 1])

q

0 E(p) —= At(E) ™M 0, (2.7)

where ¢ is the morphism associated with the P-equivariant morphism which to any A € Og ®p
associates the corresponding fundamental vector field on F, and ¢ is the one associated with the
P-equivariant morphism dp: TE — p*T M.

The previous equivalence implies that P-equivariant meromorphic one-forms on E, with poles
at D = p~ (D), and values in V are in bijection with morphisms 3: At(E)(xD) — E(V)(xD),
or equivalently with sections of At(E) ® E(V)(xD). This correspondence restricts to a bijective
correspondence between
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e The set of morphisms (3 as above vanishing on the image of ¢ in (2.7), equivalently sections
of Q},(xD) ® E(V).

e The set of meromorphic one-forms @ on (E, f)) with values in V vanishing on ker(dp).

2.3 Meromorphic principal connections and meromorphic connections

We now extend the well-known equivalence between linear connections on a vector bundle and
principal connections on its frame bundle to the equivalence between meromorphic connections
on a locally free Op-module £ and meromorphic principal connections on its frame bundle F.
It straightforwardly restricts as an equivalence between meromorphic connections preserving
a holomorphic reduction E C E to a subgroup P C GL,(C), and meromorphic P-principal
connections on E. In the non-singular setting, this was first proved by C. Ehresmann [17]
using the formalism of horizontal lifts for paths, and reformulated in an equivariant way by
M. Atiyah [1]. We adopt the point of view of M. Atiyah in order to extend the result to the
meromorphic category.

The starting point is that for P = GL,(C), there is a canonical isomorphism [1, Proposition 9]

E(p) = End(€).

There is a bijection between the set of meromorphic connections V on £ and the one of Oy-linear
splittings 0: E£(*D) — JY(E)(xD) of the exact sequence of C-sheaves

0——= QL (+D) ® € —= JYE)(+D) —= E(xD) —0, (2.8)

where J!(€) is the jet-module of £ (see [1, p. 193]). Let 0: U — E be a holomorphic section
of the holomorphic frame bundle. This corresponds to a basis (s1,...,s,) of £|y, and we denote
in the following lines by d the pullback of the de Rham differential through the corresponding
isomorphism &|y ~ O[SBT. The former equivalence is given by V = d — §. Indeed, this clearly
defines a meromorphic connection, and if V is a meromorphic connection on |y, then §; =
d — V is a morphism of Oy-modules from &y (xD) to Q}(xD) ® €|y, and we obtain a splitting
6 = (Idg),,,01) of (2.8).

Definition 2.6. A meromorphic principal connection on a holomorphic GL,(C)-principal bun-
dle E 25 M with poles at D = p~ YD) (shortly on (E, 13)) is a meromorphic one-form @ on E
with values in p, which is P-equivariant and such that © coincides with the Maurer—Cartan form
of P when restricted to any fiber p~!(x) C E.

Using the correspondence for equivariant one-forms as in Section 2.2, a meromorphic P-
principal connection on (E, D) is equivalent to a morphism 3: At(E)(xD) — E(p)(xD) such
that 1 o 3 = Iday(g), where ¢ is defined in (2.7). Its kernel defines a splitting

7: TM(xD) — At(E)(xD) (2.9)

of (2.7), which uniquely determines 3. The following lemma straightforwardly follows from the
equivalence described before between equivariant morphisms of modules over principal bundles
and morphisms between the corresponding modules over the base manifolds.

Lemma 2.7. Let (M, D) and (M',D’) be two pairs of same dimension. Let U: E —s E'
be an isomorphism of holomorphic P-principal bundles over M and M’ covering a morphism
of pairs ¢o: M — M’ (i.e., p(D) = D'). Let @s be a meromorphic principal connection on
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(E, ]31) where Dy is the preimage of D, respectively &1 = W*@9, and 7 (resp. T2) is the splitting
associated to wy (resp. &2) as in (2.9). Then the diagram below is commutative

T1

T™ At(E)(xD)

d‘Pl lp*d‘il

@ TM' —— " At(E')(xD),
©*T2

where p is the foot map of E.

Denote by d the usual de Rham differential on O (*D) ®V. Since the P-linearization (qb}f) beP

preserves the subsheaf of constant functions with values in V on F, the pushforward p.d restricts
to pyd: € — p*Q}LJ ® £. This defines a meromorphic connection V on £ by

V = 7ap.d, (2.10)
where d is defined above and _ stands for the contraction by a vector field.

Proposition 2.8. Mapping a meromorphic principal connection (E,©) over (M, D) to the mero-
morphic connection (£,V) on (M,D) defined by (2.10) induces an equivalence of categories
between

e The category of principal meromorphic (resp. holomorphic) connections over pairs, where
the arrows are the C"-meromorphic isomorphisms (see Definition 2.5) of principal bundles
between pairs preserving the principal connections (resp. isomorphisms of holomorphic
principal bundles preserving the principal connections).

e The category of meromorphic (resp. holomorphic) connections on (M, D) with isomor-
phisms of meromorphic bundle (resp. holomorphic vector bundles, see Definition 2.2) pre-
serving connections (in the sense of Definition 2.3).

Proof. Let us first prove that this map induces a functor. Let ¥: E — E’ be an isomor-
phism of meromorphic principal connections on GL, (C)-principal bundles between (E1,@;) and
(E2,1), over (M, D). Let (&1,V1) and (&2, Va) be the meromorphic connections obtained by
& = E;(C") (see (2.5)) and V; defined as in (2.10). Let (¢, ®) be the isomorphism of vector
bundles (at the level of sheaves, see Definition 2.2) where ¢ is the isomorphism of complex
manifolds covered by ¥ and where ® := ¥(C") (see (2.6)).

Fix any open subset U C M and a basis (s;)i=1,..,» of &1y and denote by (¢*t;)i=1,. , its
image through ®. Denote by (3;)i=1,..,» and (fizl,m,r) respectively the corresponding equivari-
ant functions on p;*(U) and py ' (¢(U)). Thus #; = 5; o ¥ by definition of ®. By definition
of ®~1p*V,, we can compute

31V (si) = (Idgy, ® ) [dos(" Vale't).
Using the definition of Vi and Vs, and Lemma 2.7, we get
(I)_lgo*VQ(Si) = (IdQ}w ® CI)_l) [(go*Tg o d(p)_n(p*pQ*ag (fz)]
= T1J(P1*31£i © ‘i’)
== vl(si)7

where we denoted by 611 and (~12 the usual de Rham differentials on O ® C" and O @ C". Hence
we can map ¥ to the vector bundle isomorphism (¢, ®) which preserves the linear meromorphic
connections V1 and Vs.
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Now, we construct the pseudo-inverse. Let (€, V) be a meromorphic connection over a pair
(M, D). Denote by E its frames bundle. Let € M and U be a neighborhood equipped with
a holomorphic section o: U — E. Denote by (s1,...,S,) the corresponding basis of &|y.
The section o induces a splitting TE|,-1) = p*TU @ ker(dp) which is P-equivariant, hence
a splitting

At(E)|lg =TU @ E(p)|v. (2.11)

We denote by 79 the splitting of the exact sequence (2.7) restricted to U induced by (2.11),
and by d the pullback of the de Rham differential through the trivialization associated with
(8i)i=1,..r. Let 6 = V —d, which vanishes on the image of E(p) through ¢ (see (2.7)). Its kernel
thus define a morphism ©: TU — At(E)|y(xD), and we obtain a splitting

T=T1+0

of (2.7) over U. From the remarks above, this is equivalent to a meromorphic principal connec-
tion &y on p~*(U) with poles at D Np~ (V).

Now, let U, U’ be two open subset and (s;);=1,...,» and (s});=1,..» be two basis of |y and |y
corresponding to holomorphic sections o, o/ of E on U and U’. Let d and d’ be the corresponding
de Rham differentials, then

r

d—d'(sh) = d(s}) = d(Z b) =Y (bdo(b71)) ;55
j=1

Jj=1

where b is the meromorphic function on U N U’ with values in P such that ¢/ = o - b, and dg is
the usual de Rham differential on p-valued functions. Denote by 7 and 7’ constructed as before.
Thus

7 — 1 =[(0,b*wp)].

Thus V' —V =d’' —d + 7/ — 7 = 0 and the corresponding meromorphic principal connections @
and @& coincide over p~1(U N U’). We obtain a global meromorphic principal connection @
on (E, D) inducing V as in (2.10).

If (o, @g) is an isomorphism of vector bundles preserving the meromorphic connections V1, Vo,
then from Section 2.2 it induces an isomorphism ¥ of holomorphic principal bundles between E
and F’. Since the action of P on C" is free, by definition of V1 and V4 we get that p*m = 71 odp.
By Lemma 2.7, we obtain U*@y = @1. [ ]

3 Spiral meromorphic Cartan geometries

In this section, we fix a pair (M, D) where M is of complex dimension n. We recall the definition
of meromorphic Cartan geometries, and the subcategory of branched holomorphic Cartan ge-
ometries introduced by Biswas and Dumitrescu in [3]. We introduce the meromorphic extensions
(see Definition 3.9). This will enable us to extend the equivalence between affine Cartan geome-
tries and affine connections (see Proposition 5.1) and to use arguments of complex geometry in
the proof of Theorem 5.11.

Following [5] and [8], we recall the description of infinitesimal automorphisms as sections for
a meromorphic connection either on a trivial module over the principal bundle of the geometry,
or on the corresponding module over the base manifold.

We finally introduce the subcategory of strongly spiral meromorphic Cartan geometries: in
the next section, we will see that their infinitesimal automorphisms are single valued, in a sense
that will be defined.
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3.1 Meromorphic and holomorphic branched Cartan geometries
First, we have recall the definition the models for Cartan geometries (we refer to [27, Chapter 4]).

Definition 3.1. A complex Klein geometry of dimension n > 1 is a couple (G, P), where G is
a complex Lie group, and P is a closed complex Lie subgroup with dim(G) — dim(P) = n.

Let (G, P) be as in Definition 3.1 and let P’ = ker(Ad), where Ad: P — GL(g/p) is the
representation induced by the adjoint representation. Then any choice of a basis for g/p identifies
Q@ = P/P' with a linear complex subgroup, and T'G/P with the module G(g/p) associated to
the P-principal bundle E and the representation g/p. Thus, the complex manifold G/P comes
equipped with a holomorphic reduction G x p @ of its holomorphic frame bundle R'(G/P), i.e.,
a holomorphic @Q-structure: namely G/P’.

This is in fact only due to the presence of a g-valued holomorphic 1-form with special proper-
ties on the total space of the holomorphic P-principal bundle G — G/ P, namely the Maurer—
Cartan form wg of G. We can consider curved versions of theses objects for which the above
fact is still true replacing G' by a suitable holomorphic P-principal bundle (see next subsection).
Authorizing the one-form to have poles on the P-principal bundle, we obtain their meromorphic
analogues.

Definition 3.2. Let (G, P) be a complex Klein geometry with dim(G/P) = n and (M, D) be

a pair. A meromorphic (G, P)-Cartan geometry is a couple (E,wy) where FE 2 M is a holo-

morphic P-principal bundle, and wg is a g-valued meromorphic one-form on E, with poles on
D = p~Y(D), such that

(i) For any € M \ D, tjwp coincides with the Maurer—Cartan form wg , (see above).
(ii) wp is P-equivariant.
(iii) For any e € E\ D, wy(e) is an isomorphism between T, E and g.

These objects form a category.

Definition 3.3. Let (G, P) be a complex Klein geometry and (M, D), (M’, D’) be two pairs
with dim(M) = dim(M') = dim(G/P). Let (E,wy) and (E',w() be respectively two mero-
morphic (G, P)-Cartan geometries on (M, D) and (M', D’). An isomorphism between (E,wy)
and (F',w}) is an isomorphism of g-meromorphic P-principal fiber bundles ¥: E\ D = E'\ D’
(see Definition 2.5) such that U*wj = wp.

The following object is central in the study of Cartan geometries.

Definition 3.4. Let (F,wp) be a meromorphic (G, P)-Cartan geometry on (M, D). Its curvature
function (or curvature) is the meromorphic function k., on E with values in W = (/\2 g*) g
and defined by

kw, = dwg o (wal /\wal) +1, ]gs
where [, |4 is the Lie-bracket of g identified with an element of W.

Fix a Klein geometry (G, P) and choose a basis (¢;)i=1,..n of g, with (¢;);=1,...» spanning
a subspace g_ complementary to p. Denote by (e¢});=1,.. n the dual basis of g*.

Definition 3.5. Let (EF,wp) be a meromorphic (G, P)-Cartan geometry on (M, D). The mero-
morphic functions

V5 = e 0 kg (e, ¢5)

are called the structure coefficients (or structure functions) of (E,wp).
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A natural subcategory of the meromorphic (G, P)-Cartan geometries on pairs was introduced
by Biswas and Dumitrescu (see [3]).

Definition 3.6. A branched holomorphic (G, P)-Cartan geometry on a pair (M, D) is a mero-
morphic (G, P)-Cartan geometry (E,wp) on (M, D) such that wy extends as a holomorphic
one-form on E.

An important feature of these objects for the classification is the existence of a holomorphic
connection on the adjoint vector bundle (see [3, p. 7]). We recall below its construction which
will be useful.

Let (E,wp) be a branched holomorphic (G, P)-Cartan geometry on (M, D), and Eq = ExpG
the extension of the holomorphic P-principal bundle E to the group G. By definition, Eq is the
quotient of the product E x G by the action of G' given by (e,g) - h = (e - h, h_lg). Consider
the G-equivariant holomorphic one-form @ on E x G with values in g given by

w = Ad(m2) o miwo + Tiwe,

where 7y, mo are the projections on each factor and wg is the Maurer—Cartan form of G. It is
straightforward to verify that for any A € g, w(%h:o(e, h) - expG(tA)) = 0, i.e., the vectors
tangent to the fibers of

yen EXG—>EG

are in the kernel of . Moreover, w is invariant under the action of G on £ x G. Thus, w induces
a holomorphic one-form on Eg.

Definition 3.7. The holomorphic G-principal connection @ on Fg induced by @ as above is
the tractor-connection of (E,wy). We denote by V“° the corresponding holomorphic connection
on Eg(g) = E(g) (see Proposition 2.8).

The pullback p*E(g) is the trivial module V = O ® g.

Lemma 3.8. The pullback p*V*° is d—ad(wp) where d is the de Rham differential on the trivial
module V, ad(wp) is the section of 0L, ® End(g) = QL ® End(V) defined by

Xad(wo)(s) = [wo(X), s]q

for any holomorphic vector field X of E and section s of V. In particular, its curvature is
Rp*V“’O = ad(dwo) + ad(wo VAN wo).

lfroof . Since the wp-constant vector fields on E span T,FE at any e € E \ D, we can choose
A= wo_l(fl) for A € g as a holomorphic vector field on £\ D. Let s be any section of V(U),
U C E\ D an open subset. By definition of V*° and the remarks preceding Definition 3.7, we
have

Ap*ven(s) = (A - A)d(5),

where § is the unique G-equivariant section of Ogxa ® g which coincides with s in restriction
to E C E x G, A is the unique G-invariant meromorphic vector field whose restriction to E
coincides with A, and A is the holomorphic vector field tangent to the fibers of E x G — E
such that mswqg (fl) = A. Indeed, A — A is the unique vector field which belongs to ker(w)
and projects to A via m1: E x G — E. Now, A.d(5) coincides with A.d(5) in restriction
to E, while ALd(3) = [A, slg because 5 is G-equivariant. The first formula follows. For the
curvature, it corresponds to the classical computation of the curvature in a trivialisation of

a vector bundle. [ |
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3.2 Meromorphic extension of the tangent sheaf

We now introduce an object induced by any meromorphic Cartan geometry, which plays the
same role as the tangent bundle of the base manifold in the regular case. It is a particular case
of the following objects.

Definition 3.9. Let (M, D) be a pair.

(1) A meromorphic extension of (M, D) is a couple (¢g, E) where € is a locally free Ops-module
and ¢g: TM(xD) — E(xD) is an isomorphism of Ojr-modules.

(2) A holomorphic extension of (M, D) is a meromorphic extension (¢g,E) such that

do(TM) C E.

(3) The category F (resp. .7:0) of meromorphic extensions (resp. holomorphic extensions)
over pairs is defined as follow. An arrow between two meromorphic extensions (¢g, &)
and (¢, E’) over (M, D) and (M’, D’) is an isomorphism (¢, ®) of meromorphic bundles
(resp. of vector bundles, see Definition 2.2) between £ and & such that the following
diagram commutes:

%0

TM E(xD)
dtpl l@
*TM' —— *E'(xD).
@ o $E D)

(4) The category obtained by restricting to meromorphic extensions of (M, D) and to isomor-
phisms of meromorphic bundles of the form (Idas, ®) is denoted by Fas,p (resp. .7-"](\)47 D).

Meromorphic extensions on (M, D) are thus canonically isomorphic to submodules of maximal
rank of the sheaf of tangent vector fields with poles at D. The restriction of the corresponding
frame bundle to M \ D can thus be canonically identified with the frame bundle of M \ D. This
gives the following alternative description.

Definition 3.10. Let (M, D) be a pair.

(1) Let E L5 M be a holomorphic P-principal bundle and D = p~Y(D). A meromorphic
solderform on (E,D) is a P-equivariant C™-valued meromorphic 1-form 6y on F, with

poles supported at D, vanishing on ker(dp), and such that 6y(e) is surjective for any
e€ E\ D. A couple (E, ) is called a meromorphic solder form over (M, D)

(2) An arrow between two meromorphic solderforms (E,6) and (E',0;) over (M, D) and
(M’ ,l?’ ) is an isomorphism of holomorphic P-principal bundles W: E — E’ such that
6p = U*6;. This defines the category D of meromorphic solderforms over pairs.

Proposition 3.11. The map which to any meromorphic solder form (E,0y) over (M, D) (see
Definition 3.10) associates the meromorphic extension (¢po,E) where ¢o: TM(xD) — E(xD)
is the isomorphism which corresponds to 0y (see remarks above), extends to an equivalence of
categories m: D — &.

Proof. If ¥: E — E’ is an arrow between two objects (E,6p) and (E’,6}) of the category
of solderforms over (M, D), we define m(¥) = ® as the image of ¥ through the equivalence
of categories described in Section 2.2. Consider the images (¢o, &) and (¢, E) of (E,6p) and
(E',60}). Since 0 = U*6y, by definition, ® o ¢y = ¢}, so m is an essentially surjective functor.
Since it is the restriction of the equivalence of categories described in Section 2.2, it is an
equivalence of categories. |
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Now let (F,wp) be any meromorphic (G, P)-Cartan geometry on (M, D). Then the mero-
morphic one-form 7/, o wp obtained by projecting wp on g /p is P-equivariant for the quotient
adjoint action on g/p, and pointwise surjective on E \ p~!(D). Moreover, its kernel contains
ker(dp). By the Section 2.2, it thus corresponds to a morphism of Op/-modules

¢o: TM(xD) — E(xD),

where we set £ = F(g/p). By construction, ¢g is an isomorphism of meromorphic bundles and
(€, ¢0) is thus a meromorphic extension on (M, D).

Definition 3.12. The meromorphic extension (€, ¢g) obtained as above is the meromorphic
extension induced by (E,wy). We denote by f the map from the set of meromorphic (G, P)-
Cartan geometries on pairs to the set of meromorphic extensions which maps (F,wp) to its
induced meromorphic extension (£, ¢p). This extends as a functor f between the corresponding
categories.

3.3 Infinitesimal automorphisms as horizontal sections

We recall the definition of the infinitesimal automorphisms of a Cartan geometry and their
description as horizontal sections for a connection (see [9, Lemma 1.5.12]) and extend straight-
forwardly these facts to the meromorphic setting.

Definition 3.13. Let (F,wy) be a meromorphic (G, P)-Cartan geometry on (M, D). An in-
finitesimal automorphism of (E,wy) is a holomorphic vector field X on an open subset U C M\ D,
lifting to a vector field X on p~!(U) such that P¥wy = wo. We write Ei[[lj\‘}f% for the subsheaf
of T'M\ D whose sections are the local infinitesimal automorphisms, and Pi[[lEowa for the subsheaf

of TE \ D whose sections are the lifts of sections of Ei[[lj\%wo.

In order to study the sections of ’Ei[[b]\/[‘in, it is convenient to identify them with horizontal
sections for a meromorphic connection on a trivial module over E. This is also a classical
approach for general meromorphic parallelisms (see, for example, [5, Lemma 3.2]). Indeed, let
us denote by T the torsion of the flat meromorphic connection V% whose horizontal sections are
the wp-constant vector fields on E.

Proposition 3.14. Let (E,wp) be a meromorphic (G, P)-Cartan geometry on (M, D).

(1) The sheaf Ei[[iﬂ’fwo coincides with the sheaf ker(V[5°) of horizontal sections for the reciprocal
connection V¢ defined by

B?C = Vg( +T(X7 )

for any local vector field X .

(2) The connection V5 is invariant by the P-linearization (dry)yep corresponding to the ac-
tion of principal P-bundle.

Proof. (1) See [5, Lemma 3.2]. (2) This straightforwardly follows from the fact that the torsion
of Vg is P-invariant by definition. |

Definition 3.15. The Killing connection of a meromorphic (G, P)-Cartan geometry (E,wy)
on (M, D) is the meromorphic connection (V, V*?) where V = Op ® g and

wo _ F—Llyorec
Ve = g lvree

where @, is the isomorphism of Of (*D)—modules between TE(*E) and V(*D)
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The sheaves tillg,,, and tillys ., are respectively local systems on E \ D and M \ D.

As explained in the introduction, our goal is to classify quasi-homogeneous meromorphic
Cartan geometries (E,wp). This hypothesis is satisfied whenever the base manifold M has
only constant meromorphic functions (see [14, Theorem 1.2]). In this case, there exist a point
xo € M and n independent germs of Killing vector fields for (F,wp) at 9. We seek for a sufficient
condition for these germs to come from global Killing vector fields, i.e., for the following property
to be satisfied.

Definition 3.16. Let (E,wp) be a meromorphic (G, P)-Cartan geometry on a pair (M, D).
It satisfies the extension property of infinitesimal automorphisms if and only the local system
tillpr ., on M\ D extends as a local system ¢ C TM on M.

3.4 Distinguished foliations and (strongly) spiral meromorphic Cartan
geometries

We now isolate a subcategory of meromorphic Cartan geometries for which the extension prop-
erty will be easier to obtain. For, we will use the straightforward generalization of distinguished
curves (see [9, p. 112] and [27, Definition 4.16] or definitions below).

Let (E,wp) be a meromorphic (G, P)-Cartan geometry on (M, D), and A € g\ {0}. Since wp
induces an isomorphism of meromorphic bundles between TE(*[)) and O (*D) ®g, there exists
a unique distribution of rank one (thus integrable) 74 C TE with the following property:

wO(7j4) C OE(*D)A (3.1)

We will call it the A-distinguished foliation of (E,wy), and a leaf > will be called a A-distinguished
curve for (E,wp).

Let A € g\ {0} and ¥ a A-distinguished curve for (E,wp). If A € p, then 3 is tangent to the
kernel ker(dp) of the differential of the bundle map. If A & p, ¥ N (E\ [?) is transverse to this
distribution. Hence, the restriction of p to ¥ is a cover map from ¥ to its image > C M. In
particular, if ¥ is simply connected, then it is a biholomorphism.

Definition 3.17. Let A € g and (F,wp) a meromorphic (G, P)-Cartan geometry.

(1) A A-spiral for (E,wp) at z9 € M is a complex smooth curve ¥ embedded in M, contain-
ing x¢ and such that ¥\ D lifts to a A-distinguished curve in E.

(2) A holomorphic A-spiral is a A-spiral ¥ such that the lift ¥ as in (1) extends to a curve %
projecting onto X.

Definition 3.18. A meromorphic (G, P)-Cartan geometry (E,wp) on a pair (M, D) is spiral if
the following is true. For any irreducible component D, of D, there exist x¢g € D, and a spiral X
for (E,wp) with XN D = {zp}

Given any holomorphic foliation T4 of rank one on a complex manifold F, there exists an
analytic subset Sing(74) of codimension at least 2 with the following property (see [6, p. 11]).
For any ep € E'\ Sing(74), there is a neighborhood U of ey and a nonvanishing holomorphic
vector field Z € TE(U) with

Taly = OvZ.

We say, in this case, that Z defines T4 over U, and the leaves of T4 in U are exactly the orbits
of the local flow for Z. From this remark, we can easily deduce the first part of the following
lemma.
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Lemma 3.19. Let E and Ty be as above. Let D be any submanifold E.
(1) The following assertions are equivalent:

(i) D is a union of leaves for TA.
(11) Any local vector field Z defining Ta is everywhere tangent to D.

(ii7) For any local equation z; of U N D, and local vector field Z defining Ta over U, the
dimension

dimc Op e, /(L2(21), 21)e0 (3.2)
is never finite for eg € DNU.

We say, in this case, that the submanifold D C E is invariant by Ta.

(2) If D is not invariant by Ta, then there exists an Zariksi-dense subset W C D\Slng(’ﬁ;) with
the following property: for any eg € W, there exists a leaf ¥ of Ta through e satisfying %N

D = {60}.

Proof. (1) The equivalence between (i) and (ii) is clear from the above remark. The num-
ber (3.2) is the order of tangency of T4 to D at eg (see [6, p. 13]).

(2) Let z; be a local equation for D, defined on an open subset U C E where we can find
a holomorphic vector field Z defining T4. Then the dimension (3.2) is zero except for a finite
number of points in D NU (see [6, p. 13]). Complete z; into local coordinates (z1,...,z,) on U,
and decompose Z = ha%l + Z' where h is a holomorphic function on U and 7' is a holomorphic

vector field on U which belongs to the submodule spanned by 8%2, e 62 . Since Lz/(z1) =0,
the previous fact implies that h is not a multiple of z;. This means that Z is generically
transverse to D N U, and the leaves of 7|y are so, completing the proof of (2). |

Definition 3.20. Let (E,wp) be a meromorphic (G, P)-Cartan geometry on a pair (M, D), and
let (Da)ael be the irreducible components of the divisor D = p~1(D). We say that (E,wp) is

strongly spiral if for any a € I, there exists A € g such that D, is not invariant by 7.

In what follows, we prove that in the case of a branched holomorphic Cartan geometry (E, wp)
on a pair (M, D) (see Definition 3.6), any spiral (see Definition 3.17) crossing the polar locus D
lifts to a distinguished curve (see paragraph before Definition 3.17) crossing the lift D of the
polar locus. In this sense, the fact that (E,wp) is strongly spiral can be detected by considering
the corresponding meromorphic geometric structure on (M, D).

Lemma 3.21. Let (E,wq) be a branched holomorphic (G, P)-Cartan geometry on (M, D). Let
A € g\ p. Then the foliation T4 is transverse to ker(dp). In particular, for any complementary
subspace g— of p, we obtain a holomorphic foliation of E which is transverse to ker(dp).

Proof. Let ¢y € E'\ Sing(74), and U be an open neighborhood of eg in E'\ Sing(T4) equipped

with coordinates (z1, ..., zx), with the property that 8z =y 8§N are sections of ker(dp) (i.e.,
vertical vector fields). F1x a basis (e1,...,en) of g obtalned by completing a basis (en41,...,¢eN)
of p.

Since (F,wy) is a branched holomorphic Cartan geometry, and by the property (7) of Defini-
tion 3.2, the matrix @ = (ij)i,j=1,...,n of wp in the previous basis takes the form

A 0
o=(4 o)

where
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e A, B, C are holomorphic matrices on U,

e ¢/ = C~!is a holomorphic matrix U.

The matrix of the wp-constant vector fields associated with (e;);—1,.. n in (887,1 )izl N is Q1!
and therefore has the form o

(A0
o= )

CB1+ BA; =0.

with

Consider any irreducible component D, of D = p~!(D), and any j € {n+1,...,N}. Since C~*
is holomorphic on U, the above equation implies that for any vector in C"

a a1

B | : > z_r{l,ln’nordD A A ] e , (3.3)

an i an ;

Ordf)aﬂU

where the subscript stands for the i-th component.
We now interpret the inequality (3.3) geometrically. Let Z be a holomorphic vector field
al

defining 74 on U. Define ( : > to be the coordinates of A in the basis (¢;);=1,.. n. Thus
anN
Z=hA

with h a meromorphic function on U satisfying

ordp (k) =— I{un ordp ~y <Z:q]Z az)

=

ai ai
= —min | min ordp AU A | , min ordD v | B
7 —1, N ’ ,] —17 -1
an i aTL j/
Using (3.3), we obtain that
ax
ordp ir(h) = — Irlun ordp | A1 | ¢
Z e 7
G, y

7

Decompose Z = Z' + Z" with Z' in the subsheaf of holomorphic vector fields spanned by

(aazi )i—1__,, and Z” in the subsheaf ker(dp). Then the coordinates of Z’ (resp. Z”) in ((%)

(reSP- (a%)iznﬂ,...,zv) are

i=1,...,n

a1 ai Gp41
hAL | + |, respectively, hBi | : | +hCy

Gn an, anN

Using the above remark, and (3.3) again, we conclude that Z’ has order zero along Do NU
since a;, # 0 for some iy € {1,...,n}, while Z” is holomorphic. Since Z’' never vanishes on
the regular part of (F,wp) (up to restriction of U), we conclude that Z is nowhere tangent to
ker(dp), concluding the proof. |
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Proposition 3.22. Let (E,wq) be a branched holomorphic (G, P)-Cartan geometry on (M, D).
Suppose that no irreducible component D, of D is invariant by the spirals of (E,wp). Then
(E,wp) is strongly spiral.

Proof. Pick an irreducible component D, of D = p~ (D). We have to prove that there exist
A € g and a A-distinguished curve Y transverse to D,. But by the hypothesis, there exists
a spiral ¥ of (E,wg) which is transverse to D, = p(Da). Thus, there exist A € g\ p and
a A-distinguished curve & with p(i)) =¥\ D,.

Remark that T4 is the kernel of an unique holomorphic P-principal connection on the re-
stricted bundle £ \E\ D,,» and S is a horizontal section of this connection. By Lemma 3.21, this
holomorphic principal connection extends as a holomorphic principal connection on F|s. Hence,
Y extends as a horizontal section of Els, ie., p(f]) = 3. Up to restriction of X, we can assume
that ¥ N D, = {zo}. Thus > intersects D, in some point in the fiber of zy, concluding the
proof. |

4 Single-valued infinitesimal automorphisms of meromorphic
parabolic geometries

A classical result in Riemannian geometry states that any Killing vector field X for a Rieman-
nian metric g is a Jacobi field: for any geodesic v, its scalar product g(X(v(t)),~/(t))) with
the velocity of « is constant. There is a natural generalization of Riemannian metrics to the
holomorphic category, and the corresponding objects are equivalent to torsionfree holomorphic
affine connections preserving a holomorphic reduction to the orthogonal group. The holomor-
phic version of the previous result can be seen as a result on some torsionfree holomorphic affine
Cartan geometries (see Corollary 5.4).

In this section, we will see a general result for meromorphic Cartan geometries (see Theo-
rem 4.2). We then restrict to a subclass of geometries, namely the regular parabolic ones (see
Section 4.2). For this category of meromorphic Cartan geometries, the previous result implies
an extension theorem for the local system of infinitesimal automorphisms, which can be seen as
a generalization of the above facts.

4.1 Bott connections and infinitesimal automorphisms of Cartan geometries

Consider a complex Klein geometry (G, P). Let (M, D) be a complex pair of dimension n > 1,
and (E,wp) be a meromorphic (G, P)-Cartan geometry on it. Fix A € g\ {0} and consider the
holomorphic foliation 74 from (3.1). To any such holomorphic foliation is associated a T4-partial
holomorphic connection V74 on TE /Ta, the Bott-connection of Ta, defined as follow. Let X be
a holomorphic vector field on U C E, [X] its class in TE/T4(U), and Z € T4(U). Then

Z V(X)) = [[Z, X]7rE]. (4.1)

Let t € C and V C U such that the flow ¢ = ¢, is well defined on V. Then clearly d¢(T4) C
¢*Ta, so ¢ induces a morphism [d¢| of Oy-modules defined by the commutative diagram

d¢

TV O*TH(V)
nl lwn (4.2)
TV/Ta—m @ To(V)/Ta.

By the formula (4.1), the horizontal sections for V74 are the [X] which are invariant by the
isomorphisms of holomorphic vector bundle (¢, [d¢]) defined as before.
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It will be more convenient to work with the images of meromorphic vector fields on £ under
the isomorphism induced by the Cartan connection

®,,: TE(xD) — V(xD), (4.3)
where V = Op ® g. We will write
K = ®,,(tillg ) (4.4)

for the corresponding local system on E \ D. Clearly, the image of Ty (*D) is V4 =0Opg (*D)A
The class of a section s of V(*[))(U) (where U C F is an open subset) in V/VA(*D) will be
denoted by [s]y/y,. Since @y, induces an isomorphism of Og-modules between T'E /T4 (*f))
and V/V4(xD), for any Z € T4(U), the morphism [d¢] defined by (4.2) corresponds to an

isomorphism
dg: V/Va(xD)ly — ¢*V/Va(+D)|sv) (45)

and thus an isomorphism (gb,@) of meromorphic bundles.
The isomorphism of meromorphic bundles ®,,, (see above) maps 7?4(*]:)) to Va4 (*f)), and we
denote by ®,,,: TE/Ta (*f)) — V/Va (*f)) the isomorphism induced by @, .

Lemma 4.1. Let s be a section of K on an open subset U C E\ D. Then its class [sly v, is

mwvariant by any isomorphism of meromorphic bundles (gf),@) constructed as above.

Proof. Let X be any holomorphic vector field on U C E, and [X] its class in TE/Ta. By
definition, for any Z4 = hA (where h is a meromorphic function on U and A = wy'(A)), we
have

0=[A,X],..= 24, X|rr mod Ta(xD)(U).

S
T
S

In other words, the classes of d¢(X) and ¢*X in TE/Ta (*D), well defined on U N ¢(U),
coincides, i.e., s is invariant by (gb,@). |

Now, we suppose M to be simply connected. We wish to prove the extension property
for (E,wo) (see Definition 3.16). We will use the following general fact on meromorphic Cartan
geometries.

Theorem 4.2. Let (G, P) be a complex Klein geometry, and (M, D) be a pair with dim(M) =
dim(G/P). Let (E,wy) be a meromorphic (G, P)-Cartan geometry on (M,D), V = O ® g
and KC the sheaf defined as in (4.4). Let xog € D belonging to the smooth part of an unique
irreducible component Dy, and Dy = p~(Da).

Suppose that there exist A € g\ p and a A-distinguished curve ¥ for (E,wp) such that
>N D, = {eg} for some point eq in the fiber of x.

Denote by Ty the distinguished foliation of E (3.1), as well as Va4 = Dy, (Ta) (see (4.3)).
Then there exists a neighborhood U of xg with the following properties:

(1) Let s be a section of K on an open subset V.C p~Y(U \ D). Then the class [sly/v, of s
in TE/Tx extends as a (single-valued) section of TE/Ta on p~1(U \ D).

(2) The image under ®, (see (4.3)) of the section defined in (1) is the restriction of a section
of V/Va(xD) over p~1(U).

(3) Suppose moreover that (E,wg) is holomorphic branched on (M, D). Then the above section
lies in V/Va(p~1(U)).
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Proof. (1) It is clear from the definition that the image K4 = my/y, (K) of the local system K
on E'\ D is a local system on E'\ D. Moreover, K is P-equivariant, and the same remains valid
for 4. We thus have to prove that K 4 is a constant sheaf on an open subset U \f) where U C E
containing some eg € p ~!(z0). It suffices to prove that there exists a simply connected U with
U N D simply connected, and ey € U N D such that K4 is a constant sheaf in a neighborhood
of €.

The hypothesis says that D, is not invariant by Ta. By Lemma 3.19, there exists an open
neighborhood Uy of some pomt eo € p~ (o) such that a generic leaf of 7j4|U0 intersects D N Uy
in exactly one point. Pick e such that there exists a leaf > of T4 with XN D = {eo} Pick
eex \ D, and a simply connected open neighborhood V of e equipped with a basis (S1y.--,Sr)
of K.

By Lemma 4.1, the family d¢([si]y v, ), - .., dé([s vy, ), where d¢ is the morphism (4.5), is
a basis of ¢*Ka(o(V) \ f)) Recall that ¢ were defined as the flow of a non-vanishing (hence
complete) holomorphic vector field Z of T4 on U, for some time ¢ € C. In particular, ¥ is
the union of images ¢(e) for various ¢. By the previous remark, there exists such a ¢ € C with
¢(e) = e. Then K4 is a constant sheaf when restricted to ¢(V)\ D, and (V') is a neighborhood
of e). By the above remarks, this concludes the proof.

(2) Since (4.5) is an isomorphism of meromorphic bundles, we have proved in (1) that the
local system K4 = )y, (K) extends as a constant sheaf, included in V/V4 (*D)|p_1(U) since
(qb, @) is an automorphism of meromorphic bundles for V/Vy .

(3) The meromorphic Cartan geometry (E, wg) is holomorphic branched on (M, D) if and only
if ®,,,(T'E) C V. Suppose this is the case. Since the automorphism of meromorphic bundles
(¢,[d¢]) of TE/T4 defined before (4.2) is an automorphism of holomorphic vector bundles.
Since ®,,(TFE) and V coincides when restricted to p~}(U \ D), we obtain that the image of
V/Valp-1(\py under the d¢ lies in V/Va|s,-107\p)), where ¢(p~' (U \ D)) is a neighborhood
of e}, by construction. This proves the assertion. n

4.2 Regular meromorphic parabolic geometries

In this subsection we recall elementary facts about an important class of Cartan geometries, the
parabolic ones. The reader can consult [9] for further details.

A complex parabolic Klein geometry is a complex Klein geometry (G, P), where G is a complex
semi-simple Lie group and P is a parabolic subgroup. A meromorphic parabolic geometry is
a meromorphic (G, P)-Cartan geometry for some complex parabolic Klein geometry. We refer
the reader to [9] for a detailed introduction.

With the subgroup P is associated a grading (g;);cz of the Lie algebra g = Lie(G), meaning

15 Bilg C iy +is (4.6)

for any indices i1,72 € Z. We call it the parabolic filtration associated with P. It induces
a grading of any representation of G, in particular W = ( /\2 g*_) ® g is graded by homogeneous
degrees W, and we denote by m; the corresponding projections.

The parabolic degree of (G, P) is the smallest positive integer k£ > 1 such that g; = {0} for
any |i| > k. By (4.6), the subspace p = Lie(P) and the subspace

k
- = @ g—i
i=1

are clearly two subalgebras of g. For any i € {—k, ..., k}, we will denote g° = ®i'2i g:/, inducing
a filtration (g%);— g of g.
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By [11], we can and do always pick a basis (eé)iﬁ_k’“ﬁk of g, such that (eé)j=1,--.,ni is a basis

for g; for any ¢ € {—k,...,k}, and [ei-l eiQ]g is a vector in Ze?“2 for some j € {1,...,n4,4i,}-

J1’ 7J2
We will refer to it as a graded basis of g for (G, P).

The homogeneous space G/P associated with a complex parabolic Klein geometry (G, P)
bears the following holomorphic geometric structure. Its tangent bundle is filtered by subbundles
(T*"G/P) =1k where TG/ P is the projection of wgl (g’) through the tangent map T'pg,p of
the projection pg/p: G — G/P. The Lie bracket of holomorphic vector fields on G /P induces
a Lie bracket on the vector space of local sections of the corresponding graded bundle gr(T'G/P).
The Lie algebra bundle thus obtained is locally isomorphic to (U x g_, [, ]g_).

The regular meromorphic parabolic geometries are the infinitesimal versions of this model.
More precisely, these are meromorphic (G, P)-Cartan geometries (E,wg) on (M, D) for which
the homogeneous component 7;(k,,) of degree [ of the Cartan curvature vanishes identically
whenever [ < 0 (see above). This amounts to the following property. Let T~*M(xD) be the
image of wal (g_i) (*f)) through Tp. This gives a filtration of TM(*D), and (E,wy) is regular
if and only if the Lie bracket of vector fields on M induces a structure of Lie algebras bundle on
the graded gr(T'M \ D), locally isomorphic to (U x g—, [, |5_).

4.3 Affine and degree one parabolic models

We now apply Theorem 4.2 to prove the extension property for infinitesimal automorphisms
of some holomorphic branched (G, P)-Cartan geometries which are spiral (see Definition 3.18).
More precisely, we let (G, P) be either

e A complex parabolic Klein geometry of dimension n > 2 and degree k = 1 (see Section 4.2),
with G a complex simply connected simple Lie group. In this case welet g=g_1Pgo P o
be the graded Lie algebra defined in Section 4.2.

e Or the complex affine Klein geometry (G, P) of dimension n > 2. In this case we let
g = g—1 ® go be the decomposition of the Lie algebra of G where gy = Lie(P) and g_;
the (abelian) Lie algebra of the infinitesimal generators for the translations in G. By
convention we let g; = {0}.

These two kind of models are of special interest because in both cases the Levi subgroup
Go = expg(go) C P acts transitively on the lines in g_;. This is clear for the second one, since
the corresponding action is the standard representation of GL,(C). For the first one, remark
that P = Go X expg(g1), and [g1,9-1]g C go by (4.6). Hence, since g is simple, [go, g—1]g must
contain g_; (otherwise [g,g—1]y would be a non-trivial ideal in g). Again by (4.6) is contained
in g_1. So it is in fact equal to g_;. This implies that the action of Gy on g_; is open.

By the above remarks, for any A € g_; \ {0}, there exist a basis (¢;)i=1,...»n of the abelian
subalgebra g_1 C g = Lie(G) and n elements by, ...,b, € P such that

Ad (b;71)[A] € Ce; (4.7)
for 1 <i<n.

Lemma 4.3. Let (E,wp) be a holomorphic branched (G, P)-Cartan geometry on (M, D), and
let xg € D belonging to the smooth part of an unique irreducible component Dy . Suppose there
exists a A-spiral 3 for (E,wp) with XN D = {z0} and A # 0.

Then there exists an analytic subset S, of codimension at least one in Dy, with the following
property. For any x{, € Dy \ Sa, and for any 1 < i < n, there exists a holomorphic ¢;-spiral ¥
for (B, wo) with ;N D = {z{}.
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Proof. By Proposition 3.22, ¥ is a A-holomorphic geodesic for A € g\ p. Thus, there exist
eo € p~!(x0) and a A-distinguished smooth complex curve 3 with p(f]) =Y and XND, = {eo}.
Let by,...,b, € P asin (4.7). By equivariance of wy, for any 1 < ¢ < n, the b;-translated ¥ of &
is a ¢;-distinguished smooth complex curve, with ii N [)a = {ep - b;}. This means that for any
ie{l,...,n}, D, is not invariant by Te;- By Lemma 3.19, this implies that for any such ¢, there
exists a Zariski open-dense subset W; of D, such that, for any e(, € W;, there exists a leaf 3
of T, transverse to D, at €p-
Consider the Zariksi-dense open subset in D, defined by

Wa :p(ZéW2>

By definition, for any eh € p~H(Wy), and any 1 < i < n there is a ¢;-distinguished smooth
curve ¥; with ¥, N D = {e,}. The corresponding projections ¥; through p are holomorphic
¢;-spirals for (E,wp), and the proof is thus achieved by considering S, = Dy \ W. |

We use the proof of the Deligne’s extension theorem (see [12, Chapter II, Theorems 5.2
and 5.4]), to prove a lemma which enables us to manage the codimension one analytic subset
S = Uyer Sa in D from Lemma 4.3.

Lemma 4.4. Let M be a complex manifold and D a divisor of M. Let (£,V) be a meromorphic
connection on M with pole at D. Suppose the existence of an analytic subset S of codimension
at least one in D with the following property. For any xo € D\ S, there exists an open neigh-
borhood Uy, of xo in M such that the restriction of kerV to Uy, \ D is a constant sheaf. Then
ker V is the restriction of a local system on M.

Proof. First remark that, by definition of a local system, the assertion to be proved is equivalent
to the fact that for any xg € D, there exists an open neighborhood U in M such that ker V is
a constant sheaf on U \ D. Since this is satisfied for zy € D\ S by the hypothesis, we will prove
it for 9 € S. The proof then follows from the arguments used in [12, Chapter II, Theorems 5.2
and 5.4]. We write the details to avoid additional definitions.

By the Hironaka’s desingularization theorem (see, for example, [19, Theorem 7.13]), there
exists a holomorphic map 7: M’ — M from a complex manifold M’ of the same dimension
as M and a divisor D’ of M’ with

(i) The restriction m|ympr: M'\ D' — M\ D is a biholomorphism.

(ii) D’ is a normal crossing divisor, that is for any xy € D’ there exits an open neighborhood U
of zp in M’, coordinates (z1,...,2,) on U and indices i1,...,i. € {1,...,n} such that

D'nNnU = O{Zi]. :0}.

j=1

By the equivalence of categories between local systems and flat connections, the pullback
m* ker V is the local system of horizontal sections for the pullback of meromorphic connection
(&, V") := (7*E€,7*V) on M’ with poles at D’. By the property (i) above, ker V is the restriction
of a local system on M if and only if ker V' is the restriction of a local system on M’. Hence,
we assume from now that D satisfies (i7), i.e., is a normal crossing divisor.

Solet zgp € S,and U, (z1,...,2y,) asin (ii), and pick z € U\ D. Hence, up to restricting U, the
fundamental group 71 (U \ D, z) is spanned by generators 71, ..., 7, such that for j =1,...,7,
7v; is contained in an open subset which does not intersect {zij, = 0} for j' # j. Moreover, these
generators commute. Denote by Bi, ..., B, the image of these generators under the monodromy
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of kerV at z, and let Ay,..., A, € gl,(C) be matrices such that B; = exp(4;) for j =1,...,7,
where we have fixed an isomorphism ¢, between ker V(z) and C". Consider the holomorphic
connection ((’)??(D, Vo) on U\ D, where

" dzi.
Vo=d+) — 4
i1 25

Dr

U\D
Then we can compute explicitly the horizontal sections of Vi (see [12, p. 93]) to see that the
image of each v; under the monodromy of ker Vo and ker V at = are conjuguated through the
fixed isomorphism ¢, as before. By the equivalence of categories between local systems and

monodromy [12, Chapter I, Theorem 2.17], we thus have an isomorphism of C;\ p-sheaves

where d stands for the tensor product of the de Rham derivative and the identity on O

¢: kerVo — ker V. (4.8)

Moreover, since the B; and thus the A; commute, up to a linear change in C", the A; have
Jordan form.

Suppose there exists j € {1,...,r} such that A; have a non-integer eigenvalue . Then by
the explicit form of the horizontal sections of Vg [12, p. 93], there is a section sy of ker Vo on
an open dense subset of U \ D of the form

S0(21y -+, 2n) = zf‘jsg(zl, cey Zn)

with s, a C"-valued holomorphic function defined on U and log the principal determination of
the logarithm on z;,(U). In particular, for any xo € D N U with z;,(zg) = 0, and any open
neighborhood V' C U of z, ker Vi p is not a constant sheaf. In view of (4.8), this contradicts
the hypothesis on V. Hence all the eigenvalues of the A; are integers.

Suppose that there exists j € {1,...,r} with A; having a Jordan bloc of size at least two.
Then, again by the explicit form for the horizontal sections of Vg, there is a section sg of ker V
of the form

S0(21y -y 2n) = zfj(sll(zl, —ooyzn) Flog(zi;)sy(21, - - -5 2n)),
where k is an integer, s}, s, are two C"-valued holomorphic functions on U and log is as before.
Again, ker V is not a constant sheaf in a neighborhood of any point xy € {z; ;= 0}, contradicting
the hypothesis on V in view of (4.8).

As a consequence, all the A; are diagonalizable endomorphisms with integer eigenvalues, so
that B; = exp(A;) is the identity for any j € {1,...,r}. Hence ker Vj is a constant sheaf
on U\ D, and in view of (4.8) the same holds for ker V, concluding the proof. [

Corollary 4.5. Let (G, P) be as above, and (E,wp) be a holomorphic branched (G, P)-Cartan
geometry on (M, D), with M simply connected. Suppose it is spiral (Definition 3.18). Then

(1) (E,wo) satisfies the extension property for the infinitesimal automorphisms.

(2) Any section s of ker (V£ )(U) (where VE is the Killing connection, see Definition 3.15,
and U C E is an open subset of M) is a section of V(U).

Proof. (1) Let (Dy)aer stand for the irreducible components of the divisor D. By definition
of a spiral meromorphic Cartan geometry and Lemma 4.3, for any o € I, there exists an
analytic subset S, of codimension at least one in D, such that for any xg € D, \ Sa, and any
i=1,...,n, there exists a ¢;-spiral ¥; with 3; N D, = {x¢} where (¢;)i=1,... » is the basis of g_;
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defined before. Moreover, by Proposition 3.22, ¥; is a holomorphic spiral in the sense that it
lifts to E as a distinguished curve (intersecting D, at some eoi € pt(z0)).

The Lemma 4.4 implies that it is sufficient to prove that for any xg as above, there exists an
open neighborhood U of zg in M such that the restriction ker (Vf,o) | UN\D, 1s a constant sheaf.

Thus, pick a € I, g € D, \ S, and let us prove the existence of an open neighborhood U
of xg in M such that ker (Vf,o) lt\p is a constant sheaf. By the first remark, for any 1 <i <n,
there is a holomorphic ¢;-spiral ¥; with X; N D = {xg}. More precisely, the proof of the lemma
implies the existence, for i € {1,...,n} fixed, of ey € p~!(xo) such that the e;-distinguished
curve f]i projecting onto X; satisfies f)i ND = {ep}. Using the Theorem 4.2 for each geodesic,
we obtain neighborhoods U; of x( such that the restriction of the local system my, Ve, (ker (vgo))
to p~1(U;) is a constant sheaf.

Let U = (), U;. Since ey, ¢ are independent vectors of g, the morphism of Og-modules

ﬂ'y/vel D Wv/ch : V(*D) — V/Vel (*D) D V/VQ (*D) (49)

is an isomorphism onto its image. Thus, it restricts to ker (V[Z ) as an isomorphism of C-
sheaves onto its image, a subsheaf of the local system my, /Vzl(ker (Vf)o)) @ my /VQ(ker (ijo)).
By the above remark, this local system is a constant sheaf when restricted to p~*(U). Thus,
the same is true for ker (Vgo), i.e., (F,wp) satisfies the extension property for the infinitesimal
automorphisms.

(2) Since (E,wp) is a branched holomorphic Cartan geometry, we can apply the point (3)
of Theorem 4.2 to A = ¢; and A = e3. We obtain that the image of ker (Vf,o) through 7y, and
Ty)v,, respectively extends as subsheaves of V/V,, and V/Ve, on E. Since the morphism (4.9)
clearly restricts to a morphism between V and V/V,, & V/V.,, this proves the assertion. [

Remark 4.6. The conclusion of point (1) in Corollary 4.5 remains valid if we consider a mero-
morphic (G, P)-Cartan geometry (F,wpy) on (M, D), but replacing the spiral by strongly spiral
(see Definition 3.20). The conclusion of point (2) remains true if V is replaced by V(xD).

4.4 Parabolic geometries of higher degree

Now, we let (G, P) be a complex parabolic Klein geometry of degree k¥ > 1, and denote by
gk D Dgo®D - @ gy the parabolic filtration. We refer the reader to [9] for the definitions
and a complete introduction on this subject.

The group P no longer acts transitively on P(g/p). Instead, we use a result of [8, Theorem,
p. 13] which implies the following lemma.

Lemma 4.7. Let (E,wo) be a regular meromorphic (G, P)-Cartan geometry on a pair (M, D).
Then there exists a morphism of C-sheaves

L: Vg, (*[)) — V(*D)
with the following properties:
(i) Letm_g: V(*[)) — Vg, (*f)) be the projection on Vy_, with respect to Vy—x+1 (*[?) Then
T_k © L= IdVB,k .
(i1) The restriction of L om_y to ker (Vf5 ) is the identity on ker (V£ ).
Proof. The theorem on p. 13 in [8] is exactly the non-singular version of this lemma, i.e.,
when D is empty. Its proof uses only differential operators constructed with the de Rham
differential on trivial modules, and morphisms of modules obtained by tensorizing linear map of
complex vector spaces with the identity on holomorphic functions. Thus, it straightforwardly

extends to the meromorphic category since such operators preserves the sheaves of meromorphic
sections. |
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Corollary 4.8. Let (E,wq) be a reqular holomorphic branched (G, P)-Cartan geometry on a pair
(M, D). Suppose that for any irreducible component D, of D, there exist A € g_\g_x and a A-
spiral ¥ of (E,wo) with ¥ N Dy = {x0}. Then (E,wp) satisfies the extension property for the
infinitesimal automorphisms.

Proof. By Proposition 3.22, we can suppose that the curves ¥ in the statement are holomorphic
spirals, i.e., admit lifts to A-distinguished curves ¥ with XN D = {eo}, for some ey € p~t(xo)
and A€ g_\g_x.

Pick an irreducible component Dy, let eg be as above and apply the Theorem 4.2. Since k > 1,
CA and g_j are independent subspaces in g. Thus, the projection W,k(ker (VZO)) extends as
a constant C-subsheaf of V; (*D) on a neighborhood U of eg. The image of a constant sheaf by
a morphism of C-sheaves is a constant sheaf, so by Lemma 4.7, ker (me) extends as a constant
C-subsheaf of V(*D) on U. The proof is then achieved. |

Remark 4.9. Corollary 4.8 admits a meromorphic version as in the degree one case, see Re-
mark 4.6.

5 Application to the classification of meromorphic affine
connections

In this section, we apply Corollary 4.5 to the classification of some meromorphic geometric struc-
tures. Namely, we give a meromorphic version of Theorem 1.1 for the spiral holomorphic branched
affine connections, a subcategory of meromorphic affine connections (see Definition 5.2). For, we
extend the classical equivalence between affine connections and affine Cartan geometries to the
meromorphic setting, and describe the distinguished curves of the corresponding meromorphic
Cartan geometries.

5.1 Equivalence between meromorphic affine connections and meromorphic
affine Cartan geometries

In this subsection, we consider the complex affine group G of dimension n > 1, and the complex
linear group P C G. Our aim is to extend the well-known equivalence between affine Cartan
geometries and affine connections (see [27, pp. 362-365]) to the meromorphic setting.

The restricted adjoint representation Ad: P — GL(g) splits as the sum of two irreducible
representations g_, the subalgebra corresponding to the infinitesimal generators for the trans-
lations in Aff(C"), and p = Lie(P). Consequently, if E -2+ M is a holomorphic P-principal
bundle and wy is a meromorphic (G, P)-Cartan connection on (E7 15), then it splits as the sum

wy=60 B0 (5.1)

of a meromorphic solderform 6y on (E , f)) (see Definition 3.10) and a meromorphic P-principal
connection @ on (E , b) Conversely, the direct sum of a meromorphic solder form and a mero-
morphic principal connection on E gives a meromorphic affine Cartan geometry by the for-
mula (5.1).

Consider the category Feonn Whose objects are triples (¢0,5 ,V) formed by a meromorphic
extension (¢, &) over a pair (M, D) and a meromorphic connection (£,V) on (M, D), where
an arrow between (£,V) over (M, D) and (£, V') over (M’,D’) is defined as follows. It is an
isomorphism (¢, ®) of vector bundle (see (2.2)) preserving the meromorphic connections, in the
sense that ®*(¢*V’) = V where ¢*V' is the pullback of connection (see Definition 2.3) and ®*
is the pullback in the sheaf-theoretic sense.
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Define the map f from the category Gng of meromorphic (G, P)-Cartan geometries on (M, D)
t0 Feonn as follows. If (F,wp) is an object of G, consider the meromorphic solderform (E, 6p)
(see Definition 3.10) defined by (5.1), and let (€, ¢o) be the corresponding meromorphic exten-
sion on (M, D) (see Proposition 3.11). Let V be the meromorphic connection on £ = E(C")
associated with @ (see Proposition 2.8). We let

F(B,wo) = (¢0,E, V). (5.2)

Now, consider the subcategory G¥; of G.g whose objects are holomorphic branched (G, P)-
Cartan geometries, together with their isomorphisms. Consider a subcategory FO — of Feonn
obtained by intersecting with F° (see Definition 3.9).

Proposition 5.1. Let (M, D) be a pair. The map [ defined by (5.2) extends to arrows as an

equivalence of categories between Gag (resp. ggﬁ) and Feonn (resp. fcoonn).

Proof. Let ¥: E — E’ be an arrow between two meromorphic (G, P)-Cartan geometries
(E,wo) and (E',w() over (M,D) and (M’,D'), and (¢o,€&,V) and (gb{),g’,ﬁ/) their images
through f. So W is a morphism of holomorphic principal bundles between the frame bundles
and we define f(¥) = (¢, ®) as the image of ¥ through the equivalence described in Section 2.2.
By construction, since ¥*w(, = wyp, we have ¥*§() = 6y and U*@’' = ©. The first condition implies
that (¢, ®) is an arrow of meromorphic extensions (see Definition 3.9), while the second one
implies that it preserves the meromorphic connections V and V’ (see Lemma 2.7). Hence, f is
a functor. Since it is the restriction of the equivalence of categories from Proposition 3.11, we
obtain an equivalence of categories. |

We can make this equivalence more concrete, though less precise. Let (¢0, g, ﬁ) be an object
of Feonn o0 (M, D). Then

V=¢y'V (5.3)

defines a meromorphic affine connection on (M, D), we will call it the meromorphic affine con-
nection induced by (qbo, £, V). Thus, there is a functor

i Feorn — A (5.4)

to the category A of meromorphic affine connections on pairs. The composition p o f is an
equivalence of categories between meromorphic affine Cartan geometries and meromorphic affine
connections as required.

We denote by Ty the torsion of V (2.1). There is the analogous notion of g_-torsion for an
object (E,wp) of Gug on (M, D). It is the P-equivariant meromorphic function 7, on E with
values in Wy_ = A%(g_)* @ g_ defined as the projection of the Cartan curvature k,, of (E,wo)
(see Definition 3.4) on W,_ respective to A*(g_)* ® p.

Finally, let us remark that for any object (5 , ¢0ﬁ) of F2 .., the meromorphic affine connec-

tion (5.3) restricts as a holomorphic connection on the submodule £. We then define:

Definition 5.2. The category A is the subcategory of A whose objects are the meromorphic
affine connections on (M, D) preserving a locally free Op;-module € with TM C € C TM(xD),
in the above sense. Its objects are called holomorphic branched affine connections.

The following lemma is the only missing piece to restrict the equivalence to the branched
affine subcategories.

Lemma 5.3. Let V be a holomorphic branched affine connection on (M, D). Then the submodule
E C TM(xD) from Definition 5.2 is unique.
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Proof. Let E be the bundle of holomorphic frames for £, and @ be the meromorphic principal
connection on R'(M) corresponding to V (see Proposition 2.8). Suppose there exists another
rank n locally free submodule & of TM(xD) such that V restricts to a holomorphic connec-
tion on &', and let & be the corresponding holomorphic principal connection on its bundle of
holomorphic frames E'.

Pick a point x € M, and a neighborhood U of x in M with two basis (51,...,5,) of &y
and (&1,...,%,) of &|y. Denote by o, ¢’ the holomorphic sections of R*(M \ D) on U \ D
corresponding respectively to these basis, and b be the unique holomorphic function on U \ D
with values in GL,,(C) such that ¢/ = o - b. The classical gauge formula implies that b must be
a solution of the differential equation

d(b) = Ab — bA',

where A (resp. A’) is the matrix of V in the basis o (resp. ¢’). Since A and A’ are holomorphic
on U, we can use the proof of the Proposition I1.2.13 in [26] to obtain that b extends on U as
a holomorphic function. Reversing the roles of ¢ and ¢’, this is also true for b=, so that &£
and &’ coincide over U. We get the unicity. |

Corollary 5.4. The composition of the equivalence from Proposition 5.1 and the map given
by (5.4) gives an equivalence of categories between Gag (resp. ggﬂ) and A (resp. AO).

Recall that, given any meromorphic affine connection V on (M, D), a local holomorphic
vector field X on an open subset U C M is a Killing field for V iff the pullback of V by its
flows is again V. We denote by tilly the subsheaf of 7'M \ D whose sections are the Killing field
for V. By Corollary 5.4, we obtain the following lemma.

Lemma 5.5. If (E,wq) is an object of Gag on a pair (M, D), and V the corresponding mero-
morphic affine connection on (M, D), then tilly ., = Eilly.

5.2 Geodesics of spiral holomorphic branched affine connections

Let V be a holomorphic affine connection on a complex manifold M, and (E,w) be a holomorphic
affine Cartan geometry inducing it. Recall that geodesics ¥ C M of V are the projections of the
A-distinguished curve of (E,wq) for A € g_. Equivalently, these are the images of holomorphic
parametrized curves v: D(0,e) — M such that

vV (dv (;)) =0, (5.5)

where dv(%) is the image of the canonical vector field on the open disk D(0,¢) C C through
the differential dy: T7C — O¢ ® v~'T'M, and v*V is the pullback (see Definition 2.3).

Definition 5.6. Let V be a meromorphic affine connection on a pair (M, D). A geodesic of V is
a curve X C M whose restriction to M \ D is locally the image of a geodesic of the holomorphic
affine connection V| Mm\p in the above sense.

Note that such a definition permits any holomorphic curve v with image contained in D to
be a geodesic for V. This is coherent with the classical definition (5.5) since the pullback v*V
will often be the zero morphism for such a curve (see Example 2.4).

Lemma 5.7. Let V be a holomorphic branched affine connection on a pair (M, D). Let > C M
be a curve. Then the following assertions are equivalent:

(i) X is a geodesic for V.
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(ii) For any non-constant holomorphic curve ~v: D(0,€) — 3, v*V is the null morphism or
there exists a holomorphic function h~ on D(0,€), which does not identically vanish, and
such that

* 1 8 —_
”V<w>—0’

where % and v*V are defined as above.

Proof. Let (F,wp) be the unique holomorphic branched affine Cartan geometry inducing V
through the equivalence of Proposition 5.1, and such that £ = E(C") is the submodule of Defi-
nition 5.2. By Lemma 3.21, the p-component of wg defines a holomorphic P-principal connection
on E. We denote by 0y the g_-component of wy.

We first prove that (i) implies (ii). By the above remark, for any choice of a point ey in
the fiber of v(0), there exists an unique lift 4 of v to a holomorphic curve tangent to ker(®)
and satisfying 4(0) = ep. Suppose that v*V is not the null morphism. By definition of V,
the hypothesis (i) implies that for any to € D(0,¢€) such that v(tp) does not lie in D, there
exists a holomorphic function h in a neighborhood of tg with 4*6, (h(t)%) constant, that is
there exists A € g_ with 5/*90(%) = ﬁA in a neighborhood of ty. It is clear that the direc-
tion CA is independent from the point tg as before. Now, since wq is a holomorphic branched
Cartan connection, %6y is a holomorphic one-form on D(0, ¢) with values in CA. In particular,
hy = ﬁ*@o(%) is a holomorphic function on D(0, €), which is not identically vanishing by the
assumption. By definition of 4v*V this implies W*V(i%) = 0. We have proved (7).

Now we prove (i7) implies (i). If 4*V is the null morphism, then by the Leibniz identity we
must have Oc ® v 10y (D) = {O}C. Thus, the image of v must lie in D, and « is a geodesic.
Suppose v*V is not the null morphism. Then we can use the above description of W*V(%) to
conclude that 5*6g (%) is a holomorphic function with values in CA for some A € g_. Since 7 is
tangent to ker(&), we recover that its image ¥ is a A-distinguished curve for (E,wp) projecting
onto the image of v, that is (i) is satisfied. [

Definition 5.8. A meromorphic affine connection V on a pair (M, D) is said to be a spiral
connection if no irreducible component of D is invariant by the geodesics of V in the sense of
Definition 5.6.

The Lemma 5.7 and the Proposition 3.22 then admit the following consequence.

Corollary 5.9. Let V be a holomorphic branched holomorphic ¥V on a pair (M, D). If V is a
spiral connection, then any holomorphic branched affine Cartan geometry (E,wp) inducing V
through the equivalence of Corollary 5.4 is strongly spiral (see Definition 3.20).

Proof. In virtue of Lemma 5.3, (E,wq) is isomorphic to the holomorphic branched Cartan
geometry where E = R(E) is the frame bundle of the unique submodule &€ € TM(xD) on
which V restricts as a holomorphic connection, and wg = 6y & © where @ is the corresponding
P-principal connection and 6y the meromorphic solderform of E (see Definition 3.10).

The proof of Lemma 5.7 recall the basic fact that the restrictions of geodesics for V to M \ D
are exactly the projections through p: £ — M of the A-distinguished curves of (E|yn p,wo),
for some A € g_. These are in particular A-spirals for (E,wp). Thus, using Proposition 3.22,
we get the desired implication. |

5.3 Spiral holomorphic branched affine connections
in algebraic dimension zero

Now, we will give an application of the results of Section 4 to the classification of affine mero-
morphic connections on some simply connected complex compact manifolds M. Most of them
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are adaptations of the arguments used in the proof of the principal theorem in [4], using the
results of this article.

Theorem 5.10. Let (M, D) be a pair, with M a simply connected complex compact manifold.
If (M, D) bears a spiral quasihomogeneous meromorphic affine connection V (see Definition 5.8),
then it admits a meromorphic parallelism (Yl, ... ,Yn), such that X; is a Killing vector field
for V when restricted to M \ D.

Proof. Let (E,wp) be the meromorphic affine Cartan geometry on M corresponding to V
(see Corollary 5.4). By the Corollary 4.5, it satisfies the extension property of infinitesimal
automorphisms, i.e., the local system ¢tilly on M \ D extends as a local system K on M, with
K C TM(xD). Since M is simply connected, this is a constant sheaf on M. Since V is assumed
quasihomogeneous, we can pick x € M and a Oy ,-basis Ylﬂ;, ... ,Yn,x of (T'M), formed by
germs of Killing fields for V. These germs are thus restrictions of global meromorphic vector
fields X1,..., X, whose restrictions to M \ D are elements of ¢illy(M \ D). Since their germs
at = are linearly independent, there exists a Zariski-dense open subset M \ S such that the
restrictions of X1,..., X, to any subset U C M \ S are independent elements of TM (U), i.e.,
(Yl, e ,Yn) is a meromorphic parallelism on M. |

We obtain the following theorem.

Theorem 5.11. Let M be a compact complex manifold with finite fundamental group, and whose
meromorphic functions are constants. Then M does not bear any spiral branched holomorphic
affine connection.

Proof. Suppose that V is a spiral branched holomorphic affine connection on (M, D), denote
by &€ the submodule of TM(xD) from Lemma 5.3. Denote also F the frame bundle of &, so
that in particular &€ = E(g)/E(p). Then by Proposition 5.1, there exists a unique branched
holomorphic Cartan geometry of the form (E,wp) inducing (&, V).

Complete the meromorphic parallelism (Yl)z_ as in the proof of Theorem 5.10 into

=1,...,n
a basis (Yj)jzl . for the global meromorphic Killing fields of V. A meromorphic parallelism
is a rigid geometric structure (see [16]), so by [15, Theorem 2], the juxtaposition of (X;)._,
and V is quasihomogeneous. Since V satisfies the extension property for the Killing vector
fields (see Corollary 4.5) and M is simply connected, we obtain a meromorphic parallelism

with each yj. In particular, each Y; is a C-linear combination of the (Yj)j
are commuting meromorphic vector fields.

Now, let pick any Gauduchon metric on M (called a standard metric in [18, p. 502]) and let us
prove that the degree deg(&) of £ with respect to this metric is zero. Let (F,wp) be the branched
holomorphic affine Cartan geometry on (M, D) corresponding to V (see Corollary 5.4). Then
€ = E(g/p) = E(g)/E(p) by definition of (E, wp), and since P = GL,,(C), we have deg(E(p)) =0
(see [3, Corollary 4.2]).

We must then prove that deg(F(g)) = 0. For, it is sufficient to prove that C}(Rywo ) vanishes
identically, where C; is the trace on End(E(g)) and V0 is the tractor connection (see Defini-
tion 3.7). We will prove that the meromorphic one-form n; = X/,C}(Ry«o) vanishes identically
on M for any 1 < ¢ <n. By Lemma 3.8, we have

,s0 (X))

=1,...,7 i=1,...,n

p*m = X{JCl (Rp*VWO) =dC; (ad(si)) + XZI_I ad(wo A wo),

v~

70 iy

where X! is the lifting of X/ to F and s; = wo(X}).
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The meromorphic one-form ﬁ? is exact and P-equivariant. By a classical result on exact in-

variant forms on connected Lie groups, the restriction of f]? to any fiber of £ 24 M corresponds
to a homomorphism y: P — C. Because P = GL,,(C), any such homomorphism is trivial, so
that ﬁ? vanishes on the fibers of E —2s M. Thus, it is the pullback of a meromorphic exact
one-form 1Y on M. Moreover, by Corollary 4.5, s; is a holomorphic section of V on E, so that 7}
is a holomorphic one-form. Thus, 77? is an exact holomorphic one-form on a simply connected
compact complex manifold, i.e., vanishes everywhere.

Now, let us prove that ﬁz-l = p*n; vanishes everywhere. Consider Fg = F X G 7% B and
the holomorphic tractor connection @ on it (see Definition 3.7). Using the splitting TEg =
ker(@) @ ker(dre), the pullback 7] = %7} uniquely decomposes as a sum

o ~H o
i =0 @i
with ﬁZH a G-invariant meromorphic one-form on F¢, vanishing on ker(), and 772‘/ vanishing
on ker(w). In particular, ﬁZH is the pullback of n; through the composition pg = p o 7g, so
that 7)) vanishes everywhere. Now, using Corollary 4.5, 7j} is a holomorphic one-form, so that 7;
is a holomorphic one-form on M. Using the Lie-Cartan formula, we have

dni (X5, X1.) = Lxymi(X3,) — Loy mi(X5) — mi([ X5, Xp]rw)-
Since the only meromorphic functions on M are the constants, we obtain

Lxmi(Xy) = Lxgni(Xj) =0,

and since the meromorphic vector fields (X ()izl,...,n commute, 7; is a closed holomorphic one-

(2
form. Since M is simply connected and compact, n; vanishes everywhere. This proves that
C1(Rywo ) vanishes everywhere, i.e., deg(E(g)) = 0.

Hence, deg(€) = 0. Let 51,...,5, be the images of X7,..., X, through the morphism ¢y,
where (¢o, &) is the holomorphic extension image of (F,wg) as in Proposition 5.1. Since s; =
wo(X!) is a section of V(E) for any 1 <4 < n from Corollary 4.5, each 3; is a section of £(M).
Since they are independent, the holomorphic section A, 5; of det(£) is not identically vanishing,
thus det(€) is trivial and A ;; never vanishes. It therefore forms a basis of & on M, and
the dual sections 57,...,5; are holomorphic sections of £* on M. We obtain a meromorphic

(C™,{0})-Cartan geometry (M,n) on (M, D) given by the meromorphic one-form

n

n = /\(§2‘o¢0) ® ei,

i=1

where (¢;)i=1,...»n is the canonical basis of C". Since wp is a holomorphic one-form on E, by
definition of the associated meromorphic extension, ¢ restricts to an injective morphism of
Opr-modules from T'M to €. Hence 7 is a holomorphic one-form on M, i.e., (M, n) is a branched
holomorphic Cartan geometry. Because the n-constant vector fields (X/);=1.. , commute, it is in
fact a flat branched holomorphic Cartan geometry. Since M is simply connected and compact,
there is a holomorphic submersion dev: M — C". This is impossible by the maximum principle.
So M cannot bear any spiral branched holomorphic affine connection. |

6 Genericity of the spiral property on surfaces

In this section, we fix a pair (M, D) where M is a complex surfaces and D an effective divisor
of M with irreducible and reduced components (D, )acr. We fix a submodule & C TM(xD)
with TM C €£.
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Definition 6.1. In the above setting, we denote by Ag the set of holomorphic branched affine
connections on (M, D) whose associated submodule is £ (see Definition 5.2). We denote by AgT

the subset of Ag consisting of spiral meromorphic affine connection (see Definition 5.8).

We prove a result of genericity for AgT (see Theorem 6.5). We also give examples of flat
and spiral holomorphic branched affine connections on compact complex manifolds of arbitrary
dimension, and one example of a non-flat and spiral holomorphic branched affine connection on
a complex compact threefold.

6.1 Consequence of the existence of a spiral affine connection
on the submodule

We begin with a necessary condition on &£ for Agﬁ not being empty.

Proposition 6.2. Suppose the existence of a spiral branched holomorphic affine connection V
mn AgT. Then & satisfies the following property. Let D, be an irreducible component of D,
and x € Dy,. Let (21, 22) be local coordinates on an open neighborhood U of x with

D,NU ={z =0}.

The matriz of any element ¢ € End(E)(U), identified with an element of End(E)(xD)(U), in
(8%1, 8%2) takes the form

(: Z}?) , (6.1)

where f1, fo are holomorphic functions on U.

Proof. Let V, D,, z and U as in the statement. Let (E,wp) be the unique holomorphic
branched affine Cartan geometry inducing V and such that E is the frame bundle of £. The
hypothesis on V implies that the pullback D, of D, to E is invariant through the A-distinguished

foliation 74 (see (3.1)), for any A € g—. Using the proof of Lemma 3.21 and denoting by

(6%1’ 8%2) two P-invariant holomorphic vector fields on p~!(U) projecting on (8%1, 8%2)7 we get

that the wy-constant vector fields Y7, Y5 associated with ¢, es decompose as

0 o, 0
Yi= z?lgiale + 2717%92672 +Y7,

where Y/ is an element of ker(dp)(p~*(U)), gi, g, are invertible or identically vanishing holo-

(2
morphic functions, and

0>n; >m; or gi = 0. (6.2)
Now, fix any holomorphic section o of F on U and denote by (?1, 72) the corresponding basis
of £ on U. These are the projections of Y7 o o and Y3 o o through T'p, so that

— 0 o, 0
Y, = zi“gia—Zl + z{n’gga—@.

The inequality (6.2) implies that, up to replacing o by o - b for some holomorphic function
b: U — P, we can suppose that g; = 0, i.e., the matrix @ of (Yl,Yg) in (6%17 8%2) is

0 Pk
Q= ( af’%)

mi ./
21 91 %1792
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with g2, g1, g5, n2 and mg as before. Since £|y contains TU, the inverse of this matrix must be
a holomorphic matrix on U.
This implies the following identities:

ng +mo —mq > 0, ng < 0, mi1 <0, mo < 0. (6.3)

Let ¢ € End(€)(U) with matrix (3 ;) in (Y1,Y32). Then the matrix of the same section in
the basis ( o 0 ) is

8z1° Oz

a Y\ o1 [(* ogEP™?

Q <B 5) Q - <* g/zgn2*m1
for some holomorphic functions g, ¢’ on U. Using (6.3), we get that this matrix has the desired
form. |

6.2 Intermediate condition and local characterization

We continue by introducing a subset A2 ; C A2, containing the complement of A2 _in A2. This
subset has the advantage that its elements V can be described by their local Christoffel symbols.

Definition 6.3. The set -’42,1 is the subset of elements V € A%, with the following property.
For any z € D,, where D, is some irreducible component of D, there exists a non-constant
geodesic v: D(0,e) — M for V with

7(0) ==z and Im(y) C D,.
Lemma 6.4. Let V € Ag. The following properties are equivalent:
(i) VeAg,.
(i1) For any irreducible component Do of D, any x € Dy \ U/&éa Dg, and any open neigh-

borhood U of x with local coordinates (z1,z22) as in Proposition 6.2, the matriz of V in
( o 0 ) 1s of the form

921 9z
>z (3 G)
i=1,2 v
with

ca  wvanishing on D, NU,
ds  holomorphic.

Proof. We first prove (i) implies (7). Suppose that V is as in (i), and let v be a non constant
geodesic at © € D, with Im(y) C D,. Let U and (21, 22) as in (i) and denote by v; = z; 0, so
that 7] is identically vanishing on D(0, €) by the hypothesis on 7. The first line of the generalized
geodesic equation from Lemma 5.7 implies that ¢z o v must be identically vanishing, since 7%
is not identically vanishing by hypothesis. In particular, since D, N U is irreducible, co must
be identically vanishing on this divisor. Moreover, the second line of the same equation implies
that y = %*yé is a solution of the differential equation

y' = (d207)y. (6.4)

Now, let 4 be the lifting of v to a A-distinguished curve of the unique holomorphic branched
affine Cartan connection (F,wp) inducing V and with £ = R(£). Then J*wq is of constant
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rank. Recall that the holomorphic function h, in Lemma 5.7 is defined by &*wo(%) = hyA.
But wp has constant rank on the pullback Dy, of D,, by definition of D. Thus, h, must be an
invertible holomorphic function on D(0,€), so that y is a holomorphic function. Then dg o 7
must be holomorphic, and since 7/(0) # 0, this implies that dy has no pole along D, N U. But
the poles of V are contained in D, so that ds is a holomorphic function on the whole U.

Now we prove (ii) implies (i). Let V € A2 and suppose (ii) is satisfied. Let z € Dy, and
(U, (21, 22)) as above, and suppose moreover that z1(x) = z9(x) = 0. Define 3 = 0, and 2 to
be a solution of (6.4) on D(0,€) (e > 0) with 72(0) = 0. Such a solution exists because da is
holomorphic. Then the unique holomorphic curve : D(0, €) with 7; = z; 0oy is a geodesic of V
by Lemma 5.7. By construction, Im(y) C D,, i.e., V € Ag’l. [

6.3 Genericity result

The set A2 has the structure of an affine space directed by End(€)(M). Indeed, suppose there
exists V € A2. Let V' be any meromorphic connection on (M, D), and

0=V -V, (6.5)

which is an element of Q}, ® End(TM)(*D)(M) = Q}; ® End(€)(xD). Then it is immediate
that V/ € A2 exactly when © € Q}; ® End(&)(M).
Using the above remark and Lemma 6.4, we get the following result.

Theorem 6.5. Let (M, D) be a pair and £ C TM(xD) a submodule containing TM. Then one
and only one of the following assertions is true:

(a) A, = A2,
(b) A2, = AL,

Proof. Suppose (a) to be false and let us prove (b). By hypothesis, there exists an element
Ve Ag which is not spiral. Fix any element V’ of Ag. Fix an irreducible component D, of D,
apoint z € Do \Up,, Dp and an open neighborhood U of z with coordinates (21, z2) such that
UN D, = {z = 0}. The matrix of © from (6.5) in (8%1’ 8%2) is the difference between the
matrices of V' and V. It has the form (6.1) by Proposition 6.2. By Lemma 6.4, and since V is
already an element of Agl we get that V'’ is again an element of Ag,p that is (b) is true. |

In particular, in order to prove that a complex manifold M admits a spiral holomorphic
branched holomorphic affine connection with poles at D, and with associated submodule &, it
is sufficient to prove that there exists a holomorphic connection V on £ which does not belong
to -’42,17 i.e., such that for any irreducible component D, of D, there exists x € D, such that
no geodesic v of V at z is contained in Dy.

6.4 Example in any dimension

We now construct an example, for any n > 1, of a compact complex manifold M of dimension n,
equipped with a submodule & C TM (xD) with TM C € and an object V € A2 . Namely, M
are Hopf manifolds and V is constructed from branched coverings between these manifolds and
from the holomorphic affine structure coming from their universal covering.

Pick any A € [0,1], and define TV and T to be respectively the abelian groups spanned
by the linear automorphisms A\?Idcn and (z1,29,...,2,) (/\zl,)\222, .. ,)\an) of C"*. Let
M = C"\ {0}, and let M = I'\M and M’ = I"\M. M and M’ are Hopf manifolds associated
with T" and I”, so these are complex compact manifolds. Since I' is a subgroup of the affine
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group of C", the canonical affine structure V of C" (restricted to M ) descends as a holomorphic
affine connection V’ on M’.

The map f: M — M given by f(zl, ceeyZp) = (z%, .. ,zn) is equivariant for the actions
of I and T". Thus we obtain a map f: M — M’ defined by the commutative diagram

M——M
M ——= M.

By construction, f is a double covering with ramification locus the divisor D of M obtained
as the quotient of D = {z; = 0} by the action of I. The pullback V = f*V’ is an object
of AO where £ = Oy ®p-10,, fITM’. Indeed, by construction, V pulls back to C" (first

to M then to C™ by the Hartog’s extension theorem) as the I'-invariant meromorphic affine

connection V = f*V,. Now, the curve ¥ = {z2 = = z, = 0} projects onto itself through 1,
and is a geodesic for V. Thus, its projection ¥ on M is a geodesic for V, and by construction ¥
intersects D exactly at one point, namely the class of (0,...,0). Note that these examples are

flat, in the sense that the corresponding meromorphic Cartan geometries are flat. However, we
mention the existence of non-flat examples due to the following construction, by S. Cantat in [7,
Example 5.3] of a complex compact manifold M, equipped with a holomorphic parallelism with
non-trivial structure constants, and with a multiple branched cover f: M — M as a self-map.

Let Hs be the complex Heisenberg group, that is the subgroup of SL3(C) of upper-triangular
matrices with ones on the diagonal. The subgroup I' := H3(Z[i]) of elements with coefficients
in Z[i] is a cocompact lattice of Hs. The quotient M = Hj3/T" is then a complex compact
manifold. It is equipped with the holomorphic parallelism (71,72,73) obtained from any basis
of right-invariant holomorphic vector fields on H3(C). We denote by V' the unique holomorphic
affine connection on M’ = M such that V/(Z;) = 0. By construction, the torsion of V' is not
zero. It is proved in [7, Example 5.3] that there exists a finite surjective morphism f: M — M’
with ramification locus a non-trivial divisor D of M. We can reproduce the constructions used
with the Hopf manifolds to obtain an object V = f*V’ of A% where £ = Oy ®f-10,, T
Then we use the following lemma.

Lemma 6.6. Let f: M — M’ be a branched cover between two complex manifolds M, M’,
with ramification locus D C M (we denote D' = f.(D)), and V' € A%, _ where & is any

submodule of TM'(xD’) as in Definition 5.2. Then the pullback V = f*N' is an object of Agﬁ
where £ = Oy @10, , f71E.

Proof. The fact that V is an object of Ag is clear from the equivalence Corollary 5.4 and
the definition of a holomorphic branched Cartan geometry. Now, let D, be any irreducible
component of D, D/ its projection through f. Since V' is a spiral branched holomorphic affine
connection, by Lemma 5.3 there exist z(, € D/, and a geodesic ¥’ for V' such that ¥'ND/, = {z{}.
Let xo be any point of the fiber f~1(x}) C D,, and ¥ = f~}(X'). Using the characterization
of Lemma 5.7 and the definition of the pullback, we obtain that ¥ is a geodesic of V. By
construction, ¥ N D, is the finite set of points f~1(x}), so we can consider a neighborhood U
of xg such that ¥ N U is a geodesic of V, intersecting D, exactly at xg. So V € A%T. |
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