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1 Introduction

The goal of this paper is to present explicit formulas for certain algebraic Poisson brackets on P°.

Recall that two Poisson brackets {-,-}1, {-,-}2 are called compatible if any linear combination
{-,-}1+A-{-,-}2 is still a Poisson bracket (i.e., satisfies the Jacobi identity). Pairs of compatible
Poisson brackets play an important role in the theory of integrable systems.

With every normal elliptic curve C in P™ one can associate naturally a Poisson bracket on P",
called a Feigin—Odesskii bracket of type gn+1,1. The corresponding quadratic Poisson brackets
on A"t arise as quasi-classical limits of Feigin—Odesskii elliptic algebras. On the other hand,
they can be constructed using the geometry of vector bundles on C (see [2, 8]).

It was discovered by Odesskii-Wolf [6] that for every n there exists a family of 9 linearly
independent mutually compatible Poisson brackets on P", such that their generic linear com-
binations are Feigin-Odesskii brackets of type gn41,1. In [3], this construction was explained
and extended in terms of anticanonical line bundles on del Pezzo surfaces. It was observed
in [3, Example 4.6] that in this framework one also obtains 10 linearly independent mutually
compatible Poisson brackets on P°. In this paper, we will produce explicit formulas for these 10
brackets (see Theorem 3.2).

2 Homological perturbation for P"

2.1 Formula for the homotopy
Let

H= @ HF".0()

p>0,q€Z

be the cohomology algebra of line bundles on P", and

a=( @ creow).d)

p>0,q9€Z

the Cech complex with respect to the standard open covering U; = (x; # 0) of P*. There is
a natural dg-algebra structure on A, such that the corresponding cohomology algebra is H. The
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multiplication on A is defined as follows. For a € CP(P" O(q)) and 8 € CP (P*,O(¢)), we
define a3 € P+’ (P",0(q+¢')) by

(a/B)iOil---ip_‘_p/ = O[Z'O-uip’Uiouz 62;7 Zp+p| 10 R +p”

where on the right hand side we use the multiplication map O(q) ® O(¢') = O(q + ¢').

The homological perturbation lemma equips H with a minimal A.-structure (m,,), where ms
is the usual product on H. We will use the form of this lemma due to Kontsevich-Soibelman [5],
which gives formulas for m,, as sums over trees. To apply homological perturbation, we need
the following data:

e a projection m: A — H,

e an inclusion ¢: H — A, and

e a homotopy @ such that 7 = idg and id4 —m = dQ + Qd.

Recall that HY = Clxo, ..., z,],

H" ~ @ k-aglalt - -xim C A",

€o,...,en<<0

and H' = 0 for i # 0,n. We define ¢ in degree zero by ¢(f) = f for k=0,1,...,n. We define ¢
in degree n by ¢(g)o..n = g. We define the projection in degree zero to be

Yo if € Clzo, ..., zy),
m(y) =
0 else.

To define 7 in degree n, we observe that

n __ €0 ,.€1
A — @ k 1'0.%'1"

€0,..sen €L

and we let m be the natural projection to H".
To define the homotopy, we use that A decomposes as a direct sum of chain complexes

A @ Zn+1A(_>

where A(E) consists of all elements in A whose components are scalar multiples of z€ :=

zy’x( - xfr. In other words, A(€) is the é-isotypical summand with respect to the action
of the group G
Let us set for &€ € Z"+1,

k(€) := max{i | e; > 0}

(which is equal to —oo if all e; are negative). There is then a standard homotopy @ defined
on an element v E A( )p by Q( )10i1~-~ip—1 = Yk(&)io...ip—1 if k(g) > —oo and Q(’Y)iohmip—l =0
otherwise (i.e., if all e; are negative).
For a Laurent monomial 2¢ and a subset I = {ig,...,i,} C {0,1,...,n} such that I D {0 <
i < nle; < 0}, let us denote by 9 the element of A? given by

e _ xé’ if{jov"'ajp}zla
( )JO---jp -

Lr)j .
0 otherwise.
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Note that the condition I D {0 < i < n|e; < 0} guarantees that x¢ is a regular section of
the appropriate line bundle over Uy, ;,. Clearly, these elements form a basis for A and our
homotopy operator @) is given by

) — (—1)jx§\k(a if k(&) =1i; €1,
0 otherwise.
With these data one can in principle calculate all the higher products on the cohomology
algebra H. Below, we will get explicit formulas in the case we need.

2.2 Calculation of m, for P2

We now specialize to the case of the projective plane P2. We have no higher products of odd
degree because H and H®" only live in even degrees. Also, for degree reasons the product my
will only be non-zero on elements e ® f ® g ® h € H®* where one or two of the arguments
lie in H? and the rest in HY. Below, we will explicitly compute the product my involving one
argument in H2. Thus, the following special case of the multiplication in A will be relevant: for
a monomial z€ and a Laurent monomial xgl, we have

4) 2§ = b ~L0(x€)—x§+€/.

We use the formula

m4(€,f,g, Ze f’g7 )7

T

where the sum runs over all rooted binary trees with 4 leaves labeled e, f, g and h (from left
to right). For each such tree T the expression mry(e, f, g, h) is computed by moving the inputs
through that tree, applying ¢ at the leaves, applying the homotopy ) on each interior edge,
multiplying elements of A at each inner vertex and finally applying the projection 7w at the
bottom.

We have to sum over the following five trees, which we denote 11, ..., T5, respectively,

NN N

Let us first consider the case e € H? and f, g,h € H? and let’s take them all to be basis elements
of H? and H:

«p .01 &
6:(012

ap .a1 ..a2 bo .b1 .ba €0 ,,.C1 ,,.C2
xy 2] Ty f= h =

){0,1,2}7 = To T T g =%y ¥y Ty, =T Ty Ty

where ag, a1, as < 0 and a;, b;, ¢; > 0 for ¢ = 0,1,2. In this case only one of the trees above can
be non-zero in the expression for my(e, f, g, h), namely T5, because in all other trees at some
point the homotopy @ will be applied to an element of AY. Below is a picture of the different
summands in A® and the possible ways the homotopy ) can map a monomial element in each
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summand:
H2
:
AZ. 0,12
3
/ J(l) ®
Al 0,1 ®0,2 ®2
[ >, > Jo
AV o o *

I
HO

When computing mr. (e, f, g, h) we should move e through this diagram; at every node it gets
multiplied by one of the other arguments and then it moves downwards along one of the arrows.
We see that we get non-zero result if we move either along (1) followed by (2) or along (3)
followed by (4) (so that we land in e3). We claim that only the second route is possible. The
reason is that at each node we multiply e by a monomial, so the exponents of xg, x1, s will
not decrease at any time. By the definition of @, if e gets moved along (1) then after the
multiplication at eg 12 the exponent of x; is non-negative while the exponent of x2 is negative.
Hence, after performing the multiplication at g2 the exponent of z is still non-negative. It
follows then from the definition of @) that e cannot move along (2) after moving along (1).

Now comes the computation of mr; (e, f, g, h). Below, we denote by p the multiplication in A.
Then

mry (67 fa g, h) = WM(QM(QM(Q f)a 9)7 h)
= mp(Qu(Q (g T a5 11 5y.9), 1)

*) FM(QM((w6¢0+aox‘f1+a1xt212+a2){172}7 9),h)

b b b
— WM(Q($80+GO+ ox?ﬁ—ar‘r 1x32+¢12+ 2){172}’ h)
(k

:) W(M((x30+ao+boﬂf?l+al+bl x32+az+bz) 2y h))

=7 ( (x80+ao+bo+co m?l +ai+bi+ci x;2+a2+b2+62)

{2})

—

#5%) ag+ao+bo+co . .o1+ai+bi+cr, aotas+batca
= Ty Ty D) )

where the symbols (%), (#*) are (##%) mean that we get zero unless the following conditions
hold:
oo+ ap+by+co >0,

ag+ag > 0,
a1 +a;+bp >0,
(#) (¥x%) S ai+a+bi +c1 >0,

* o1 +a; <0,
() ! ! o + as + by < 0,

w2tz <h az +as + by + ¢z 2 0.
In the end, we have
mul(e, f,9,h) = —maqy(e, f,9,h) = —p(a; @, b, d) ,x&+6+5+67
where

1 ifag+ag>0, ag+a1 <0, ag +a; +b;1 >0,
,0(07;07’5,5) = ag +ag + b2 <0, ag+ag + by +ca >0,
0 else.
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Similarly, we compute my4 applied to e, f, g, h in any given order. We have

mule, f,g,h) = —p(a; a,b, d) gaHa+b+e

my(f,e,9,h) = [ — p(&a,b,é) + p(d;b,a,é) — p(a; b, a)] AT
ma(f.g,e,h) = [p(a;b,a,¢) — p(a; b, ¢, @) + p(&; ¢,b,a@)] - 273+,
ma(f,g, h,e) = p(a@; b, a) - 2T

3 Feigin—Odesskii brackets

3.1 Bivectors on projective spaces

It is well known that every G,,-invariant bivector on a vector space V leads to a bivector on the
projective space PV. A bivector on V can be thought of as a skew-symmetric bracket {-,-} on
the polynomial algebra S(V*), which is a biderivation. Such a bracket is G,-invariant if and
only if the bracket of two linear forms is a quadratic form. In other words, such a bracket can
be viewed as a skew-symmetric pairing

b: V¥ x V* = S2V*).

The corresponding bivector II on the projective space PV is determined by the skew-symmetric
forms II,, on TPV for each point (v) € PV. We have an identification

TiPV = (v)Y C V™.
It is easy to see that under this identification we have

IT,(s1 A s2) = b(s1, s2)(v), (3.1)

where s1, 82 € (v)V. Here we take the value of the quadratic form b(s; A s3) at v.

We can use the above formula in reverse. Namely, suppose for some bivector II on PV we
found a skew-symmetric pairing b such that (3.1) holds. Then the G,,-invariant bracket {-,-}
on S(V') given by b induces the bivector IT on PV. Note that if IT is a Poisson bivector on PV,
it is not guaranteed that the G,,-invariant bracket {-,-} on S(V) is also Poisson, i.e., satisfies
the Jacobi identity (but it is known that {-,-} can be chosen to be Poisson, see [1, 7]).

3.2 Recollections from [3]

Below, we will denote simply by LjLo the tensor product of line bundles L1 and Lo.

Let £ be a line bundle of degree n on an elliptic curve C'. We fix a trivialization wo ~ O¢.
Then the associated Feigin—Odesskii Poisson structure II (to which we will refer as FO bracket)
on PH!(¢71) ~ PHO(£)* is given by the formula (see [3, Lemma 2.1])

Iy(s1 A s2) = (¢, MP(s1, ¢, 52)), (3.2)

where (¢) € PExt!(&,0), and s1,s0 € (¢)L. Here we use the Serre duality pairing (-,-) be-
tween H°(¢) and H' (5 _1) and the triple Massey product

MP: HO(¢) @ H' (¢7") @ HO(¢) — HO(€)

that also agrees with the triple product ms obtained by homological perturbation from the
natural dg enhancement of the derived category of coherent sheaves on C'. There is some
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ambiguity in a choice of m3 but for s1,s9 € (¢)*, the expression in the right-hand side of (3.2)
is well defined.

Next, assume that S is a smooth projective surface, L is a line bundle on S such that
H*(S,LKg) = 0, and let C' C S be a smooth connected anticanonical divisor (which is an
elliptic curve), so we have an exact sequence of coherent sheaves on S,

0—>K5E>(’)S—>OC—>O. (3.3)
We have a natural restriction map

HY(S,L) — H°(C, L|c).
The exact sequence

0= LKs 5 L—Le—0 (3.4)

shows that under our assumptions this restriction map is an isomorphism.
Thus, the FO bracket on PH?(L|¢)* associated with (C, L|c) (defined up to rescaling) can
be viewed as a Poisson structure on a fixed projective space PV*, where

V.= H%S, L).

By [3, Theorem 4.4], the Poisson brackets on PV* associated with different anticanonical divisors
are compatible. More precisely, we get a linear map from H° (S, Kg 1) to the space of bivectors
on PV*, whose image lies in the space of Poisson brackets.

3.3 Feigin—Odesskii bracket for an anticanonical divisor

We keep the data (S, L) of the previous subsection. Let i: C'<— S be an anticanonical divisor
in S, with the equation F € H° (S, KS_I) We want to write a formula for the FO bracket
II = IIF on PV* in terms of higher products on the surface S and the equation F. For this
we rewrite the right-hand side of formula (3.2). Let us write the triple product in this formula
as MPY to remember that it is defined for the derived category of C.

Proposition 3.1.
(i) In the above situation, given e € V* and s1, s2 € {€)*, one has
<€, MPC(51|Ca €, 52|C)> = <m4(Fa 51, €, 32) - m4(817 Fie, 52)> €>,

where we use the identification V* ~ H? (S, L_le) given by Serre duality and consider
the Aso-products on S,

my: H(KGY)HY(L)H?(L™'Ks)H(L) — H°(L),
HY(L)H* (K" H*(L™Y)H(L) — H(L),

obtained by the homological perturbation.

(ii) Assume that a generic anticanonical divisor is smooth (and connected). Then
Hple(s1 A s2) = (ma(F, s1,€,52) — ma(s1, Fle, s2),€)

gives a collection of compatible Poisson brackets on PV depending linearly on F.
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Proof. (i) By Serre duality, H* (S, L_l) = 0, so the map

H'(C,L7Y,) = H*(S,L™'Ks),

induced by the exact sequence

0L 'Ksg—L "= L, -0,

is an isomorphism. It is a standard fact that this isomorphism is the dual to the isomorphism
HY(S,L) — H%(C, L|c) given by the restriction, via Serre dualities on S and C. Let us de-
note by ec € H' (C, L~ ) the element corresponding to e € H? (S, L*IKS) under the above
isomorphism.

e

We claim that the triple Massey product MPC(sllc,ec,sﬂc) = ms(s1|c,ec, s2|c) corre-
sponding to the arrows

s2|c e S1|¢
0c 25 1o <% 00 28 1o

(where the middle arrow has degree 1) agrees with the corresponding triple Massey product
on S,

Os 25 L % 00 208 ).

Indeed, the relevant spaces are identified via the restriction maps. Let
r: Og— O¢, rp: L— Llc

be the natural maps. Then we have to check that for sq,s5 € (e)* C H°(S, L), one has
ms(si|c,ec, s2|lc)r = ms(si|c,ecrn, s2) mod (s1|cr, s2|cr),

where we view this as equality of cosets in Hom(Og, L|¢). The Ay-identities imply that

m3(si|c, ec, s2lc)r = ma(si|c, ec, s2lcr) & s1lems(ec, s2|c,T),

where so|cr = 152, and

ms(si|lc, ec,rrs2) = ms(si|lc,ecrr, s2) = silems(ec,rr, s2) £ ms(silc, ec,rrL)sa.

Combining these two identities, we deduce our claim.

Thus, it is enough to calculate the Massey product MP(s1|c,ecrr,s2). Using the exact
sequences (3.3) and (3.4), we can represent O¢ (resp. L) by the twisted complex [Kg[1] — Og]
(resp. [LKg[1] — L]).

In terms of these resolutions, the elements of Ext!(L, O¢) get represented by Ext?(L, Kg) C
hom®(L, [Ks[1] — Os]), while the element of Hom(Oc, L|¢) corresponding to s € H’(S, L) ~
H°(C, L|¢) is given by the natural map of twisted complexes induced by the multiplication by s.
The elements of Hom(Og, L|¢) are identified with Hom(Og, L) ~ hom®(Og, [LKs[1] — L]).
Thus, the m3 product we are interested is given by the following triple product in the category
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of twisted complexes over S:
Os

52

S1 51‘/

LKg[l] —£— L,

where we view e as a morphism of degree 1 from L to Kg[1]. Now the formula for ms on twisted
complexes (see [4, Section 7.6]) gives

m4(F) 51,6, 52) - m4(SlaF767 52)

(here the insertions of F' correspond to insertions of the differentials in the twisted complexes).
(ii) It is clear that IIp gives a linear map from H° (S, w;l) to the space of bivectors on PV.
By (i), for generic F' we get a Poisson bracket. Hence, this is true for all F. |

3.4 The case leading to 10 compatible brackets on P*°

We can apply Proposition 3.1 to the case S = P? and L = O(2). Note that the assump-
tions are satisfied in this case since LKg = O(—1) has vanishing cohomology. Thus, for
each F € H° (]P’2, (’)(3)) giving a smooth cubic, we get a formula for the FO-bracket IIr on
PHO(P2,0(2))" = P°. Hence, we get a family of 10 (the dimension of H°(P2, O(3)) compatible
brackets on P° (we also know this from [3, Proposition 4.7]). The fact that these 10 brackets
are linearly independent follows from the compatibility of this construction with the GLs-action
and is explained in [3, Proposition 4.7].

Now we will derive formulas for the brackets { , }r on the algebra of polynomials in 6 variables
which induce the above Poisson brackets on PV ~ P°, where

vV =H"(P?0(2)".

They depend linearly on F', so we will just give formulas for {, }, s, where 2€ runs through all
10 monomials of degree 3 in (xq, x1, x2).
Let us set
A(n) {(ag,al,ag)€Z3|ao—i—al—i—ag:n,aiZOfori:O,l,Q} ifn>0,
n) =
{(ao,al,aQ) €Z3 | ag+ar+ag=mn,a; <0 fori:O,1,2} if n <0.
Note that {2€ | € € A(n)} forms a basis for H*(P?, O(n)) when n > O: while {x‘{?o,l,Z} €€ An)}
is a basis for H?(P?,O(n)) when n < 0. In particular, we use {z% | @ € A(2)} as a basis in

V* = HO (IP’Q, (’)(2)). Our brackets should associate to a pair of elements of this basis a quadratic
form in the same variables.

Theorem 3.2. One has for @,b € A(2), ¢€ A(3),

{xa, :cg}xg = Z {Z —sgn(o) ~(UEL’, ob,oé,a’, I;') wala:g/, (3.5)

a'blen2)  °
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where the second sum is over the symmetric group on the letters {a,b,c} and

1 dfag<ap—1, df >a1—1, a) <a;+b —1,
ag+by <ah+1, co+ag+by>ah+1,
ag+by=ao+byo+co—1, af +b, =a1+b1+c1 -1,
0 else.
Proof. By Serre duality, we can identify V = H°(PP?, (9(2))* with H?(PP?, O(-5)). By Propo-
sition 3.1, the bracket {z%,z°} ¢ is the quadratic form on V ~ H?(P?,O(—5)) given by
Q(e) := <e,m4 (:L'E, 22, e,xg) —my (xa,xg, e,x5)>.
We can write
e= Z c&x?&m} € H*(P?,0(-5)).
aeA(-5)

Using the formulas for my from the end of Section 2.2, we get

Qe) = Z [Z — sgn(a)p(éf; od,ob, 05) 5(62, @, b, 6’)60763,
&»B‘EA(*E)) g
where the second sum runs over the symmetric group on the letters {a,b, c} and
1 ifda+f+a+b+é=(—1,-1,-1),
0 else.

M@ﬁaaa:{

We have to show that the element in S*(H"(PP?,0(2))) given by the right-hand side of (3.5)
defines the same qlladratic form Q on H? (IP2, O(—S)). To see this, we apply it to the element
€ =2 qen(—5) Cat{o 19y € H?(P?,0(-5)). For @ € A(-5), we set a@* := (—1,—1,—1) — @ and
then we compute

- -

!

- Z Z [Z—Sgn(a)ﬁ(ac_i, ob, Uaa/’g/)] (x? 7$?0,1,2}><33b a$fo,1,2}>cc?c,§

Now it only remains to note that for any permutation o, one has
p(od,ob,0¢, &, ) = p(a;0d,ob,0¢)8(d, 5,d, b, ¢),
for p given in the formulation of the theorem. |

Remarks 3.3.

1. Note that when we take &= (0,0, 3) only two permutations o, namely, 0 = 1 and o = (a b),
can give non-zero terms in the formula of Theorem 3.2. When ¢ = (1, 2,0) all permutations
except 0 = 1 and o = (a b) may give non-zero terms. When ¢ = (1,1, 1) all permutations
can give non-zero terms.

2. It is not true that formulas (3.5) define compatible Poisson brackets on the algebra of
polynomials in 6 variables: this is true only for the induced brackets on P° (in other
words, the relevant identities hold only for the ratios of coordinates x;/x;).
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