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1 Introduction

The KZ equations were introduced by Knizhnik and Zamolodchikov [7] to describe the differential
equations for conformal blocks on the Riemann sphere. Different versions of the KZ equations
appear in mathematical physics, algebraic geometry and the theory of special functions, see,
for example, [3, 9]. One of the important properties of the KZ equations is their realization as
suitable Gauss—Manin connections. This construction gives a presentation of solutions of the KZ
equations by multidimensional hypergeometric integrals, see [1, 2, 13].

The fact that certain integrals of closed differential forms over cycles satisfy a linear differential
equation follows by Stokes’ theorem from a suitable cohomological relation, in which the result
of the application of the corresponding differential operator to the integrand of an integral equals
the differential of a differential form of one degree lower. Such cohomological relations for the KZ
equations associated with arbitrary Kac-Moody algebras were developed in [14].

The KZ equations possess a bispectrality property — they have a compatible system of dy-
namical equations with respect to associated dynamical parameters, see [4, 5, 9, 11, 18].

Let p be an odd prime. In [15, 23], the differential KZ equations were considered modulo p?,
and polynomial solutions modulo p® were constructed as analogs of the hypergeometric integrals.
The construction was based on the fact that all cohomological relations described in [14] are
defined over Z and can be reduced modulo p*. Studying solutions modulo of p® sheds light on
solutions of the KZ equations both over the field of complex numbers and over p-adic fields, for
example, see [16].

In this paper, we consider the joint system of the differential KZ and differential dynamical
equations, the system introduced in [5], and construct polynomial solutions modulo p® of the
joint system as analogs of the corresponding hypergeometric integrals with an exponential term.
For this purpose, one needs to represent the exponential function e’ with an integer parameter A
by a polynomial in £ modulo p®. This can be done after replacing A with pA.

An interesting problem is to study the p-adic limit of the constructed polynomial solutions
modulo p® as s — oo, see examples of this limit for the differential KZ equations in [22, 23, 24].
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The joint system of the KZ and dynamical equations has many versions: differential KZ equa-
tions and differential dynamical equations, differential KZ equations and difference dynamical
equations, difference KZ equations and differential dynamical equations, difference KZ equations
and difference dynamical equations, see, for example, [4, 9, 11, 18]. The polynomial solutions
modulo p® are constructed in this paper only for the original joint system of the differential
KZ and differential dynamical equations, although there are examples of polynomial solutions
modulo p® in other cases, see [10, 12, 22] and also Appendix A.

In the remainder of the introduction we consider an example.

1.1 Solutions over C
Consider the complex master function

2g+1
D(t,z,\) = e H (t —2z;)"1/?
i=1

and the tuple of integrals

I(z,)\):(Il(z,)\),...,lgg+1(z,)\)):/Cb(t,z,)\)( LI 1>dt, (1.1)

5 t—Zl’ "t—229+1
where 4 is a 1-cycle.

Theorem 1.1. The tuple I(z, \) satisfies the joint system of KZ and dynamical equations

or; 11— I o
= _ 1.2
821‘ 221‘—2:]" Z#J’ ( )
ol; 1 L —1I;
vt >\Iz = ? J 1.3
&zi 2 Z 25 — Zj’ ( )
J#i
oI 1<
7a>\ = ZzIz + ﬁ ;1 IJ' (14)

The system of equations (1.2) and (1.3) is called the KZ equations of this example, the
system of equations (1.4) is called the dynamical equation. The solutions I(z, A) are called the
hypergeometric solutions.

Proof. The proof uses the following identities:

1 1 1 1
(t—zi)(t—zj)_zi—zj t—zi t—Zj ’
) 1 2g9+1
a<I>(1t,z, A) = AD(t, 2, \) — 5c1>(t,z,A) >

d ®(t, z,\) A 3 1 1 1
9 :(I)(t,z,/\)< -5 —sy )

ot t— Z;
For j # i, we have

or; 1/2 1 '
8%—/‘5(75,27)\)( ) ~dt = (Li = Ij).
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This proves the first equation. Then

0L _ /(ID(t,z,)\)(?)/th

8ZZ' t—Zi)z
0 O(t, 2, ) A 1 1
— 2 dt O, 2, \)| ——— — = — |dt
at t— 2 +/ (£, )(t—zi 2§(t—zi)(t—zj)>
1 I — 1,

=\, — = Pl

2ZZ¢—ZJ
J#i

gives the second equation. We also have

gﬁ\i :/(I)(tvz’)‘)t_t?:;%dt:/(I)(tvz’)\)dt—i_Zi/(I)(t’Z’A)tjzidt
2g+1 1
/at tZ)\dt+/ ®(t,2,) /(D(t’z’A)t‘Zidt
2g+1
:zifi—Fﬁ j;[j‘ "

The complex vector space of (multi-valued) solutions of the joint system of KZ and dynamical
equations (1.2)—(1.4) is (2¢ + 1)-dimensional. Every solution of the joint system has the integral
presentation (1.1) for a suitable cycle d, see [8, Theorem 6.1] and an example in [8, Introduction].

1.2 Exponential function

We have

AT m+n d
At (m)ym (m) _ (m+n) _ y(m)y(m) (m) _ y(m—1)
= g At A = A = A"\ — A\ =)\ .

’ m!’ ( m > ’ dA

We set A(™) = 0 for m < 0 by convention.
Let f(t,z) = > oo obm(2)t", bn(2) € Zy[z], where Z, is the ring of p-adic integers and
z = (#1,...,%2941) are parameters. Consider the decomposition

’\tftz chz)\

where each c¢g (A, z) is a linear function in finitely many symbols A m = 0,1,..., whose
coefficients lie in Z,[z].

Lemma 1.2. Let s,  be positive integers. Then the coefficient of t?°~1 in the series %(e’\tf(t, z))

is divisible by p®, that is, all coefficients of the corresponding linear function in symbols A,
m > 0, are divisible by p°.

Proof. It is enough to prove the lemma for f(¢) =¢*. Then

d Atra = (m)ym+a (m)m+a— 1 = (m+1) m+a (m)ym+a—1
dtet:mZ_:O(A)\ N mz_:o ((m + DA gmEa 4 g\l )

=3 ((k—a+ DAFEoDE 4 gAEmat D) = N " () 1) Aot gk, |
k=0 k=0
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Lemma 1.3. If X\ € Z,, then pFAR) ¢ Ly for all k > 0. If s is a positive integer and k > s%,
then pFA®) ¢ D2

Proof. The maximal power of p dividing k! equals [%] + [ﬁ] + [I%] + - -+ which is not greater
than %4.7%4_}%4_. ce= %. Hence the power of p dividing % is not less than k—% = kg%% > 0.
Hence p*AF) Zp. We have kg%? >sif k> sf}%;. [ |
Denote
d(s) k
| p—1 - t
k=0

Corollary 1.4. If X € Z,, then eP* € Z,[[t]], Es(pAt) € Zy[t] and
" = Ey(pAt)  (mod p*),

O E(pA) = pABL (M), L (pA) = ptE(pM) - (mod ),
Es(pA(u+v)) = Es(pAu)Es(pAv)  (mod p?).

1.3 Remarks on p”

Let vy(a) denote the p-adic evaluation of a.
Let r1, r9 be relatively prime positive integers. Denote r = r1/ro. Assume that r > 1/(p—1).
Then for a positive integer k, we have

0= (] 5] )

Hence, if A\ € Z, [pl/”], then pFrA(k) ¢ Ly, [pl/”]. Moreover, if s is a positive integer and

k> sﬁ, then pF" A(k) ¢ P°Zy, [pl/”].
Denote

d(r,s)
p—1 ]
d(r,s) = |s——| + 1, E,.4(t) =
) = s =3

tk

o

IfXez, [pl/”}, then e’ € 7, [pl/”] [[t]], Ers(p"At) € Z, [pl/”} [t] and

oA = Ers(p"At)  (mod p®),

9 Bl M) = 0 Ao V),
;\Ens(prx\t) =ptE, s(p"At) (mod p®),

E,s(p"Mu+v)) = E,s(p" M) E, s(p"Av) (mod p?).

Ifr=1/(p—1), then

= (- (] 5])-

and e/t € Z, [pY P V][] but v, (p*/P=Y /k!) does not grow as k — oo, and so we get an
infinite series rather than a polynomial.
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1.4 Reformulation of the equations

Change the variable A — pA. Then the KZ and dynamical equations take the form

01j 15 -1 . .
—_— = - 1.5
821 22,‘—2]'7 Z#]’ ( )
ol; 1 I, —I;
== = N, — = ‘ J 1.
0z; p ZZzi—zj’ (1.6)

J#i

2g+1

ol;
— =pzil; + — 1. 1.
ox _ PEhTgy ; J (L7)

For any positive integer s, we construct below some vectors of polynomials
I(z,A) = (I1(2,A), ..., Iog41(2, N))

with coefficients in Z, which satisfy the KZ equations (1.5), (1.6) modulo p® if A € Z,, and satisfy
the dynamical equations (1.7) modulo p* if A € Z,;.

1.5 Solutions modulo p*

For a positive integer s, define

2g+1
ot z) = [[ (=202 Dy(t2,0) = Es(pA) D1, 2),
i=1
1
Vot z) = P, z)( Yooy >, Us(t,z,A) = Es(pAt)Wo(t, 2).
t—2z1 t — 22941
Consider the Taylor expansions
(29+1)(p°—1)/2-1 (29+1)(p*—1)/2—14d(s)
e(t, 2) = > ()", Wt z,\) = ca(z, Mt?,
m=0 d=0

where each ¢?,(z) is a vector of polynomials in z with integer coefficients, and
d
ca(z, ) =Y pmAETme (2),
m=0
For any positive integer ¢, denote
Iz, ) = cops1(2,\).
All coordinates of this vector are polynomials in z, A with coefficients in Z,,.

Theorem 1.5. Let ¢ be a positive integer. If X € Zyp, then I*(2,\) is a solution modulo p* of
the KZ equations (1.5), (1.6). If A € Z, then I%(z,\) is a solution modulo p°* of the dynamical
equations (1.7).

We call such solutions the p®-hypergeometric solutions of the joint system of the KZ and
dynamical equations.
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Proof. The proof uses the following identities:

1 o 1 1
(t—z)(t—2z) zi—z\t—z t—zj)

9 s_ 1 2g+1
aq)s(t, 2, A) = pAD4(t, 2, \) + p Dy(t, 2, ) (mod p?),
.
j=1 J
0 Ds(t,z, ) PA pP—=-3 1 p’—1 1
— "L =®(t, 2, A
ot t—z (t,2 )<t—zi+ 2 (t—zi)2+ 2 ;(t—zi)(t—zj)

modulo p®. For j # i, we have

0 1 1—p° 1
D (t, 2, \ = ®(t, 2, \
8zi ( ¥ )t - Zj ( § ) 2 (t — Zi)(t— Zj)

1-—9p° 1 1
=P ot 2,0 - .
2 t—Zi t—Zj

Take the coefficient of t°~1 in both sides of the equation. As the result, we obtain modulo p?,

3[€ 118z, \) — I5(2,0)
JA) = = J | £ ]
azl( )=5 P ;o LF]
We have
3—p° 1
7¢s ) Y :¢3 ) Y 77 _\9
622- (t ¥ A)t — Z; (t * )\) 2 (t — Zi)Q
0 Dy(t,z,N\)
=5 ——— +2( 2, .
o t—z (tZ)\)<t—z, Z (t— 20)( t—z])>

i

Take the coefficient of ?°~1 in both sides of the equation. As the result, we obtain modulo p°,

aﬂ(z A) = pAIf(z, ) — 72
0z; b 2 o

If(2,\) — If(z,)\)
2 — 27 '

Notice that % (t 2.)

We also have Inodulo p°,

does not contribute to this result by Lemma 1.2.

8 1 t—z;, + 2z
£z A B(t, 2, ) T E b (t 2 N) + prds(t, 2, A
2 X) i = (12 N = i (12,0) 2 V)
2g9+1
10 11—9p°
=~ ot 2\ + ~—L B (1, 2\ (2, A)——.
AU e e U >;t—zj+pz (b2 A=

Take the coefficient of t°~1 in both sides of the equation. As the result, we obtain modulo p*,

2g+1

or! P
L(z,\) = pzil; z)\—f——ZI (z, A).

oA

Notice that the coefficient of t?"~! in %%@s(t, z,A) is zero modulo p® since A is a unit in Z, by
assumption. The theorem is proved. |
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1.6 Properties of p°-hypergeometric solutions

Lemma 1.6. Assume that A\ € Z; and

2p — 2
S+ 29 —1> . 1.8
p* +2g S (1.8)
Then a p°-hypergeometric solution I(z, 1) is zero unless £ =1,...,g.

Proof. The degree of the polynomial W9(¢,z) with respect to ¢t equals

S —1 S+ 2 1

(29 +1)

The degree of the polynomial F4(pAt) with respect to ¢ is not greater than d(s) < sg;I + 1L

—2
Hence the degree of W(t, z, 1) is not greater than

1/, % — 2
- 29 —1— :
2<p+g "p 2)

Stog+1  p—1
(g+1)p°—1-72 29 +S§_2+1=(g+1)p5—1—

If inequality (1.8) holds, then the polynomial W(¢, z, \) does not have monomials of degree £p°—1
for £ > g. |

For any p°-hypergeometric solution I‘(z,\), consider its A-independent term I‘(z,0) =
(If(z,O), . .,I§g+1(z,0)). This is a vector of polynomials in z with integer coefficients. It is
a solution modulo p*® of the KZ equations (1.5) and (1.6) with A = 0. We have

2g+1
Z If(z,O) =0 (mod p®)
j=1

. . . . S __ .
since this sum is the coefficient of t7°~! in

%*:1 Rtz 2 0%,
t—z; p =10t "

j=1
The solution I*(z, ) is a A-deformation of the vector I*(z,0).

Theorem 1.7 ([22, Lemma 7.3]). Assume that p° > 2g + 1. Consider the A-independent
terms I'(2,0),...,19(z,0) of the p*-hypergeometric solutions I'(z,)),...,19(z,\). Project them
to F,[2]*9TL. Then the projections are linearly independent over the ring Fy[z].

1.7 A generalization

Let 71, ro be relatively prime positive integers. Denote r = r1/ry. Assume that » > 1/(p — 1).
Change the variable A — p"A in the KZ and dynamical equations (1.2), (1.3), (1.4). Then the
equations take the form

oI, 11— I

= j 1.9
(922‘ 222‘—2’3'7 Z#]’ ( )
0l; 1 I — I

1 — T)\_[Z_f 7 J 11
8ZZ' p ZZZi—Zj7 ( 0)
J#i
2g+1
01,

=o' I 1.11

ox =V alit gy 20 (1.11)
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For a positive integer s, define

Ay 1 1
U, o(t,2,\) = E, 5 (p" At t— 2z (psl)/Q( )
s ) s(p )g( ) ra—— ——

Consider the Taylor expansion W, (t,z,\) = >, ca(z, \t?. For any positive integer £, de-
note I*(z,\) = cgps—_1(2, A). All coordinates of this vector are polynomials in 2, A with coefficients
in Z, [pl/”].

Theorem 1.8. Let ¢ be a positive integer. If X € 7, [pl/”] , then Ie(z, A) is a solution modulo p*
of the KZ equations (1.9), (1.10). If X € (Z, [pl/”])x, then I*(z,\) is a solution modulo p* of
the dynamical equations (1.11).

The proof is the same as the proof of Theorem 1.5. Theorem 1.5 is a special case of Theo-
rem 1.8 for r = 1.

Notice that for degree reasons, Theorem 1.8 gives for every s only finitely many solu-
tions I(z, \).

If r=1/(p—1) and s is a positive integer, we may define

2g+1 ) .
stz ) = T - zi)(p‘“nf( . )
=1

M *
t— 2z U — 22941

and then expand this vector into a power series in t: Wy /1) (¢, 2,A) = >, calz, A\)t?. For any
positive integer £, denote I*(z, \) = cps_1(2,A). All coordinates of this vector are polynomials
in z, A with coefficients in Z, [pl/(p_l)}.

Theorem 1.9. Let ¢ be a positive integer. If \ € Z, [pl/(p—l)J’ then I*(z, \) is a solution mod-
ulo p* of the KZ equations (1.9), (1.10) withr =1/(p—1) If X € (Z, [pl/(p_l)])x, then I(z, \)
is a solution modulo p* of the dynamical equations (1.11) with r =1/(p — 1).

Notice that this theorem gives infinitely many solutions I(z, \).
Remark 1.10. Another possibility to extend the construction of polynomial solutions is to
replace the ring Z,[p"] by another p-adic ring, e.g., Z,[(], where ¢ is a p™-th root of 1.
1.8 Exposition of material

In Section 2, we describe the hypergeometric solutions of the joint system of the differential KZ
and dynamical equations associated with sl and explain their reduction to polynomial solutions
modulo p®. In Section 2.6, we briefly comment on how the results of Section 2 are extended
to the joint system of the differential KZ and dynamical equations associated with arbitrary
simple Lie algebras. In Appendix A, we consider an example and explain how to construct the
polynomial solutions modulo p® of qKZ difference equations.

2 The sly differential KZ and dynamical equations

2.1 Equations

Let e, f, h be the standard basis of the complex Lie algebra sly with relations [e, f] = h,
[h,e] = 2e, [h, f] = —2f. Denote

1
Q:e®f+f®e+§h®h€5[2®5[2,

the Casimir element.
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Civen n, for any z € sly, let (9 € U(sl3)®" be the element equal to  in the i-th factor and
to 1 in other factors. Similarly, for 1 < i < j < n, let Q) € U(sly)®" be the element equal
to € in the i-th and j-th factors and to 1 in other factors.

Let 21,...,2, € C be distinct and A € C*. For i = 1,...,n, introduce the Gaudin Hamilto-
nians and the dynamical Hamiltonian by the formulas

A i)
, = 2@ ®n
HZ(Zla"'az’nv)\) Qh +Zzl_zj € (U(5[2)) 9
JF#i
no el
Dz, oy 2m,A) = Y~ f .
(Zla )y Am ) g 9 +Z]Z:1 A

Let ®,V; be a tensor product of slp-modules and x € C*. The system of differential

equations on a ®]_, V;-valued function I(z1,..., z,, A),
or 1 .
%:EHZ'(ZLH"ZM)\)I’ 1=1,...,n, (2.1)
or 1
a = ;D(Zl,...,zn,)\)_[7 (22)

is called the system of KZ and dynamical equations. The system depends on the parameter k.

2.2 sly-modules

For a nonnegative integer i, denote by L; the (i+ 1)-dimensional module with a basis v;, fv;, ...,
f'v; and action

fffo =My, for k=0,...,i—1,

h- fRo; = (i — 2k) fFo; for k=0,...,1,

e ffu =k(i—k+ 1)ty for k=1,...,1,
f-fluy=0,e-v;,=0.

For m = (m1,...,m,) € Z%,, denote || = my + -+ + my and LO = Ly ® -+ @ Ly, .
For J = (j1,...,Jn) € Z, with js <ms for s =1,...,n, the vectors

fJU = fjlvnn PR ®fjn'vmn

form a basis of L&, We have

Fofro=>fraw, e foo=(ml=2lJ])fmw,
s=1

n
e fiv= ZjS(ms —Js+ 1)fJ—ls'U>
s=1

where 1, = (0,...,0,1,0,...,0) with 1 staying at the s-th place.
For w € 7Z, introduce the weight subspace L& [w] = {v € L®™ | h.v = wv}. We have the
weight decomposition L& = @LZ|0L®m[|m| — 2k]. Denote

Ty ={JeZ||J| =k, js <ms, s=1,...,n}.

The vectors (fv) ez, form a basis of L& || — 2k].
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2.3 Solutions over C

Given k,n € Zsg, m = (m1,...,my) € Z2y, k € C*, denote t = (t1,...,t), 2 = (21,...,2n)-
Define the master function

D(t,z,A) := Pty ... bk, 21y oy 20, A) = A iy 2/ 2N /R
n k
< [ =z 1T 6= ep* TT 11 ==z ™ 7"
i<j 1<i<j<k I=14=1

For any function or differential form F'(t1,...,t), denote

Symy[F(ty, ..., t)] = D Fllay, s tay),

oESE

Al [F(ty, .. t)] = Y (=D F(ty,,... 1),

oES

For J = (j1,...,jn) € Lk, define the weight function

Wit z) = Symt HH

1=l Uit tjs_14i — Zs

For example,

1 11

t1— 21 S ti—azto— 2z
1 1 1 1

th—zitao—2z2  lo—z1l1— 22

Wio,..00 =

Wio,..00 =

The function

Z) = Z WJ(tu z)va

JETy,

is the L& [|m| — 2k]-valued vector weight function.
Consider the L&™[|7| — 2k]-valued function

IO (2, 2, N) = / (L, 2, W (t, 2)dty A -~ A diy, (2.3)
6(z,\)

where (2, \) in {(2, \)} x CF is a horizontal family of k-dimensional cycles of the twisted homol-
ogy defined by the multivalued function ®(¢, z, A), see, for example, [20, 21]. The cycles §(z, A)
are multi-dimensional analogs of Pochhammer double loops.

Theorem 2.1 ([5, 14]). The function IO (2, \) is a solution of the KZ and dynamical equa-
tions (2.1) and (2.2

)

The solutions in (2.3) are called the hypergeometric solutions.

The equations (1.2), (1.3), (1.4) in the Introduction and their solutions (1.1) are identified
with equations (2.1), (2.2) for the weight subspace L?@gﬂ)[
solutions (2.3) up to a gauge transformation.

In Section 2.4, we sketch the proof of Theorem 2.1 following [5, 14]. The intermediate
statement in this proof will be used later when constructing solutions modulo p® of the KZ and

dynamical equations. The proof is based on the following cohomological relations.

n — 2| and their hypergeometric
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2.4 Identities for differential forms

It is convenient to reformulate the definition of the hypergeometric integrals (2.3). Given
k,n € Z~o and a multi-index J = (ji, ..., jn) with [J| < k, denote

d(t1 — =z d(t;, — =z d(tj,+1 — 2
aJ:aJ,l/\aJ,Z/\/\a(L‘(”:M/\/\ (]1 1)/\ (]1+1 2)/\

tl — 21 tj1 — 21 tj1+1 — 29
Aty tjur 1 — Zn) A-ee A Aty 4 +jn — 2n)
it tjn_1+1 = Zn tjrttin = Zn

Here a g is the /-th factor of the product in the right-hand side.
Denote

dt dt; dt;
by =byi Abga Av Abypgi= e Ao A e A I

tl — Z1 tj1 — zZ1 tj1+1 — 22
A dtji+tjur+1 A A dtji+ 4 ’
Ljietjn1+1 = Zn Ljr4etjn — Zn
7] -
cj = Z(—l)lJrle,l /\bj72 AR /\bJJ AR /\bJ7k.
=1
Define
LAt las), B = —— Al gl
oy = t1 ety (AT J= 7 t1,.. ot [CT ]
Gl ! Lyeessth ’ Gl ! Leessth
Remark 2.2. Recall that we have k variables t1,ts2,...,t;. The differential form a; is of
degree |J| = ji1 + -+ - + jn < k and depends on the variables t1,ta, ..., ¢, 4.4, only. While, the
differential form «; is of degree j; + --- + j, and depends on all the variables t1, o, ..., .

If |J| = k, then for any fixed z € C", we have the identity
ay = WJ(t, Z)dtl A Ndig

on {z} x C*. Define
a= Z ayfv, B = Z Bad frv.
\J|=k \J|=k
Example 2.3. For k£ =n = 2, we have

d(tl - Zl) A d(tQ — Zl) dtg dtl

’ 5(2,0)=t2_zl -z

(8] =
(20) th— 2 to — 21

The hypergeometric integrals (2.3) can be defined in terms of the differential forms o :
I(é)(Zl,...,Zn,A):/ @azz (/ @a;)fﬂ).
6(z,\) JET, d(z,\)

Theorem 2.4 ([5, 15]).

(i) We have the following algebraic identity for differential forms in t, z depending on param-
eter \:

kdeo (Dt 2, M)a) =Y Hi(z, \)dz A B(t, 2, Ny, (2.4)
=1

where d; . denotes the differential with respect to variables t, z.
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(7i) For any fized z, A\, we have the following algebraic identity for differential forms in t
depending on parameters z, A:

0 1
Koy (<I>(t, z, )\)a) = D(t,z, \)®(t,z, \)a + th(q)(t, z, )\)ﬂ), (2.5)

where d; denotes the differential with respect to variables t.

The assumptions in part (i7) mean that all differentials dz1,...,dz, appearing in o must be
put to zero to obtain identity (2.5).

Proof. Identity (2.4) follows from [15, Theorem 7.5.2”] and [5, Theorem 3.1]. Identity (2.5)
follows from [5, Theorem 3.2]. [ |

Integrating both sides of identities (2.4) and (2.5) over the cycle 6(z, ) we conclude that the
integral | 5(20) ®(t, z, \)a satisfies the KZ and dynamical equations.
2.5 Solutions modulo p*

Given k,n € Zso, m = (m1,...,my) € Z2%, k € Q*, let p > 2 be a prime number such that p
does not divide the numerator of k. Change the variable A — pA in the KZ and dynamical
equations (2.1), (2.2). Then the equations take the form

ol 1/ X\ . Qi)

Il AN N0 —

P K<p2h +ZZi_Zj)I, i=1,...,n, (2.6)
J#i

O 1) Saz o On fel)

2 Zip(3)

o K<p;2h +MZI \ )I. (2.7)

Choose positive integers M; for [ =1,...,n, M;; for 1 <i < j <n, and M?O, such that

Mszf%, M;; = mlm]’ MY=Z= (mod p?).
K ’ 2K K
Define the master polynomial
n n
Zl)\ ti)\
Py(t,z,A) = H Es (p%> H Es < - pﬂ) x
=1 =1
n k
.. 0
X H (2 — 2j) M H (i — t;)™ H H(ti — z5) e
1<i<j<n 1<i<j<k s=14=1

Consider the L&™[|17| — 2k]-valued function

Tt 2,A) = > Oult, 2, Wy (¢, 2) frv.
JETI

This is a polynomial in ¢, z, A with coefficients in Z,. Consider the Taylor expansion

\I’s(t7 2, A) = Z cdlw-,dk (Z’ )‘)t?l e tzk'
dy,...,dg

For any vector ¢ = (¢1,...,{) with positive integer coordinates, denote
IK(Z> )‘) = Cglps_L,_,,gkps_l(z, )‘)

All coordinates of this vector are polynomials in z, A with coefficients in Z,,.
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Theorem 2.5. Let { = ({1,...,0;) be a vector with positive integer coordinates. If X\ € Zy,
then I*(z,\) is a solution modulo p® of the KZ equations (2.6). If A € Zy, then If(z, ) s
a solution modulo p® of the dynamical equations (2.7).

We call such solutions the p®-hypergeometric solutions of the joint system of the KZ and
dynamical equations.

Proof. The polynomial W,(t, z, A) satisfies identities (2.4) and (2.5) modulo p®. Taking the coef-
ficient of tlilp N ti’“p "~1in these identities kills the differentials with respect to ¢t by Lemma 1.2.

This proves the theorem. |

Remark 2.6. We observed in Section 1.7 that Theorem 1.5 can be generalized to Theorem 1.8
by replacing p with p”. Theorem 2.5 is generalized in the same way. We leave this exercise to
readers.

2.6 Equations for other Lie algebras

The KZ and dynamical equations are defined for any simple Lie algebra g or more generally for
any Kac-Moody algebra, see, for example, [5, 14]. Similarly to what is done in Section 2.5, we
can construct polynomial solutions modulo p*® of those KZ and dynamical equations.

The construction of the polynomial solutions modulo p® in the sl case is based on the
algebraic identities for differential forms (2.4), (2.5). For an arbitrary Kac-Moody algebra,
these algebraic identities were developed in [5, 14].

A Solutions modulo p® of the qKZ equations

In Sections 1 and 2, we constructed solutions modulo p*® of the differential KZ and dynami-
cal equations by first p*-approximating the integrand of the hypergeometric solutions and then
taking the coefficients of the monomials t?°~! in the Taylor expansion of the approximated
integrand. In this appendix, we show that the same idea can be applied to the qKZ differ-
ence equations, but instead of considering the Taylor expansion of the approximated integrand
and then taking the coefficients of the monomials t*?°~! we first take the expansion of the
p®-approximated integrand into a sum of Pochhammer polynomials [t],,, and then take the co-
efficients of the Pochhammer polynomials with indices m = ¢p® — 1. See this approach in [10]
for the qKZ equations with no exponential term. On the hypergeometric solutions of the qKZ
difference equations see, for example, [17, 19].

In this paper, we consider only a baby example of the gKZ equations which illustrates these
constructions.

A.1 Baby qKZ equation

Let f(t) be a meromorphic function and a € C. The sum

. FO)dit == Resi—ainf(t),

nel

if defined, is called a Jackson integral. If f(t) = g(t+ 1) — g(¢) is a discrete differential, then the
Jackson integral equals zero.
Consider the master function

It — z)?

d — oAt
(2] =e F(t—z+3)T(t—z-

(A1)

)

N[ =
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and the Jackson integral
I(z)\) = / (1, 2, \)dt.
(2)

Lemma A.1. The function I(z,\) satisfies the difference equation
M (z—1,\) =I(z,\). (A.2)

Equation (A.2) is our baby qKZ equation and the function I(z,\) is its hypergeometric
solution. More general qKZ equations and their hypergeometric solutions can be found, for
example, in [3, 6, 17, 19].

Proof. We have

A+ )2
B(t+1,2,)) = ¢ (f ?) —B(t, 2, \),
(t—z+3)(t—2—73)
(t —2)?
O(t,2—1,)) = O(t, 2, \),
R R IRV
/ O(t+1,2,N)dit = / O(t, 2, N)dt.
(2) (2)
These relations imply (A.2). [

A.2 Pochhammer polynomials

Let m be a positive integer. Define the Pochhammer polynomial

() = H(t —i+1).
We have
(44 D = Om s (+ Dn = (O = (Ot (A.3)

A.3 Polynomial p*-approximations

Let p be an odd prime. Let r1, r2 be relatively prime positive integers. Denote r = ri/ra.
Assume that » > 1/(p — 1). Change the variable A — p"A. Then equation (A.2) takes the form:

P M (z—1,)0) = I(z,\). (A.4)
For any positive integer s, define the master polynomial

D, o(t, 2, \) = Ers(pPA)(t—2—1)psa(t—2—1)psy1. (A.5)
2

2

This is a polynomial in ¢, 2, A with coefficients in Z, [pl/ TQ] . Expand it into a sum of Pochhammer
polynomials in the variable ¢,

Dot 2,0) =Y calz, N (B
d

Denote I, (2, A) = cps—1(2, A).
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Theorem A.2. The polynomial I, (2, \) is a solution modulo p°® of the ¢KZ difference equa-
tion (A.4).

Proof. Let F(t) =, a4(t)q be a polynomial. Denote Coef(F') = aps—1. We have

Ers(p"\)(t — 2)2

s—1 s +1
22 (e 78)

<I)r78(t—{—1,2,)\) = (I)T,S(taza)\)7

By otz —1,0) = (t =2 By ot 2, \)
’I",S ) bl (t _ Z _ psgl) (t _ Z _ psTJ’»l) T,S ) ) )
Coef(®, 5(t, 2,\)) = Coef(®, 5(t +1,2,X)) (mod p*), (A.6)

where the congruence (A.6) follows from (A.3). Hence
E,s(p" NI s(z —1,X) = I 5(2,A) (mod p°),
and I, (2, A) is a solution modulo p* of the gKZ equation (A.4). [

More general qKZ equations are given by multidimensional Jackson integrals whose inte-
grand is a product of exponential factors and ratios of gamma functions like in (A.1). To
construct polynomial solutions modulo p® of the qKZ equations, we replace the exponential
factors in the integrand by the product of the corresponding functions E, s(t), replace the ra-
tios of gamma functions by the corresponding Pochhammer polynomial as in (A.5), expand the
result into Pochhammer polynomials and take the suitable coefficients of that expansion like in
Theorem A.2.
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