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1 Introduction

Theory of quantum integrable models is an important part of modern theoretical physics.
The solution of such models relies on the Quantum inverse scattering method (QISM) which
includes such techniques as the algebraic Bethe ansatz (ABA) [50] and separation of variables
(SoV) [48, 49]. The ABA allows one to effectively calculate energies and eigenstates of inte-
grable models and to address more complicated problems such as calculating norms [32], scalar
products [51] and correlation functions [28, 31]. Models with infinite-dimensional Hilbert spaces
without a pseudo-vacuum state, the Toda chain [27] being the most famous example, are, how-
ever, beyond ABA’s grasp. The solution of such models relies on the SoV method proposed
by Sklyanin [48, 49]. The method consists in constructing a map between the original Hilbert
space, Horg, in which the model is formulated, and an auxiliary Hilbert space, Hg,y. This map is
constructed in such a way that a multidimensional spectral problem associated with the original
Hamiltonian is reduced to a one-dimensional problem on an auxiliary Hilbert space which usually
takes the form of the Baxter T-Q) relation. Technically constructing the SoV representation is
equivalent to finding the eigenfunctions of an element of the monodromy matrix associated with
the model. For the Toda chain it was done by Kharchev and Lebedev [29, 30]. Later, a regular
method for obtaining eigenfunctions for models with an R-matrix of the rank one' was developed
in [9], and at present the SoV representation is known for a number of models [2, 10, 11, 14, 47].

In order to be sure that the spectral problems in the original and auxiliary Hilbert spaces are
equivalent, it is necessary to show that the corresponding map, Hgoy + Horg, is unitary (or that
the eigenfunctions form a complete set in Horg). If dim Herg < oo the problem can be solved,
at least in principle, by counting the dimensions of the Hilbert spaces. For the models with
infinite-dimensional Hilbert space, such as the Toda chain, the noncompact SL(2, C) spin chain,
etc., the task becomes more difficult. For the Toda chain, unitarity was first established by using
harmonic analysis of Lie groups techniques [46, 54]. However, this method is quite sophisticated
and can hardly be generalized to more complicated cases. The rigorous proof of the unitarity of
the SoV transform for the Toda chain based on the use of natural objects for the QISM was given
by Kozlowski [33]. This technique was later applied to the modular X X Z magnet [12]. Later
it was realized [15] that there exists a close relation between SL(2,R) symmetric spin chains

'In recent years, significant progress has been made in constructing SoV representations for higher rank finite-
dimensional models, see [3, 17, 22, 23, 24, 38, 39, 40, 41, 42, 43, 44, 53].
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and the multidimensional Mellin-Barnes integrals studied by Gustafson [25, 26] that allowed
to greatly simplify the proof of the unitarity of the SoV transform for SL(2, R) symmetric spin
chains [13].

In the present paper, we apply this technique to the analysis of the noncompact spin chains
with the SL(2,C) symmetry group. Such models appear in the studies of the Regge limit of
scattering amplitudes in gauge theories, in QCD in particular [1, 19, 35, 36, 37], see also [4, 5, 6, 7]
for recent developments. The SoV representation for the SL(2,C) spin chains? was constructed
in [9] while the generalization of Gustafson integrals relevant for the SL(2,C) spin chains was
obtained recently in [16, 45]. Based on these results, we present below a proof of unitarity of
the SoV transform for a generic SL(2,C) spin chain.

The paper is organized as follows. In Section 2, we recall elements of the QISM relevant for
further analysis. The eigenfunctions of the elements of the monodromy matrix are constructed
in Section 3. In Section 4, we calculate several scalar products of the eigenfunctions and discuss
their properties. Section 5 contains the proof of unitarity of the SoV transform. Section 6 is
reserved for a summary and several appendices contain a discussion of technical details.

2 SL(2,C) spin chains

Spin chains are quantum mechanical systems whose dynamical variables are spin generators.
We consider models with spin generators belonging to the unitary continuous principal series
representation, T(#5k)  of the unimodular group of complex two by two matrices. Namely, each
site of the chain is equipped with two sets of generators, holomorphic (S) and anti-holomorphic
ones (Sa),

S, = —0, Sg = 21,0, + Sk, S,j = z,%(?zk + 28k 2k,

Sy =—0s. S{=20s +5k  S§ =70 +255.

The generators S (5’?) satisfy the standard sl(2) commutation relations, while the generators

at different sites and holomorphic and anti-holomorphic generators commute, [S,?,S’?/] = 0.
The parameters s, Si specifying the representation take the form [21]

1—|—nk . _ l—nk .
Sk = 2 + 1pg, Sk = 5 + 1pk,

where ny is an integer or half-integer number and py, is real, so that
sp+5p=1 and Sk — Sk =ny € Z)2.

The later condition comes from the requirement for the finite group transformations to be well
defined while the former one guarantees the unitary character of transformations and anti-
hermiticity of the generators, (S/,‘j‘)Jr = -5

The Hilbert space of the model is given by the direct product of the Hilbert spaces at each
node. For a chain of length N, Hy = ®]kV:1 Hy, where Hy, = Lo(C).

In the QISM [34, 49, 50, 52], the dynamics of the model is determined by a family of mutually
commuting operators. Namely, one defines the so-called L-operators,

(SE Sk s (S S
Lk(U):u_{—l(S]j _S())’ Lk(u):u_}'l(Slj —5(] )

2To the best of our knowledge, the completeness of this representation has not yet been addressed.
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which are the basic building blocks in the QISM. The complex variables u, u are called spectral
parameters. The next important object — a monodromy matrix — is given by the product of L
operators

Tn(u) = Li(u+ &) La(u + &) - - Ly (u + &),

Tn(u) = Li(a+&)La(u+ &)+ Ln(a+En), (2.1)
where &, &, are the so-called impurity parameters.? The entries of the monodromy matrix,

An(u) BN(U)>
Tn(u) = ,
¥ = (220 D

are polynomials in u with the operator valued coefficients, e.g.,

N
An(u) = o™ + N1 (iSO +Z2) + ZUN_kak,
k=2

N
By(u) = uN ST+ " ulN ey, (2.2)
k=2

where = = ch\le &, and SY, S~ are the total generators,
S*=8"+---+ Sy

The entries of the monodromy matrix form commuting operator families [18, 50]
[An(u), An(v)] = [Bn(u), B (v)] = [Cn(u), On(v)] = [Dn(u), Dy (v)] = 0.

In particular, each entry commutes with the corresponding total generator, S¢,
[S°, An(u)] = [S°, Dn(u)] =0 and [S™,Bn(u)] = [S*,Cn(w)] =0.

The same equations hold for the anti-holomorphic operators Ay, By, Cn, Dy and, of course,
the holomorphic and anti-holomorphic operators commute. Moreover it can be checked that if
the impurity parameters satisfy the constraint &, = &, for all k, the following relations between
holomorphic and anti-holomorphic operators hold:

(Av(u)' = An("),  (By(w)' = By(u"),
etc. This ensures that the operators aj and @y in the expansion of Ay (u), (2.2), and Ay (u),
are adjoint to each other aL = ay (b;rc = by, etc.).
The commutativity of the operators Ay (u), By(u), Cn(u), Dy (u) implies that the following
families of self-adjoint operators:

Ay = {i9°,15°, ax + ay,i(ar — ax). k= 2,..., N},
By = {iS7,iS7, b + by, i(bp — b),k=2,...,N},

(and similarly for others) are commutative and can be diagonalized simultaneously.* The cor-
responding eigenfunctions provide a convenient basis — Sklyanin’s representation of Separated
Variables (SoV) — for the analysis of spin chain models [49].

The operators By and Cy, (Ay and Dy) are related to each other by the inversion trans-
formation, see [14] for detail, so it is sufficient to construct eigenfunctions for the operators By
and Ay. The eigenfunctions of By for the homogeneous chain were constructed in [9] and
later on for the operator Ay [14]. Extending this approach to the inhomogeneous case is rather
straightforward.

3As it can already be noticed any formula in the holomorphic sector has its exact copy in the anti-holomorphic
one. Therefore, from now on we write explicitly only holomorphic formulae tacitly implying its anti-holomorphic
counterparts.

4The impurity parameters must also satisfy the condition i(.fk - ék) = r, where ri are half-integers.
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3 Eigenfunctions

In this section, we present explicit expressions for the eigenfunctions of the operators By and Ay
for a generic inhomogeneous spin chain with impurities. We start with the operator By where
the construction follows the lines of [9] with minimal modifications.

3.1 Bpy operator

Let A,, be an integral (layer) operator which maps functions of n — 1 variables into functions
of n variables and depends on the spectral parameters z, T and the complex vectors ~y, 7 of
dimension 2n — 2

[An(xh)f](zlv SRR Zn)

n—1
:/.../An(gg|fy)(z1,...,Zn\wl,...,wn_l)f(wl,...,wn_l)HdZwk. (3.1)
k=1

The kernel is given by the following expression:

n—1

An(x]'y)(zl, ey zn\wl, Ce ,wn_l) = H szk_l_iz(zk — wk)szk-f—ix(szrl — wk),
k=1

where the function D,(z) (propagator) is defined as follows:
Do (2) = Do alz,2) = 2742 % (3.2)

We will assume that the indices «, & satisfy the condition [a] = a—a& € Z so that the propagator
is a single-valued function on the complex plane. It implies that the parameters v, and x have
the form

1 r

1 . .
'yk:§+§k+iak, ﬁk:§—%€—|—iak, $:%+V, f:—%ﬂ—y. (3.3)
The numbers {m,ry,...,rony_o} are either integer or half-integer and depending on this we

call the corresponding variables integer (half-integer). The continuous parameters o and v are
subject to the constraints

Im(oggy1 —v) > —1/2 and Im(ogr + v) > —1/2,

which guarantee the convergence of the integral (3.1) for a smooth function f with finite support.
In the case we are most interested in, v + 7 = 1, the parameters o € R, and the variable v
lies in the strip —1/2 < Imv < 1/2.

The operators A,, possess two important properties:

(i) Let p be a map which takes M-dimensional vectors

Y= 7m), ¥ =0 M)

to vectors of dimension M — 2 as follows:

=!I =/

oY= (Vos V3 Yr—1)s  PT= Wy Vs -+ s Vai—1)>

where @’ = 1 — a. It can be shown that the operators A, and A,_; obey the following
exchange relation:

A (uly)An—1(v|py) = wnly, u, v)An (v|Y) An—1(ulpy)- (3.4)
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Here (%) is (2n — 2)-dimensional vector and the factor w, is given by the following
expression:

. . -1 _ . .
S(ru.0) H e | R D)
Yom—1 — U, Yom + 1U Yom—1 — U, Yom + 1U

where

I |:CL1,CL2,...,CL”:| _ Ty Tlax]
bi,ba, .. b | T T lbg]

and I is the Gamma function of the complex field C [20]

Iu] =Tu,u] =T'(u)/T(1 —a).

The relation (3.4) is a direct consequence of the exchange relation for the propagators,
see (A.1). Its proof is exactly the same as for the homogeneous spin chain. For more
details, see [9, 14].

(ii) Let us choose the vector « as follows

v = (s1 —i&1, 80 +1i€2, 50 — 1o, ..., sN—1 +iNn—1,5nN—1 — N1, 5N +EN),
= (51 —i&1,52 +1i€2, 50 — 1o, ..., 5N—1 +iNn_1,5N-1 —1N—1,5N +iEN), (3.6)

where s and & are the spins and impurity parameters of the spin chain, respectively. For
such a choice of the vector ~, the operator By (z) annihilates Ay (x|v) [8, 9]

By (z)An(z]y) = 0. (3.7)

Let us define a function

LOE (N TR
_WNQ/QIP‘N1/d22Ux1,...,xN1(217-- ZN’Z) pz+pz)

where the kernel Uy, .z, , is given by the product of the layer operators,

Usr,.on 1 = @ (@) AN (@1]7) ANt (2] p7) An—2 (z3]p%Y) - Ao (zn—1]p™ 27),

and v is given by (3.6). Equation (3.4) guarantees that Uy, ., , ~ Uz, omin_, for any
permutation of x1,...,zx_1. The kernel U, becomes totally symmetric for the following choice
of the prefactor w(z|y):

N-1

w(aly) = @(z,...,analy) = [ [ @ (@le™ ), (3.8)
m=1k=1
where

w1(z]y) = @1 (@, . v20) = [ Them-1 — iz, Jom + i2].

m=1
Thus the function ‘IJI(D]\QII ~_; 1s a symmetric function of the variables x1,...,zy_1. Together
with (3.7) it implies that
By(zp)el) . =0 for k=1,...,N-1
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Invariance of the kernel Uy ... 2y, (21,...,2n|2) under shifts
Ugian (1 +w, .2y Fw|z+w) =Upy o an (21, .., 28]2)
results in
ca— (N N ca—a (N _ (N
is \111(7@)17_“7,%1\_1 = p\:[ll(ﬁz)lvmvafl’ is \111(771')17-~-71'N71 = pqll(w)lwnwl\ul' (3'9)

It follows then from equations (2.2), (3.7) and (3.9) that®
N-1 ) N-1
By U (2) =p [ (w -2 (2),  By@¥N)(2) =p [ @-2x) T (2).
k=1 k=1

For N =1, the functions \Ifél)(z, z) = m1/2e1(P*+P2) form the complete orthonormal system
in H; = Ly(C). The aim of this paper is to extend this statement to N > 1. Namely, we
will show in Section 5 that if the spins and impurities parameters of the spin chain obey the
“unitarity” condition,

A= 1, (3.10)
for all k (v has the form (3.3) with o3 € R ) then the set of functions {‘I/z(?{\;:)7 x = Tj(vp € R),
k=1,...,N —1} is complete in Hy = (& L2(C))".

Note that the functions \IJ](D{\Q are well defined for the complex parameters v in the vicinity
of the real line. For further analysis, it will be useful to consider regularized functions, \I/;{\Q’i

by relaxing the last of the conditions (3.10) to yan—2 + Y5y_o = 1 + 2¢6. This can be achieved

by shifting the impurity parameter £x — &y — i€,% i.e.,

N),e def (N
wMe(2) = W (2) : (3.11)

"'L. .
P EN—En—ie

3.2 Ap operator

Construction of the eigenfunctions of the operator Ay follows the scheme described in the
previous subsection. We define a layer operator A/, which maps functions of n — 1 variables into
functions of n variables

(AL (@) f] (1, 2n)

n—1
:/---/A;L(m\'y)(zl,...,zn]wl,...,wn_l)f(wl,...,wn_l)Hdek,
k=1

where the kernel is given by the following expression:
A (z|Y) (21, - - 20w, .o wp—1)
n—1
= Ds,, 1—iz(2n) H Doy —iz (26 — W) Drygy iz (241 — Wk)-
k=1

The layer operator A/, depends on the spectral parameters x(Z) and the vector (%) of dimen-
sion 2n — 1 which have the form (3.3). These operators satisfy the exchange relation

A (uly) A1 (0] ) = wn (3, u, 0) AL (0 AG o (ulpy),
and the factor wy, is defined in (3.5).

"We recall that the variables z, Tx, k = 1,..., N — 1 take the form x), = iny /24 vk, Tx = —ing/2 + vk, where,
depending on the spin and impurities parameters, all ny are either integer or half-integer numbers.
50f course, one also can regularize the function by shifting the parameter v, instead of yan_2, v1 +7; = 1+ 2€.
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Figure 1. The diagrammatic representation for the function ¥ (left) and ® (right) for N = 3. The
arrow from z to w with an index « stands for the propagator D, (z — w), equation (3.2).

Let (I);N)(Z) be the following function:

M () =W  (z1,...,2n)

T1yeensN

=1 N o () [Ax (1) Ay (@20p7) - A (oxlo™ )] G- o),

where 7 is (2N — 1)-dimensional vector and the prefactor w is given by equation (3.8). For such

a choice of w the function <I>;(EN) is a symmetric function of the variables z1,...,zxy.
It can be shown that the operator Ay (z) annihilates the layer operator Ay (z|7y),

An(z) Ay (z]y) =0,
for the following choice of the vector ~:
v = (s1— i1, 82 + 162,82 — &2, ..., sny + 1N, 58 — iEN),
3= (81— i1, 52 + &, 52 — iy, ..., S5 + €N, 5y — iEN).
Taking into account polynomiality of An(u), see equation (2.2), one obtains

N N
An(@)@M(z) = [T =210 (z),  An@@V(z) = [[(@ - z) @V (2).
k=1 k=1
Again, the variables xy, Ty are integers (half-integers) for all k. We will show that these functions,
{CID;N) (2), xr, =z}, k=1,..., N}, form a complete set in the Hilbert space H.

4 Scalar products, momentum representation, etc.

The functions constructed in the previous section are given by multidimensional integrals. In
this section, we show that these integrals converge for the parameters vy in the vicinity of real
axis. To this end, it will be quite helpful, as was advocated in [9], to visualize the integrals as
Feynman diagrams. The examples for N = 3 are shown in Figure 1. It will be convenient to
convert diagrams (functions) to momentum space

\IJ(Zh RIS ZN) = 7T7N / o / \Al}(pla oo 7pN)eiZiVZI(kak+ﬁk2k)d2pl e d2pN
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In momentum space the function \Ifé{\;)’e, equation (3.11), takes the form

UM <(py, ... py ( ZPk) TN (py,. . pw).

Let us remark here that the “¢” regularization is reduced to a multiplication by the factor
(pNDN)*

\IlgaN)’€(p17 s 7pN) = (pNﬁN)e\I];N) (pb v 7pN)' (41)

The function \Ing)’f can be read from the Feynman diagram in Figure 1 as follows:

VO o) = [ [T T 6 (4.2)

1<j<isN-2

with the integrand J:({px},{¢i;}) given by the product of the propagators, D,(k). Up to
a momentum independent factor

N-1 k

T}, (s }) = 1 11 Doy ks — r-1.5-1) Dy, (15 = Crj),

k=1 j=1

where {0 =0, 11 = p and Iy_1; = (p1 + -+ p;). The indices ay;, By, take the following
values:

N—k) | . —k) .
ALy = 7§j_1 ) +1rN_k, ﬁk] ’YQ] ) _ 1ITN—k,
where we introduced the notations:

B+ — k)

aV =d =1-a and —a

In many cases, Feynman diagrams can be evaluated diagrammatically. In particular, the compu-
tation of diagrams for the scalar product of ¥ (®) functions is based on the successive application
of the exchange relation (A.1) to the diagram.

Let us consider the scalar product of two functions \IJZ(, " and \IJ(N) ¢
N),e N)e) _ 2 _\ete e,
(Wi WD) = 76%(p — @) (pp) T (), (4.3)
where

R R LRI Zpk) @ (w00 @)’ Hd% (1.4

The function I;’el(a:, y) is given by the Feynman diagram shown in Figure 2 in Appendix A (left
panel), which is a multidimensional integral

15 (2,) / /165 b} H 220, (4.5)

p,r=1

with the integrand given by the product of the propagators. The diagram can be evaluated
in a closed form by successively applying the exchange relation (A.1), that is equivalent to
calculating the loop integrals in a certain order. The answer takes the form

e+e+iX — i}_/*] ng;ﬂ Lli(y; — ;)]

€,e’ T = =
I°° (2, ) N('Y)F[ cr HkN:_ll ON(Zr)(On (yr))*
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. X7 . N *
— Gn(y)T e+ée +iX —iY* ijllr[(yk:_xj)] (4.6)
e+¢ [To" o (@) (dn (Fx)*
where X = chv:_ll T, Y = Eg:_ll Y}, and
on(z) =T [yan—3 — 1377’75}\)/,4 — iz, yoN—5 — iz, ... ,’YJ(VN 2 — iz],
ON(Z) =T [Fan—3 — 1T, F5n_g — 1B Fon—s5 — iT,.... 7y ) —iz].
For the sign factor €n(v), we get
. 1, odd N, 7
N(v1,72, - 2N —2) = 1) Nos[ykh) 71<VN—3)]’ ven N (4.7)

Here [a] = a — a. Details of the calculation can be found in Appendix B.

Let us show now that integrations in (4.5) can be done in an arbitrary order. The integrand
n (4.5), I€€ (D, {Ep,«}\*y) is given by the product of the propagators D, (k), with each index being
of the form o= 2 + 4 +io, momentum k being a linear combination of loop momenta, £;;, and
the external momentum p. Since

| Da(k)| = [~k = [k|7 21 = Dyjy gy o (k)
then for the parameters v satisfying the unitarity condition (3.10), and xj, yx having the form
xp = ing/2 + vk, Yk = ime/2 + g, (4.8)
one obtains for the modulus of the integrand

‘IEE Py {lpr}) ’ —I€E (p, {Epr}h) > 0,

where the underlined variables are: v = (1/2,...,1/2),

(2)r = Im(vg) = €, (Y)r = Im(py) = €.

Thus the integral of |I66 (p, {€pr}|7)| is a particular case of the integral (4.5) which was calcu-
lated by performing loop integrations in a certain order. Since all integrals converge under the
conditions
N-1
€kj = €x + €5 >0 for k,j=1,...,N—1 and e+é > Z(ek+e§€),
k=1

by Fubini theorem, the integral (4.5) exists and the integrations can be done in an arbitrary
order.
The following statements can immediately be deduced from this result:

e For any bounded function ¢(p,z) with a finite support the function

= /‘--/cp(p,x)\I/I(,{\Qg’edeDatl"-DwN_l, (4.9)
where z€ = (:L'l +i€1, ..., N1 + iEN_l), T = ink/Q + vk, € >0, € > Z]kV:—ll € and
/Dl’k = Z / dl/k,
nE=—00

belongs to the Hilbert space Hy, H\Ilpr2 < 00, for sufficiently small e.
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o Tt follows from the finiteness of the integral IS¢ (z,y), equation (4.4), that the function
\I/EEN)‘(@, equation (4.2), exists almost for all j for the separated variables xj, close to the
real axis:

1
Imy, = ilm(a:k +Zg) ~0 for all k&

and \P;N)’e(ﬁ) is a continuous function of v, in this region. Indeed, let us fix m < N

and put u,, = Rev,, and v,, = Imvy,, |v,| < §. One gets the following estimate for the
integrand (4.5):

T (et {0 DI < | Tz, ok} Wi DI+ 1Tz (o {4511 (4.10)

where zy are defined as follows: for k # m (z4)r = z and for k = m (x4 )y = umtid. The
integrals of the functions on the right-hand side of (4.10) are finite for sufficiently small 6.
It follows then from the Lebesgue theorem that the function M (p) is continuous in the

variable v,,.”

The scalar product of the functions \I/,(J{\{,) and CD;(CN) constructed in Section 3.2 can be calculated

in a similar way. Note that there is no need to introduce “€” regulator here. The corresponding

integral is absolutely convergent when Im(vy, + ;) > 0 for all &k, j (x4, y; given by (4.8)). The
scalar product takes the form

(W) 128) = CRE()Ipl ™ (—ip) =¥ (ip) =X
[Ty TS5 T — )]

(11 oo (I )

(4.11)

)

where
N N .
1 5 (k-1
In(z) = H FhéN k 15‘33‘]’ In(T) = H F[VéN—iz; - ma}v
k=1 k=1
Gy =S W, X = T3, o and
1, odd N,

)

C¥ (v, yan—1) = - -

Similar to the previous case one can argue that @&N) is a continuous function of v in the vicinity
of the real axis.

Finally, the scalar product of the functions \Il,(,{\yl)(zl, ...,2N+1) and \Il,(ljl\g(zl, L. 2N) ®
\I/((é) (zn+1) which we need in the proof of Theorem 5.2, takes the form

(), @ u) WD) = Cyn ()76 (p — @1 — a2)p| V||V

X (ip) "IN+ (—ip) TON+1 (ig) 2N (—igp) TTeN (—igr) TON (ig1)

q iv* q iv* q iX i iX
<(+3) (+3) (5) ()
q2 q2 q1 q1

"Since the integrand is analytic function of vy \I/;N)’E(ﬁ) is an analytic function of v in the vicinity of the real
axis.

GN
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ff:f [T, T [i(g;; — )]

% . n ol (4.12)
_ 1) .

<H§V:1 ngllrhé 1%]) (Hk 1HN 1F[72N ) 1%’])

where
2N—1 2N—1

Gy = Z »m, Gny1 =GN — ’Y](V ) = Z ) (4.13)

m=N m=N+1

and

o ( ) 1, for odd N,
NN+1(Y1,---,72N) = (_1)ZkN:_11 [7;1;\7_,1;1*7](\]]\7_1)] . for even N.

The calculation is almost the same as in the previous cases so we omit the details.

5 SoV representation

In the previous section, we constructed the functions \I/;(;{Z) and CD;N) associated with the en-

tries By and Ay of the monodromy matrix (2.1). For a given vector ¥ € Hy, we define two
. T (N) (N)

functions by projecting it on ¥ ;" and @,

o(p,x1, ..., TN_1) = (\I/Z(,AQ,\II) X(Z1,...,xN) = (@;N),\I/).

These functions are symmetric functions of the variables x. It was shown by Sklyanin [49] that
the transformation W — ¢(¥ — x) reduces the original multidimensional spectral problem for
the transfer matrix to the set of one-dimensional spectral problems that greatly simplifies the
analysis. We want to show that the maps ¥ +— ¢ and ¥ — y can be extended to the isomorphism
between the Hilbert spaces, Hy — Hgov .

Let us define

(e1,902)p / / 901 (p. %)) 2 (p, 2)pun—1 () ApdpRy_ (z),
RxR i
(axaa, = [ (N ) (5.1
N
The variables xy, Ty take the form z = ing/2 4+ v, T = —ing/2 + vg, where all ny are either

integers or half-integers,
o
nkEZ"EZ+§, oc=0,1,

and
2% = (R x z°)N

The measures are defined as follows:
N
B(A B(A B(A B(A
Ay (@) = 1y V@) [[ Drrs 1w (@) = NP pn ().

The symbol Dz stands for

/m-Z/_ dv.

neze
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The weight function py(z) is given by the following expression:

1
pn(,oan) = I wwzg = ] (szj+4”%j)’

1<k<j<N 1<k<j<N

. . B(A
where x1; = x, — 2, Vg; = v — Vj, Ng; = ng, — nj while the coefficients CN( ) take the form

() = %(%)NHN!, (cA) " = @2emV AL

Let Hﬁ’g, Hﬁ’a be the Hilbert spaces of symmetric functions corresponding to the scalar
products (5.1):
B,o
IHIN = L2(R X R) ® Lgym ('@]o\}—la duﬁ—l(x)) 9
Ao
IHIN = Lgym (“@thluﬁ(x)) :

Given that ¢(p,x) and y(z) are smooth and compactly supported functions on R? x 2%,
and Z7;, respectively, we introduce transforms Tﬁ: o +— ¥, and T]“\‘,: x = Uy,

V)= (R = [ [ oo uD g o) (5.22)
B(:) = [T ) = [ x(@)#D ) o). (5.20)

Note that the function ¥, depends on the vector v, equation (3.6), which appears in the defi-
nition of the function lfé,x). That is Tﬁ = Tf\},(v) and the same applies to the operator Tﬁ. In
order to not overload the notation, we do not display this dependence explicitly.

5.1 B system

We begin the proof of the unitarity of the transform Tﬁ with the following lemma.

Lemma 5.1. For any smooth fast decreasing function ¢ on R? x 9%_,, the function Tﬁcp
belongs to the Hilbert space Hy and it holds

B 112 _ 2 _ 2 12 B
5l = lelns = [ oo Pepduf (o)

N

Proof. Let W be a function defined by equation (5.2a) with \Pé{\;) replaced by \I/}(,{\Qf, see

equations (4.1) and (4.9). It can be shown that V¢ (p) 2 VU, (p) almost everywhere. Next,
taking into account equation (4.3) one gets

7 7 / ap / B ()
< [ AR @09 ) ) 1 (), (5.3)

with I9¢ (z,2') given by equation (4.6). Let us assume that the function (') has the form

o(p,x1, ... an—1) = K(p)p(z1, ..., TN-1), (5.4)
where ¢(x1,...,2xny_1) is a symmetric function
S(w1,.xna) = Y, d1(wi) - v (@iy_,) (5.5)

Sn-1
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and the sum goes over all permutations. We also assume that the functions ¢y (zr) = or(nk, vi)
are local in ng, ¢(nk,vk) = Opm,®k(ve) and ¢r(vg) is an analytic function of 4 in some
strip |Imvg| < ) which vanishes sufficiently fast at v, — +oo. Such functions form a dense
subspace in the Hilbert space Hﬁ’g. Since the momentum integral in (5.3) factorizes one has to
consider the integrals over zy = (ng,vx), ), = (n}, v},), which have the form

[ ks [k

H > > / / HR 1 (78, D) Hdvkdyk (5.6)

J=1 n; €243 ni€L+ 5

According to our assumptions, only finite number of terms contribute to the sum in (5.6). Let
us study behaviour of a particular term in the sum in the limit €, ¢’ — 0. The functions ¢, ¢’ are
smooth and fast decreasing functions of v, /. The function I (z,2’) contains the factor Ile+
€ +iX —i(X')*]/T]e + €] and the product of the I-functions

SIS n, n
T [i((@)" — )] =T |5 = 5 +i0h — ) + e
= F(annjrj»i(V,Vj)jLEjk) , (57)
D(1+ % — % —i(v, —v;) — €jk)

where €j;, = €; + €}.. In the €}, e; — 0 this function becomes singular at v, = v; if nj, = n;. Let
us shift the contours of integrations over v}, variables to the upper half-plane, Imv;, = 0 > €y,
and pick up the residues at the corresponding poles. After this, we can send €}, ¢; — 0. Let us
consider a generic contribution arising after this rearrangement. It has the form

/ /C Hd’/zkf (z1,...,2n-1,5(z)),....S(zN_1)),

§ k=1

where S(z}) = z}, if k € (i1,...,in) and S(z,) = z,, if k does not belong to this set. The
integrand f is given by the product of the functions ¢y, ¢}, I'-functions (5.7) and the fac-
tor A=T[e+¢€ +iX —i(X")*]/T[e+ €]. All these factors are regular on the contours of in-
tegration. Moreover, if M > 1 the last factor, A, tends to zero at ¢, — 0. Thus the only

non-vanishing contribution comes from the term with M = 0, i.e., when all :L‘;C — x;, for
k=1,...,N — 1. It takes the form

(¥, W) = [ @ [ aufs (@)elp,2) (@ (p,2) + O+ €)
that results in the following estimate for the norm of the function W¢:
1 11f, = K +OCe),

where

K =lolg. = [ / o) Ppdull_y (a).

Since W(,(p) — V() at € — 0, it follows from Fatou’s theorem that ||\Il¢||[2HIN < K. At the same
time, the inequality

Wy — Wy >0

implies \|\II¢H%HN > K that results in H\IIWH]%IN - K.
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Since the set of functions (5.4), (5.5) is dense in the Hilbert spaces HE®, the transforma-
tion Tﬁ can be extended to the entire Hilbert space Hﬁ’i and equation (5.8a) holds for any
function ¢ € Hff’i. |

Taking this result into account we formulate the following theorem.

Theorem 5.2. The map Tﬁ defined in equation (5.2a) can be extended to the linear bijective
isometry of the Hilbert spaces, Hg’a — Hy, i.e.,

2
T3¢l = Il (5.8a)
and

R (TX) = Hy. (5.8b)
Proof. Equation (5.8a) is a direct consequence of Lemma 5.1. It 1mphes that ‘TB H =1, hence

T\’,(TB) is a closed subspace in Hy and Hy = R(TB) &) R(TB) Since R( ) = ker (TB)
in order to prove (5.8b) it is enough to show that ker (Tﬁ)* =0. [
We prove this statement using induction on N. For N = 1, the map TX_, is a two-

dimensional Fourier transform, hence equation (5.8b) is true. Let us now assume that R (Tﬁ) =
Hpy and prove that it implies R( N +1) Hp.1. As was stated above, it is sufficient to prove
that ker ( N +1) = 0. To this end, let us consider the map

- TS TP (TR41)" -
Sy =(T8,)" (T2 TF), W @I}RY) E5' Hy, -8 HEY,.
Since by the assumption Tﬁ@TlB is a bijective isometry ker Sy = 0 if and only if ker (Tﬁﬂ) =0.

The adjoint operator (Tﬁ +1)* is a bounded operator which acts on a vector ¥ € Hy; by

projecting it on the eigenfunction \III(D{\;H),

(TR) W = (WS, W) = (U Py W), = (p, ), (5.9)

where Py 1 is the projector on R(T% ;). It follows from (5.9) that
IelEe, = [, [ 1o = IPrawl, < 191, (510)
For ¢ € Hf,’” ® L*(R?), the function ¥y = (TX ® TF)¢ reads

D= [ L T G )6 e, 61
® O'

Replacing \Il(leg)c — \Ifgjlvf)c’e in (5.11), we define a new function, ¥§. According to Lemma 5.1,

vy — Uy in Hyqg for smooth rapidly decreasing functions, we obtam

e—0Tt
QD(p,ZL‘) = [SNQZb](p,ZU) = (\1}1()],\;+1)7 \II¢)HN+1
C bim (GNHD e -
- 61_1>%1+ (\Ilp,x ) \Il¢>)]HIN+1 = El_lglJr Pe(p, ), (5.12)
where

/]RQ R? / p7 x’qla q2,T )(b(QIa q2, x/)quQquld:u’]Biffl(x,)' (513>
>< o



Unitarity of the SoV Transform for SL(2,C) Spin Chains 15

The kernel S§ reads

S5 zlqr, go. 2) = (T, W) @ wid), (5.14)
see equation (4.12), and z, = (2} +iey,...,2y_; +iey—1). We assume that function ¢ takes
the form

A(q1, g2 71, - - wN—1) = E1(qn)ka(gz) > dr(@i) - dv—1(Tiy_,), (5.15)

Sn-1

43 ?7

where the sum goes over all permutations and that the functions ¢ are local in variable, that
is ¢r(zx) = dr(nk, Vk) = Onpm, On,, (V) and ¢, are compactly supported. The function ¢(p,y)
does not decrease sufficiently fast for large y; in order to justify changing the order of integration
after substituting ¢.(p,y) in the form (5.12), (5.13) into (5.10). To overcome this difficulty, we
following the lines of [13], consider the integral

20 = [, [ lemnPostiado)

where

N .
Z—i—lyk, — iy R
|:| TZ.7] , ZfZ—z—i—lM.

For y; = gy, the factor Q is a pure phase, |Qz(y)| =1 and Qz(y) — 1 when M — oo, y is fixed.
Since the integral (5.10) is convergent,

lolee =t [ [ len)Puw)dndo).
N+1 RQ OXI

M—oc0

It follows from equations (5.13), (5.14) and (4.12) that for compactly supported functions ¢
the function f(v) = |pc(p,y)|? is an analytic function of v in the vicinity of the real axis for
sufficiently large v;. Thus, we can write

I7(p) = lim I%(p) = lim /R2/M o(p,y)|*Qz—w (y)d%pduf (y), (5.16)

w—0 w—0

where the integration contours over v are deformed in order to separate the poles due to the
Gamma functions, I' [Z — w £ iyy], in the factor 2. The integral I¥(y) is an analytic function
of w. Substituting ¢(p,y) in (5.16) in the form (5.13), one can show that for Rew > 1 the
integrals over y decay fast enough to allow the change of the order of integration over x, z’
and y. Thus, we obtain

IZ(p) = hm/ / 5 (g1 + a2 — o — dh)dlar, 4z, ) (84}, dhra”))
6€ =0T Jr2xRr2 J9g IX@N L
q’ g+ q d ix’ q iX’ q —iX g —iX
At ) (R (en) ()
q1 q19> D) QQ q2 q2

Gy /- \ Gn I\ V2N /A \ 2N
x (m) (m> (%> ((12> R(z,2")J\(Z,¢,z,2")

x d*q1d®qed® gy d*ghduf_y (2)duR_y (), (5.17)
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/
where ¢ = Q1q,2, Gy is defined in equation (4.13),
929
N N-1 . i
_(k—1) . _(k—1) .
R(z,2') = H T ['y;Nil)g — 11,‘;:| /T [7§N7,1 — l.CL‘j]
k=1 j=1
and

x | [ Thi@e — g)ITli(y; — 23)]dui (v)- (5.18)
k=1

We recall that the variables vy, v, (z) = ing/2 + v, @), = in} /2 + v},) have small negative
(positive) imaginary parts, Im vy, = —eg, Imv, = €}, which must be send to zero at the end of
the calculation.

The integral (5.18) can be obtained in the closed form with the help of equation (C.2). Indeed,

1 .
1<izwen TIE = 35)]

and
N L _ N . ZN szl[i( o )]
H I‘[l(xk — yj)] = H I‘[1(mk — yj)](—l) g=1 =1 1 =2k)]

where yi, = img /2 4+ vk, g, = —imy /2 + v and we recall that [iyg] = i(yx — x) = —my. Taking
into account that

(_1)Zk<j[i(yk_yj)] (_1)Z§V:1 Sl iy —ar)] — (—1)Zrsh<isn-1lil@e—o;)]

one finds that the integral (5.18) is nothing else as Gustafson’s integral (C.2) [u — iy for all &,
{z1,...,2n} = {iz1, .. Jizn—1, Z —w} and {w1, ..., wn} — {—iz}, ..., —i2)y_;, Z —w}]. Thus,
(e¢)

we obtain for J, 7,
CZ—w-‘,—iX EZ—w—&-iX'

(e€') N — r(—1)=k<sli@e—;)]
I (Z,C,Z’,.’L‘) 7['( 1)&k<i ’ (1+C)2(Z—w)+i(X—X’) (1+<7)2(wa)+i()?7)7(/)

T[2Z — 2w] T4 T'[Z — w + iy, Z — w — ia}]
r’z] 4 INVAVA
N-1
x [ Tlhitzx — 25)). (5.19)
k,j=1

Let us substitute this expression into (5.17) and calculate the corresponding limits. First of all,
since all factors containing w are regular at w, €, €, — 0 one can interchange the limits and first
send w — 0.

At M — oo the integral over ¢, ¢’ is dominated by the contribution from the stationary point
at ( =1,

T[1+2iM] [ (cC)M+ B 1
e o gy um (r+0 ()
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Taking this into account and expanding the first factor in the second line in (5.19), one gets for
equation (5.17)

L—o(Z) = lim A(q1, 42, ) (D(q1, go, ') T (= 1) ZnsslilEr—aliN =N

e/ =20" Sz x7%_,

i(X'—X) _ N\ I(X'=X) 2i(V-V')
x R(z,2') <1 n ql) <1 n ?1> (M)
q2 G2 2

N-1

x [ Tliex — 25) + exjld®qd®qedp_y (@)dpi_y (&) + -+, (5.20)
k,j=1

where ellipses stand for terms vanishing at M — oo and

ink ’ ink ’ ’
xk:7—{—yk, ‘rk‘:?_"VIw ekj:Ek+€ja
N-1 N-1
X = Ty, V= Vk, N = Z N,
k=1 k=1 =

etc. The analysis of this integral is similar to the analysis of the integral (5.3).% In the limit
€,¢ — 0 the poles of the Gamma functions, z; = :c , approach the integration contour, while
all other factors remain regular. Let us shift the 1ntegrat10n contour in x to the upper complex
half-plane picking up the residues at the poles at x; = x; We recall that the Gamma functions
develop poles only when nj = nj, otherwise they are regular at v, = 1/]’~. Afterwards, we can

send €, ¢ — 0. The answer is given by the sum of terms
/.../Mizzll(yik_y}k) X fon(z, ) dvs, - dvy, AV - dUly_

where fy,(z,2') is a smooth function. Note, the contours of integration over v variables lay in
the upper half-plane, so that |M' i (i =g, ] < 1 in the integration region. Since the func-
tions fp,(z, ") are smooth functions all such terms with m > 0 vanish after integration in the
limit M — oo. Thus the only contribution with m = 0, i.e., when z; = x;j, survives in this
limit. Then one obtains after some algebra

lolee =ISnolne = [ [ oo eo) Pladadd ()
N+1 N+1 R2xR2 J ¢,

= quHHB T QL2(R2)’
Since the space of functions (5.15) dense in Hg’a ® L?(IR?) this relation can be extended to the
whole Hilbert space. Thus one concludes that ker Sy = 0, and, hence, ker (Tﬁ +1)* = 0.

5.2 A system

Using the results of the previous section it becomes quite easy to prove the unitarity of Tﬁ
transform. First, we prove an analogue of the Lemma 5.1.

Lemma 5.3. For any smooth fast decreasing function x on 9%, the function TNx, equa-
tion (5.2b), belongs to the Hilbert space Hy and it holds

T30 = IxlEae = | Pe(@)Pdux (@), (5.21)
N g0

N

8We do it assuming that the functions ¢ (zx) have the properties discussed around equation (5.4).
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Proof. The proof is similar to the proof of the Lemma 5.1. It suffices to prove (5.21) for
functions of the form

X(@n,an) =Y xa(@) - xn(@iy), xe(@r) = Xk (ks ve) = Spamxk (). (5.22)

We assume that the functions xx () are analytic in some strip near the real axis. Let us calculate
the projection

. N
exlp.y) = (1) 8) =lim | (w5, L0 x(@)dp (). (5.23)
N

Here we have given the variables x — x + ieg, € = € > 0 small imaginary parts which allows
us to change the order of integration. In order to show that [[¢y|l;y5.c = [IX|[ga.c we write
N N

lioxla. / / (0 y)Pd2pdpiy ()
. —0 2
= limy | e o (/ \w(p,y)IQduﬁ_ﬂy))d?p-

o—0 @N )

Using the representation (5.23) for ¢, (p,y), we first evaluate the y-integral.’ This integral coin-
cides with the so-called SL(2,C) Gustafson integral and can be evaluated in a closed form (C.1)
resulting in

%2 H Bo = 1 lim lim e—Ulp\QiN—N’pi(X’—X)—1+8+€’ﬁi()_{’—)_()—1+8+8’
X H ™ J—)Oe’e’AOJF R2 L ANg 714

< (s Y (_1)Zk<j[i(ﬁb’;€*$;)] ij 1 [( $J)+€jk]
o) [ On () Wn (@)t THX = X) + &+ €]

x dpy (z)dpq (2')dp,

where X = Zivzl zi, N = Z,i\;l ng, £ = Z]kvzl €k, €jk = € + €}, etc. For the momentum
integral, one gets

monni o VYITEE DGV — V) + £+ €1,

where I' is Euler’s gamma function. Thus

N
HSOXH Bo = (}%“hf}ﬁ S (— ]_)Zk<j[l($k—$j)]5NN/0.i(V*V’) H Ti(z, — z;) + €j1]
o PO k’le

T
. / (CE) X(.’El) /
T +i(V— V)X < )d N (@) dpq (),
(S owta) \ (I o))

J
where we put €, €)= 0 in all nonsingular factors. The analysis of this integral in the o, ¢, — 0
limit is exactly the same as in Theorem 5.2, see discussion around equation (5.20), and results in

193y = ol = /@ (@) Pdpuiy (). (5.24)
N

Since the space of the functions (5.22) is dense in Hﬁ’a, the relation (5.24) extends to the whole
Hilbert space. u

9The z, 2’, y integral can be interchanged since the integral of modulus is convergent.
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Finally, we formulate the analog of Theorem 5.2 for the map Tﬁ.

Theorem 5.4. The map Tﬁ defined in equation (5.2b) can be extended to the linear bijective
isometry of the Hilbert spaces, H]‘?,’U — Hy, t.e.,

I, = el
and
R(Ty) = Hy. (5.25)

Proof. Asin the Theorem 5.2, we only need to prove equation (5.25). As was discussed, earlier
equation (5.25) is equivalent to the statement that ker (Tf\‘,yk = 0 or to the assertion ker Sy = 0,
where Sy = (T4)"T%. In order to prove this, it suffices to show that ISnellgae = ll¢llgs.o-
The proof of this statement repeats step by step the proof given in the Theorem g.?, and on Ighe
technical level is reduced to the evaluation of the integral (5.18). [

6 Summary

In this work, we consider a generic inhomogeneous SL(2,C) spin chain with impurities and
construct the eigenfunctions of the B and A entries of the monodromy matrix. We prove the
unitarity of the SoV transform associated with these systems or, equivalently, the completeness
of the corresponding systems in the Hilbert space of the model. Namely, the following identities
hold in the sense of distributions:

N
/R/ e )WY () dpdpi (2) = [ 8 = 24,

k=1
N
/ <1>;N><z>(<1>gN><z’>)*duﬁ<x> — T 6%k — ),
7% k=1
and
N N
L @060 TLea = ()80 - )8 o),
k=1
N
[ o0 @D @) T] o = (@) oY (w2,
cN k=1
where
(5N(:):,x'):% Z 6N (2 — wx), W = (Tapy s -+, Ty )
wWESN
and

(2 — 1) H(52 & — Thk)s 62(z' — x) = Spd(v — /).

The method relies heavily on the use of multidimensional Mellin—-Barnes integrals which
generalize integrals calculated by R.A. Gustafson [26]. The attractive feature of our approach
is that it does not depends on the details of the spin chain such as spins and inhomogeneity
parameters. We believe that this technique can also be used to prove the unitarity of the SoV
transform for the open SL(2,C) spin chain.
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A The diagram technique

Throughout this paper, we used a diagrammatic representation for the functions under con-
sideration. The calculation of relevant scalar products is, most conveniently, performed dia-
grammatically with the help of a few simple identities. Below, we give some of these rules (see
also [9]).

(i) An arrow with the index a directed from w to z stands for a propagator D, (z — w) =
[z — w] ™

«

w 5 z -«

= [z —u]
(ii) The Fourier transform reads
/deei(”Z“’Z)Da(z) = 71 %a(a)D1_o(p),

where the function a(a) =1/T[a] =T(1 — @) /T(«).

(iii) Chain rule

/ d?w B 7Ta(04, B) 1
[21 — w]*[w — 2o]” a(v) [z — 2]
where v = a + f — 1. Its diagrammatic form is

a B _ Wa(ang}g) Y

— >

(iv) Star-triangle relation

ala, B)a (A'l)

B—p

where a + 8 =o' + /.

B Scalar products

Here, we discuss the calculation of scalar products of \III(J{\Q’G and @;(UN) functions. The diagrams
for the scalar products (4.3), (4.11) are shown in Figure 2. The leftmost vertex on both diagrams
has only two propagators attached to it. We call such a vertex — free vertex. On the first step
one integrates over the free vertex (on both diagrams) using the chain relation for propagators
and move the resulting line to the right with the help of the exchange relation. After that two
new free vertices appear and one repeat the same procedure again. In this way one can integrate
over all vertices on the left edge of both diagrams (they are shown by black blobs). Keeping
trace of all factors arising in the process, one represent the initial diagram D as

DN({$1,x2, By g, { e, })
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Figure 2. Examples of diagrams for scalar products, equations (4.3), (4.11) for N = 4.

= flz1,y1,7) Dy ({22, ...} {2, 1 {930 3). (B.1)
(N)

Taking into account that the function V¥, ;" and ‘PEEN) are symmetric functions of the separated
variables it follows from (B.1) that

DN({xlﬂ Z2,... }7 {y1,y2, s }7 {717727 cee }) - %N(V) H f(wlwyj?’}/)' (B'2>

The factor € (7y) does not depend on z, y variables. The easiest way to fix it is to evaluate both
sides of (B.2) for special values of =, y. For example, one can take z; — = and y; — z*. Both
sides, in this limits, contain divergent factors, I‘[i(@j — )] which cancel out. It is easy check
that the result of the integration over any free vertex in this limit (after removing this singular
factor) gives one. Therefore, the equation on €x () for the scalar product (4.6) takes the form

1= Gn () (@) (R (E)N) )V = G (1) (—1) VD TR [58seie]

Since ['ynlf ) ix} is an integer number, one gets that €y = 1 for odd N, while for even N
N L0 5 (0 (N=3)] , [ (N-3)
k . k N-3 N-3) .
on—s—x —1z] = D ([n_sr— v 1+~ —iz])
k=0 =0

= Z 72N 3k J(vNig)] + (N —2) [%(VN%) —iz].

Taking into account that the last term in the above equation is an even number, one gets
that €n () is given by the expression (4.7). For the second diagram, the analysis follows exactly
the same lines.

C Gustafson’s integral reduction

The extension of the first Gustafson integral [26, Theorem 5.1] to the complex case was obtained
n [16] It takes the form

oo TN#! T(2n — wi)T (g + wi) 1 Ay

m k
j=1n;€l+g [ Tt = uJ)I‘(uJ ~ tim)
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NI T+ wy)
r ( évzﬁl(zk + wk)>

(C.1)

where T' is the Gamma function of the complex field C [20]

[(u) _ 1

Uk:7+Vk7 Zm:7+l"ma w’m:?m—i_ym)
_ Nk _ n _ 4
uk:—7+uk, zm:—Tm—f—:cm, wm:—?m—}—ym.

and the integration contours over v separate the series of poles associated with the I'-functions:
I'(zm — ug) and T'(ug + wyy,), see [16] for more detail. The integral converges for

N+1
Z Re(zm + wp,) < 1.

m=1

Let us put
1 . _ 1 .
aNy1 =M §+156 ; ZNt1 =M *§+156 ;
— M 1 . _ oAt 1 .
WN+1 = 3 +iz' |, wny1 =M —3 + iz

and send M, M’ — oo keeping M /M’ = ¢ fixed, so that wy1/2n41 — ¢ and Wy y1/Zn41 — C.
Dividing both sides of (C.1) by (T'(zx+1)T(wn11))Y, we get in this limit

i N ico I Han,kzl I‘(zm — Uk)r(uk + wm) N %
N' jlz[lanZZA*" /_IOO[C] Hm<g F(um - UJ)I‘(UJ — Um) };[1 2mi
= & ﬁ (2 + wj), (C.2)
[+ 7+ 2

where |arg(| < 7, Z = Zgzl 2k, W = Zgzl wy, and we recall that [¢(]V = ¢U(U.
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