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Abstract. For the g-Painlevé equation with affine Weyl group symmetry of type Eél),

a 2 x 2 matrix Lax form and a second order scalar lax form were known. We give a new 3 x 3
matrix Lax form and a third order scalar equation related to it. Continuous limit is also
discussed.
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1 Introduction

The g-Painlevé equation with affine Weyl group symmetry of type Eél) was first discovered in [9].
The well-known form of it is as follows

T: (al,ag,ag,a4,a5,a6,a7,a8;f,g) — (al/(b a2/Qa a3/q7a4/Q7a57a6aa7aa8;7,§)7

(fg—-1)(fg—1) (9—1/as)(g —1/ae)(g — 1/a7)(g — 1/as)

ff (9 —as)(g — as) ’
(fe=1)(fg=1) _ (f —as)(f —a)(f = a7) (f = as)
gq9 (f—al/q) (f—GZ/Q) ’
. ai1ag
" asaqasagaras’
where f and g are dependent variables, ai,as,...,ag are parameters, ¢ is a constant and the
overline symbol “~” denotes the discrete time evolution.

In previous works, the following Lax forms for the g-Painlevé equation for type Eél) has been
obtained. In [12], a 2 x 2 matrix Lax pair was first derived as a reduction of the g-Garnier
system. The other approach gives a 2 x 2 matrix Lax pair [2, 7]. In [16], a second order scalar
Lax form was obtained as a reduction from the g-Painlevé equation of type Eg. The relation
between these Lax forms was given in [15].

In this article, we give a new Lax form with 3 x 3 matrix Lax pair. We derive such a Lax
form as a special case of the system investigated in our previous work [8]. As a result, we derive
an equation which is equivalent to the g-Painlevé equation of type Eél) [4, 10].

In the previous work [8], we defined a nonlinear g-difference system as a connection preserving
deformation of the following linear equation

W(gz) = W(2)A(2),  A(2) = DXT'(2)X5%(2) - - X3 (),
D= diag[dl, dg, ey dN],
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0 1 O
Xl(Z) :diag[ulji,uu,...,uNﬂ'] +A, A= . , (11)
z 0

where the exponents are e, = £1 (1 < ¢ < M), uj; (1 < j < N) are dependent variables
and c¢;, d; are parameters which satisfy

N
H iji = C;.
Jj=1

Since one can exchange the order of matrices X ;:1 by suitable rational transformations of vari-
ables u;;, the equation (1.1) essentially depends on M, M_, where My = #{e;le; = £1}.

The contents of this paper is as follows. In Section 2, we set up a linear g¢-difference equa-
tion (2.1), which is a case of (M4, M_,N) = (3,0,3) for the equation (1.1). And we discuss
about its two deformations. One deformation gives rise to a well known form of the g-Painlevé
equation of type Eél), and the other deformation gives an equation for a non-standard direction.
Namely, it does not give a ¢-shift deformation for parameters. In Section 3, we derive a scalar
equation from the 3 x 3 matrix equation (2.1) and consider its characteristic properties. In
Section 4, we study continuous limit of our constructions and its relation to the Boalch’s Lax
pair [1]. In Appendix A, we give deformations considered in Section 2 on root variables. In
Appendix B, we give explicit forms of coefficients of a single linear g-difference equation derived
in Section 3.

Remark 1.1. The equation (1.1) in case (My,M_,N) = (2n + 2,0,2) is known that it is
equivalent to the linear g-difference equation related to the 2n-dimensional ¢-Garnier system [11].
And in case of (M4, M_,N) = (2,0,2n + 2), the equation (1.1) is also equivalent to the linear
g-difference equation related to the 2n-dimensional system g-P(, 41 n11) [13]. In both cases, when
n = 1, they give rise to the ¢-Py1 equation [5]. We note that the equation (2.1) is coincide to
the g-difference linear equation of the Lax form in [14] in case of (m, n)=(3, 1).

2 A 3 x 3 matrix Lax form

In this section, we consider two types of deformations for the linear g-difference equation (1.1)
in a case (M4, M_,N) = (3,0,3).

We consider the connection preserving deformation for the following g-difference equation for
an unknown function ¥(z) = [Vy(2), Ua(z), ¥3(2)]:

W(g2) = U()A(2) = U(2)A(=, 1),

b1d1 * * d1 0 0
A(z) = DX1(2)X2(2)X3(2) = | 0 bade  * |+ |* d2 0]z (2.1)
0 0  bsds x % d3

where the matrices D and X;(z) (1 < < 3) stand for
0 1
D = diag[dl, da, dg], XZ(Z) = diag[uu, u2 4, U37i] + A, A=1(0 0
z 0
and u;; (1 <14, j < 3) are dependent variables and ¢;, d; are parameters which satisfy

3 3
Hu_m = bj, 1 < ] < 3, Hujyi = Cj, 1 < 1 < 3, b1b2b3 = C1C2C3. (22)
i=1 7=1
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The first equation in (2.2) is equivalent to that the characteristic exponents at z = 0 of the
equation (2.1) are bjd;. The second equation in (2.2) is equivalent to the following condition:

|A(z)\ = d1d2d3(z + 01)(2 + CZ)(Z + 03). (2.3)

Through a gauge transformation by a 3 x 3 diagonal matrix we can take two components in (2.1)
as 1. In the following, we use this kind of gauge fixings in case by case. By the condition (2.3), two
of the remaining four components are determined by other components and parameters b;, ¢;, d;.

In this article, we will consider two deformations T} and 75 for the equation (2.1) which act
on parameters b, ¢;, d;j as

b
Tl: (blab27b37617027c37d17d2>d3) — <b1,Qb2,;,61,02,03,Qd1,d2,Qd3> 5

buc %753,61,02,63(1@2,613,(2)-

TZ: (bl,b27b3,01762,03,d1,d2,d3) =\ —
do ~ ds

2.1 The deformation T}

We will show that the deformation T3 gives rise to the standard form of the q—Eél) . We consider

the following ¢-difference linear equation:

bidi 1 v di 0 0

U(gz) = U(2)A(z), A(z)=| 0 bada 1 |+ |v2 do 0]z, (2.4)
0 0 b3d3 V3 V4 d3

|A(2)| = didads(z + c1)(z + ¢c2)(z + ¢3). (2.5)

Although there are many ways of gauge fixings, fixing as the equation (2.4) makes relatively
easier to find a new change of variables from indeterminate points of time evolution equations
v; (¥ =Ti(x)).

As a connection preserving deformation for the equation (2.4), (2.5) we take the following
deformation for parameters

b
Ti: (b1,bo,b3,c1,c2,c3,d1,do,d3) — <blyqb2,57017027037qd1,d27qd3> . (2.6)

Then, there is a matrix B(z) which satisfies the following deformation equation:
TV (z) = U(2)B(2).

We derive and show the matrix B(z). First, the matrix B(z) is a rational function for z [5].
In fact, by the argument [5] to determine a coefficient matrix of a deformation equation, the
matrix B(z) is of degree one through the following:

(i) The parameters ¢; which satisfy |A(c;)| = 0 are constant by the deformation 77 (2.6).
Therefore, the matrix B(z) does not have poles at z = —¢*¢; (k € Z). Namely, the
matrix B(z) has poles only at z =0 or z = co.

(ii) The deformation T3 (2.6) shifts characteristic exponents of the equation (2.4) at z = 0 as
follows:

Ty: (bidy, bady, bsds) — (gbidy, gbady, bads).
Therefore, the matrix B(z) behaves nearby z = 0 as

B(z) = By + Bz + O(2?).
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(iii) The deformation T} (2.6) shifts characteristic exponents of the equation (2.4) at z = oo as
follows:

Tl: (d1>d21d3) — (qdlad2aqd3)'

Therefore, the matrix B(z) behaves nearby z = oo as

B(2) —Blz+B0+(’)(1>.

z

From the above (i)—(iii), the matrix B(z) is a polynomial in z of degree one. At last, we derive
an explicit form of the matrix B(z). We express the matrix B(z) as follows:

B(z) = By + Biz, B;= i=1,2. (2.7)

i
[ j,k]lgj,kgs’
Comparing coeflicients of z for a compatibility condition equation
B(2)A(z) = A(2)B(qz), ¥ =Ti(x),
for the matrices A(z) (2.4) and B(z) (2.7), we have the following three equations:
ByAg = AoBo, BiAg + BoA1 = qAgB1 + A1 By, BiA; = qA1 By, (2.8)

where matrices A; denote coefficients of 2% for the matrix A(z) (2.4). Solving the first and the
third equations of (2.8), forms of the matrices By and B; are as follows:

I B9 5(badavy—bsdsvi—1)
0 0 =% 3 hd

B — 1d1-bsds

0 — 0 O ,82’3 bl
0 0 —393 (bads — bsds)
[ (d1—d2)B3
o X "

B, = 52,1 0 0
di1qustaf; | +do (UQWB;;Q*QUBmﬁ%’l)JFUQ (qv4ﬁ5571*5§,2(d34ﬁ+v2v4)) Bl _/5‘%72(6127613(1)
L (d1—d3)quaTa 3,2 g

From the second equation of (2.8), we obtain explicit forms of time evolutions 7; (1 < i < 4), the
components 33 3 and 5 | of the matrix B(z) (2.7). Explicit forms of the remain components 3 5
and ,8%71 are as follows:

B33 = B39q(brdy — bsds)(dy — dy — viva) (—bd3quiva(dsq — dy + v1v2) — badsdaquy
— 2b3d3d2qu1vs + bsdsdaquivs + bada (bsds(dig(—ds(g — 1) — 2v1v2)
+ quiva(dsq + 2v1v2) + da(ds(q — 1)g + (2¢ — 1)v1ve)) + q(dgqvg + dy (v1vs — v2)
+ v (—dng + v% — vwgvg))) + bydsdaqug — bgdgqv%v% — bgdgqvw% — bgdgqu
+ byd1d3qua + b3did3quiva — bydidsquivs + bsdzquivavs — bsdidsquy
+ bzdzquivovg + bidy (b3d3 (dgqvlvg — d3quivy + d3(q — 1) — dida(q — 1))
+ badaq(da(ds(—q) + ds — viva) + dids(q — 1) + dsvive) + qua(dy — do — ’011}2))
— b3d3d3q + b3dididaq + bsdzdave + bididaviva + b3d3d3
— b3d1d3dy + daqus — diqus + qv102v3)_1,

1 _ al qua(bidivy — badavy + 1)
Ba1 = B39 )
’1)2(1 — b2d2U1) + bgdg(—dl +dy + ’1)11}2) + b1d; (d1 — dg)
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We remark that time evolutions v; are independent for the component ﬂég. Therefore, we
set 5?%,2 =1
From the above, a deformation equation T1V(z) = ¥(z)B(z) is expressed as follows:

0 O w1 w4y 0 0
TV (z) =V (2)B(z), B(z)=10 0 wa|+ |ws 0 0]z, (2.9)
0 0 ws we 1 wy
|B(2)| = (wiws — wawy)2*,
Ti: (b1,b2,b3,c1,c2,c3,dy,da, d3;v1,v4)
b
— <b1,Qb2,;,01,02,63,Qd1,d2,Qd3;Ul,U4> . (210)

Theorem 2.1. Through a compatibility condition of the equations (2.4), (2.9), (2.10),
B(=)A(2) = A(2)B(g2), (2.11)
we obtain the following equations:

(fg—1)(fg—1)  (9—1/c1)(g— 1/e2)(g — 1/es)(g — d2/bsds)

fr (g —1/b2)(g — d2/brdh) ’
(fo-1)(fg—1) _ (f =) (f —c2) (f —c3) (f — bads/dp) 2.12)
99 (f — bsds/dy) (f — bs/q) ’ '
where
_ bsdz _ dam
f N d3 - U1’U4’ 9= deQUl — 1, (2'13)

and % stands for T ().

The equation (2.12) is the well known form of the ¢-Painlevé equation of type Eg [4, 10] (see
also [6]).

Proof. The result is obtained by a direct computation of the compatibility condition of (2.11).
Since the computation is rather heavy, we will give a comment how to do it efficiently. Though
the 2 variables vy, v3 can be represented by the rational functions of the remaining two variables
v1, v4 by the relation (2.5), it is more efficient to do this elimination after the calculation of the
compatibility condition (2.11) in 4 variables, and then reduce it to 2 variables. In this way, we
get the following time evolutions for v, v4 as rational functions of vy, vy:

_ C1(v1,v4)C3(v1,v4) . Cs(v1,v4)
V1 = y 4 = s (214)
Dy (v1,v4)D2(v1,v4) D3(v1,v4)Dy(v1,v4)
where
C3(v1,v4), Da(v1,v4): polynomials in vy, vyq of degree (4,3),
Cy(v1,v4): a polynomial in vy, vy of degree (3,1),
Cy(v1,v4), D3(v1,v4), Dy(v1,v4): polynomials in vy, vg of degree (2,1),
D1 (v1,v4): a polynomial in vi, vy of degree (1,0).

The remaining task is to rewrite the equation (2.14) to (2.12). A useful way to solve it is to
look at the singularities of the equations [3]. Namely, we investigate the points at which the
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right hand side of the equations (2.14) are indeterminate. We focus on the equation D3(vy,v4)
of them

Dg(vl,v4) = dg(—bgdgvl =+ b3d2v1 + 1) + U11}4(b2d21)1 - 1) (215)

Investigating common zero points of the equation (2.15) and the other polynomials Cy(v1,v4),
Dy(v1,v4), we find 4 indeterminate points as follows:

. 1 (U_l — bg) (u_l — bg)dgdg
(Ul, U4) = —( ’

w1l — bg)dg,_ w1

u:cfl,cgl,cg_l,dg/bgdg. (2.16)

The other 4 points are the following:

1 1 1
_ - — . d3—d —, 0.
(v1, v104) = (00, 00), <b2d2—b1d1’oo>’ <b2d2’ 3 1>a <b2d2’ )

In view of the form of the points in (2.16), we define the variables f, g as follows:

_ 1 (f —b3)ds
(v1,v104) = <— Tt 7 ) : (2.17)

By the transformation (2.17), the equation Ds(v1,v4) = 0 is transformed to an equation fg = 1.
Through the correspondence (2.17) and the time evolution equations for the variables vy, vy
(2.14), we have time evolution equations for f, g (2.12). [ |

2.2 The deformation 75

In this subsection, we take a deformation equation which is one of that considered in the previous
work [8]. It corresponded to the permutations of the matrices X;(z)*!. We consider the following
Lax pair:

U(gz) = W(2)A(2),

bldl 1 * d1 0 0
A(z) = DX1(2)Xa(2)X3(2) = | 0 bada 1 |+ [* d2 0]z (2.18)
0 0  bsgds *  * d3
TyW(s) = W(2)B(z),  B(2)=Xs(z/9)™",  |B(2)| = jch,

TQ: (blv b27 b37 C1,C2, 037d17 d27 d3a ‘T)y)

bidy bod d
— <11,22,b3,61,02,03q,d2,d3,1;.%',3/) ) (219)
do ds q
where we define variables z, y and gauge freedom wy, we with the variables u;; in (2.18) as
follows:
U1,1U1,2U2,1U2 2 1

xr = ) Yy = , wy = U1, wg = U13. (2.20)
U1+ U222 w12 (2,1 + uz2)

Theorem 2.2. Through a compatibility condition of the equations (2.18), (2.19), (2.20),

B(z)A(z) = A(2)B(qz), (2.21)
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we obtain the following equations:

THe E1Es ag+1l EqE3 (2.22)
T+co FF’ cy+1  FF3’
where
Ey = bidy(beda(1 — zy) + c1d3y(ca + x)) + c1dadsz(cay + 1),
Ey = bydy(beda(1 — zy) + c3dsqy(c1 + x)) + csdadsqr(cry + 1),
Es = b1dy(beda(1 — xy) + codsy(c1 + x)) + cgdadsgx(cry + 1),
Fy = bidy(bada(1 — zy) + cadsy(c1 + x)) + codadsz(cry + 1),
Fy = bidy(bada(1 — xy) + c3d3qy(ca + x)) + csdadsqr(coy + 1),
F3 = b1dy(bada(1 — xy) + c1d3y(co + ) + esdadsqr(coy + 1), (2.23)

and ¥ stands for To(x).

Proof. Solving a compatibility condition (2.21) with (2.20) for the variables 7, ¥, we obtain
the following equations

_ (xy—1D)Gi(z,y) _ x2Ga(x,y)

xr = N = 5
Hy(z, y) Y= THy(w,y)

where Gi(z,y), H(z,y) (k = 1,2) are polynomials in variables z, y. The polynomial G (z,y) is
of degree (1,1), Ga(z,y) is of degree (1,2) and Hi(z,y) are of degree (2,2). Using a method [6]
for finding point configuration, a configuration of points for the equation (2.22), (2.23) is as
follows:

oo (L) (e L) (b d (b e
yY) = 1, c1 ) 25 Co 3 d2 ) bldl ) cs 5 blbg )

b1b2d1 1 deZ
“by,0), (- o), (o,—=), (o,— . 2.24
(=62,0) < c3dsq > < bl) < ClC2d3> (2.24)
Calculating % and ggﬁ, respectively, we have equations (2.22), (2.23). |

Remark 2.3. The time evolution equations u;; are derived by solving the compatibility condi-
tion (2.21). For another derivation using the transformations which correspond to permutations
of the matrices X' (z), see [8, Proposition 2.1].

Before ending this subsection, we show a relation between pairs of the variables (f, g) in (2.12)
and (z,y) in (2.22).

Proposition 2.4. The equations (2.4), (2.13) and (2.18), (2.20) are equivalent with each other
if the variables f, g and x, y are related as

_ crezcs(by + ) (zy — 1)
bibay(er + x)(c2 + ) + e3z(ba(l — ay) + 2wy + c1y(ez + 2) + )’
y(b1b2 + Cg:L‘)
= - . 2.25
g c3(ba(1 — zy) + ) + brbazy (2.25)
Proof. Comparing the coefficient matrix A(z) of the equation (2.4), (2.13) to the coefficient
matrix A(z) of the equation (2.18), (2.20), we can solve for the variables z, y and gauge freedom
w1, wy in terms of variables f, g and parameters bj, ¢;, d; (1 < 4,5 < 3). Then we have the
desired relation between pairs of variables (f,¢) and (x,y) (2.25). [

In Appendix A, we give pictures of a point configuration of the equation (2.12) and the
configuration (2.24), root basis associated with them, and three deformations T, Ty and T5 on
root variables attached with root basis.
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3 A scalar equation related to the q—Eél)

In this section, we derive a scalar g-difference equation from the matrix g-difference equation
(2.18), (2.20) for an unknown function ¥(z) = [¥;(z), ¥2(2), ¥3(z)] and its properties.

Before deriving, we state about a characterization of a linear ¢-difference equation. Linear
differential equations are characterized by its singular points and characteristic exponents. Simi-
larly, linear g-difference equations are also characterized by its singular points and characteristic
exponents. We consider the following n-th order ¢-difference equation

P, (2)®(¢"2) + Pn,l(z)q)(q”_lz) + -+ Py(2)®(2) =0,
Py(2) = pro + praz+ - +pk,n+l,kz”+l’k, 0<k<n, l€Z>o,
00,05 P0,n+1 Pn,0s P, 7 0. (3.1)

In the g¢-difference equation (3.1), singular points are at z = 0 and z = oco. And characteristic
exponents of solutions at z = 0 and z = oo are given as solutions of the following characteristic
equations respectively

Py (00X 4+ P,_1(0)A" L + ... + Py(0) =0,
Po(00)g" '™ + Ppo1(00)g" 2 p T -+ 4+ Pi(00) i+ Po(o0) = 0. (3.2)

To characterize the g-difference equation (3.1) is namely to determine coefficients py . The
number of coefficients py, ,,, in the equation (3.1) is (71-1-1)(7;74-%4-2) Through the following, total
3n + 2l — 1 coefficients py, ,,, are determined:

(i) We express parameters a; and b; as zeroes of the coefficients P, (z) and Fy(2):

Pp(2) = pni(z —a1)(z —az) -+~ (2 — ),
Py(2) = popti(z = b1)(z = b2) -+ (2 = bpta). (3.3)

The parameters a; and b; indicate poles of solutions of the equation (3.1). By the expres-
sions (3.3), (20 + n) coefficients ppm, pom (m # 1, m' # n +1) are determined.

(ii) We put parameters ¢; and d; as characteristic exponents at z = 0 and z = oo respectively

z=0: c1,c9,...,Cn,
Z =00: dl,dg,...,dn. (3.4)

There is the following relation between parameters a;, b;, ¢, and d; (g-Fuchs’ relation)

n—+l l n

(1) ﬁ di [Toi= ] ax
j=1 i=1 j

k=1

Cj. (35)
1

By the conditions (3.4) and (3.5), solving relations between roots and coefficients of char-
acteristic equations (3.2) at z = 0 and z = oo for the equation (3.1), (2n — 1) coefficients
Pknti—k Pkro (k #n, k' # 0) are determined.

Example 3.1. In case (n,l) = (2,0), the equation (3.1) has 6 coefficients pj,,. From the
conditions (i) and (ii), the equation (3.1) is characterized uniquely up to normalization. This
equation is equivalent to the g-hypergeometric equation via a gauge transformation.
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From the above (i) and (ii), the number of remain coefficients py ,, is 3(n—1)(n+20—2), which is
the number of accessary parameters. If z = a1 is an apparent singularity for the equation (3.1),
namely all solutions of the equation (3.1) are regular at z = a;, we have the following relations:

_ Pola)  Pa)  Puoa(a)
© Pi(ar/q)  Pa(ar/q) Py(ai/q)’

where f is a parameter. The above equations (3.6) correspond to a non-logarithmic condition
via a Laplace transformation z <+ T. The relations (3.6) determine n coefficients py ,.

From now on, we derive a scalar g-difference equation from the matrix g-difference equation
(2.18), (2.20) for an unknown function ¥(z) = [U1(z), ¥(z), ¥3(2)] and its properties. Elimi-
nating functions Uy(z) and ¥3(z) in the equation (2.18), (2.20), we obtain the following third
linear g-difference equation for ®(z) := ¥;(2):

Py(ar/q) =0, and

(3.6)

L(z) := P3(2)®(¢°2) + Pa(2)®(q%2) + P1(2)®(gz2) + Po(2)®(2) = 0, (3.7)
where

P3(z) = pai1(z — ),

Py(2) = pa2z® + parz + pao,

Py(z) = p132° + p122® + p11z + puo,

Py(z) = —Ps3(qz)d1dads(z + c1)(z + c2)(z + ¢3). (3.8)

Here, the coefficients py; (1 < k < 3,0 <1 < 3) in the polynomials Py(2) (3.8) depend on
parameters bj, ¢;, dj, and a variable u defined as the zero of P3(z). The variable u is expressed
in terms of z, y as follows

_ Ii(z,y) 2 (z,y)

= i, ) Dol y) 39
where
Ii(z,y) = y(bi(cazy + c1y(ca + ) + x) + c1c2(1 — xy)),
(2, y) = bads i (v, y) — badaJ1(z,y) + csdzz(c1y + 1)(c2y + 1),
Ji(x,y) = ba(bry + 1) (zy — 1),
Jo(2,y) = da(J1(z,y) — 2(cry + 1)(c2y + 1)) — dsli(z,y).

Explicit forms of the polynomials Pj(z) (0 < j < 3) (3.8) are given in appendix.
Then we have

Lemma 3.2. The equation L(z) =0 (3.7) has the following properties:

(i) it is a linear four term equation between ®(¢?z) (0 < j < 3) and its coefficients Pj(z) are

polynomials for z of degree 4 — j,

(13) a polynomial Py(z) has four zero points at z = —¢; (1 <1i <3), u/q,
(791) the exponents of solutions ®(z) are bidy, qbada, gbsds (at z = 0) and dy, da, d3 (at z = 00),
(1v) a point z = u such that P3(z) = 0 is an apparent singularity, namely we have

N 5 (ORI O NN & 1))
Pi(u/q)  Pa(u/q)  Pa(u/q)

(3.10)

Conversely, the equation L(z) = 0 (3.7) is uniquely characterized by these properties (i)—(iv) up
to normalization.
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Proof. The properties (i)—(iv) follows by computation through eliminating W¥o(z), W3(z) in
(2.18), (2.20). The converse can be confirmed that coefficients P;j(z) are defined uniquely by
(i)—(iv) up to a normalization. To see this, we consider the following equation which satisfies
the properties (i), (ii):

L'(z) = Pi(2)® (q3z) + Pé(z)CD(qQZ) + P{(2)®(qz) + P)(2)®(z) =0, (3.11)
P3(z) = plyy (2 — ),

Py(2) = pyz” + Pz + pho,s

P{(2) = P132° + Pla?” + Pz + Plo,

Py(2) = poalz —u/q) (2 + c1)(2 + c2) (2 + c3).

From the property (iii), the condition of the exponents of solutions ®(z) at z = 0 determines the
coefficients pj;, phy, pjo and the condition of the exponents of solutions ®(z) at z = oo deter-
mines the coefficients ph,, pi5. The remaining coeflicients except for p{,, are determined by the
property (iv). If we put the normalization factor p), as ¢uvcicadidads, the function L'(2) (3.11)
equals to the function L(z) (3.7). [

In the following, viewing @(qiz) (0 <7 < 3) as parameters, we regard the scalar g-difference
equation L(z) = 0 (3.7) as an algebraic curve in variables (u,v) € P! x P1. We represent as the
curve as P(u,v) = 0. The features of the curve are the following.

Lemma 3.3. The algebraic curve P(u,v) =0 has the following properties:

(1) The polynomial P(u,v) has the following form:

P(u,v) = Z ciyjuivj, co0 1= c0z2®(qz).
0<j<3
0<i<4d—j

The coefficients c; ; depend on b;, ¢;, d;, q, z, @(qiz).
(13) It passes the following 8 points:

(u,v) = (0, gbidy), (O,qszdg), (0,q2b3d3), (qz,00),
(Z7O)a (_6170)7 (_0270)7 (—03,0),

and 3 points in the coordinate (r,s) = (u,v/u)

(r,s):(oo,qzdl), (OO,quQ), (oo,qzdg).

(ii1) At u = z the equation P(u,v) =0 has the following property:

()

0<i<3—j

- ] i7 ':0’]-’2- 3.12
z—>qz,{>(qkz)_>¢(qk+1z) 0<iz<;_j Ci,j (qz) 7 ( )

Conversely, the equation P(u,v) = 0 is uniquely characterized by these properties (i)—(iii) up to
normalization factor cg.

Proof. The properties (i)—(iii) follow for the polynomial P(u,v). Conversely, we consider a poly-
nomial

Z cg,j“%j7 ch.0(2) = c4®(qz).
0<j<3
0<i<d—j
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The polynomial P’(u,v) has 14 coefficients. From the property (ii), 10 coefficients are described
in terms of parameters b;, ¢;, d; and the coefficient ¢, as follows:

(u - qz) 3
b1babsdidadsqb

z®(qz
+ <C/1,2U Oblbgbgd(lng)dgq((dl + da + d3)u?(badag + bsdsq + bldl)z)>v2

+ ( cyu® + &) qu+ chz®(qz) i—ki'f—i uig
2.1 11U T CrPY di  dy  ds) q2bibabs

1 1 1
z + + v
<b1d1q bodaq? b3d3q2)>)

(c1 + u)(e2 + u)(es +u)(z —u)
b1babs '

P'(u,v) = chz®(qz)

+ ¢(z®(qz)

The remaining 3 parameters C/1,17 0,1,27 0’2’1 are determined in terms of parameters b;, ¢;, d;, q, z,
<I>(qiz), ¢(, by the property (iii). Namely, the property (iii) gives 3 linear inhomogeneous equa-
tions among ¢} 1, ¢} 5, ¢ 1, ¢} § ‘Z_mz, 0’172|Z_>qz, ch 1 ‘Z_WZ. Though these relations are apparently
g-difference equations, we can solve them algebraically. For example, in the equation (3.12), we
solve cj, when j = 2. Then when j = 0, we solve by, , . ¢(gr2)—a(gh+15)- And finally solving ¢,

when j = 1, they algebraically can be solved. |

Explicit forms of the coefficients ¢; j(z) of the polynomial P(u,v) are in Appendix B.

3.1 Relations among pairs of variables (f,g), («,y) and (u,v)
Proposition 3.4. Under the relations among variables (f,g), (z,y) and (u,v):

_ creacs(by + x)(xy — 1)
bibay(c1 + ) (c2 + x) + c3x(b2(1 — wy) + cowy + cry(ca + x) + )’
y(b1b2 + c3z)

9= _Cg(bg(l — $y) + JI) + b1b2xy’ (313)
K (u,v)Ka(u,v) _ K3(u,v)
a L1(u,v) ’ y= Lo(u,v)’ (3.14)

Ki(u,v) = byv (v - q2(b2d2 + dgu)),
Ko (u,v) = biba(¢* (dsu(dag® (c3 + u) — v) — dav(by + u)) + v?)
+ c1c2d3q? (b2d2q (c3+u) — c3v),
Ky(u,v) = badag®u(dsq*(c3 + u) — v),
Li(u,v) = ¢*(b3da(dag® (d3¢* (c1 + u)(cs +u) — uv) (dsq®(c2 + u)(es + u) — uv)
+ v(dsg®v (b1 (23 + u) + u(es + 2u)) — dig*u(br +u)(cs + u) — uv?))
— byd3q*v(dsq? (b1 + u)(cs + u) — uv) — bacsdzv (biv(v — d3q2u)
+ dog? (dgq (cou + ¢1(2¢2 + u))(cs +u) — (c1 + CQ)UU)) + clcgc3d§q202)
Lo(u,v) = crcadsq® (badag® (c3 4 u) — c3v) + bibov (v — ¢*(bads + d3u)),
the corresponding Laz equations (2.4) with (2.17), (2.18) with (2.20) and (2.18) with (3.9),

(3.10) are equivalent. Conversely, such relations among (f,g), (x,y) and (u,v) are uniquely
determined as (3.13), (3.14).

Proof. Using the relation (3.13), we can check that the equation (2.4) with (2.17) is equivalent
0 (2.18) with (2.20). Similarly, using the relation (3.14), we can check that the equation (2.18)
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with (2.20) is equivalent to (2.18) with (3.9), (3.10). The converse is obvious from the form of
the Lax matrix. [}

4 Continuous limit

In this section, we describe a relation between our result and the result of Boalch [1]. In [1],
a Lax pair for the additional-difference Painlevé equation with affine Weyl symmetry group of
type Eg was described. The linear differential equation of the Lax pair is as follows

d All) Ag b b b
Lo v (T ), a4t ) (4.)
where the matrices Ai-’ (1 <i<3) are 3 x 3 matrices with different eigenvalues.

We show that the linear g-difference equation (2.1) reduces to the equation (4.1) via a continu-
ous limit ¢ — 1. The equation (2.1) takes the following form after a scale transformation z — —z
and gauge transformations

bidy k1 0 d 0 0
(1 — z)\IJ(qz) = \I’(Z)A(Z), .A(Z) = 0 deQ kQ — | VU2 d2 0 Z,
0 0 b3d3 V3 U4 d3
|A(2)] = didads(z — c1)(z — c2) (2 — ¢3), (4.2)

where k; (j = 1, 2) are constants. We put ¢ = e’ and consider the limit h — 0. We set

bl:qﬁlv ci:q%7 di:qéiu 1§Z§3,
k; = hlj, ji=1,2, Um = R, 1 <m <4, (4.3)

where [; are constants. By using Taylor’s expansion for (4.2), (4.3)

(Lhs.) = (1 — 2)¥(2) + h(1 — z)zi\y(z) + O(h?),

dz
(rhs)=(1-2)¥(2)
,31 — (51 (Z — 1) ll (75}
+ h¥(2) —U92 B2 —da(z — 1) lo + O(hQ),
—Uugz —U4Z B3 —d3(z —1)
we find the following limit as h — 0:
d Ay Ao
W) =W 21
L v (2 ).
51+ 61 l1 Ui —61 -1 —u
A = 0 B2 + d2 l2 ; Ay=|ug —fpo —laf,
0 0 B3 + J3 uz  ug —f3
60 0 O
Az = —(A1 + Ag) = luy do O , (44)
us U4 (53

where eigenvalues of the matrix Ay are 7; (1 <4 < 3) by the condition of the determinant of the
matrix A(z) (4.2). Therefore, the linear g-difference equation (2.1) reduces to the equation (4.1)
via a continuous limit ¢ — 1.

In the following, we consider a continuous limit ¢ — 1 of the result in Section 2.1. In
Section 2.1, through a compatibility condition of the equations (2.11), we derived a standard
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g-Painlevé equation of type Fg. We take the following equation as a deformation equation for
the differential equation (4.4) which is rewritten version of (2.10):

w1 W2 W3 wg 0 O
TV (z) = B(2)¥(z), B(z)={0 0 O0|+]|1 0 0]z
0O 0 0 w5 We Wy

|B(2)| = (wswe — w2w7)z2,
T: (51,52, B83,71,72:73,01,02,03) = (B1 — 1, B2 + 1, B3, 71,72, 73,01 + 1,02,63 + 1).  (4.5)

Solving a compatibility condition for the equation (4.4), (4.5), we obtain the following additional-
difference Painlevé equation of type Eg [6, 10]:

(9 +71)(g+72)(g+73)(g + B1 + 1 — do)

(f+9)(f+9) = SN E A v

vy =) (F =) (f =) (f = B = 61 + b2)

(f+g)(f+g)_ (7—,814-,82—1)(?—,81—(51—1—63-1—1)
where

f:53+u}f47 g:l;lf_ﬁ%

and * stands for T'(x). From the above, we derive the additional-difference Painlevé equation of
type Eg solving a compatibility condition of the Lax pair via a continuous limit ¢ — 1.

A Deformations Tj, T> and T on root variables

In this appendix, we show that how the deformations 77, Ty and T23 act on root variables.
We consider a pair of root basis of {o;} (i =0,1,...,6) and {6;} (j = 0,1,2) as symmetry
type Eél) and surface type Agl), respectively.

(o)) 50

e73

ap a2 Qa3 a4 Qp 01 09
Figure 1. The Dynkin diagram of Eél) and Aél).

Pictures of a point configuration of the equation (2.12) and the configuration (2.24) are

presented in Figures 2 and 3, respectively. From these pictures, we take a pair of root basis {«;}

and {0;} as symmetry type Eél) and surface type Agl) as follows:

ag = k7 — Eg, a1 = Eg — Es, ay = Hy — By — Eg, ag = Ey — Fay,

ay = Fy — Es, a5 = FE3 — Ey, ag = Hy — By — Ex,

0o = Hy + Hy — By — Ep — E3 — Ejy, 01 = Hy — E5 — FEg, 02 = Hy — F7 — Eg,

0 =g+ ay + 209 + 3ag + 204 + a5 + 206 = dg + 01 + do, (A.1)

where we stand for ¢ as a null root. The choice of the above root basis is the same as in [6].
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(07 bfi?ll) pbse

0, ~ d

( bQ) Pe e s, b3(213)
fg=1
g=0

pr Ps
(b370) (%,0)

Figure 2. A point configuration of the equation (2.12).

bad
( ’_Cli2§3) q5

(07 _%) dc ¢

TS TS =0
qr7 qs Y

_ b1bad

(=02,0) (-5 0)

Figure 3. A point configuration (2.24).

A.1 A deformation T; on root variables

We take variables a; (i = 0,1,...,6) as root variables attached to the root «; (A.1) associated
with a point configuration in coordinate (f,g) (see Figure 2)

. — qds 4 = bidy 4 — bads 4 — bsds
0 dl ) 1 b2d27 2 b3d3, 3 Cld27
_a _a _ %
a4 = CQ’ as = 63’ ag = d3’ (AQ)

which satisfy ¢ = aoala%agaiag,ag. Then we have the following statement.

Proposition A.1. The action T} (2.10) on the root variables a; in (A.2) is given by the trans-
lation

Tl((LO,CLl,CLQ,(Zg,CL4,CL5,CL6) — (CLOaalaqa27a3>a4,a5,a6/Q)' (A3)

Proof. Applying (2.10), we obtain the desired result (A.3). [
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A.2 Deformations T, and T23 on root variables

The deformation 75 (2.19) is not a translation on parameters b;, ¢;, d; but a deformation T23
gives a translation on them
di dy d3
T23: (b17b?yb3ucl7027c37d1)d27d3) (qb17qb27b3)017027q 637;7; ; (A4)
We show that how the deformations T (2.19) and T3 (A.4) on root variables.
We take variables a (i = 0,1,...,6) as root variables attached to the root a; (A.1) associated
with a point configuration in coordinate (z,y) (see Figure 3)

d qcsds o - b1bads o — by o csdq
7 bidy LT creads” > ey 37 body’
, _ cidy ) , b
=7 3 as = —, = A5
47 by 57 o 6= oy (A.5)

which satisfy ¢ = aja)ay’ay’a®alal®. Then we have the following statement.

Proposition A.2. The actions Ty (2.19) and T3 on the root variables a, in (A.5) are given as
follows:

VAW ESN B AW | /AW
/A Y Y A R q 120 0 1 12 1 q Qnaya3a,4ag , Q90304
TQ(a07a17a27a3aa4aa5aa6) = </7a0 A1Q9G306 s~ 75 7 y Ar, 5
ag anasag Ay q q
! !
Y A A A A A a2,2a4,a6
15 (ag, ay, ay, az, ay, as, ag) = <a0q alq aqjaasq g ’05’(72 . (A.6)
Proof. Applying (2.19) and (A.4), we obtain the desired results (A.6). [ |

B Explicit forms of coefficients in Section 3

In this appendix, we give explicit forms of Pj(z) (3.8) and the coefficients ¢;; (0 < j < 3,
0 <i <4 —j) of the polynomial P(u,v) in variables u and v.
Explicit forms of Pj(z) (3.8) are as follows:

Ps(2) = pa1(z — u)

Py(2) = p222® + p212 + paos

Py(z) = p132° + p122® + p11z + pro,

Py(2) = —P3(qz)d1dadz(z + c1)(z + c2)(z + ¢3),

where the coefficients p;; (1 <j <3,0<k < 3) are

P31 = —q uveicy,
p2o = qruverea(dy + do + d3),
P21 = —qUVCICo (ud3q3 + (qu — ba)daq® — bsdsq® — vg + v + (q3u - qbl)dl)’
P20 = —q*u’verea(bidy + gbads + gbsds),
p13 = —q uveica(dids 4 dodz + dsdy),
P12 = —q(ubrbobs(u + c2)didadzg® + ucica(u + co)didadsq’
+ c1 (u?c3didadsq” + ubibobsdydadsg®
— ca(qdr (qu(quda ( — udsg® + vqg + v) + v(g(qg + 1)udz — v))
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— by (v — ¢Pbads) (v — q2b3d3)) + v(d2 (u(q(q + 1)uds — v)
+ b (qPbsds —v))@® +v(v — ¢*(u+bs)d3))))),
P11 = u(ubibobs(u + c2)didadsq® + uclcz(u + ¢)d1dadsq®
+ c1 (W c3d1dadsq® + ubibobsdidadsq”
— co(qdy (br (bada ( — b3dsq® + vg +v) ¢ +v(q* (g + 1)bsds — v))
— qu(v — q2ud2) (v — q2ud3)) + v(dz (u(undg - v)
+b2(q* (g + Dbsds — v))q® + v (v — ¢*(u+b3)ds))))),
p1o = ¢*uveica(gbabsdads + bibadidy + bibsdyds).

We give also explicit forms of the coefficients ¢;; (0<j<3,0<i+j<4)of the polynomial

P(u,v) in variables u and v:

22 q 1 1
¢
Co1 = —C0—5 P2 <b1d1 + body + b3d3) (q2),

22(51611 + gbada + qb3dz)P(qz) 22®(qz)
Co2 = Cp 7l , €03 = —C0 =T
q*b1babsdidads q°b1babsdrdads
2 2 2
c10 = Co (z 42 z> ®(gz),
c1 ¢ c3
((cl + 2)(ea + 2)(e3 + 2)P(2)
C11 =— —Cp%
b1babsq
< 1 n 1 + 1 + 1 + 1 n 1
bidiqg = bsdsq?  badag®  bidig?  bsdsq®  badag?

2'2 Z2 2'2
+ + + ®(qz
bibabsdsq | brbabadag bwwMM)(Q)

( di + do + d3 z_b1d1+qb2d2+b3d3>¢)(2)_ 1 ‘I>(q
q?b1babsdidads q*b1babsdidads b1babadidadzg?
- COz(( dy+dp+ds =~ bidi +gbady + qb3d3>®( 9+ (-1+4q)
q3b1babsdydads qob1babzddads qb1babsdydads
- CM@%7
q°b1bob3d1dads

1 1 1 1 1 1
Co0 = CpZ + + z2=——4+——+— <I>(qz),
C1C2 C2C3 c3C1 C1 C2 C3

Co1 = o ( (c1+2)(ca+ 2)(e3 + 2) B(2)

b1babzg?
1+ q)(dids + dods + dsd 1 1 1
(( (1)(21 2 + dad3 + d3dy) I (g2)
g“b1babsdidads q°bzdz  q°badz  q*bidy

( di + do + d3 b1d1+qb2d2+qb3d3>q)( 9 )>

q2b15253d1d2d3z q*b1babsdidads T2 )

(di + da + d3)®(gqz
q*b1bab3ddads

2
1 1 1
C30 :Co( i - ( + + )z)@(qz),
C1C2C3 C1C2 C2C3 C3C1

(dldg + dods + dgdl)z z‘b(qz)
b1babsdidadsq? bibabs

)Z@(qzv),

C22 = —Cp

c31 = (g2), c40 = —Co
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