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Abstract. We introduce (quantum) twist automorphisms for upper cluster algebras and
cluster Poisson algebras with coefficients. Our constructions generalize the twist auto-
morphisms for quantum unipotent cells. We study their existence and their compatibility
with Poisson structures and quantization. The twist automorphisms always permute well-
behaved bases for cluster algebras. We explicitly construct (quantum) twist automorphisms
of Donaldson—-Thomas type and for principal coefficients.
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1 Introduction

1.1 Background
Cluster algebras

The theory of cluster algebras were introduced by Fomin and Zelevinsky [13] as a combinatorial
framework to study the dual canonical bases of quantum groups [28, 34, 35]. In this theory,
one has the cluster A-variety A (also called the cluster Kj-variety). It is a scheme equipped
with a cluster structure: A is the union of many tori which are glued by birational maps called
mutations [24]. Let U4 denote the “function ring” of A (by which we mean the ring of global
sections of its structure sheaf; it is the coordinate ring when A is affine). Then U is called
the upper cluster algebra (or upper cluster A-algebra). Under a mild assumption (full rank
assumption), one can endow A with a Poisson structure [19, 20]. Correspondingly, the upper
cluster algebra U becomes a Poisson algebra, which can be naturally quantized [5].

One also has the cluster X-variety X (also called the cluster Poisson variety). It is a scheme
equipped with the same cluster structure: X is the union of many dual tori which are glued by
mutations. It has a canonical Poisson structure. Let ¢/~ denote its function ring, which is called
the cluster Poisson algebra (or upper cluster X-algebra). Then ¥ is a Poisson algebra, and
one can quantize it naturally.

Fock and Goncharov [9, 10] found that the cluster varieties A and X naturally arise in the
study of the (higher) Teichmiiller theory of a surface. They further conjectured that the upper
cluster algebra U* should possess a basis naturally parametrized by the tropical points of the
cluster X-variety associated to the Langlands dual cluster structure and, conversely, the cluster
Poisson algebra U~ should possess a basis naturally parametrized by the tropical points of the
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cluster A-variety associated to the Langlands dual cluster structure. (By [25], Fock-Goncharov
conjecture is true for many cases, but might not be true in general.)

In view of Fock—Goncharov conjecture, it is important to understand the upper cluster A-
algebras, upper cluster X-algebras and their bases.

On the one hand, many well-known cluster A-varieties (strictly speaking, the sets of their
rational points) are smooth manifolds. Examples include the unipotent cells N [15], double
Bruhat cells [3], and top dimensional cells of the Grassmannians Gr(k,n), k < n € N [50]. On
the other hand, there exists few literature on cluster X-varieties. [26, 49, 51] embedded the
Drinfeld double quantum groups of Dynkin types to quantized 4. [48] embedded a subalgebra
of a K-theoretic Coulomb branch to quantized U~X.

The bases for (quantized) 44 have been extensively studied and they have been related to
representation theory and geometry (see the survey [46]). Not much is known for the bases of
(quantized) UX (see [1, 9, 25] for some results).

Twist automorphisms

[2, 4] introduced an automorphism 7, on the unipotent cell N*. Its gives rise to an automor-
phism 7, on the coordinate ring C[N™]. n,, was called a twist automorphism and has been
studied via cluster algebras [16]. A quantum unipotent cell Aq[N*] is a quantum analog of the
coordinate ring C[N™], which is defined for all Kac-Moody types. In a joint work [33], the first
author introduced the quantum twist automorphism 7, on Aq[N*] and further showed that the
dual canonical basis B* of Aq[N] is permuted by 7.

By [15, 17, 21, 23], Aq[N¥] is a (quantum) upper cluster algebra Y. By a motivational
conjecture of Fomin and Zelevinsky [13] and its natural generalization [32], the dual canonical
basis of Aq[N*] should contain all cluster monomials, i.e., the monomials of coordinate functions
in some toric chart which are globally regular on A. With the help of the existence of the twist
automorphism 7,, and the fact that it permutes the dual canonical basis B*, the second author
gave a proof of the generalized conjecture for all cases [47]. (See [27, 37, 44] for other approaches
and the corresponding results.)

In view of the successful application of the twist automorphism 7,, to the (quantum) upper
cluster algebra Aq[N™], it is natural to ask for a twist automorphism in general cases.

1.2 Main results
Preliminaries

Let I denote a finite set of vertices and I = I ;s Ll If a partition of I. Choose skew-symmetrizers
d; € Z~g, 1 € 1. The vertices in I;s and It are called unfrozen and frozen, respectively. A seed t is
a collection ((A;)icr, (Xi)ier, B) whose matrix B = (b;;); jer is Z-valued such that d%—bij = —d%_bji,
and A;, X; are indeterminates called cluster A-variables and cluster X-variables, respectively.
Choose a base ringk = Z or Z [vidﬂ for the classical cases or the quantum cases, respectively,
where d’ is a sufficiently divisible positive integer. We associate to ¢ two Laurent polynomial
rings LP4 = k[Aﬂz‘eI’ LpX = ]k[XiiL.e]. Then, if we take k = C, LP*® is the coordinate ring
of the corresponding torus 7° := Spec LP*®, where e stands for A or X. We denote the Laurent
monomials by A™ for any m = (m;)ic; € Z! and, similarly, X" for any n = (n;)ics € Z.
Unless otherwise specified, we will use a v-twisted product on LP*® (see Section 2.3). We will
set v = 1 if we work at the classical level. Let F* denote the skew-field of fractions of LP°.
A monomial map between LP® is an algebra homomorphism sending Laurent monomials to
Laurent monomials. We have a canonical a monomial map p*: LPX — £P4. Following [43, 44],
we consider the pointed elements, i.e., the elements of the form 5’;2 = A" Fplz5p+x, in LpA

an = |z X, 1N , where [y, an n are polynomials 1n mmdeterminates Zi,
d SX = X" Fylzusx, in LPY, where F,, and F, lynomials in indeterminates Z
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k € I, with constant term 1 (called F-polynomials). Here, Zj — p* X and Z — X} denote
the evaluation of Zj, respectively, and - denotes the commutative product.

For any unfrozen vertex k € I,s, we have an algorithm called mutation which generates a new
seed

prt = ((Ai(urt))ier, (Xi(pit) )ier, B(pit)).

In particular, we have an isomorphism u$: F*(ugt) — F°(t) called a mutation birational
map.

Let A} denote the set of seeds ¢ = ut obtained from t by any finite sequence of mutations p,
where p takes the form pg, - - pg, i, and starts from the seed ¢. Note that the mutation
sequence p depends on t, but we omit the symbol ¢ as in standard literature. Recall that
the cluster e-variety is the union U, A;r’7"(t’ ) such that the tori (local charts) are glued by
mutation birational maps (u®)* (coordinate change). The upper cluster e-algebra U*® is defined
to be its function ring, which turns out to be U*(t) = ﬁt/€A+M*£P.( ") by choosing any initial
seed t (local chart). It is known that, up to identification by mutation maps, these objects are
independent of the choice of the initial seed t. So we can simply write U°.

Constructions and results

Let t = ((A;), (X;), B) and t' = pt = ((A}), (X]), B") denote two similar seeds, i.e., there exists
a permutation o on Iy such that b; ; = b/, o d; = dyq, V1,7 € L. We can relabel the vertices I¢
when working with ¢, so that we can assume o = Id from now on.

Let pry, denote the natural projection from 7! to Z's. Following [43, 44], two pointed
elements SA € LPA(t) and S, € LPA(') are said to be similar if pry,m = prr,m’ and they
have the same F- polynomlal Similarly, we define two pointed elements SX e LPX(t (t) and
SX € LPX(t) to be similar if pry,, B(t)n = pr; B(t')n and they have the same F-polynomial.

Following [43, 44], a variation map (or a correction map, a coefficient twist map) vary is a map
sending pointed elements in £LP*(t) to similar pointed elements in LP*(t'), where o stands for A
or X, see Remarks 3.5 and 4.5. For the purpose of this paper, we require that var} is an algebra
homomorphism from LP®(t) to LP*(t').

We define a twist endomorphism tw} on U*(t) to be the composition p* varf of the mutation
map p* with a variation map vary. In the classical case, it is called Poisson if it preserves the
Poisson structure. We can show that the construction is independent of the choice of the initial
seed, so we can simply say that tw® acts on U® (Propositions 3.14 and 4.12). Note that different
choices of variation maps still give different twist endomorphisms.

Let 29 denote the multiplicative group generated by the roots of coefficients (frozen clus-
ter A-variables AJ, j € If). Let L{ denote the ring U4 ®k[ZQ]. The notion of the twist
endomorphism tw? can be naturally generahzed for Z/{’Z‘lQ

In the classical case, the existence of the twist endomorphisms tw* is given by Theorem 3.19
(See Remark 4.21 for the existence of tw* ):

e Assume that the full rank assumption holds. Then the twist endomorphisms tw* on Z/lg@
exist, and they are in bijection with the solutions of an inhomogeneous linear equation
system.

Let var;y denote a monomial map from LPX (') to LPX(t) and var{! the corresponding mono-
mial map from LPA(t)ze to LPA(t')zo constructed using the pullback (see Theorem 4.19).
Let tw® denote their compositions with the mutation maps, respectively. Then tw*® are related
by Theorem 4.19:
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e tw¥X is a twist endomorphism (resp. twist automorphism) on UX if and only if tw? is
a twist endomorphism (resp. twist automorphism!) on L{g‘@.

e Assume that tw¥ is a twist automorphism on &X. Then it is Poisson if and only if tw? and
(th ) ~! commute with the natural homomorphism p*: UX— U4, ie., p* (th ) oA p*.
Note that a variation map vart),( is Poisson if and only if the corresponding linear map satisfies
the quadratic equation in Lemma 4.10.
We also explicitly construct Poisson (or quantum) twist automorphisms tw® on U® in the
following cases:

e The case t' = t[1] (see Definition 2.19 and Theorem 5.2): the corresponding twist auto-
morphisms are said to be of Donaldson-Thomas type (DT-type for short). The original
twist automorphism 7, is of this type [47].

e The case when there is a seed of principal coefficients (see Section 2.10 and Theorem 5.4).

We prove general results that well-behaved bases for U*® satisfying Assumptions 6.1 or 6.3 are
permuted by twist automorphisms tw® (see Theorems 6.2 and 6.4). In addition, we proposed
a method for constructing bases of 4~ in Theorem 6.6.

Recall that we can naturally quantize U*® if a compatible Poisson structure is given. Then
we can lift a Poisson twist endomorphism to a quantum twist endomorphism. Conversely,
the classical limit of a quantum twist endomorphism is a Poisson twist endomorphism. See
Remarks 3.7 and 4.7.

Remark 1.1 (a comparison with the previous literature). The second author introduced the
correction technique to compare similar pointed elements for similar seeds ¢ and ' in [43]. In
order to facilitate the comparison, in [44], he introduced a variation map varg4 sending pointed el-
ements in £P4(t) to similar pointed elements in £P4(#'). The variation map var’: LPA(t) zo —
LPA(t') zo considered in this paper is defined in the same spirit, but chosen slightly differently,
such that it becomes an algebra homomorphism. The variation map varX : LPX(t') — LPX (1)
has not been considered before.

In the classical case k = Z, it is easy to see that a variation map var?: LPA(t) — LPA(Y)
in this paper is the same as a quasi-homomorphism introduced by Fraser [14]. When one
identifies F4(t) and FA(#') using the mutation map p*, a twist endomorphism tw4 on ¢4
becomes the same as a quasi-homomorphism for a normalized seed pattern in the sense of [14].
[6] studied the group of the twist automorphisms on /4 for principal coefficient cases and several
other special cases.

To the best of the authors’ knowledge, the Poisson or quantum twist endomorphisms as well
as the twist endomorphisms tw® have not been introduced in the previous literature (although
specific examples have risen from Lie theory and from higher Teichmiiller theory, see Section 7).

Remark 1.2 (morphisms for schemes). Consider the classical cases.

On the one hand, our twist endomorphism tw® provides an endomorphism for the affine
scheme Speclf®.

On the other hand, a cluster variety might not be affine, and we do not know if tw® provide
an endomorphism for it. While the variation map is always a scheme morphism, the mutations
might be not.

See [24] for the comparison between the schemes.

While we only consider upper cluster algebras in this paper, Proposition 3.14 implies that our twist auto-
morphism tw* restricts to an automorphism on the k[Z%-subalgebra (cluster algebra) generated by the cluster
variables.
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1.3 Contents

We provide preliminaries for the theory of cluster algebras in Section 2.

In Sections 3 and 4, we introduce (Poisson, quantum) twist endomorphisms for upper cluster
A-algebras and upper cluster X-algebras, respectively. We discuss their existence.

In Section 5, we explicitly construct (quantum) twist automorphisms for two special cases:
the Donaldson—Thomas type and the principal coefficients.

In Section 6, we prove that a basis with nice properties is permuted by a twist automorphism.
We also construct bases for cluster Poisson algebras.

In Section 7, we give some explicit examples for Poisson twist automorphisms.

1.4 Convention

We fix a finite set of vertices I together with a partition I = I, U Is. The elements in I
and I are said to be unfrozen and frozen, respectively. We also fix skew- symmetrizers d; € Z~g
for i € I. Let D denote the diagonal matrix whose diagonal entries are +, i € I.

We choose a base ring k of characteristic 0 and a unit v € k. For classmal cluster algebras,
we choose k = Z and v = 1. For quantum cluster algebras, we choose k = Z [v d’] where v is an
indeterminate and d’ € N+ is sufficiently divisible. The ring multiplication for cluster algebras
will be the v-twisted product x. We will also use the commutative product -.

An I x I matrix H is said to be skew-symmetrizable by D if DH is skew-symmetric.

For any I x I-matrix H and any Ji,Jo C I, let Hj, j, denote the J; x Jp-submatrix of H.
Then we can denote H as a block matrix:

H = (Hluﬁ HquJf) —. (Huf Huf,f) .
Hyre Hr,r He e Hf

Let col; H and row; H denote the i-th column and the i-th row of H, respectively. For any
permutation o of I (resp. of ), let P, denote the I x [-matrix (resp. the I, X [ -matrix)
such that col; P, is the oi-th unit vector. Then we have coly(H P,) = col,x H as column vectors
and row;(P,H) = row,-1; H as row vectors. We work with column vectors unless otherwise
specified.

Assume that o is a permutation on I¢. If w = (wy)ker,, is a vector in R, we define ow € R
such that (cw)s, = wg. Similarly, if g = g, - - - g, fk, 1S a sequence of mutations with k; € Iy,
then op denotes gk, * * * foky ok, -

For a Z-lattice L, we denote Lg = L ®7 Q. If L has an I-labeled basis {u; | i € I}, let Lys

and L¢ denote its sublattices spanned by {u; | i € I} and {u; | i € I¢}, respectively.
Let pr; . denote the natural projection from 7' to Z1u .

Iy¢ Ly

2 Preliminaries

2.1 Seeds and tori

Definition 2.1 (seeds). A seed ¢ is a collection ((A4;)ier, (X;)icr, B), where A; and X; are
indeterminates called cluster A-variables and cluster X-variables, respectively, and B = (b;;); jer
is a Z-valued matrix such that DB is skew-symmetric.

Define Laurent polynomial rings £P4 = [Ai] and LPX = [X i] ser- For any vector
m,n € Z!, denote the Laurent monomials A™ = HAml and X" = [[ X/". We use - to denote
their commutative multiplication, which is often omitted for simplicity.

We associate to t a lattice N = Z! with the natural basis e;, i € I, whose elements n =
S nie; = (n;) € Z' are viewed as the Laurent degrees for X™ € LPX. Let M denote its
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dual lattice With the dual basis ef. Let ( , ) denote the natural pairing between Ng and Mg.
Define f; = e and the sublattlce M° = ®ierZf; C Mg. We identify M° with Z! such that f;
become the umt vectors. View its elements m = > m;f; = (m;) € Z! as the Laurent degrees
for A™ e LPA.

Let e and f denote the I-labeled bases (e;);c; and (f;);cr, respectively. We can view them
as matrices whose columns are the basis elements. Define the linear map p*: N — M° such
that p*e; = >, bi;f;, Vj. It has the following matrix presentation:

p*(e) =£fB

In the classical case, extend k to a field containing Z. Denote the affine schemes 74 =
Spec LP# and T = Spec LPX. We will call T4 and T the tori associated to t, since 74 (k)
and 7% (k) coincide with the split algebraic torus (k).

2.2 Poisson structures

Recall that d is the least common multiplier of all d;. We can associate to N a lZ valued
canonical skew-symmetric bilinear form —w such that w(e;,e;) = T bﬂ, Vi, j. The correspondlng
canonical Poisson structure on 7% is given by

(X", X"} = —w(n,n) X" (2.1)

Let W denote the Q-valued matrix (w(e;,e;)); ;. Recall that the diagonal entries of D are .
Then we have WD~! = BT,

Remark 2.2. For any i € I, we have p*e;( ) = w(e;, ).

Remark 2.3. Following [19, 20], the Poisson structure of the form (2.1) is usually called log-
canonical in the sense that the following holds (for k = R):

{Ih X", In X"} = —w(n,n).

We often impose the following assumption. Denote the matrix B = (bik)ict ke,

Assumption 2.4 (full rank assumption). We assume that the linear map p* restricts to an
injective map on N,¢. Equivalently, the matrix B is of full rank.

Definition 2.5 ([5]). By a (compatible) Poisson structure on 7%, we mean a collection of
strictly positive numbers dﬁf € Qso, k € I, and a Q-valued skew-symmetric bilinear form A
on M° such that

Afi,p*er) = =i d},

for any i € I, k € 1.
The corresponding Poisson bracket on 74 is defined as

{A™, A™ Y = A(m,m/)A™
The bilinear form A is represented by the A-matrix A = (Ayj)ijer := (A&, £))ijer-

Note that the existence of a compatible Poisson structure implies the full rank assumption
(see Assumption 2.4). Conversely, by [19, 20], when the full rank assumption is satisfied, we can
always choose a (not necessarily unique) compatible Poisson structure.
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From now on, we will make the choice such that dj, = d , Vk € I (see [5, Proposition 3.3]).
Correspondingly, A is Z valued for some sufficiently d1V1Slble d’ € Nog. We choose d’ such
that d|d’.

Note that the bilinear form A on M°(t) naturally induces a bilinear form A on N such that

A(n,n') = A(p*n, p™n).
It is easy to check that A on Nyf coincides with —w (see [47, Lemma 2.1.11 (2)]).

Definition 2.6 (connected matrix). An I x I matrix B is said to be connected, if for any i, j € I,
there exists finitely many vertices i, € I, 0 < s <[, such that ig =4, 4, = j, and b;;_,, # 0 for
any 0 < s <[ —1.

It is straightforward to check the following result.

Lemma 2.7. Assume that B is a connected I x I matriz. If DB and D'B are both skew-
symmetric for some invertible diagonal matrices D, D', then there exists some 0 # o € Q such
that D = aD'.

2.3 Quantum torus algebras

Recall that we have chosen d|d’ and w on N is dZ—Valued Using the canonical Poisson structure
on TX, we equip LPX with an extra multiplication %, called the v-twisted product, such that

X7 Xn _ ,U—w(n,n’)Xn—l—n )

Then £PX is called a quantum torus algebra for the quantum case k = Z[ i’] The canonical
Poisson bracket (2.1) can be recovered from the twisted product by

1 / ’
(X" X"} = lim o (X" % X — X" % X™).

If there exists a %Z—Valued compatible Poisson structure A on 74 (see Definition 2.5), we
can equip £LP? with an extra multiplication #, called the v-twisted product, such that

A™ 5 Am’ _ ,U/\(m,m’)Am—&—m’.

1
Then £P is called a quantum torus algebra for the quantum case k = Z[vi?]. As before, the
compatible Poisson structure can be recovered from the twisted product by

{A™, A™) = lim L meam a4 am),
v—=12(v — 1)

For the classical case k = Z, we have v = 1 and we simply define the v-twisted product *
of LP® to be the commutative products -. From now on, we always view LP® as a k-algebra
whose multiplication is the v-twisted product.

Let LP = k[L] = ®kyerx and LP' = Kk[L'] = Skyer x* be two quantum torus algebras as
above, viewed as k-modules. Here L and L’ denote the lattices of Laurent degrees, respectively,
and y can denote X or A. By a monomial map @ from LP to LP’ we mean a k-linear map such
that, there exists some linear map ¥: L — L’ satisfying &(x*) = x*® VYu € L. In this case,
@ is called the monomial map associated to ¥ and ¥ the linear map associated to &.

In particular, the linear map p*: N — M?° determines a monomial map LP~X — LP4 send-
ing X™ to AP"™, which is still denoted by p* for simplicity. Then p* is an algebra homomorphism
preserving the v-twisted products.

Let T denote the subalgebra k[X k]ke 1, of the quantum torus algebra LPX. We introduce the
k-algebra EP = LPX ®r T where T' is the co pletlon of T with respect to its maximal 1deal
generated by X, k € I Similarly, define LP = £LP4 Qp*T p*T The elements 1)r(1 P V&Qll
be called formal Laurent series. Note that p* extends to a homomorphism from LP to LP .
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2.4 Mutation maps

Denote [ |+ = max( ,0). For any vector (g;), denote [(¢:)]+ = ([9i]+)-
Let t denote a given seed and k any chosen unfrozen vertex. Choose any sign ¢ € {1, —1}.
We define a new seed t' = uit = ((A}), (X]), B'), such that the matrix B’ = (b;,) is given by
N bij + bik[ebrs]+ + [—ebikl+brj, k& {i, 5}
Let F* denote the fraction fields of the Laurent polynomial rings LP*® for classical cases and
the skew fields of fractions of the quantum torus algebras £LP°® for quantum cases. We always
call F* fraction fields for simplicity.

We further relate the cluster variables for ¢’ with those for ¢, by introducing isomorphisms for
the fraction fields (,u,i()*: (.7-"X)/ ~ FX and (u?)*: (FA)/ ~ FA. For classical cases, we define

e XiX]LabmH(l +le;)_bkiv ik,
(:uk ) Xz - 1 .
X, i=k
Xi(14 X, by <0,
1
= XX by > 0,
NTE ARG
X1 i=k,
Ay, i # k,

A\ * —¢b; .
(k) A= Y A TTAS " (14 poxE), ik
J
Ai, 1 #k,
VAN [IAT @), i=k
J

Following [45, equation (2.6)] and [47, equations (2.2) and (2.4)], for quantum cases, we define
(u?)* such that

k i A ol ATt bl —

We define (,ui( )* such that

( —bri
—bu:
Xi : Z ( kl) X]i7 bkz S Oa
S
s=0 Vg 1
X\ * v/ br; -
' ST o xTtxXg )L bk >0,
s=0 § Vg
X i =k,
, a
where - denotes the commutative product. Here, we denote vy := v% = v% . The quantum

numbers for b < ¢ € N are defined as

la], == Vol [al! = lalola = 1y -+~ [, (Z) - [b]v'[[z]v—‘b]v'

v—ov-1’
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The maps ()" are called the mutation maps, where o stands for A or X. For classical cases,
they induce birational maps u$: 7°(t) --» T*(t').2

It is straightforward to check the well-known fact that B’ does not depend on the choice of
the sign €. Moreover, mutation is an involution on the seeds, and the compositions

((up))?: (F*) = F* = (F*)
are the identity. One can also check that mutations commute with the monomial map p*:
(i) o p" (M) (Xa(t) = p"(t) o ()" (X)), Viel (2.2)

For simplicity, we might omit the symbol e when there is no confusion.

Hamiltonian formalism

For classical cases, let us recall the Hamiltonian formalism for the mutation maps following [18]
(see also [11, 25]). Recall that the Euler dilogarithm function is given by

n

Liy(z) = Z%.

n>1

Let (pifs)* denote the automorphism exp{edj Lio(—X%), } on FX. When F# possesses
a compatible Poisson structure, let (p,‘? E)* denote its automorphism exp {5 Lig(—AEp*‘E’k)7 }
One can check that

(pi(;g)*(Xn) — Xn(l +X]§)w(n7_dkek)’ (p?,a)*(Am) — Am(l +A€p*ek)_mk'

In particular, we have

)

Pk Xp., i=k,

A\ * N A’i7 { 7é ka
(pk,e) (AZ) - {Ak(l + (p*Xk)e)_17 i = k.

()" () = {X@'<1+Xz>-bka 4k,

We define monomial maps w,fa: ([,PX)/ ~ LPX and w,éaz ([,PA)/ ~ LP4 such that

A . Aia i ?é k?
J

X; - X}[:bkih’ i # k,

X !/
X! —
wk’s ! {Xk_l, 1=k,

where the commutative products are used. Then the mutation map (y})* decomposes as the
composition (p} _)* o1y .. The factor ¢y, _ is called its monomial part and (pj, .)* its Hamiltonian
part. Note that we have (Pre) o vr . - Yreoo(pr )™ 7

By [5], if ¢ is endowed with a compatible Poisson structure, then we have a unique compatible
Poisson structure for ¢’ such that the homomorphism w,?a is a Poisson homomorphism. In
addition, it is independent of €. We still use A to denote the corresponding skew-symmetric
bilinear form on (}°)’, and denote the corresponding matrix by A" = (A(f], f}))ijer-

2We use dashed arrows to denote rational maps.
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Mutation sequences

Let kK = (ki,...,k;) denote a finite sequence of unfrozen vertices. A sequence of mutations
M = py is the composition of mutations jug, - - - fig, i, (vead from right to left). The correspond-
ing mutation map is (u*)* = (g, )*(ug,)" - - - (uy,)", which we often write p* for simplicity. Note

that g ! = pug, puy - - i, and (p*) =1 = (p7)"
We deduce the following equality in F4(t) from (2.2):

(M) o p™ () (X)) =p*(t) o (W) (X(t)"),  VneZl (2.3)

Formal Laurent series expansions

We recall the maps +* taking formal Laurent series expansions following [45, Section 3.3]. They
will only be used in Lemma 6.5.

Take t' = pt for any mutation sequence . The mutation map (p®)*: F* (') — F*(t) induces
an algebra homomorphism (*(t') from LP*(t') to 273.(75), sending the Laurent monomials (X')"
to (uX)(X)" (or (A")™ to (u?)"(A')™). It is injective, see [45, Lemma 3.3.7 (1)]. In addition,
the image of the Laurent monomials are pointed elements in the sense of Section 2.11, see [45,
Lemma 3.3.6].

Lemma 2.8. For any Z € LP*(t'), the following statements are true.

(1) If (u*)*Z € LP*(t), then (Z) = (u*)* Z.
(2) If 1Z € LP*(t), then o(Z) = (u*)*Z.

Proof. (1) See [45, Lemma 3.3.7 (2)].

(2) We prove it for the X-side, and the proof for the A-side is the same. Our proof is similar
to that of [45, Lemma 3.3.7 (2)].

We can write (X')" * Z = F for some F € k[X!];c;, n € NI. On the one hand, we have
LX) % 1(Z) = o(F) in LPX(s). On the other hand, we have p*(X")* * u*(Z) = wp*(F)
in FX(s). By the definition of ¢, we have «(X")* = pu*(X")" and «(F) = p*(F). It follows that
WZ) = p*(2). [ |

2.5 Cluster algebras

Let there be any given initial seed tg. We use AT = Azg to denote the set of seeds t =
((Ai(t))ier, (Xi(t))ier, B(t)) obtained from ¢y by sequences of mutations. If we work with the
quantum cases, we also choose a compatible Poisson structure and consider the associated quan-
tization as in Section 2.3. Recall that the cluster variables A;(ty), j € If, are unchanged by
mutations, which are denoted by A; and are called the frozen variables. We use Z to denote
the multiplicative group generated by A;-t, j € It

Using the v-twisted product #, the partially compactified (quantum) cluster algebra A(tg)
with the initial seed ¢ is defined to be the k-subalgebra of F4(ty) generated by all the cluster
variables p* A(t), i € I, t = pto € A . The (localized) cluster algebra A(to) is defined to be its
localization A(tg) [Aj_l] iel

The upper cluster algebra (or upper cluster A-algebra) L[A(to) with the initial seed tg is defined
as the intersection Mi— ea+ p*LPA(t) inside FA(tp). By the Laurent phenomenon [5, 13],
it contains the cluster algebra A(tp). For classical cases, if a compatible Poisson structure
on LPA(ty) is given, then U (to) inherits the Poisson structure.

The cluster Poisson algebra (or upper cluster X-algebra) U~ (to) with the initial seed tq is
defined as the intersection M, ea+ w*LPX(t) inside FX(tg). For classical cases, it inherits

the canonical Poisson structure from that of LPX (ty).
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We often identify fraction fields F*(t) and F*(tp) via the mutation map p* for simplic-
ity. Correspondingly, we omit the symbol ty and pu* in the above notations, and we can
write UA = M LPA(t) and UX = N LPX ().

2.6 Cluster varieties

Let us work at the classical cases. Given two seeds ¢’ = ut. Using the mutation birational
maps p: TA(t) -—» TA(t), we can glue the tori T4(t), t € AT, into a scheme A (see [24,
Proposition 2.4]), which is called the cluster A-variety or cluster K2 variety. Note that the upper
cluster algebra U4 is the ring of global sections of its structure sheaf. A choice of compatible
Poisson structure on LP4(t) gives rise to a Poisson structure on A. It often happens that A
is a smooth manifold, for example, for many well-known the cluster algebra arising from Lie
theory (unipotent cells [15], double Bruhat cells [3, 22]).

Similarly, using the mutation birational maps p: T~ (t) --» T~ ('), we can glue the tori
TX(t), t € A*, into a scheme X called the cluster X-variety or the cluster Poisson variety. The
cluster Poisson algebra U is the ring of global sections of its structure sheaf. Note that X has
the canonical Poisson structure.

2.7 Transition matrices

We use ()T to denote matrix transpose.

Given seeds t' = p,t and a mutation sign € € {+, —}. Let us describe the monomial part of
mutation using transition matrices.?

Define the following I x I-matrix Pﬁs(t):

_17 [ :.7 = k?
(PkN,a(t))ij = [gbkj]—l-a 1= k? ] 7& ka
dij, else.

Then it represents the linear map
Yie: N() = N(t),  ype(e) =ePrl().

We see that ¢2_ induces the monomial part Qﬁ,i(s of the mutation from FX(t') to FX(t).

Similarly, define the following I x I-matrix Pﬁ/{a (t):

-1, i=j =k,
(Pfc‘/,fa(t))z] = [76bik]+a i 7é k’ ] = ka
i, else.

Then it represents the linear map
Ypls MO(t') ~ M°(t),  YpL(f) = £PLL(2).

We see that 12 induces the monomial part 1;._ of the mutation from FA(#') to FA(t).
The following results were known by [5, 41], see [31, Section 5.6] for a summary.

Proposition 2.9. We have the following equalities:
(1) PR(t)* =1d, PY_.(t') = PR.(1), PE_.(t) PR.(t) = Id.

3In [5], our matrices PY and PM are denoted by F. and E., respectively.
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(2) PRL(6)? =1d, PRL(¢') = PRL(#), PR (") PRL(1) = 1d.

(3) D PM L()D"'=DPM)D' = (PN.(t)) .

(4) B'=PpL(t)- B-P.(1).

(5) A= ( T A- P,i‘i(t), where A is the matriz of the Poisson structure.

Remark 2.10. It is straightforward to check that we have

_gbikv { 7& k? ] = ka
(PIL()PIL(1) , = {

0ij, else.

and similarly

{—ebkj, i=k, j#k,
1)

idy else.

(PN PY.(1)),, =

2.8 Cluster expansions, g-vectors, c-vectors

Let there be given an initial seed ¢y = ((A4;), (X;), B). Take any sequence of unfrozen vertices
k = (ko,k1,..., k). Denote the corresponding mutation sequence by p = p;, = pg, - - - pg, and
the resulting seed by ¢t = puto. B

Recall that a vector is said to be sign-coherent if its coordinates are all non-negative or all
non-positive.

Theorem 2.11 ([7, 25, 52]). There exist I x I invertible Z-matrices

EM)y Et), F(t), 0
E(t) = ( (0) f (Id)f f7f> and F#) = (F((t))f,:f |df> ’

such that the following statements hold.
(1) Any cluster A-variable A;(t), i € I, has the following Laurent expansion in LP(tg):
N*Ai(t) — Acoli F(t) % Z CHAp*n’
neNTuf
such that ¢y = 1.
(2) Any cluster X -variable X;(t), i € I, has the following expression in F~ (tg):
/J,*Xl(t) _ Xcoli E(t) P« Q_l,
where P, Q are polynomials in k[ Xy|ker,, with constant term 1.
(3) The row vectors of F(t) are sign-coherent.
(4) The column vectors of E(t) are sign-coherent.

The I, x I-submatrices C(t) := E(t)yf and G(t) := F(t)ys are usually called the C-matrix
and the G-matrix of ¢ (with respect to the initial seed tp), respectively.

Definition 2.12 ([45]). For any pair of seeds t,t' € AT, let ¢t be the initial seed and E(t')
(resp. F(t')) denote the corresponding E-matrix (resp. F-matrix) of ¢. We define the linear
map:

Y N(t') = N(b), Yy (e(t) = e() E(t);

Vs M) = M°(t),  wlu(E() = L) F(¢).
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Example 2.13. Take the index set I = {1,2} such that 1 is the only unfrozen vertex. Choose
dy =2, dy = 1. The initial seed ¢t = ((X1, X3), B) is given such that B = (_{3).
Then W = BT % (1)) = (974). We choose A = —1W, so that (AB);; = (511(1 fori=1,2.
The seed t' = p1t is the only non-initial seed. Using the commutative product -, we can write
A= A0 A0 = AT Ay (14 A1) = AT Ay - (14 p*Xy) and A = Ay Tt follows that
¢%: Me°(t') — M°(t) is represented by F(t') = (_1 9). We also have

Xi=Xr' ()7 =X X (L (0 o)X+ XD)

or, equivalently,

Xh= (X217 4 (p3 4 2) X0 4 X)L

So wi\/’t/: N(t') — N(t) is represented by E(t') = (74 2).

Note that, for any k € Iuf, ¥, is represented by the matrix P% +(t), where e stands for M
or N. In particular, ¥¢ , 47, ;+ might not be the identity by Remark 2.10.

Identify N(t) with N(tp) by using the linear map w%t. Then the basis vector e;(t) has the
coordinate vector col; E(t) in N(tp) ~ Z!. Similarly, identify M (t) with M(ty) by using the
linear map wg\(:{t. Then the basis vector f;(¢) has the coordinate vector col; F(t) in M°(ty) ~ Z!.

We will often work with vectors, linear maps and bilinear forms in the fixed lattices N(t¢)
and M (tg). We refer the reader to [24] for more details on the fixed data.

2.9 Canonical mutation signs

For any k € I, recall that the k-th c-vector coly C(t) is sign coherent. Then we define the
canonical mutation sign € for the mutation of ¢ at the vertex k to be the sign of col; C(t). From
now on, we always choose the canonical mutation sign unless otherwise specified.

For k = (ko, k1, ..., k), denote k., = (ko,...,ks) for any 0 < s <r —1 and t; = Py_ o
Let €4 denote the canonical sign for the mutation of ¢, at the direction k.

Proposition 2.14 ([25, 41]). We have the following
E(t) Pko 50( ) Pkl 51( ) Pkr 1,€r— 1(t *1)7
(t) Pk;() 80( ) Pk‘l 51( ) P]\f 1,€r—1 (t 1)‘

By Proposition 2.14, the matrices C(t) and G(t) only depend on B¢ and k.
Using Proposition 2.9, we obtain

Et)' =DF@t)"'D7 L (2.4)
Its restriction gives C(t)T = DyG(t)"'D ;.
Lemma 2.15. The following statements are true.
(1) F(t)Bt)(E(t)~" = B(to) or, equivalently, Vi (p*e(t)) = p* (v 1e(t))-
(2) F(t)TA(to)F(t) = A(t) or, equivalently, X(vy(£(2)), W‘f (i(t))) = AME(), £(2))-
(3) E(t)"W (to)E(t) = W(t) or, equivalently, w(ify ,(e(t)), diy . (e(t))) = w(e(t), e(t)).

Proof. (1)-(2) follow from Propositions 2.9 and 2.14.
(3) follow from (1), W(¢)D~t = B(t)T and E(t)* = DF(t)"'D~!. [ |
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2.10 Principal coefficients

Let us recall the seeds with principal coefficients and their relation with the C-matrix and the
G-matrix. This part will only be used in Sections 5.2 and 6.3.

Denote a copy of Iy by I/¢ = {K'|k' € I,¢}. We extenddthe corresponding principal B-matrix
Byf to the (I U I'c) x (I¢ U I'c) matrix BPiN = |d1“f - OI” which is called the principal co-
efficient B-matrix, where Id;, represents the natural 1somorphlsm I ~ I';. The corresponding
diagonal matrices are

i Duf i W uf Duf
prin __ prin __
DP'M = < Duf> and W = <_Duf 0 > .

We denote by tgrin the seed obtained from t¢ by changing the fixed data as above.
Let k denote a sequence of vertices and ¢ = pto. Then it is known that the C-matrix and
the G-matrix can be computed using principle coefficients:

i = (60 2.
E(pytf™) = (DP™) ™ F(puyto) " DP™ = (C(gt) |d€f> ’

where C(t) = D;'G(t)"TDys. Then, using Lemma 2.15, we obtain

B(Nk;tprm) F(thprln) B(tgrin)E(HEtO) _ (G(t);§3fc(t) —th)1>
(D ~G()"! (Dt ~Dy (1) Dy
- (e %)= (e ™).

2.11 Degrees and pointedness

We endow Ny (t) = ©Zey, ~ Z' with the natural partial order such that n > n’ if n — n’ > 0.
Denote Nfco(t) = ©Nep ~ N/uf. Recall that we have the linear map p*: Nuf(t) — M°(t)
represented by the matrix B = BBf ”:f

Definition 2.16 (pointedness). A formal Laurent series Z € " (t) is said to have degree n,
denoted by deg, Z = n, if it takes the form Z = X (¢)" - (Z weNZO(t) e X (t )”/) for some ¢y # 0,
¢ € k. Its F-function is defined as ) e X (8)". Tt is'further said to be pointed at n

. . n’ENquO(t)
or n-pointed if ¢y = 1.

Now assume that ¢ is a seed such that ker p* N N§O (t) = 0. This condition is satisfied when
the seed t satisfies the full rank assumption (see Assumption 2.4). We recall the degrees and
pointedness introduced in [44, 45].

Definition 2.17 (dominance order [44]). For any m, m' € M°(t), we say m' is dominated by m,
denoted by m' <; m, if m’ = m + p*n for some n € Nﬁo(t).

Definition 2.18 (pointedness [44]). A formal Laurent series Z € ﬁA(t) is said to have de-
gree m, denoted by deg, Z = m, if it takes the form Z = A(¢)™ - (3 weN> ()CnA(t)p* ”) for
some cg # 0, cpr € k, i.e., its <;-maximal Laurent degree is m. Its F-function is defined as
Zn”eNquo(t) cnuX(t)””. It is further said to be pointed at m or m-pointed if ¢y = 1.

Theorem 2.11 implies that deg, X;(t) = col; E(t) and deg; A;(t) = col; F'(t). By definition,
Wg,t is the linear map sending e;(t) = deg, X;(t) to deg, p*X;(t). Similarly, w%t is the linear
map sending f;(t) = deg, A;(t) to deg, p*A;(t).
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2.12 Injective-reachable

Definition 2.19 (injective-reachable [44, Section 2.3]). A seed ty is said to be injective-reach-
able, if there exists another seed to[l] = pty € Azg and a permutation o of I, such that for
any k € I, we have

Upy o€k (to[1]) = —ex(to). (2.5)

The sequence p is also called a green to red sequence from ¢ to to[1] in the sense of Keller [30].

Assume that tg is injective-reachable. Then all ¢ € AtJB are injective-reachable, i.e., we can
always find a seed t[1], see [44, Proposition 5.1.4] or [38].

By [44, Proposition 2.3.3], for any k € I, we have

Vi soyfok(toll]) € —fiy (o) + ®jerZEj,  dix = doy.

We will see that to[1] € AT is similar to ¢y up to o in the sense of Definition 3.1.

3 Twist endomorphisms for upper cluster A-algebras

In this section, we introduce the notion of a twist endomorphisms for a pair of similar seeds ¢, ¢/,
which is defined as the composition of a mutation map with a monomial map called a variation
map.

3.1 Similar seeds and variation maps
We first recall the definition of similar seeds.

Definition 3.1 (similar seeds [43, 44]). Two seeds t, t' are called similar, if there is a permu-
tation o of I such that for any i,j € I, we have b;;(t) = byis;(t') and skew-symmetrizers
d; = dgi, Vi, j € L.

If t and ¢’ are similar, in our choices of compatible Poisson structures, we automatically have
di.(t) = d. (') for k € I (see Definition 2.5).
Note that we can always trivially extends o to a permutation on I.

Proposition 3.2. Assume that Bys is connected Definition 2.6. Let t = utg be a given seed. If
there is a permutation o of Iy such that bi;(t) = bgioj(to) for any i,j € Ly, then dy = dyy, for
any k € L.

Proof. Let P, be the permutation matrix associated to o of rank I, i.e., the i-th column of P,
is the ¢i-th unit vector. Notice that Pf = P, = P, 1.

Rewrite the equality by »j(t) = bij(to) as Py B(t)u Py = B(to)uf. Since Dy B(to)uf is skew-
symmetric,

(PyDuP; V) B(t)uf = PrDyeB(to)ut Py !

is skew-symmetric.
On the other hand, we have B(t) = F(t)"'B(t9)E(t) by Lemma 2.15. Using DF(t)"! =
E(t)TD by (2.4), we obtain

DB(t) = E(t)'DB(ty)E(t).

Since DB(tp) is skew-symmetric, so is DB(t). It follows that D,¢B(t),f is also skew-symmetric.
Then Lemma 2.7 implies that P, Dy P, = aDy for some o # 0. Since Dy is of full rank,
by taking the determinant, we see that a = 1. The claim follows. |
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Assume ¢, ¢’ are similar up to a permutation o. In view of the correction technique [43], it is
often useful to compare pointed elements in £LP#(t) with those in LPA(#'). As in [44], we define
a variation map sending pointed elements in £LP?(t) to those in LPA(#'), which differ only by
the frozen variables.

In thls paper, we will allow roots of frozen variables. For any given 1ntleger number r > 0, we
define Z+ to be the multiplicative group generateld by the r-th roots A ", 7 € If. Define ZQ to
be the multiplicative group generated by any A rj€ely, r>0.

For any k[Z]-algebra R, we use Rzq to denote R ®yz] k[Z?]. Define R_1 similarly.

Deﬁnition 3.3. Let t, t’ be two seeds similar up to a permutation o. A k-algebra homomorphism
var': LP(t)zo0 — LP(t') z¢ is called a (monomial) variation map from ¢ to ¢’ if, Vk € I ¢, j € I,
it takes the form

varf(Ak) = pok - AL ks var; (ACO'k B) = (A’)CO"”“ B/, varf(A i) =Dj,

for some pyi,pj € zQ
For classical cases, if ¢t and t' are similar seeds with compatible Poisson structures, then var;4
is called a Poisson variation map if it further preserves the Poisson structures:

varf { 4;, A} = {var,‘f4 A;,vari Aj}, Vi, jel.

_— A
Definition 3.4. In LP (1), take any pointed formal Laurent series Z = A™ - F'|yn,_, 4p*n, Where
m e Z, F= donenzo cn X" en €k, g = 1. Wesay Z and Z' € LP ()¢ are similar if

uf
Z (A/)m F|X"'—>(A’)p ") (on) with prlfm —O'prIf

Remark 3.5. The variation map var,@4 is a k-algebra homomorphism such that it sends a pointed

clement Z € LPA(t) to a similar element in LPA(') zo

The variation map in Definition 3.3 is the monomial map associated to the following linear
variation map.
Denote M (t) = ®rer, Ly, M7 (t) = @jer, ZE;.

Definition 3.6. Let t, t' be two seeds similar up to a permutation o. A linear map var}? : M°(t)q
— M°(t')q is called a (linear) variation map from ¢ to ¢/, for any k € Iy, j € If, if it takes the
following form

varM (£,) = £, + ugy, var)l (£;) = u;, varM (Z b,-kfi) Z b; o1.f7 (3.1)

for some uy,u; € (M7 (t))g.
If t and ' are similar seeds with compatible Poisson structures A, then it is called a Poisson
variation map if we have

A ) = )\(variw fi,variw fj), Vi, j €l

Note that (3.1) can be written as

varM (p*ey,) = p*el,. (3.2)

Remark 3.7. Assume the existence of compatible Poisson structures, i.e, Assumption 2.4 holds.
Then the following statements are equivalent:

e A linear map ¥: M°(t) — M°(¢') is a Poisson variation map.

1
e For the quantum case k = Z[vi?], the monomial map &, associated to ¥ is a variation
map. In particular, it preserves the v-twisted products.
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e For the classical case k = Z, the monomial map &, associated to ¥ is a Poisson variation
map.

Therefore, a Poisson variation map is the classical limit of a quantum variation map at v = 1,
see Section 2.3. Conversely, a Poisson variation map gives rise to a quantum variation map by
the above equivalent statements.

Let P, denote the permutation matrix associated to o of rank 1.
Lemma 3.8.

(1) The variation map varM has the following matriz representation in the bases f, f':

Idys O P,
(O =t <Uf :f Uf) ( |df) 7

where coly, U y¢ (resp. col; Us) are the coordinates of uy, (resp. w;) in the basis {f;, j' € I},
for k € Ly (resp. j € If).

(2) Moreover, equation (3.1) is equivalent to the following

B,
(UtutPo Us) ( B ff) = Bj ¢ Po . (3.3)

Proof. (1) Recall that col(HP,) = col, H for any matrix H. The first statement follows.
(2) For any k € I,¢, we have

varM (p*e;,) = varM (f col, B) = f' - (IU(iUff 8f> (POU I((j)f> coly B
,u

P 0 Bys P 0 Bys
=f. g col ) =1 col << g >< u >>
- <Uf,uf Py Uf> F <Bf,uf> . k Usui P Us) \ Bruf
We have

x 1 _ ol I gl 1 (Ps 0 _ gl :,fPa
prey, =f colyp B' =1 coly <B (0 Idf>>_f coly, <B§,ung .

Note that P? Bl P, = Bys since U, = b;j for i,j € I,s. So P, Byf = B¢Ps. The claim

01,07

follows. u

Lemma 3.9. If a (Poisson) variation map varM is invertible, its inverse is still a (Poisson)

variation map.

Proof. Since var} is represented by an invertible matrix

Idye O P
Usue Ut Id¢ )’

o ~1,
its inverse (vari‘/f ) is represented by

P, Idyf 0\ Iduf 0 ) (Po
lde ) \~U; 'Us e U7') — \-Uf U Po Ut Id¢ ) -

1. _ . . _
Thus (varf” ) is a variation map with permutation o~1.

Since varM is a variation map, we have varM p*e; = p*el . for any k € I, it follows that
(varM )7lp*e§C =p*e,-1;. So (3.2) holds. Finally, if varM preserves the compatible Poisson
structures, so does its inverse. |
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Lemma 3.10. A variation map var{: LPA(t) — LPA(t') restricts to an algebra homomorphism
from UA(L) to UA(H).

Proof. Take any mutation sequence g = pyg, - - pig,, which is the identify if the sequence
(kpy...,k1) is empty. Denote op = pgk, - flok;- Then s = pt and s = (op)t’ are similar
up to o. To prove the claim, it suffices to show that, for any z € LPA(t) N w*LPA(s), we
have var(z) € (op)*LPA(s'). If so, we obtain that, for any

z € UA(t) = LPAE) [ )(Nempet” LPA(5)),
Var?(z) S ms’:(au)t’(au)*EPA(S/) = UA(t/)'

By the Laurent expansion of z in the seed s, we have z(u*A(s)?) = 3 ¢, (u*A(s)™) for some
cm €k, dym € NI, By [44, Lemma 4.2.2 (ii)], the variation map var{* sends cluster monomials
of s to the cluster monomials of s up to frozen factors: we have vary' (u*A(s)?) = (op)*A(s)
and varf (u*A(s)™) = (op)*A(s))™ pry d,pry.m’ > 0. Therefore, var{'(z) is contained in
(op)* LPA(S). |

3.2 Existence of variation maps

Assume that there is a linear variation map var}: M°(t)g — M°(#')g. Then it restricts
to a linear map from M°(t) to M (t') @& 1M (t') for some r > 0. Similarly, the corre-
sponding variation map var{: LPA(t) zo — LPA(') zo restricts to an algebra homomorphism
varf: LPA(t) — LPA(t') _1. The restriction of a linear variation map to sublattices (resp. the
restriction of a monomialz\;ariation maps to subalgebras) will be still called a variation map.
Proposition 3.11. Let there be given two seeds t, t' similar up to a permutation o. Assume
that the full rank assumption holds.

(1) There exists a variation map varM : M°(t)g — M°(t')qg.

(2) The set of variation maps from M°(t)g to M°(t')q takes the form {var} +z | z € Zy},
where Zg is a Q-vector space of dimension |I¢| - |1

(3) If an order |I| minor of B is +1, then there exists a variation map varM: M°(t) —

M°(t"). Moreover, the set of variation maps from M°(t) to M°(t') takes the form {var}!
+z |z € Zz}, where Zy is a lattice of rank |If| - |Ly|.

Proof. Relabeling the vertices ok by k for ' if necessary, we assume o = Id in this proof.

IIJC:”:f gf) in the bases f, f’ such that (3.3) holds. The unknown matrix U := (Uf’uf Uf) needs

’

to satisfy the following inhomogeneous equation:

UB = B . (3.4)

Notice that B = B‘i “:f) is of full rank. Then we can always choose a (not necessarily unique)

size-|I,¢| subset J C I such that the submatrix By, is full rank. Its inverse matrix (BJ’qu)_l
has entries in ﬁZ. Let u;, i € I, denote the (unknown) columns of U and b;, i € I, denote
the rows of B, then o

iel

Taking w; = 0 for @ € I\J and letting u;, i € J equal the columns of the If x J-matrix
Bf (By1,)"", we obtain a special solution Uy for (3.4), whose entries lie in ﬁZ.
) »fuf
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(2) Let Up denote the special solution in (1). Let Zg denote the set of solutions of the
homogeneous linear system

UB =0, or equivalently Zuibi = — Z u;b;. (3.5)
ied i€I\J

Equation (3.5) has a unique solution u;, ¢ € I, for any given u;, ¢ € I\J. Hence the set of
Q-solutions is a vector space of dimension |If| - |I,¢|. It follows that the solutions for (3.4) take
the form U + Uy, U € Zg.

(3) It is a direct consequence of the above argument since det B, is 1. |

3.3 Change of seeds

We treat lattices M°(t) and the corresponding quantum torus algebras £P“(t) in this subsection.
Our arguments and results remain valid after the extension to M°(t)g and LPA(t) zo.

Let t/,t € AT denote seeds similar up to a permutation o. Let there be given a linear
variation map var)?: M°(t) — M°(¥'). Choose any k € I, and denote s = juyt, s’ = poit’.
Recall that we have linear isomorphisms ¢ : M°(s) ~ M°(t) and ¢} : M°(s') ~ M°(t'),
which are represented by the matrices P% 4 (t) and P%ﬂ’ +(t), respectively. Define

varM = (gb%s,)fl var) s MO (s) = M°(s)
so that the following diagram commutes:

M
Me(t) = MC()

varM
M°(s) —= M°(s).

M

¢ are analogous to those in [47, Proposition 5.1.6].

The following properties for var

Proposition 3.12.

M

(1) The linear map vary

1S a variation map.
M

(2) If varM is invertible, so is varlt.

M

(3) If varM is a Poisson variation map, so is varM.

Proof. As before, we can assume o = Id by relabeling the vertices for ¢’ and s’. Then Pé\{+(t)uf
coincides with P,]g +(t")ur by the similarity between t and #'. It is of the block matrix form

(s )
Prys Ide) -
(1) The statement can be translated from [47, Proposition 5.1.6] by using Lemma 3.13. Let us

give a direct proof.
The linear map varM has the following matrix representation:

var (£(s)) = (¥1) ~ var G (E(s) = (vply) " var (£(1) P (1))

= i)™ (1o (0 YPo) sl (i 0P

We see that the matrix P{g\’ﬂ(t/)*l (,IJC:“:f gf P%Jr(t) is block diagonal, such that its I x Iuf

submatrix is ldys (by the similarity between’t, t') and its I¢ X If submatrix is 0.
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We need to check (3.2). Let e s denote the matrix (e;);cr, where e; are column vectors. Then
PﬁJr(t)uf coincides with PﬁJr(t’)uf by the similarity between ¢ and t'. Recall that, for j € I,¢, we
have

() + [brslven(t), J#FK,
—er t), j = k.

col; (e(t) PR, (1)) = {
We deduce that col; (e(t) P,]XJr (t)) = col; (e(t)us P]k\{Jr(t)uf). Using Lemma 2.15, we have

Uil vart (p*ej(s)) = vart ¢ (p"e;(s)) = var)! p* (v1%e;(s))
= vart P (colj(i(t) P,]XJr(t))) = variw p* (colj(g(t)uf P]k\{Jr(t)uf))
= C0|j variw p* (g(t)uf . Pﬁ_,'_(t)uf).

We also have

B0 (5) = 7 (0, (5) = 1 (ol (e(6) P, ()
= p*(col; (e(t)ur Pp 4+ (t)uf)) _coljp (e(t')ur - PY L (t)uf)-

Recall that var} (p*e;(t)) = p*e;(t') for any j € I,s. Then

Varlzt\/[ (p*(g(t)uf ) P{X+(t)uf)) =p° (Q(t/)uf : P{c\f+(t,>uf)~

Therefore 1/Jt/ wvarM(prej(s)) = v (p*e;j(s')), Vj € Iys. It follow that varl is a variation map.
(2) The statement is obvious.
(3) By Lemma 2.15, 1/)% and wﬂ/ls, preserve the bilinear form A. The claim follows. |

Let var: LPA(t) — LPA(t') denote the monomial map associated to var}. We further
assume that it is a variation map (equivalently, var{w needs to be Poisson if we work at the

quantum level, see Remark 3.7).

-1

Lemma 3.13. We have var f;(s) = deg, ((u2,)") " varf (uf) " Ai(s).

Proof. On the one hand, the i-th cluster variable (uf)"A;(s) of s, i € I, is pointed at
deg, (,uk )*AZ( ) = w%fi(s) in LPA(t). Since var{ is a variation map, var;} (1) A;(s) is pointed
at var} ¢t fi(s) in LP(t'). In particular, we have

degys vari" (ui;) " Ai(s) = var!! ¥} (f(s).

On the other hand, by the similarity between ¢t and ¢, the image var{! (uk) A;(s) of the i-th
cluster variable (uk) A;(s) agrees with the oi-th cluster variable (uak) Ayi(s') up to a frozen
factor, see [44, Lemma 4.2.2]. It follows that, similar to the cluster variable (,ufk)*Am-(s’ ),
the degree of varA (,uf) A;(s) in t' can be computed from the degree of its Laurent expansion

((,ufk)*)_l var! (,uk) A;(s) in s’ by using the linear map w%s,:

degy vart (uk) Ai(s) = 1/1%5/ deg, ((uﬁk)*)_l vart (uk) Ai(s).

Therefore, we obtain var}’ £, (s) wt, degs ((,uo_k)*)_l varf (u)* Ai(s). The desired
claim follows from the definition var (wt, ,) varg\/l M s |

We define the monomlal map vard: LP4(s) = LPA(s') to be the monomial map associated
to var)’ = (¢! ,)7 var . Slnce varg4 is a variation map, it is also a variation map, see
Remark 3.7.
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Proposition 3.14. The map var! (uf)* agrees with (ufk)*var?, i.e., the following diagram

commutes:

ury 2 uAw)
T ()" T ()
UA(s) == UA(S).

Proof. It suffices to show ((,ufk)*)_l varf! (,u;j)*Ai(s) = var? A;(s), Vi.
Both ((ufk)*)_l var! (,uf)*Ai(s) and var? A;(s) are cluster variables in s’ up to a frozen
factor by [44, Lemma 4.2.2]. By Lemma 3.13, they have the same degree. The claim follows. W

We can given a different proof for Proposition 3.14 by straightforward computation (see
Proposition 4.12).

Take any mutation sequence p and denote s = ut, s’ = (op)t’. By using Proposition 3.14
recursively, varg4 and g uniquely determine a variation map vargl such that the following diagram
is commutative:

A

UAt) o uAW)
T T ow)

UA(s) —= UA(®S).

M

5 associated

By tracking the degrees of cluster variables, we see that the variation map var
to vard is determined by var}M and p. It still makes (3.6) commutative.

3.4 Twist endomorphisms

We are now ready to define twist endomorphisms. Notice that the mutation maps always
preserves the compatible Poisson structures and the v-twisted products. Let ¢t and ¢ = ut be
two seeds similar up to ¢ as before. Let there be given a variation map var from LP4(t)z0
to LPA(t') zo. Note that it induces a homomorphism varf': UA(t) zo — UA () ze.

Definition 3.15. The composition p* vard: UA(t) zo0 — UA(t) 20 is called a twist endomorphism
passing through the seed #' = ut, which is denoted by twf.

For classical cases, if t and t’ are equipped with compatible Poisson structures which are
preserved by tw{!, then tw{! is called a Poisson twist endomorphism.

Note that var;* restricts to a variation map varf': LP(t) — [,P(t’)z% for some integer r > 0.
So the twist endomorphism tw; restricts to an algebra homomorphism from U4 () to UA(t)
Propositions 3.12 and 3.14 have the following consequence.

1.
Zr

Corollary 3.16. A twist endomorphism tw{* on UA(t) zo (resp. on UA(t)) gives rise to twist
endomorphisms tw’ on UA(s) za (resp. on UA(s)) for all seeds s € AT wvia the mutation maps.
For classical cases, if th is Poisson, so are tw;“.

Correspondingly, we can simply denote the twist endomorphisms tW{l by tw4 when we do
not want to choose a specific seed t.

Proposition 3.17. The twist endomorphism tw? restricts to an endomorphism on Azo.

Proof. Recall that varg4 sends cluster variables to cluster variables up to a frozen factor, see
[44, Lemma 4.2.2]. The claim follows. |
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If var{" is an invertible variation map, then we have a twist automorphism tw{! := p* var!

on UA(t) zo. Lemma 3.9 implies that (var,’fl)_1 is still a variation map. So 1 := (u*)~! (varA)_1
is a twist automorphism on U4 (#) zo.

Lemma 3.18. We have p*n(pu*)~! = (tw{‘)_l. Namely, by identifying the fraction fields by
mutations, the twist automorphisms associated to invertible variation maps var;*: LPA(t)z0 —
LPA{) zo and (varf)_lz LPA{H) z0 — LPA(t) zo are inverse to each other.

Proof. We have
* *\ — * *\ — -1 *\ — -1 *\ — -1
wn(p*) = po () (var!) T o (ut) Tt = (varf) T o (uF) T = (tw!) . ]
Proposition 3.11 implies the following result.

Theorem 3.19. Consider the classical case k = Z. Assume that t,t' € AT are similar and the
full rank assumption holds, then the following statements are true.

(1) There exists a twist endomorphism twi' on Ug@ passing through the seed t'. The set of
such twist endomorphisms is in bijection with a Q-vector space of dimension || - |If|.

(2) If an order |I| minor of B is £1, then there exists a twist endomorphism twi* on U*
passing through the seed t'. The set of such twist endomorphisms is in bijection with
a lattice of rank |1y - |I|.

4 Twist endomorphisms for upper cluster X-algebras

4.1 Variation maps

Let ¢, t be similar seeds as before. In the following calculation, we choose t as the initial
seed. We want to construct twist endomorphism on UX (') preserving the canonical Poisson
structure (2.1).

Let us first investigate linear maps between lattices N (t) which arise as the pullback of those
between M°(t). Let var} denote a Z-linear map M°(t) — M°(')g, its pullback between the
dual lattices gives rise to a Z-linear map (var}?)” from N(#') to N(t)g. Recall that the diagonal
entries of D are d%,, 1el.

Lemma 4.1. The pullback (var})": N(¥') — N(t)q is represented by the matriz

1 (P,-1 0 Idys Ur
1 o u f,uf
(T a) (5 V)P

with respect to the bases e and €'.

Proof. By assumption, we have var} (f) = f’ - (lljc: \ Co,f) (PO" ,gf). Then its pullback with re-
spect to the dual bases is represented by the transpose:

(var!) " ((£)*) = (£*) - <Pc(r)_1 Igf) (Iddjf UI}}) '

Since f = d;e; and the diagonal entries of D are d%-" we have f* = eD™! and, similarly,
(f')* = (¢')D~!. So we obtain

. L (Po 0 [ldy UE
(var")" (¢ D7") = eD 1‘( 0 |df) ( 0 (}f%f>

. Idys UL
and, equivalently, (var{”)*(g’) —eD ! (Pa_l 0 ) < of Uf,Tuf> D. -
f
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Since t and ¢’ are similar, we have dy = d,;, by definition. Then it follows that

P_-1 0 P,-1 0
-1 o _ o -1
G B G

In view of Lemma 4.1, we propose the following definition.

Definition 4.2. A linear map var) : N(t')g — N(t)g is said to be a variation map, if it has the

following Q-valued matrix representation in the basis €’ = {e} |i € I}, e ={e; | i € I}:

vary (e/) = e <P‘6_1 |c01f> <Id0“f V‘“/:’f>, (4.1)

and it satisfies

w(vary e, var)) e},) = w(e}, e},), Viel, ke ly. (4.2)

It is said to be Poisson if it further preserves the Poisson structures:

w(vary e}, var) €}) = w(e], €)), Vi,jel.

We will see in Proposition 4.8 that (4.2) is natural.

Definition 4.2 will be naturally deduced from the definition of the following monomial varia-

tion map, see Remark 4.6. Note that we always have variy (el,) = ey for k € Is. In particular,

(4.2) is an inhomogeneous linear system of equations on variY .

Definition 4.3. A k-algebra homomorphism var\ : LP¥(¢') — LP¥(t) is called a (monomial)
variation map if, for any k € I, j € If, we have

varf (X)) = Xporp,  vary (X)) = X",
for some n) e Z! satisfying, Vn' € Z!,
opry, B(t)n = pry B(t')(n'), (4.3)

/
where X" := varj (X')".
For classical cases, varf,( is called a Poisson variation map if it further preserves the Poisson

structures:

vary {(X")i, (X');} = {var) (X');,vary (X');},  Vi,jel
—X /
Definition 4.4. In LP (t'), take any pointed formal Laurent series Z' = (X’)" - F, where

n' e ZI7 F= Z Cn”(X/)n//a e €K, co = 1.

n”ENEO
X
We say Z' and Z € LP  (t) are similar if Z takes the form

Xn . F‘(X’)"I,H(X)‘Tilnu with o prluf B(t)n = prluf B(t/)n/

Remark 4.5. The variation map varf,( is a k-algebra homomorphism such that it sends a pointed

element Z' € LPX(t') to a similar element in LPX(t).
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Remark 4.6. Let vart, be a monomial variation map and var the associated linear map.
Then var) must satisfies (4.1). We can study condition (4.3) by taklng n’ to be €, and consider
the k-th rows of both sides for all i € I, k € Is. Recall that w(n,e,-1;) = 7—(Bn),-1z,

o—1
w(el,e}) =+ b,ﬂ, and dy = d,-1;. Then condition (4.3) is equivalent to *

w(variy €),e,-1;) = w(e], e},).

We see that this equation is equivalent to (4.2) by using e, -1, = variY €.

Remark 4.7. By using Remark 4.6, we obtain the following equivalent statements:

e A linear map ¥: N(t') — N(t) is a Poisson variation map.

1
e For the quantum case k = Z[vidﬂ, the monomial map &, associated to ¥ is a variation

map.
e For the classical case k = Z, the monomial map &, associated to ¥ is a Poisson variation

map.

Therefore, a Poisson variation map is the classical limit of a quantum variation map at v = 1,
see Section 2.3. Conversely, a Poisson variation map gives rise to a quantum variation map by
the above equivalent statements.

Proposition 4.8. A linear map var): N(t')g — N(t)g is a variation map if and only if its
pullback (var))™: M°(t)g — M°(¥')q is a variation map.

Proof. Relabeling the vertices ok by k for t' if necessary, we assume that o is the identity.

Denote the pullback of vart, by varM.

By Lemma 4.1, var) takes the form of (4.1) if and only if var}! takes the form of (3.2). It
remains to show that var} p*(ey) = p*e, is equivalent to w(varly e’ varl) e}) = w(el, e}), Vi € I,
k € L.

Recall that p*e;( ) = w(e;, ), we have

w(variy e}, varl) e),) = w(variY ej,e;) = —p*(ek)(variy e)) = —varM p*(er)(€)).

On the other hand, w(e,e}) = —p*(e})(€)).
Therefore, the condition

w(vary e}, var) e}) = w(e}, e}), Viel,
is equivalent to var}! p*(ey) = p*(e},). [
The following result is analogous to Lemma 3.9.

Lemma 4.9. An invertible linear map varl : N(t) — N(¢') is a (Poisson) variation map if and

only if its inverse is.

Proof. Assume that var)): N(#') — N(t) is represented by an invertible matrix
ngl 0 Idyf Vuf7f
0 Idf 0 W
as in 4.1. Then its inverse (vart,

ldur —VarsVi '\ (P O 0 [yt —P ViVt
0 Vit Id¢ Id¢e/ \ 0 Vit '
(

So (var )71 is also of the form in (4.1). The other conditions in Definition 4.2 can be checked
easily. |

s represented by
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Lemma 4.10. Assume that var : N(t')g — N(t)q is a linear map. Let varM denote its pullback.
The following diagram commutes if and only if variy Preserves w

va I‘t

Me(t)g —— M°(t')q
Tp* N T p* (4.4)
N()g % N(t)g.

Note that, by taking the matrix presentations, the commutative diagram (4.4) is represented
by a quadratic equation on the entries of variY .

Proof. Take any 7,j € I. On the one hand, we have p*ej(e};) = w(e],e}). On the other hand,
we have

var’ p*var}) (e})(e}) = p* var)) (ef) (var)) €}) = w(var) €f,var] €]).

Therefore, p* = var}! p* vart, if and only if var preserves w. |

4.2 Change of seeds

Let t,t € AT denote seeds similar up to a permutation o. For any k € I, consider the
seeds s = uit and 8" = pgpt’.

We define the linear map var®y : N(s') — N(s) to be (1&%)_ varl) wt, , such that the following
diagram commutes:

Vari\,r
N({) +— N()
T 97 Ty (4.5)
varly
N(s) +—= N(s).
By Proposition 2.9 (3), the pullback ( M)* is represented by the matrix D~ (P L (t )) D=

P]k\er(t)_l. So we have (¢%)* = (¢t,s) D1agram (4.5) should be compared with the pullback
of (3.6). We have the following result in analogous of Proposition 3.12.

Proposition 4.11.

N . . . . N
(1) Ifvary is a variation map, so is vary .
(2) If varl) is invertible, so is varly.

(3) If var) is Poisson, so is vary.

Proof. (2) The statement is obvious.

(1)-(3) As in the proof of Proposition 3.12 (1), straightforward computation shows that var’y
is a block triangular matrix of the form in (4.1). By Lemma 2.15, wév’t and 1/1?,’ » Dreserve
the Poisson structure w. So if w(var) e;(t'),var) e;(t')) = w(e;(t'), e;(t)) for some i, j, then
w(varl e;(s),var e;(s')) = w(e;(s'),e;(s")). The desired claims follow. [

Let vart, and var be the monomial maps associated to the linear maps in Proposition 4.11.
Assume that varf,( is a variation map. Combining Proposition 4.11 and Remark 4.7, we obtain
that var§ is also a variation map.

Let T denote the subalgebra k[X]rer,, of the quantum torus algebra LPX(t). Let F2 (t)
denote the subalgebra of the fraction field FX (¢) such that its elements take the form P * Q1
with P € LPX(¢), Q € T. Then it is easy to check (u)"FX(#) = FX(t) by using the
invertibility of uf

We naturally extend the variation map varj : LPX(#') — LP¥(t) to an algebra homomor-
phism varj from F2 (¥') to F2x (t).
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Proposition 4.12. We have (uf)*varf = vart),( (ufk)*, i.e., the following diagram commutes:

varX
Ry B,
)™t 1 ()
FX(s) &L FX(s)

Proof. We will denote uj = (,ué( )* and 1) = 1Y below for simplicity. Relabeling the vertices for
s', t' if necessary, we can assume o = Id. It suffices to show var}y pfX;(s') = pjvary X;(s'), Vi.

(i) Let us first consider classical cases. We have

. X;(t) - Xp () om0+ (1 4 X3 (¢)) 0w ) £ &,

Msz'(Sl) = ( /) -1 K | {0 ;
Xt 1=k

_ X(t/)wtlyslei(sl) (1 + Xk(t/)>bki(5’)

_ X(t/)wt/’s,ei(S,) . (1 +Xk(t,))_w(ek(8/)7ei(8/))dk'

We set ¢ = 1 if —w(eg(s),ei(s’)) > 0 and € = —1 otherwise. Then we have
var i X (s')F = X (£)Fva Yrweils) (1 4 X () e (er(s) i) dr
Similar to (4.6), we have

,U/z Var§ XZ'(S/)E/ = MZX(S)&J Varg e;(s")
= X(t)g/ll}t,s vari\,’ ei(s') . (1 + Xk(t))fs’w(ek(s),vari\f ei(s’))dk’

where we set ¢’ = 1 if —w(eg(s),varl) e;(s')) > 0 and ¢/ = —1 otherwise.

Note that variy Yy s€i(s') = s varé\,[ €;(s’) by the definition of variy . Moreover, since var

is a variation map by Proposition 4.11, we have
w(ex(s),vard e;(s')) = w(varl ex(s),varl e;(s')) = wlex(s), e;(s")).

It follows that € = &’ and vary uf X;(s')® = ufvard X;(s').

(4.6)

(4.7)

(4.8)

N

sl

(i) In the quantum case, we can obtain vary uf X;(s')® and pfvary X;(s') by replacing the

a

binomial coefficients () in polynomial expansions of the right hand sides of (4.7) and (4.8) by

the quantum numbers (), . Therefore, we still have
b vy,

vary i Xi(s') = pjvarys X;(s").

The following statement follows from Proposition 4.12 by tracking the degrees of X-variables.

It is an analog of Lemma 3.13.

Lemma 4.13. The variation map varl: N(s') — N(s) is the linear map sending e;(s') to

deg, (1))~ var ()" Xi(s)).

Take any mutation sequence p and denote s = ut, s’ = (op)t’. By using Proposition 4.12
recursively, varff and p uniquely determine a variation map var§ such that the following diagram

is commutative:

FE@) S EEw)
tp* T (op)*

varX
Fa(s) <= Fx(s).
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By tracking the degrees of cluster variables, we see that linear the variation map varé\,/ associated

to var§ is determined by variy and p. It still makes (4.5) commutative.

Note that, by the commutative diagrams (4.9), the variation maps var§ , s € A:,, defined
using varlf,< , are identified via the mutation maps.

We have the following result in analogous to [44, Lemma 4.2.2 (ii)].

Lemma 4.14. For any i € I, the variation map varys sends the cluster X -variable (op)*X;(s')

to a Laurent monomial of the form (p)*X (s)", n € Z1.

Proof. By (4.9), we have p*vary = X

= varj; (op)*, where vary is also a variation map. In the
seed s, the variation map var’ sends the X-variable X;(s’) to some Laurent monomial X (s)™

by definition. The desired statement follows by applying mutations (ou)* and p*. |

We have the following result in analogous to Lemma 3.10.

Lemma 4.15. A variation map vart),{ restricts to an algebra homomorphism from UX (1)

to UX(t).

Proof. The proof is similar to Lemma 3.10, where we replace [44, Lemma 4.2.2 (ii)] by Lem-
ma 4.14. |

We have extended the variation map var;y ,_to a homomorphism from FX( ) to X(t). W
can also extend it to a homomorphism frgm LP" (t) to LP" (). Let fX(t’) NLP (t ) de note
the set of formal Laurent series Z € LP (t') such that Z x Q = P for some P € k[(X')ilier,
Q € k[(X")i)ker,- Then Z is identified with the element P x Q™! in FX(¢).

PropOSItlon 4.16. The above 1 two extended maps restrict to the same homomorphism from

FX() NLP (t') to FX(t )er (t).
Prgof. We denote the above two extended maps by f: Z X(t') — FX(t) and g: ZﬁX(t’) —

L

LP (t), respectively. Take any element Z € FX(t') N LP (t' ) descrlbed as above. Then we
have g(Z) * g(Q) = g(P). In addition, we have f(P) = vary (P) = g(P) € k[X;];es and

£(Q) =vary (Q) = 9(Q) € k[ Xilrer,-

It follows that g(Z) = f(Q) = f(P), i.e, g(Z) is contained in FX () N ﬁx(t) and it is identified
with f(P*Q™1). |

4.3 Twist endomorphisms

Let ¢ = pt be two seeds similar up to o as before. Note that the canonical Poisson structure
on LPX(t) naturally gives rise to a Poisson structure on U~ (t).

Definition 4.17. Let var} : LP* (') — LPX(t) be any variation map.* Then the composition
twt, = (ufl) o varf,( is called a twist endomorphism on UX (') passing through t.

For classical cases, if vart),( is Poisson, then twf,( is said to be Poisson.

Note that, by Proposition 4.12, when twff is a twist endomorphism, it gives rise to twist
endomorphlsms tw®, s’ € AT. They are identified via mutations. So we can simply denote
them by tw*X

Assume that vart),( is an invertible variation map. We have a twist automorphism twt),( =
(;fl)*varfl,( on UX(t'). Lemma 4.9 implies that (varf,()f1 is still a variation map. So n :=

p*(var)') " is a twist automorphism on U (t).

s

*If we work with var) : N(t')g — N(t)g, the corresponding twist map should be defined on an algebra such
that we allow roots of all the cluster X-variables, which are roots of rational functions. We do not consider this
situation here.
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Lemma 4.18. We have p* (twt),()_l(;t*)_1 = 1. Namely, by identifying the fmction fields by
mutations, the twist automorphisms associated to invertible variation maps vart, L LPE() —
LPX(t) and (var )™t LPX(t) — LPX(t') are inverse to each other.

Proof. The proof is similar to that of Lemma 3.18. |
Theorem 4.19. Consider the classical case k = 7Z. Assume that we have a linear map
var) : N(t') — N(t). Let var} denote its pullback from MO( )Jo to M°()g and vary, varf
denote the associated monomial maps. Define twt, = (,u_l) o vart),( and twi* = p* o varf.

(1) tw¥ is a twist endomorphism on UX(t') if and only if twi' is a twist endomorphism

on UA(t) z0

(2) Iftwt, s a thst automorphism, then (twt, )_1 1s also a twist automorphism by Lemma 4.9.
Let (twt ) =pu (twt, )_l(u )~! denote the corresponding twist automorphzsm onUX(t).
Then (twt )_ preserves the Poisson structure if and only if p* ( X) twt p*.

Because we can quantized a Poisson variation map to a quantum variation map Remark 4.7,
by Theorem 4.19(2), the equality p (twt ) T = = tw{!p* provides a criterion for (twt ) be-
ing quantum twist automorphisms for quantum cases. This equality can be presented by the
quadratic equation in Lemma 4.10.

Proof of Theorem 4.19. (1) The statement follows from Proposition 4.8.
(2) On the one hand, we have twf' p* = p*var{! p*. On the other hand, we have

p* (twf(

-1 -1 _ -1
) :p*u* (tWi/() (,U/*) 1 :p*u*(vart)/()
by constructlon which equals up (var ) ' Moreover, Lemma 4.10 implies that vart p*
P (vart),( ) if and only if vart, preserves w. The claim follows. l

Remark 4.20 (cluster Poisson algebras without coefficients). Let ¢ = ut be seeds similar up
to 0. Let us restrict to the unfrozen cluster Poisson algebra U f» which consists of P x Q!
with P,Q € k[Xj|ker,. Then there is only one twist automorphism tw;X on U (t) passing
through #'. Tt sends X (t) to u* X, (') and it preserves the Poisson structure when k = Z.
Assume I = Is. Take any twist endomorphism tw{* on 24 (t) passing through #'. Then we
have twi p* X1, (t) = p*p* X 1 (t') for any k € I by (3.2). Since p*p* = p*p*, it follows that

twi p" Xy (1) = p " Xon(t') = P Xon(t') = p* twi’ Xi(t),
i.e., Theorem 4.19 (2) always hold true.

Remark 4.21 (existence of tw”). If all skew-symmetrizers d; are equal, we can work with
lattices N and M° instead of QQ-vector spaces in Lemma 4.1 and Proposition 4.8.

By using Proposition 4.8, we can describe the set of all linear variation maps vart, : N(t)g
N(t)g as in Proposition 3.11 (1)—(2).

Recall that W denotes the matrix of w. If %/V“f ) is Z-valued and an order |I,¢| minor of
it equals +1, we can describe the set of all linear variation maps varl: N(¢) — N(t) as in
Proposition 3.11(3). In the classical case k = Z, these linear variation maps give rise to twist
endomorphisms tw® on #¥ in analogous to Theorem 3.19 (2).
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5 Twist automorphisms in special cases

5.1 Twist automorphism of Donaldson—Thomas type

Assume that ¢ is injective-reachable such that ¢’ = ¢[1] is similar to ¢ up to a permutation o. Then
a twist automorphism on ¢ passing through ¢[1] is called a twist automorphism of Donaldson—

Thomas type® (DT-type for short).
Proposition 5.1. There exists an invertible Poisson variation map var,{v and an invertible vari-
ation map varM passmg through t[1]. Moreover, when T*(t) has a compatible Poisson structure,

we can choose var}M to be Poisson.

Proof. Relabel the vertices for ¢[1] so that we can assume o = |d. By (2.5), we have ¢t R e =

—Idys E, Idys 0
e f Idfff O: eF and, correspondingly, wtt 1]7 =f ( Frop Ids =: fF. Note that wtt[l] is the

identity on M¢.
(1) Let us define the linear isomorphism var} : M°(t) — M°(t') such that

Id 0
M _ el uf
var (£) = £ <_Ff,uf _Idf) '

Then we have 1/)“[1] varM (f) = —f.
On the one hand, for any k € I, we have

Qb%[l] var)! (p*ey) = M 1] varM <szkf> =— Z bifi = —peg.
icl el
On the other hand, by Lemma 2.15, for any k € I, we have
¢%[1]p*(e;c) =p" (1/1%[1}9;@) =p(—er) = —per.

It follows that var (p*ey,) = p*(e},) for any k € I,s. In particular, var} is a variation map.

Assume there is a compatible Poisson structure A. For any ¢,j € I, we have
A(var) £, var} £5) = M@ vart! £, iy vart! £5) = A=, —£;) = A(f;, £;).

Therefore, var} preserves A

(2) Define var¥: N(t) — N(t[1]) such that var¥ (e) = € <Id0“f —_Lisz,f ) It follows that

N N(n) —
Vi), van (e) = —e.
Then, for any i,j € I, we have
N N N N N N
w(vary ej,vary' e;) = W(T/’t,t[u var,' e;, ¥y var e;) = w(—e;, —e;) = w(e;, e;)).
Therefore, variv preserves w. |

Theorem 5.2. Assume that t is injective-reachable such that t' = t[1] is similar to t up to
a permutation o.

(1) There exists a twist automorphism twi' on UA(t) of Donaldson-Thomas type.

(2) There exists a twist automorphism tw;* on UX(t) of Donaldson—Thomas type.

(3) We can choose twi* and twX in (1)~(2) such that p* twi = twf p*.

5The mutation maps p* from F*(¢[1]) to F*(t) is often called a Donaldson-Thomas transformation in cluster
theory. See [40] for the relation between Donaldson—Thomas theory and cluster algebras.
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Proof. (1)-(2) The statements follow from Proposition 5.1.

(3) We claim that the two variation maps in the proof of Proposition 5.1 are related by

the pullback construction. The variation map varf\/f is represented by _I%:fu ’ —(I]d . ). Then its

pullback (var}! )* satisfies

. Idys —FX
(var?)"(¢) = eD™! (dof _GEf) D

by Lemma 4.1. By (24), E = D 'F~TD. It follows that Eys = D' F%¢Ds. Define
varY: N(t) — N(t[1]) to be the inverse of (vari\/[)*. We obtain

ldys —FX Ildys —F,
N A o | uf fuf _ uf uf,f
var (¢) =€'D ( 0 —lds ) D=e ( 0 —Ids )

as in the previous proof.
The desired claim follows from Theorem 4.19 (2). [

Example 5.3. Let us continue Example 2.13. Then we have ¢’ = ¢[1].

We can choose the variation map varM : M°(t) — M°(t[1]) such that it is represented by the
matrix (_} _Y). Then w%[l] varM is —Id on M°(t).

We can choose the variation map var) : N(t) — N(t[1]) such that it is represented by the
matrix (§ 3 ). Then 1/)%[1] var) is —Id on N(t).

We refer the reader to Example 7.1 for an alternative example.

5.2 Twist automorphism for principal coefficients

Let ¢y denote an initial seed with principal coefficients, see Section 2.10. We denote its B-matrix
by B = gﬁi _Iguf). Recall that D = E Do Dy in this case. We endow ty with the canonical
Poisson structure whose A-matrix is

Ty [0 —ldys
A:=B D_(Iduf Bqu D.

Then, for any seed ¢’ € A*, we can check that A(t) = B(#)~TD by using Proposition 2.9
recursively.
Assume that t € A;; is similar to the principal coefficients seed ty up to a permutation o.

Theorem 5.4.

(1) There exists a twist automorphism twjs on the (quantum) upper cluster algebra on U™ (to)
passing through t.

ere exists a twist automorphism tw;, on 0) passing through t.
2) Th sts a twist aut hi X onUX(t ing through t

(3) We can choose twjs and twX such that p* twis = tw) p*.

roof. Relabeling the vertices in ¢ if necessary, we can assume o = Id. Since ¢( has principa
Proof. Relabeling th tices in ¢ if Id. Since tp h incipal

coefficients, we have B(t) = %f _%_1 , where C' and G denote the C-matrix and the G-matrix

of the seed t with respect to the initial seed tg, respectively, and we have CT Dy = DyG™! (see
Section 2.10).
(1) Define the linear map varj! : M°(to) — M°(t) such that

artt (gt =20 (5" 2.

It is clear that (0 C) (%.f) = (. So varM is a variation map by Lemma 3.8.
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_ - _ 0 -GT M : Idys O
We have A(t) = B(t)"TD = (C*T C*TB};GT) D. Recall that vary; is represented by ( o C).
We have

IdOTA(t) Id 0\ (id 0 0 ~GT N\ (1d 0
0 C o ¢/ \o ct)\ct cTBLG" 0 C
_ (0 =G'DgC\_ (0 =D\ _,
“ \Dy¢ BLG'™D«C)  \Dy BEDy)
Therefore, var%] preserves \. The associated twist automorphism provides a desired solution.

(2) Let (var%)*: N(t) = N(to) denote the pullback of var}! in the proof of (1). Then
(vari‘f)*(g(t)) =e(ty)D! (é CS]T) D. Define var)) as the inverse:

var(e(ta) = (0D~ (?T)l e (™ ).

We have W = BTD = (% 4) D and W(t) = BO)*™D = ( P, ") D.
Using DG = C~T Dy, we obtain

T
ldyt 0 e\ (e 0 [ BY CT\ - (ldy
( 0 G) W) ( G> = ( 0 GT> (—G—T 0 )P G
(M 0\ [ BL  CT\ (idy 5
0 GT)\-¢7T o c-T

BL Id B
—(—Id O)D—W

Therefore, vari\of preserves w. The associated twist automorphism provides a desired solution.
(3) We choose twist automorphisms as in the proof of (1)—(2). Then the claim follows from
Theorem 4.19 (2). |

Example 5.5. We can verify that varf\g and varf\g constructed in the proof of Theorem 5.4 make

the diagram (4.4) commutative, which is equivalent to the following:

M
vartO

M®(to) Me(t)
1 p* T p* (5.1)

N

N(to) —  N(1).

More precisely, vary! p*: N(tg) — MP°(t) is represented by the matrix ('d“f 0) B(ty) =

o C
(BC“f 73"), and p* var{\g is also represented by the matrix B(t) ('douf g) = (Bcuf *O'd).
Equivalently, varig and varf\(;[ are determined by each other such that the diagram (5.1) is
commutative.

6 Permutations on bases

6.1 Bases for U4

For any seed t € AT, assume that we have chosen a collection of polynomials for m € Z!:

Fu(t)= D ealm;t) X (1)

neNluf
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with co(m;t) = 1, eo(m;t) € k. Define the corresponding subset S(t) = {S,(t) | m € Z'}
of LPA(t), such that the elements S,, are given by

Sm(t) = A(t)m : Fm(t)|X(t)"»—>A(t)p*(t>n-

We often omit the symbol ¢ for simplicity. F,(t) are called the F-polynomials of S,,(¢). Note
that we use the commutative product - here, so that the F-polynomials are defined as in standard
literature.

Note that, if the full rank assumption (see Assumption 2.4) holds, S,,(t) are m-pointed
and S(t) is be k-linearly independent. Otherwise, S(t) is not necessarily linearly independent
and different choices of F,,(t) might produce the same S, (t).

Assumption 6.1. We assume the following conditions hold.

(1) The sets S(t), t € AT, are identified by mutations: V¢’ = ut, we have u*S(t') = S(t).
(2) The chosen functions F,(t) only depend on pr; m and B(t)s:

o If m' = m + u for some u € M7, then F,/(t) = Fp,(1).
e If t' and ¢ are similar up to o and pr; m' = o pr; m for some m,m’ € 7!, we have
Con(m';t') = cp(mst), Vn.

Note that Assumption 6.1 implies S(t) C UA(t).
We have the following important examples of S(t) satisfying Assumption 6.1:

e The set of generic cluster characters: When B(t),s is skew-symmetric and the correspond-
ing cluster category satisfies some finiteness condition, we can construct the set of generic
cluster characters L(t) = {L,,(t)|m € M°(t)} in U4 using algebra representation theory.
By [42], they satisfy the above assumptions.

— By [45], when t is injective-reachable, IL(t) is a basis of 44, called the generic basis
in the sense of [8]. This family of bases includes the dual semicanonical basis [36] of
a unipotent cell with symmetric Cartan datum [16].

e The common triangular basis [44]: this basis is known to satisfy the above assumptions [44].
Its existence is known for some cluster algebras with a Lie theoretic background. This
family of bases includes the dual canonical basis of a quantum unipotent cell [29, 44, 47].

e The set of theta functions [25]: the set of the theta functions, under the assumption that
they are Laurent polynomials,® satisfies the above assumption. They are known to form
a basis of Z/lA(t) under appropriate conditions, for example, when ¢ is injective-reachable.

Theorem 6.2. Let tw? denote any twist endomorphism on the (quantum) upper cluster alge-
bra UA. Assume the sets S(t), t € AT, satisfy Assumption 6.1, then the following statements
are true.

(1) We have twA S(t) C S(t).

(2) If tw? is a twist automorphism, we have tw? S(t) = S(t).

Proof. Recall that tw? = p*var{* for some ¢’ = pt and some variation map var® from LP4(t)

to LPAt).

Tn general, the theta functions are formal Laurent series, see [45] for the formal completion. Our arguments
for variation maps remain valid for formal Laurent series. For simplicity, we only treat Laurent polynomials in
this paper.
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(1) Denote S(t) = {Sp | m € Z'} and S(t') = {S., | M € Z'} for simplicity. Take
any Sy, = A™ - Fyl oy ap*n from S(t), where Fp, = 3" ¢, (m;t)X™. Then var{(S,,) = Avari'm
F,’(X/)”H(A/)P*(t/>"’ where F' = 3" ¢, (m;t)(X')°". Note that pr; var!! m = opr; m. By As-
sumption 6.1 (2), we have F' = Fvar,{”m(t/)- So var}(S,,) = S

t

By Assumption 6.1 (1), we have p*S!_,, € S(t). Therefore, twA S, € S(t).
t

(2) Recall that the inverse of tw; is also a twist automorphism, the claim follows. [

6.2 Bases for UX

Similarly, for any ¢, assume that we have a subset Z(t) = {Z,(t) | n € Z'} in LPX(¢), such
that its elements Z,(t) are n-pointed. Then we can denote Z,(t) = X(t)" - Fy,(t), whose F-
polynomials take the form F,(t) = > cniye ce(n; 1) X (1)¢ with co(n;t) =1, ce(n;t) € k.

Note that Z(t) must be k-linearly independent.

Assumption 6.3. We assume the following conditions hold.

(1) The sets Z(t), Vt € AT, are identified by mutations: for any ¢’ = ut, we have p*Z(t') =
Z(t).

(2) The F-polynomials F},(t) only depend on pr; p*n and B(t)f:

o If p*n’ = p*n + u for some u € M?, then F,/(t) = F,(t).
e If t/ and ¢ are similar up to o and pr; B(t')n' = o pr;  B(t)n for some n,n’ € Z', we
have coe(n';t') = ce(n;t), Ve.

Assumption 6.3 (1) implies Z(t) C UX ().

Theorem 6.4. Let tw™ denote any twist endomorphism onUX . Assume the sets Z(t), ¥Vt € AT,
satisfy Assumption 6.3. Then the following statements are true.

(1) We have twX Z(t) C Z(t).
(2) IftwX is a twist automorphism, we have tw™ Z(t) = Z(t).

Proof. The proof is similar to that of Theorem 6.4. |

6.3 Construction of bases for UX

There is few literature on the bases for YX. Let us explain how to construct a basis for X from
a basis for U4 following the idea of [25].

Let tP"" denote the principal coefficient seed constructed from ¢ by adding a copy I' ={i’|i € I}
of I as extra frozen variables, such that B(tpri”) = (BIS) _(:d). Assume that a set S (tp””) C
UA(tP") as in Section 6.1 has been given. Then we can construct a set Z(t) C LPX(t) such

that Z,(t) = X (t)"-F, where F, is the F-polynomial of S, (tP") for m = B(tP"") (§) = (B®n),

Lemma 6.5. If the sets (;LA)*S(tpri”) C UA (™ 1P™), for all mutation sequences p, satisfy
Assumption 6.1, then the sets Z(uflt) = (/LX)*Z(t), Y, are contained in UX(t) and satisfy
Assumption 6.3.

Proof. We claim that p*Z(t) is contained in LPX (uflt) for any mutation sequence p. If
so, we deduce that the Z(t) C Ny, (") LLPY (u~'t) =UX(t). Then the sets Z(p~1t), Vu,
satisfy Assumption 6.3 (1) by definition. In addition, they satisfy Assumption 6.3 (2) because
the sets S(u‘ltpri”), for all p, satisfy Assumption 6.1 (2).

Denote s = tP" ¢/ = (p)~'t, and s’ = ()~ 's. Then we have the natural inclusions LPX (¢) C
LPX(s) and LPX (') C LPX(s).
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Note that the monomial maps p*(s): LPX(s) — 52‘1(.8) and p*(s'): ﬁx(s) — ﬁA(s) are
injective. We also have injective maps t*: LP®*(s) — LP (s’) taking the formal Laurent series
after mutations (see Section 2.4).

Take any Z € Z(t). Then we have p*(s)Z = S, € S(s) for some m. So we get (uA)*p*(s)Z =
S! € S(s') for some m'. Therefore, 14(s)p*(s)Z = S,y. But we also have (4(s)p*(s)Z =
p*(s")1*(s)Z. So the formal series +* (s)Z is sent to a Laurent polynomial S, by the injective
map p*(s'). It follows that +%(s)Z is a Laurent polynomial. Therefore, (,uX )*Z = X7 is
contained in LPX (s'). [ |

Using this construction, by taking S (tpri“) as the set of generic cluster characters, the common
triangular basis, or the set of the theta functions which are assumed to be Laurent polynomials,
we obtain the corresponding set Z(t) C UX(t).

Finally, let us discuss when Z(t) becomes a basis of U~ ().

Theorem 6.6. Under the assumption of Lemma 6.5, if p*UX (tpri”) s contained in the free k-
module @mkSyy, () C UA (P, then Z(t) is a k-basis of UX (t). In particular, when S(tP")
is a basis of U (tP™M), Z(t) is a basis of U™ (t).

Proof. On the one hand, we know that {Sm(tp””) | In, m = (B(;i)”)} is contained in
p*uX (tprin) .

On the other hand, let us endow EP(tp“") with the M°(t)-grading such that, Vi € I,
deg A;(t) = f; and deg Ays(1) = —>_;c; bjif;. Then Sy, (tP") are homogeneous elements, and
they have degree 0 if and only if m = (B(")") for some n. So {Sp, (tP™") | In, m = (BO")} is
a basis for the degree-0 subspace of ®,,kS,, (tpri”). Moreover, since p*X; (tpri”) has degree 0 for
any i € I, prUX (tpri”) consists of degree 0 elements.

Therefore, {Sm (tp'i”) | In, m = (B(;‘/L)”)} is a basis of p*UX (tp'i”). It implies the desired
claim. |

7 Examples

We work at the classical level k = Z in this section for simplicity.

7.1 Twist automorphisms on unipotent cells

[2, 4] introduced an automorphism 7, on the unipotent cell C[N], which was called a twist
automorphism. The quantized twist automorphism 7,, was introduced by [33]. We refer the
reader to loc. cit. for further details.

Moreover, it is known that (quantized) C[N*] is a (quantum) upper cluster algebra U“ by
[15, 17, 21, 23]. By [47], the (quantum) twist automorphism 7 is a twist automorphism in our
sense.

Let us illustrate the twist automorphism 7,, by an example.

Example 7.1. Consider the algebraic group G = SL3(k) where k is a field of characteristic 0.
Let By (resp. B_) denote its Borel subgroup consisting of the upper (resp. lower) triangular
matrices in G. Let N1 denote the subgroups of By whose diagonal entries are 1, respectively.

We take w to be the longest element wg in the permutation group of 3 elements. It can be
represented by the matrix

00 1
Puo,=(0 1 0
100

The corresponding (negative) unipotent cell is N*° := B4 P,,, B N N_.
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Let us denote an element x € N_ by

1 0 0
r=|xy 1 O
xe ) 1
Let z3 denote the minor !(2 wl,l)‘ = z1x) — x9. By [4], there exists a unique element y in
N_ N B4 Py xT when x € N¥. The twist automorphism 7, on N_ is defined such that
ﬁwo ({L‘) =Y.
Let us compute y explicitly. Take any element
a b c
z = d e c B+.
f
Note that
0 0 1
Poor' =10 1
1 r1 X9
We have
¢ b4cry a+br)+cxo
2Pyt = e dtery drl+exy
[ f= [
If 2 Py, ¥ € N_, then we must have c =1, f = $2_1, b= —cx1, a = —br] — cxe, and
d+ex; =1,
dx)| + exq = 0.
The last linear system gives us d = —2— = 22 ¢ = :xll . = % We deduce that N_ N
2—T1Ty z3 T2—X1Ty T3

B Py, T consists of a single element

1 0 0
y= | 2hx3? 1 0
Ty ! T1To S|

if 29,23 # 0, and it is empty if not.

It is easy to check that {N_ N By Py, a2’ | Vo € N_} = N_ N By Py, By =t N*°. Then we
can deduce from the above computation of y that N*° = {zx € N_ | 22 # 0,23 # 0}.

Define A; to be the function on N*° sending a point = to x1. Similarly define A}, Ay, As.
Then the coordinate ring k[N"°| is an (upper) cluster algebra with four cluster variables:
Ay, A}, Ay, Ag, see [46, Example 2.2]. Then 7, gives rise to an automorphism 7,, such that

A A
Mo (A1) = Ay A7t = 258 40
Aq
_ Ay +As
nwo(All) = A14; f= %AQ 1:
1

Mo (Xi) = AL, i=2,3.

]
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7.2 Dehn twists for surface cases

Let ¥ denote a triangulable surface S with finitely many marked point. For any of its (tagged)
triangulation A, one can construct a seed ta, whose frozen vertices are contributed from curves
on the boundary 0S. We refer the reader to [12, 39] for details.

The punctures are the marked point in the interior S° of S. By [39], the seed ta satisfies the
full rank condition when ¥ has no punctures.

Let L denote any closed loop in the interior of S which does not pass a marked point or
is contractible to a marked point. A Dehn twist twy, around L produces a new (tagged) tri-
angulation twy, A from A. By [12], we have ty,, A = pta for some mutation sequence p. By
construction, B(ta) = B(tw, o). In particular, taA and ty,, A are similar.

Then one can construct the variation maps var}! : M°(ta) — M°(tw, a) and var]y : N(ta) —
N (tw, ) represented by the identity matrices, respectively. The corresponding twist automor-
phisms are determined by

varg, (Ai(ta)) = ' Ai(tw, a),  variy (Xi(ta)) = p* Xi(tew, o).

They give rise to automorphisms on U4(tx) and UX (ta) associated to the Dehn twist twr.

7.3 Once-punctured digon

Example 7.2. The following cluster Poisson algebra arises from PGL3-local systems on a once-
punctured digon [49].

Take I = {1,2,3,4}, with I, = {2,4} and Ir = {1,3}. Define the initial seed t such that its
B-matrix is

0 -1 0 1

1 0 -1 0

B= 0 1 0 -1
-1 0 1 O

Note that By = 0. So we cannot endow a compatible Poisson structure A for £P“(t). We have
W =—-B.

Let ¢’ denote the seed pt where p = popuy. Its B-matrix is B = —B. We have W/ = —W.
We can check the following mutation rule:

WXy =X"  pwXi=X' WX =X Xo (14 X)) (L4 Xy),
XL =X3- X4 (14 Xo)- (14X
Then ¢’ = t[1] with o = Id, W/ = -W. .
Let us construct Poisson automorphisms on X (). Note that we have W = (WO i _ng’”f)
with row and column indices (2,4,1,3), where We s = (*; ') with row indices «H,?)} and
column indices {2,4}. We want to construct a linear isomorphism var :=: N(t) — N(t)
represented by an Z-valued invertible matrix ( ' Yors >, such that

0 Vi
ldoe Viee\ © ld Vi

uf uf ,f / uf uf f\
<0 Vf> W<0 Vf>_W'

The desired equation is equivalent to

(M Vied\ (0 WA (e Vier) [ 0 —W,
0 W Weue 0 0 Vi) Wrwe O '
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By computing its block submatrices, we reduce the equation to the equations

T T /T T
Vi Weue = Wit Vir s Weue Ve — Vi WeueVirs = 0.

u

For the first equation (for var} to be a variation map), the solution takes the form V; =

)‘;1 H‘_L , ) for any A, u. Since we are looking for a bijection var] between lattices, we must

have A+ 1 =0, 2.
The second equation (for var) to further be Poisson) is equivalent to

T 1T
Vit eWeue + WeutVurs = 0

by the first equation. Then its solution takes the form Vies = ( & g for any «, 5.
The resulting twist automorphism on the fraction field takes the following form:

tWXQZXQ_I, tWX4:X4_17
tw X = M*((X/>(A—l,a,k,a)) _ X()\—l,/\—l—oz,)\,)\—a)(l +X2)(1 +X4)_1,
tw X3 = H*((X/)(u,ﬁ,ufl,ﬁ)) — X(u,ufﬂ,ufl,uflfﬁ)(l + X2)71(1 + Xy).

Note that tW(Xng) = (X1X3)>\+,LL—1(X2X4))\+#—1—0<—5'

Let us consider elements F = X; - (1 4+ Xy), FF = X3- (1 + Xy), K = X; - X3 - X4 and

K' = X; - X5 - X3 (the Chevalley generators, see [49]). It is straightforward to check that

W)Y E=X|-0+X), (W) F=X,-(Q+X), ()K= X|Xx],
(™)K = X{X3X),

so they are elements in the cluster Poisson algebra U~X.
We check that

tw B = XOTIATImaANTO (1 4 Xo) (14 Xa) T (14 X7 = (XXM (0X) N TR,
tw [ = XWer= B bn=1=0) () 4 X ) (1+ Xo) (1 4+ X5 = (X Xs) N X Xa)H 1P B,
tw K = (X; X3) M (X X )M rtmabx 1
tw K = (X X3) M (X X )Mr-tmeb x o1

For the special case A = =1, a = 8 = 0, we recover the following automorphism in (Drinfeld
double) quantum groups:

twk = F| wF=F, twK = K/, twK' =K.
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