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Abstract. Let X be a smooth projective variety with a semisimple quantum cohomology.
It is known that the blowup Bly(X) of X at one point also has semisimple quantum co-
homology. In particular, the monodromy group of the quantum cohomology of Bl (X) is
a reflection group. We found explicit formulas for certain generators of the monodromy group
of the quantum cohomology of Bl,(X) depending only on the geometry of the exceptional
divisor.
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1 Introduction

The notion of a Frobenius manifold was invented by Dubrovin in order to give a geometric
formulation of the properties of quantum cohomology (see [9]). Later on, it was discovered
by Dubrovin and Zhang (see [12]) that if the Frobenius manifold is in addition semisimple,
then the corresponding Frobenius structure has very important applications to the theory of
integrable hierarchies of KdV type. Our main interest is in a certain system of vectors which
we call reflection vectors, associated to any semisimple Frobenius manifold. The most general
problem is to obtain a classification of the set of reflection vectors corresponding to a semisimple
Frobenius manifold. In fact, the set of reflection vectors contain the information about the
monodromy group of the so-called second structure connection, so by solving an appropriate
classical Riemann—Hilbert problem, the reflection vectors uniquely determine the corresponding
semisimple Frobenius structure.

1.1 Period vectors

The main motivation to define period vectors for semisimple Frobenius manifolds comes from the
work of Givental [19]. Using the period integrals of a simple singularity of type A, Givental was
able to construct an integrable hierarchy in the form of Hirota bilinear equations. This result
generalizes to simple singularities too (see [21]). The key to the constructions in these two papers
are the period integrals of K. Saito (see [33]). Given a singularity f € Ocn, Saito has invented an
extension of the classical residue pairing, called higher residue pairing, and used it to construct
a period map for the hypersurface {f(x) = A} C C", where X is a regular value. Since the
hypersurface is a Stein manifold, the vector space of holomorphic forms is infinite dimensional
and it is not clear at all that a good notion of a period map exists. Saito’s remarkable idea was to
ask for a set of holomorphic forms, called good basis, (w1, ...,wn), where N is the Milnor number
of the singularity, such that, the higher-residue pairing of w; and w; vanish for all 1 <1i,j5 < N.
The existence of a good basis was proved by M. Saito [34]. The existence of a good basis
implies that the space of miniversal deformations of the singularity f has a flat structure which
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turns out to be semisimple Frobenius structure in the sense of Dubrovin (see [23]). Moreover,
the Gauss—Manin connection in vanishing cohomology is identified with the second structure
connection (2.1)-(2.2) with some m € Z or m € 3 + Z depending on whether the number n of
variables of the singularity f is odd or even. Therefore, the second structure connection of the
Frobenius structure in singularity theory admits solutions in terms of period integrals, see [14,
Section 3.1] for a nice overview of the construction of such solutions. The period integrals
used by Givental and Milanov correspond to singularities with odd number of variables, i.e.,
they are solutions to the second structure connection V(™) for some m € Z. Let us point out
that Dubrovin has introduced the so-called Gauss—Manin and extended Gauss—Manin systems
(see [11, equations (5.9), (5.11) and (5.12)]). In our notation, the Gauss-Manin system is
the system of linear differential equations (2.1) with m = —1 and A = 0, while the extended
Gauss—Manin system is the system (2.1)—(2.2) with m = 0. However, in order to obtain a more
satisfactory characterization of the period integrals, we need to consider the entire sequence of
second structure connections (2.1)-(2.2) with m € Z!

Remark 1.1. The entire set of connections V™ (m € C) was introduced by Manin and
Merkulov [27] in order to classify semisimple Frobenius manifolds as special solutions to the
Schlesinger equations.

It is easy to check that if 10" (¢, \) is a solution to V™), then I (¢, \) := 9y 1™ (¢, \) is
a solution to V"™t Moreover, if m + % is not an eigenvalue of the grading operator 6, then
the differential operator 9 defines an isomorphism between the solutions of V(™) and vV +1),
In particular, the monodromy representations of these two connections are isomorphic. In sin-
gularity theory, even if m + % is an eigenvalue of § and 0y might fail to be surjective, the period
integrals are always in the image of 95! The reason is the following. If I(™*1) is a solution
to V("D defined in terms of period integrals, then by stabilizing the singularity once, i.e.,
adding a square of a new variable to f, we get a new period integral I(+1/2) which is a solution
to V(m+1/2)  Moreover, by stabilizing twice we get a period integral 1™ which is a solution
to V™) satisfying 1(m*tD = 9,1(™). By stabilizing twice we get that if a period integral is
a solution to V™1 for some m € Z, then it must be a derivative of a solution of V(™ which
itself is also a period integral. The above discussion motivates the following definition.

Definition 1.2. For a given semisimple Frobenius manifold, a sequences 1™ (t,\) (m € Z)
satisfying the following two conditions:

(i) flatness: 10™ (¢, \) is a solution to V(™ for all m € Z,
(ii) translation invariance: d\I™ (t, \) = I+t (¢, \) for all m € Z

is said to be a period vector of the Frobenius manifold.

1.2 Reflection vectors

The notion of a reflection vector was suggested by the first author in [28]. The definition depends
on the choice of a calibration and it will be recalled in Section 2.2. In this section we would like
to give an alternative definition which has the advantage of being independent of the choice of
a calibration. The relation to the original definition will be explained in Section 1.3 below.
Suppose that M is a semisimple Frobenius manifold and let A be the set of all period
vectors of M. Given a € A, we denote by m (t,\) (m € Z) the corresponding sequence of
solutions. To be more precise, we fix a reference point (¢°, \°) € M x C in the complement of the
discriminant (see Section 2.2) and let each Ic(ym)(t, A) be an analytic solution to V(™) defined in
a neighborhood of (¢°, A°). Clearly, A has a vector space structure: if «, 8 € A, then we define

Igz)ﬁ(t, A) = m (t,\) + I[gm)(t, A) and e (t,A) = cI™ (t,\) where ¢ € C is a scalar. As we
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already explained above, if m is a sufficiently negative integer, then the map o — Iém) (t, )
gives an isomorphism between A and the space of solutions to V(™) In particular, A is a finite
dimensional vector space and the analytic continuation along closed loops in the complement
of the discriminant defines a representation of m1((M x C)’,(t°,A°)) on A isomorphic to the
monodromy representation of V(™). Here (M x C)’ denotes the complement of the discriminant
in M x C (see Section 2.2). The monodromy group, i.e., the image of the fundamental group
of this representation will be called the stable monodromy group of M, or just the monodromy
group of M.

Remark 1.3. Dubrovin has defined the monodromy group of a Frobenius manifold to be the
monodromy group of the Gauss—Manin system (see [11, Definition 5.6]), i.e., the monodromy
group of the second structure connection with m = —1. In this paper, by monodromy of
a Frobenius manifold we mean the monodromy group of the connection V(™) where m is
a sufficiently negative integer, such that, m + % is not an eigenvalue of the grading operator 6.
Our definition of a monodromy group will coincide with Dubrovin’s one if the eigenvalues of
the grading operator # do not take values in % + Z. Since passing to more negative values of
m corresponds to stabilization in singularity theory, if one needs to make a clear distinction
between our definition and Dubrovin’s one, we suggest to refer to our monodromy group as the
stable monodromy group.

The space of period vectors A has the following remarkable pairing, called intersection pairing,
0
(alf) == (IO N), (A — B IP (£, 1),

where E is the Euler vector field (see Sections 2.1 and 2.2 for more details). Using the differ-
ential equations (2.1)—(2.2), it is easy to check that the right-hand side of the above formula
is independent of ¢ and A. In particular, the intersection pairing is monodromy invariant. The
local structure of the period vectors near a generic point on the discriminant is described by the
following simple lemma.

Lemma 1.4. Suppose that C is a reference path from (t°,\°) to a point (t,\) € (M x C)’
sufficiently close to a generic point (t',u') on the discriminant. Then

(a) The subspace of p € A, such that, I[gm)(t, A) extends analytically in a neighborhood of (', ')
18 a co-dimension 1 subspace of A.

(b) Up to a sign, there exists a unique period vector o« € A, such that, the analytic con-
tinuation along a small loop around (t',u’) transforms i (t,\) — —{m (t,\) (Vm) and
(a|la) = 2.

In the case m = 0, this is exactly Lemma 5.3 in [11]. Dubrovin’s proof works in general too
after some minor modifications. Moreover, the solutions to V() constructed by Dubrovin in [11,
Lemma 5.3], are in fact periods, i.e., we can include them in a sequence satisfying the conditions
of Definition 1.2 — see Section 2.3 where this sequence is constructed in terms of Givental’s
R-matrix.

Definition 1.5. A period vector a € A is said to be a reflection vector if there exists a reference
path C approaching a generic point on the discriminant, such that, +« is the unique vector from
part (b) in Lemma 1.4.

It is an easy corollary of Lemma 1.4 that if C' is a simple loop in (M x C)" around a generic
point on the discriminant, then the analytic continuation along C defines a linear transformation

Wo: A— A, r =z — (z|a)a,
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where « is the reflection vector corresponding to C', i.e., this is an orthogonal reflection in A
with respect to the hyperplane at := {y € A | (aly) = 0}. This is our main motivation to
call a a reflection vector. Note that if 7 (M, ¢°) = 1, then the monodromy group m;((M x C)’,
(t°, \°)) is generated by simple loops around the discriminant. Therefore, in this case, the stable
monodromy group of M is a reflection group.

1.3 Calibrated Frobenius manifolds

We would like to construct an isomorphism A = H where H = Ty M is the tangent space at the
reference point, or equivalently the space of flat vector fields. This isomorphism depends on the
choice of a fundamental solution S(t, z)2? 2= of Dubrovin’s connection near z = oo, such that,
the operator series satisfies the symplectic condition S(t,2)S(t,—2)T = 1 (see Section 2.2 for
more details). In the case of quantum cohomology of a manifold X, there is a canonical choice of
such solution: p is the operator of classical cup product multiplication by ¢1(TX) and S(t, z) is
defined in terms of genus-0, 1-point descendent Gromov-Witten invariants of X (see (2.11)). In
general, there is an ambiguity in the choice of such a solution (see [11], Lemma 2.7). Following
Givental [20], we call a Frobenius manifold equipped with the choice of a fundamental solution
calibrated. In this case, the operator series S is called calibration. Let us point out that in all
examples of Frobenius manifolds coming from geometry, we have the following commutation
relation: [6, p] = —p. Following Givental again, we will say that 0 is a Hodge grading operator if
there exists a calibration for which [0, p] = —p.

Suppose now that M is a calibrated Frobenius manifold for which 6 is a Hodge grading
operator. Then we can construct an End(H)-valued solution I(™) (¢, \) of the second structure
connection V(™ such that, d\I1™ (¢, ) = 1™+ (¢, \) — see formula (2.3). Moreover, if m is
sufficiently negative, then the operator 1(") (t, A) is invertible. Therefore, the map

H—A  a—I™tNa, meZ (1.1)

is an isomorphism of vector spaces. Under this isomorphism, the intersection pairing on A can
be expressed in terms of the operators § and p — see formulas (2.6) and (2.7).

1.4 Quantum cohomology

Suppose that X is a smooth projective variety with semisimple quantum cohomology. There
is no geometric interpretation of the reflection vectors in this case unless the manifold admits
a mirror in the sense of Givental. Nevertheless, there is a remarkable conjectural description
of the set of reflection vectors partially motivated by the examples from mirror symmetry. Let
us give a precise statement. Since the quantum cohomology of X is semisimple, the Dolbeault
cohomology groups HP4(X) = 0 for p # ¢ (see [24]). In particular, there exists a set of ample
line bundles Ly, ..., L., such that, the first Chern classes p; := ¢1(L;) (1 <i < r) form a Z-basis
of H?(X,Z)y+. (the torsion free part). Let qi,...,q be formal variables. Following Iritani, we
introduce the following map (see [25]):

,: K%X)— H*(X,C), (1.2)
defined by

1—-n ~

U, (E) = (21) 2 D(X)Ue Timpilosai | (27i)d8(ch(E)),

where deg is the complex degree operator, that is, deg(¢) = i¢ for ¢ € H*(X;C), i := /-1,
n = dimg(X), and I'(X) = I'(T'X) is the I'-class of X. Recall that for a vector bundle E, the
I’-class of E is defined by

[(E) := 1T (1 +z).

x: Chern roots of E
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The map ¥, is multivalued with respect to g. If ¢; is sufficiently close to 1 for all 1 <4 < r, then
we define log ¢; via the principal branch of the logarithm. In general, one has to fix a reference
path in (C*)" between ¢ = (q1,...,¢,) and (1,...,1) and define ¥, via analytic continuation
along the reference path. Let us introduce the following pairing

1

(,): H'(X,C)® H*(X,C) = C, (a,b) ::%/ aUe™ oe™P(b),
X

where the linear operators 8 and p are defined respectively by

0: H(X,C) = H"(X,C),  0(¢) = - — deg(9),

and
p: H'(X,C) = H(X,C),  p(¢) = cr(TX)Uo.
By using the Hierzebruch—Riemann—Roch formula, we get
(Tg(E), Tg(F)) = x(E” ® F),

where  is the holomorphic Euler characteristic, that is, x(E) = > o0 (—1)*dim H'(X, E). We
will refer to ( , ) as the Euler pairing. In case the manifold X admits a mirror model in the
sense of Givental, the Euler pairing ( , ) can be identified with the Seifert form and therefore
its symmetrization

(alb) := {(a,b) + (b, a), a,be H*(X,C)

corresponds to the intersection pairing. For that reason we refer to the symmetrization ( | ) of
the Euler pairing as the intersection pairing.

Let us denote by D?(X) the derived category of the category of bounded complexes of coherent
sheaves on X, that is, the bounded derived category of X (see [18] for some background on
derived categories). For £, F € D?(X) we denote by £][i] the shifted complex: (£[i])¥F := F+
and Ext*(&, F) := Hom(E, F[k]) where Hom is computed in the derived category D?(X). Recall
that an object £ € Db(X) is called exceptional if

C ifk=0,

0 otherwise.

ExtF(£,€) = {

A sequence of exceptional objects (&1,...,En) in DY(X) is called an exceptional collection
if Extk(&,é‘j) =0 for all i > j and k € Z. An exceptional collection (&1,...,EN) is called
full exceptional collection if the smallest subcategory of D?(X) that contains & (1 <i < N) and
is closed under isomorphisms, shifts, and cones, is D?(X) itself.

Conjecture 1.6.

(a) If the quantum cohomology of X is convergent and semisimple, then W4 (E) is a reflection
vector for every exceptional object £ € D(X).

(b) If (&1,...,EN) is a full exceptional collection in D°(X), then the reflection vectors oy :=
U,(&) (1 <i < N) generate the set R of all reflection vectors in the following sense:

(i) The reflections x — = — (z|a;)o; (1 < i < N) generate the monodromy group W of
quantum cohomology.
(t7) For every o € R there exists w € W, such that, w(a) € {aq,...,an}.
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The reflection vectors R in quantum cohomology are defined through the Frobenius manifold
structure on the domain M C H*(X,C) of convergence of the big quantum cup product. Using
the calibration (2.11) we turn M into a calibrated Frobenius manifold. The space of period
vectors of M is identified with H*(X, C) via the isomorphism (1.1) which give us an embedding
of the set of reflection vectors R in H*(X,C). More details will be given in Sections 2.2 and 2.5.
Conjecture 1.6 follows easily from the work of Iritani (see [25]) in the case when X is a weak
compact Fano toric orbifold that admits a full exceptional collection consisting only of line
bundles. In general, since the second structure connection is a Laplace transform of Dubrovin’s
connection, Conjecture 1.6 should be equivalent to the so-called Dubrovin’s conjecture (see [10,
Conjecture 4.2.2]) or to its improved version proposed by Galkin—Golyshev—Iritani (see [16,
Conjecture 4.6.1]). Dubrovin’s conjecture was originally stated for Fano manifolds but shortly
afterwards Arend Bayer suggested that the Fano condition should be removed (see [3]). Dubrovin
already proved that the intersection pairing can be expressed in terms of the Stokes multipliers
for the first structure connection (see [11, Lemma 5.4]). We expect that Dubrovin’s argument
already has the necessary ingredients to prove that Conjecture 1.6 is equivalent to Dubrovin’s
conjecture. We are planning to return to this problem in the near future.

Let us state the main result in our paper. Let BlI(X) be the blowup of X at one point,
7: BI(X) — X be the blowup map, and j: P"~! — BI(X) be the closed embedding that
identifies P! with the exceptional divisor E.

Theorem 1.7. If the quantum cohomology of X is convergent and semisimple and the quantum
cohomology of BI(X) is convergent, then ¥,(Og(k)), where Og(k) := j«Opn-1(k), k € Z, are
reflection vectors for the quantum cohomology of BI(X).

Several remarks are in order. It is known by the results of Bayer (see [3]) that the blowup at
a point preserves semi-simplicity of the quantum cohomology. We believe that our requirement
that the quantum cohomology of BI(X) is convergent is redundant, that is, the blowup operation
preserves the convergence in quantum cohomology. Let us point out that recently Giordano
Cotti (see [7, Theorem 6.6]) was able to prove the convergence of quantum cohomology under
the assumption that the small quantum cohomology is semisimple and convergent. His result
is not quite sufficient for our purposes but it might be interesting to apply his techniques to
study convergence of blowups in general. We will return to this problem in the near future.
Furthermore, we would like to prove that Conjecture 1.6 is compatible with the blowup operation.
Let us recall that by the work of Orlov (see [31]) if (£1,...,En) is a full exceptional collection
of X, then (Og(—n+1),...,0g(-1),7*&1,...,7*EN) is a full exceptional collection of BI(X).
In order to complete the proof of Conjecture 1.6 for the blowups at finitely many points we still
have to prove that 7*&; are reflection vectors. The methods used in the current paper, after
some modification, should be sufficient to do this. Nevertheless, our attempts to modify the
arguments were unsuccessful so far, so we left this problem for a separate project too.

The paper is organized as follows. Sections 2 and 3 contain the background which we need
to formulate and state our main result, i.e., Theorem 1.7. In Section 4, we investigate the fun-
damental solution of the second structure connection of a blowup. The goal is to expand the
solution in a Laurent series at () = 0, where @ is the Novikov variable corresponding to the
exceptional divisor, and to compute explicitly the coefficients of the leading order terms. In Sec-
tions 5 and 6, we compute the monodromy of the leading order coefficients in the Q-expansion.
The monodromy of the leading order coefficients allows us to determine the reflection vectors
corresponding to certain class of simple loops which yields our main result. The logic in our
proof is the following. Let us look at the fundamental solution (™) (t,\) of the second structure
connection defined in terms of the calibration — see Section 2.2. This fundamental solution is
a Laurent series whose coefficients are genus 0, 1-point descendent GW invariants. Since the line
bundle corresponding to the exceptional divisor E is not ample, the GW invariants are in general
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Laurent series in ). Our first observation is that if we rescale appropriately the fundamental
solution I(™) (t, \), then we will obtain a power series in ). Moreover, we can extract the leading
order terms of the Taylor series expansion at Q = 0 up to order Q" where n = dim(X). This
is done in Section 4 (see Propositions 4.3, 4.4 and 4.5) by using a generalization of Gathman’s
vanishing result. The latter is proved in Section 3, Proposition 3.4. The next step is to analyze
the singularities of the second structure connection, i.e., the dependence of the canonical coor-
dinates u; on Q. Again using Gathman’s vanishing result we prove (see Proposition 5.2) that
the canonical coordinates split into two groups such that Qu; is either sufficiently close to 0
(there are N = dim H*(X) such coordinates) or sufficiently close to —(n—1)v; (1 <k <n-—1).
Suppose now that we have a simple loop v around —(n — 1)vy that contains the corresponding
canonical coordinate and let v =: Q~("~1Ve3 be the corresponding reflection vector, where the
dependence of a on @ follows from the divisor equation (see Section 5.1). Let us decompose
B = Byp+ Be where 8, € H*(X) and 3, € H*(E) where E is the exceptional divisor. In Section 5,
by analyzing the monodromy of the leading order terms in the expansion at Q = 0 we prove that
By = 0. There is a slight complication in proving the vanishing of the top degree part of 3, be-
cause one of the coefficients in the Q-expansion (see Proposition 4.3, the term involving Q" ¢x)
is an infinite series so its monodromy is not straightforward to compute. In Section 6, we prove
that this problematic coefficient is a Mellin—Barnes integral and we compute its monodromy by
standard techniques based on deforming the contour. Finally, in order to compute S, we look
again at the leading order term of the Q-expansion and we see that the corresponding coefficient
is a fundamental solution for the second structure connection in quantum cohomology of P2
(see Sections 5.3 and 5.4). We get that 3. must be a reflection vector in the quantum cohomology
of P"~2 but the latter were computed in our previous work [28] (see also [25]).

2 Frobenius manifolds

Following Dubrovin [9], we recall the notion of a Frobenius manifold. Then we proceed by
defining the so-called second structure connection and reflection vectors of a semisimple Frobenius
manifold. Finally, we would like to recall the construction of a Frobenius manifold in the settings
of Gromov—Witten theory.

2.1 First and second structure connections

Suppose that M is a complex manifold and Ty is the sheaf of holomorphic vector fields on M.
The manifold M is equipped with the following structures:

(F1) A non-degenerate symmetric bilinear pairing

(','): T @ Tvr — O

(F2) A Frobenius multiplication: commutative associative multiplication
ot Ty @ T — Tur,

such that (v1 @ w,va) = (v, w @ v2) Yvy, v, w € Tyy.
(F3) A unit vector field: global vector field 1 € Ty (M), such that,

lev=nu, V%‘C'lzo, Yv € T,

where VC- is the Levi-Civita connection of the pairing (-, -).
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(F4) An Euler vector field: global vector field E € Tj(M), such that, there exists a con-
stant n € C, called conformal dimension, and

E(v1,v2) — ([E,v1],v2) — (v1, [E,v2]) = (2 — n)(v1, v2)
for all vi,vy € Tyy.

Note that the complex manifold T'M x C* has a structure of a holomorphic vector bundle with
base M x C*: the fiber over (t,z) € M x C* is T;M x {z} = T;M which has a natural structure
of a vector space. Given the data (F1)—(F4), we define the so called Dubrovin’s connection on
the vector bundle TM x C*

0
Vo i=VyS —z"lve,  weTy, V.= 5 10+ 27 Fe,

where z is the standard coordinate on C* = C\ {0}, where ve is an endomorphism of Ty defined
by the Frobenius multiplication by the vector field v, and where 0: Ty — Tas is an Op-modules
morphism defined by
0(v) ;== VL (E) - (1 — g) v.

Definition 2.1. The data ((-,-),e,1, F), satisfying the properties (F1)—-(F4), is said to be
a Frobenius structure of conformal dimension n if the corresponding Dubrovin connection is flat,
that is, if (¢1,...,tx) are holomorphic local coordinates on M, then the set of N + 1 differential
operators Vy g, (1 <i < N), Vg/a, pairwise commute.

Let us proceed with recalling the notion of second structure connection and reflection vec-
tors. We follow the exposition from [28]. We are going to work only with Frobenius manifolds
satisfying the following 4 additional conditions:

(i) The tangent bundle T'M is trivial and it admits a trivialization given by a frame of global
flat vector fields.

(ii) Recall that the operator
adg: Tvu — Tur, v [E,v]

preserves the space of flat vector fields. We require that the restriction of adg to the space
of flat vector fields is a diagonalizable operator with eigenvalues rational numbers < 1.

(iii) The Frobenius manifold has a calibration for which the grading operator is a Hodge grading
operator (see Sections 1.3 and 2.2).

(iv) The Frobenius manifold has a direct product decomposition M = C x B such that if we
denote by t1: M — C the projection along B, then dt; is a flat 1-form and (d¢;,1) = 1.

Conditions (i)—(iv) are satisfied for all Frobenius manifolds constructed by quantum cohomology
or by the primitive forms in singularity theory.

Let us fix a base point t° € M and a basis {¢; })\.; of the reference tangent space H := Ty M.
Furthermore, let (t1,...,tx) be a local flat coordinate system on an open neighborhood of ¢°
such that 9/0t;|,c = ¢; in H. The flat vector fields 9/9t; (1 < i < N) extend to global flat
vector fields on M and provide a trivialization of the tangent bundle TM = M x H. This
allows us to identify the Frobenius multiplication e with a family of associative commutative
multiplications e;: H ® H — H depending analytically on ¢ € M. Modifying our choice of
{#:}, and {t;}Y, if necessary we may arrange that

N
E =Y ((1—dti+r:)0/0t;

i=1
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where 0/0t; coincides with the unit vector field 1 and the numbers
0=di<dy<--<dy=n

are symmetric with respect to the middle of the interval [0,n]. The number n is known as the
conformal dimension of M. The operator 6: Ty — Ty defined above preserves the subspace of
flat vector fields. It induces a linear operator on H, known to be skew symmetric with respect
to the Frobenius pairing (, ). Following Givental, we refer to 6 as the Hodge grading operator.

There are two flat connections that one can associate with the Frobenius structure. The first
one is the Dubrovin connection — defined above. The Dubrovin connection in flat coordinates
takes the following form:

0 _ 0 _ _
Vojor, = 5~ = Yoo, Voo = 5, T* 10— 272,

where z is the standard coordinate on C* = C — {0} and for v € T'(M,Tys) we denote by
ve: H — H the linear operator of Frobenius multiplication by v.
Our main interest is in the second structure connection

0

Vo = g T = Ee) T (e (6~ m —1/2), (2.1)
w0 )
v(a/gx =gy~ (A—Ee) YO —m—1/2), (2.2)

where m € C is a complex parameter. This is a connection on the trivial bundle
(M xC)' x H— (M xC),

where
(M x C) ={(t,\) | det(\ — Fe;) # 0}.

The hypersurface det(A — Eeo;) = 0 in M x C is called the discriminant.

2.2 Reflection vectors for calibrated Frobenius manifolds

We would like to construct a fundamental solution to the second structure connection V(™
for m sufficiently negative. As we already explained in Section 1.3, this would allow us to embed
the reflection vectors (see Definition 1.5) of the Frobenius manifold M in H.

Suppose that M is a calibrated Frobenius manifold with calibration S(t,z) for which the
grading operator is a Hodge grading operator. By definition (see [20]), the calibration is an
operator series S(t,z) = 1+ > 7o, Sk(t)27*, Sk(t) € End(H) depending holomorphically on ¢
and z for ¢ sufficiently close to the base point ¢° and z € C*, such that, the Dubrovin’s connection
has a fundamental solution near z = oo of the form

S(t,2)202F,
where p € End(H) is a nilpotent operator and the following symplectic condition holds
S(t,2)S(t,—2)" =1,

where T denotes transposition with respect to the Frobenius pairing. We say that € is a Hodge
grading operator if [0, p] = —p.
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Let us fix a reference point (t°,A\°) € (M x C)’ such that \° is a sufficiently large positive
real number. It is easy to check that the following function is a solution to the second structure
connection V(™)

15, 3) = S (COESH T (), (2.3)
k=0

Note that both I(™) (¢, A) and 10™()) take values in End(H). From now on we restrict m € Z.
The second structure connection has a Fuchsian singularity at infinity, therefore the series
I(™(t,\) is convergent for all (¢, \) sufficiently close to (t°,A°). Using the differential equa-
tions (2.1)-(2.2), we extend 1™ to a multi-valued analytic function on (M x C)’ taking values
in End(H). We define the following multi-valued functions taking values in H:

IM@EN) = IM™ (¢ Na,  acH, mel. (2.4)

Clearly, for each fixed a € H, the sequence ™ (t,\) (m € Z) is a period vector in the sense
of Definition 1.2. Moreover, if m € Z is sufficiently negative, then I (m) (t,\) is an invertible
operator. Therefore, all period vectors of M have the form (2.4). Using analytic continuation
we get a representation

m((M x C), (t°,\°)) — GL(H)

called the monodromy representation of the Frobenius manifold. The image W of the monodromy
representation is called the monodromy group or stable monodromy group (see Remark 1.3).

Under the semi-simplicity assumption, we may choose a generic reference point t° on M,
such that the Frobenius multiplication e;o is semisimple and the operator F'e;c has N pairwise
different eigenvalues u (1 < i < N). The fundamental group m;((M x C)’, (¢t°, X\°)) fits into the
following exact sequence

T (F2,N°) — (M x CY, (t°,3°)) 2 1 (M, #°) —— 1, (2.5)

where p: (M x C) — M is the projection on M, F° = p~1(t°) = C\ {u3,...,u}} is the
fiber over t°, and i: F° — (M x C)' is the natural inclusion. For a proof we refer to [35,
Proposition 5.6.4] or [30, Lemma 1.5(C)]. Using the exact sequence (2.5), we get that the
monodromy group W is generated by the monodromy transformations representing the lifts of
the generators of 71 (M, t°) in w1 ((M x C)', (t°, A°)) and the generators of 71 (F°, \°).

The image of 71 (F°, \°) under the monodromy representation is a reflection group that can
be described as follows. Let us introduce the bi-linear pairing

1 .
(a,b) = Q—(a,emaempb), a,be H. (2.6)

™

Motivated by the applications to mirror symmetry, we will refer to ( , ) as the Fuler pairing.
Its symmetrization

(alb) :== (a,b) + (b, a), a,be H, (2.7)
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also plays an important role in mirror symmetry and we will refer to it as the intersection
pairing. It can be checked that the intersection pairing can be expressed in terms of the period
vectors as follows:

(alp) := (IO(t, ), (A — E&) IV (£, X)).

Using the differential equations of the second structure connection, it is easy to prove that the
right-hand side of the above identity is independent of ¢ and A\. However, the fact that the
constant must be (a|b) requires some additional work (see [29]).

Suppose now that «y is a simple loop in F°, i.e., a loop that starts at \°, approaches one of the
punctures u along a path 4/ that ends at a point sufficiently close to u¢, goes around u, and
finally returns back to A\° along /. By analyzing the second structure connection near A = u;
it is easy to see that up to a sign there exists a unique a € H such that (ala) = 2 and the
monodromy transformation of a along v is —a. The monodromy transformation representing
v € 1 (F°, A°) is the reflection defined by the following formula:

wq(x) =z — (a|z)a.

Let us denote by R the set of all a € H as above determined by all possible choices of simple
loops in F°. Under the isomorphism (1.1), the set R coincides with the set of reflection vectors
of M.

2.3 The anti-invariant solution

We would like to construct the unique solution to the second structure connection appearing
in part (b) of Lemma 1.4. We refer to it as the anti-invariant solution because the analytic
continuation around the discriminant changes its sign. Our construction is very similar to (2.3),
except that now instead of the singularity of V("™ at A = oo, we will consider the singularity
at A = u;(t) and instead of fundamental solution of Dubrovin’s connection near z = co we will
make use of the formal asymptotic solution to Dubrovin’s connection near z = 0.

Let us recall Givental’s R-matrix (see [20])

R(t,2) =14 Ry(t)z + Ro(t)2* +---,  Ry(t) € End(H)

defined for all semisimple ¢ € M as the unique solution to the following system of differential
equations:

OR ov _
g(t,z) = —R(t, z)g\ll Ly 27 gge, R(t, 2)],
g—lj(t, z) = —2 '0R(t,2) — 2 ?[Fe, R(t, 2)],

where ¢,® and Fe are the operators of Frobenius multiplication respectively by the flat vector
field 9/0t, and by the Euler vector field E and W is the (N x N)-matrix with entries

ot
Wy = /A — 1<a,i<N,

8’LL1' ’
where w1, ...,uy are the canonical coordinates in a neighborhood of the base point ¢°, that is,
a local coordinate system, such that,
0,9 _5 0 9 9N _9
aui auj‘ Y 8uj’ auf 6uj N Ai7

where ¢;; is the Kronecker delta symbol and A; € Opy o is a holomorphic function that has no
zeroes in a neighborhood of t°. It is known that the canonical coordinates coincide with the
eigenvalues of the operator Fe;. Here End(H ) is identified with the space of (N x NV )-matrices via
the basis ¢1,. .., ¢n, that is, the entries Ay, of A € End(H) are defined by A(¢p) =: Y, daAab-
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Remark 2.2. The matrix ¥ up to the normalization factors A; is the Jacobian matrix of the
change from canonical to flat coordinates. The above definition of the R-matrix differed from the
original definition in [20] by conjugation by W, that is, U~ R(t, 2)¥ is the R-matrix of Givental.

Suppose that « € H is a reflection vector. Let us fix a generic semisimple point ¢t € M, such
that, the canonical coordinates u1(t), ..., un(t) are pairwise distinct. Let us fix a reference path
from (t°,\°) to a neighborhood of a point on the discriminant (¢,u;(t)) for some 4, such that,
the period vector 1§ "™ (t,\) transforms into —Iy Cm )(t A) under the analytic continuation in A
along a closed loop around w;(t). We claim that the period vector has the following expansion
at A = u;(t):

)k+m—1/2

J*EZ k+nr+U%R(wW@%’ (2.8)

where e; is the vector column with 1 on the ith position and 0 elsewhere, that is, We; is the column
representing the vector field Z a1 \ﬁ Otq an = /A;0/0u;. Let us prove this claim. Using the
differential equations for R(t, z), it is easy to check that the right-hand side of the above formula
is a solution to the second structure connection. Therefore, the right-hand side of (2.8) and the
reference path determine a vector aw € H for which formula (2.8) holds. Moreover,

2
I'(1/2)?

Since the left-hand side is independent of A and w;, the higher order terms O(\ — w;) in the
above formula must vanish. This proves that («|a) = 2. Finally, since the analytic continuation
around A = u; of the right-hand side of (2.8) changes the sign of the right-hand side, we conclude
that o must be a reflection vector and that (2.8) is the expansion of the corresponding period
vector near the discriminant.

(IOt A), (A — Bo) IV (t,))) = + O —w) =2+ O\ —w).

2.4 Gromov—Witten theory

Let us recall some basics on Gromov—Witten (GW) theory. For further details we refer to [26].
Let Eff(X) C Hy(X,Z)ts. be the monoid of all homology classes that can be represented in
the form ), k;[C;], where k; is a non-negative integer and [C;] is the fundamental class of
a holomorphic curve C; C X. The main object in GW theory is the moduli space of stable
maps ﬂg,k(X, B), where g, k are non-negative integers and 8 € Eff(X). By definition, a stable
map consists of the following data (3, z1, ..., 2k, f):

1) ¥ is a Riemann surface with at most nodal singular points.

2) z1,...,z are marked points, that is, smooth pairwise-distinct points on X.

(1)
(2)
(3) f: ¥ — X is a holomorphic map, such that, f.[X] = .
(4)

4) The map is stable, i.e., the automorphism group of (X, z1,. .., 2z, f) is finite.

Two stable maps (2, 21,...,2;, f) and (X', 2],..., 2, f') are called equivalent if there exists
a biholomorphism ¢: ¥ — X', such that, ¢(z;) = 2z, and f' o ¢ = f. The moduli space of
equivalence classes of stable maps is known to be a proper Delign—-Mumford stack with respect
to the étale topology on the category of schemes (see [6]). The corresponding coarse moduli
space Mg,k (X, B) has a structure of a projective variety, which however could be very singular.
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We have the following diagram:

-— €Vi41

Mgy pr1(X, B)

|

Myp(X,8) —>X 1<i<k,

)

Mgk,

X

where ev;(X, 21, ..., 2k, f) := f(z;), 7 is the map forgetting the last marked point an contracting
all unstable components, and ft is the map forgetting the holomorphic map f and contracting
all unstable components. The moduli space has natural orbifold line bundles L; (1 < ¢ < k)
whose fiber at a point (X, 21, ..., 2, f) is the cotangent line 773 equipped with the action of
the automorphism group of (X, 21, ..., 2k, f). Let 1; = ¢1(L;) be the first Chern class. The most
involved construction in GW theory is the construction of the so called virtual fundamental cycle.
The construction has as an input the complex (Rm.evy,  ,TX )Y which gives rise to a perfect
obstruction theory on M, (X, ) relative to My (see [4, 5]) and yields a homology cycle
in M, (X, ) of complex dimension

39 =3+ k+n(l—g)+(a(TX),f),

known as the virtual fundamental cycle. Gromov-Witten invariants are by definition the fol-
lowing correlators:

* * l
<a1¢lla'-'aakwlk>gk6:/[ ( ; tevl(al)"'evk(ak) lll"'wkk’
[ ngk X,ﬂ vir

where ay,...,a; € H*(X;C) and [y, ..., are non-negative integers.
Let us recall the so-called string and divisor equations. Suppose that either 8 # 0 or
29 — 24k > 0, then

k

l l l l;—1 l
(Largh, o agy) s =D (@ a ™ agl)

=1

and if p € H?(X,C) is a divisor class, then

<p, alwll, .. ,&k¢lk>g7k+1ﬂ = </ﬁ p> <a1¢l17 cee )akwlk>g,k,,8

k
+ z; <a1¢ll, ...,pU aﬂ/)li_l, cee ,ak¢lk>gvkﬂga
i=

where if [; = 0, then we define 1/15"71 := 0. We will need also the genus-0 topological recursion
relations, that is, if £ > 2, then the following relation holds:

(a1 o™ bk )0 k1.8
= > (ay, di, by ™, by ™ T O R D I T

i7l7ﬁ/
where the sum is over all 1 < ¢ < N, all subsequences I = (iy,...,4,) of the sequence (1,2,...,k)
including the empty one, and all homology classes ' € Eff(X), such that, 8" := g— " € Eff(X).
The sequence (j1,...,Jjs) is obtained from (1,2,...,k) by removing the subsequence I. In

particular, r + s = k.
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2.5 Quantum cohomology of X

Let us recall the notation L;, p; := ci1(L;), and ¢; (1 < i < r) from the introduction. If
B € Eff(X), then we put ¢° = ¢;"" B q<p’° ) The group ring C[Eff(X)] is called the Nowikov
ring of X and the variables g; are called Novikov variables. Note that the Novikov variables

determine an embedding of the Novikov ring into the ring of formal power series C[qy, ..., ¢].
Let us fix a homogeneous basis ¢; (1 < i < N) of H*(X;C), such that, ¢; = 1 and ¢; 41 = p; for
all 1 <i <r. Let t = (t1,...,tn) be the corresponding linear coordinates. The quantum cup

product e; , of X is a deformation of the classical cup product defined by

(¢a ®q (Z)ba ¢c) . <¢aa ¢ba (Z)c 0, 3 Z Z ¢a7 ¢b; ¢07 5. >O 3+m,[3-

m=0 BeEf(X

Using string and divisor equation, we get that the structure constants of the quantum cup
product, i.e., the 3-point genus-0 correlators in the above formula are independent of ¢; and are
formal power series in the following variables:

t t
e, ..., e try1, ..., tN-

We are going to consider only manifolds X, such that, the quantum cup product is analytic.
More precisely, let us allow for the Novikov variables to take values 0 < |¢;| < 1 (1 < i < r).
Then we will assume that there exists an € > 0, such that, the structure constants of the quantum
cup product are convergent power series for all ¢ satisfying

Re(t;) <loge, 2<i<r+1, Itjil <e, r+1<j<N. (2.9)

The inequalities (2.9) define an open subset M C H*(X;C). The main fact about genus-0 GW
invariants is that M has a Frobenius structure, such that, the Frobenius pairing is the Poincaré
pairing, the Frobenius multiplication is the quantum cup product, the unit 1 = ¢, and the
Euler vector field is

N 8 r+1 ) 8
E = ;(1 — di)ti% + j; (CI(TX)’(Z)])QTj’

where d; is the complex degree of ¢;, that is, ¢; € H?%(X;C) and ¢’ (1 < j < N) is the basis
of H*(X;C) dual to ¢; (1 < i < N) with respect to the Poincaré pairing. Let us point out
that in case the quantum cup product is semisimple we have H°d4(X;C) = 0. Otherwise, in
general M has to be given the structure of a super-manifold (see [26]). The conformal dimension
of M is n = dim¢(X) and the Hodge grading operator takes the form

0(¢i) = (g - di) bi, 1<i<N. (2.10)

Finally, there is a standard choice for a calibration S(¢,q,z) = 1+ >3, Sk(t,q)z~*, where
Sk(t,q) € End(H*(X;C)) is defined by

(Sk(t q ¢Z7¢j Z Z 7<¢Z¢k 17¢]7 5. >0 24m,B° (211>
m=0 BeEff(X

Suppose that the Frobenius manifold M corresponding to quantum cohomology is semisimple.
Recalling the construction from Section 2.2, we get the notion of a reflection vector.
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3 The geometry of blowups

Let B1(X) be the blowup of X at a point pt € X, 7: BI(X) — X be the corresponding blowup
map, and E := 7~ 1(pt) the exceptional divisor. Put e = ¢;(O(E)) = P.D.(E). We would like
to recall some well known facts about BI(X) which will be used later on.

3.1 Cohomology of the blowup
Using a Mayer—Vietories sequence argument, it is easy to prove the following two facts:
(1) The pullback map 7*: H*(X;C) —— H*(BI(X);C) is injective, so we can view the co-
homology H*(X;C) as a subvector space of H*(B1(X);C).

(2) We have a direct sum decomposition
H*(BI(X);C) = H'(X;C) P H*(E),

where H*(E) = @~ Ce' is the reduced cohomology of E.

The Poincaré pairing of BI(X) can be computed as follows. Let us choose a basis ¢; (1 <i < N)
of H*(X;C), such that,
(i) ¢1 =1 and ¢y = P.D.(pt),
(i) ¢ix1 =pi = c1(Li) (1 <i<r), where L; (1 <i <r)is a set of ample line bundles on X,
such that, p; (1 <14 <r) form a Z-basis of H2(X,Z) ..

Lemma 3.1. Let ( , )B'X) and (1, )X be the Poincaré pairings on respectively BI(X) and X.
Then we have

(a) (63, 8;)™') = (¢1,05)" for all 1 <i,j < N.

(b) (¢4, )P =0 for 1 <i< N and1 <k <n-—1.

(c) e" = (71)”_1¢N and (ek,e”_k)Bl(X) = (71)”_1.
Proof. Parts (a) and (b) follow easily by the projection formula and Poincaré duality. The sec-
ond part of (c) is a consequence of the first part, so we need only to prove that e” = (—1)""L¢px.
We have e" = c¢y for dimension reasons. Note that F =2 P! and O(E)|g = Opn-1(—1).

Therefore, e|g = c1(O(F)|g) = —p, where p = ¢1(Opn-1(1)) is the standard hyperplane class
of P"~1. We get

c = / el — / en—l — / (_p)n—l _ (_1)n—1. [
(BI(X)] (E] [Pr—1]

The ring structure of H*(Bl(X); C) with respect to the cup product is also easy to compute.
We have

(1) H*(X;C) is a subring of H*(Bl(X);C).
(2) prUeF =¢e¥and p;UeF =0,2<i< N, 1<k<n-—1.

(3)
ekt ifk+1l<n,
Fue = (-1 oy ifk+1=n,
0 if k+1>n.

Property (1) follows from the fact that pullback in cohomology is a ring homomorphism. The
formulas in (3) follow from Lemma 3.1 (c). Finally, (2) follows from (1), (3) and Lemma 3.1 (b).
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3.2 K-ring of the blowup

For some background on topological K-theory we refer to [13, Chapter 6]. Let us compute
the topological K-ring of BI(X). We will be interested only in manifolds X, such that, the
corresponding quantum cohomology is semisimple. Such X are known to have cohomology
classes of Hodge type (p,p) only. In particular, K'(X) ® Q = 0. To simplify the exposition,
let us assume that K'(X) = 0. In our arguments below we will have to work with non-
compact manifolds. However, in all cases the non-compact manifolds are homotopy equivalent
to finite CW-complexes. We define the corresponding K-groups by taking the K-groups of the
corresponding finite CW-complexes.

Proposition 3.2.
(a) The K-theoretic pullback 7 : K°(X) — K%(BI(X)) is injective.

(b) We have
K°(BI(X)) = ) @ @ 705,

where K(X) is viewed as a subring of KY(Bl(X)) via the K-theoretic pullback 7 and
Op := O — O(—FE) is the structure sheaf of the exceptional divisor.

Proof. Let U C X be asmall open neighborhood of the center of the blowup pt and V := X'\ {pt}.
Note that {U, V} is a covering of X. Put U = 7~1(U) and V := 7~ ('), then {U V} is a cov-
ering of BI(X). Let us compare the reduced K-theoretic Mayer—Vietories sequences of these two
coverings. We have the following commutative diagram:

KYX)——=K'Y\V)s K Y(U)— KU\ pt) — K(X) —— K°(V) & K°(U)

| | | | |

“I(BIX)) — K (V)@ K Y (U) — K ' (U\ E) — K°(B(X)) — K°(V) @ K°(U),

where the vertical arrows in the above diagram are induced by the K-theoretic pullback 7*. Note
that K (U \ pt) = K° (ﬁ \ E) = 0 because U\ E = U \ pt is homotopic to S~ — the (2n—1)-
dimensional sphere. Therefore, the horizontal arrows in the first and the last square of the
above diagram are respectively~injec~‘cions and surjections. Furthermore, K “LU) = K ‘(Uy=0
because U is contractible and K~ (U ) = 0 because U is homotopy equivalent to £ = P"™ L We
get that the second vertical arrow is an 1somorphlsm (V V) and hence, recalling the 5-lemma

or by snnple diagram chasing, we get K~ 1(Bl(X)) = K~(X). By assumption K~ 1(X) = 0,
so K71(BI(X)) = 0. A straightforward diagram chasing shows that the 4th vertical arrow is
injective, i.e., we proved (a).

Note that the above diagram yields the following short exact sequence:

e

0 — K°(X) "> K°(BI(X)) —> KO(P"1) ——0, (3.1)

where the map | is the restriction to the exceptional divisor £ = P"~!. The above exact
sequence splits because KO° (P"—1) = 2" is a free module. Note that Op|p = Opn-1 — Opn-1(1)
is the generator of K°(P"!), so part (b) follows from the exactness of (3.1). [

Let us compute the K-theoretic product of the torsion free part K°(B1(X))ir. Note that
m(Opy(x)) = Ox. Therefore, m.m*(F) = F for every F € K°(X). Let us compute Op @ 7*F
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for F € K°(X). The restriction of Op @ ™ F to E is 0. Recalling the exact sequence (3.1), we
get Op ® T F = 7*G for some G € K°(X). Taking pushforward, we get

G=m(0Op @7 F) =m(0p) @ F = Cpt @ F = 1rk(F)Cp = 0,
where Cp is the skyscraper sheaf on X and in the 3rd equality we used the exact sequence
0——=O(—FE) ——= 0 —— j(Opn-1) — 0,

where j: P"~! — BI(X) is the embedding whose image is the exceptional divisor. This sequence
implies O = jxOpn—1 and hence 7,0 = (70 j),Opn-1 = Cpt. We proved that

Op@a*F=0, VFeKX).

It remains only to compute O%. The restriction of O% to E is (1 — Opn-1(—1))" = 0. Therefore,
O% = 7*F. The Chern character ch(O%) = (1 — exp(—c1(O(E))))" = e" = (—1)""L¢n, where
we used Lemma 3.1 (c). On the other hand, the Chern character of the skyscraper sheaf can be
computed easily with the Grothendieck—Riemann—Roch formula. Namely, we have

ch(:3(C)) Utd(X) = 15(ch(C) Utd(pt)) = 12(1) = P. D.(pt) = o,

where ¢°: pt — X is the natural inclusion of the point pt. Thus, ch(Cy) = ¢n. Comparing
with the formula for ch(O%}), we get

%= (-1)""'Cp  mod ker(ch).

Finally, let us finish this section by quoting the formula for the K-theoretic class of the tangent
bundle (see [15, Lemma 15.4]):

TBIX)=TX —n—1+nO(—E) + O(E).

3.3 Quantum cohomology of the blowup

Let us first compare the effective curve cones Eff (X) and Eff(B1(X)). We have an exact sequence
00— Hy (P Z) 2~ Hy(BU(X); Z) —~ Hy(X;Z) —0,

where j: P?~! — BI(X) is the natural closed embedding of the exceptional divisor. The proof
of the exactness is similar to the proof of (3.1). In particular, since the torsion free part of the
above sequence splits, we get

Hy(BUX);Z)v 5. = Ho(X; Z)r 5. ® 2L,

where ¢ € Hy(E;Z) is the class of a line in the exceptional divisor. The cone of effective curve
classes Eff(BI(X)) C Eff(X) @ Z¢. The Novikov variables of the blowup will be fixed to be the
Novikov variables of X and an extra variable corresponding to the line bundle O(F). In other

words, for = 8+ d¢ € Eff(BI(X)), put

] O(E)), , i 1,8) o —
qﬁ _ qﬁqr{ﬂ (E)).B) _ q§¢2 B) ,,q7g¢ 41 B>qr+d1~
Note that O(F) is not an ample line bundle: for example, - E = —1 < 0. Our choice of g,4+1
makes the structure constants formal Laurent (not power) series in ¢,41. Following Bayer
(see [3]), we write g1 = Q™! for some formal variable Q. Let us recall the basis ¢; (1 <i < N)
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of H*(X;C). Put ¢y =¢* (1 <k <n—1). Then¢; (1 <i < N:=N+n-1)is
a basis of H*(BI(X);C). Let t = (t1,...,t5) be the corresponding linear coordinate system on
H*(BI(X);C). The structure constants of the quantum cohomology of Bl(X) take the form

B

q Q

(¢a ®tq ¢bv ¢c) . <¢aa ¢b7 QSC 0, 3 Z Z <¢a> d)ba ¢C7 3. >0 3+m ﬁ
m=05—(8,d)

Remark 3.3. The quantum cup product of H*(X) depends only on (t2,...,tx). Suppose

that these N — 1 parameters are generic such that the quantum cup product of H*(X) is
semisimple. Then, according to Bayer [3] (see also Proposition 4.6), even if we restrict the

remaining parameters to 0, that is, set t; = txy41 = --- = t5 = 0, then the quantum cup
product of the blowup is still semisimple. Therefore, for our purposes, it is sufficient to work
with ¢ € H*(BI(X)), such that, t; =ty = =t5 =0.

3.4 Twisted GW invariants of P*~ 1!

It turns out that genus-0 GW invariants of BI(X) whose degree = df with d # 0 can be
identified with certain twisted GW invariants of P"~!. Suppose that (C,z1,..., 2, f) is a sta-
ble map representing a point in My x(BI(X),df). Let 7: BI(X) — X be the blowup map.
Since 7, o fi[C] = 0 and 7 induces a biholomorphism between BI(X) \ E and X \ {pt}, we get
that f(C) is contained in E. Therefore, we have a canonical identification

HOJC(Bl(X)ﬂ dg) = MO,R(E7 d)7

where E = P"! is the exceptional divisor. Let us compare the virtual tangent spaces of the
two moduli spaces at (C, z1,. .., 2k, f). For the left-hand side, we have

Towae = HY(C,To(—21 — -+ — 25)) — HY(C, T (=21 — -+ — 21))
+ HO(Oa f*TBl(X)) - Hl (C, f*TBl(X))7

while for the right-hand side we have

Toea=H'(C,To(—21 — -+ —2z)) — HY(C, To(—21 — -+ — )
+HY(C, f*Tg) — H'(C, f*Tg),
where T¢ is the tangent sheaf of C' and To(—2z1 — - -+ — z) is the sub sheaf of T¢ consisting of
sections vanishing at zi,...,z;. On the other hand, we have an exact sequence

0 ——Tg — Tpyx)lp — Op(-1) —=0,

where we used that Og(—1) is the normal bundle to the exceptional divisor in BI(X). Pulling
back the exact sequence to C' via the stable map and taking the long exact sequence in coho-
mology, we get

0——=HC, f*Tp) —= H°(C, [*Tr(x)) —= H(C, [*Op(-1)) —
—— H'(C, f*Tg) — H'(C, f*Tpyx)) — H'(C, f*Op(~1)) —0.

Note that HY(C, f*Og(—1)) = 0 because C is a rational curve. Indeed, if C’ is an irre-
ducible component of C' and d’ = f,[C'] is its contribution to the degree of f, then ¢’ = P!
and f*Op(—1)|cr = Op1(—d'). Therefore, H*(C’, f*Og(—1)) = 0 and we get that the restric-
tions of the sections of f*Og(—1) to the irreducible components of C' are 0 which implies that
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there are no non-zero global sections. Let us recall the Riemann—Roch formula for nodal curves
(easily proved by induction on the number of nodes)

dim H°(C, £) — dim H*(C, L) = 1 —g—i—/[ ]cl(ﬁ),
c

where L is a holomorphic line bundle on C and g is the genus of C'. Applying the Riemann—Roch
formula to f*Og(—1), we get that

dmlHlﬂlf*OEC—D)::—l——/m c1(Op(-1)) =d—1.

£+1C1

The cohomology group H'(C, f*Og(—1)) is the fiber of a holomorphic vector bundle Ny 4
on My ,(E,d) of rank d — 1. The virtual tangent bundles are related by 7o k.4 = 70,4 — Nok.d-
Recalling the construction of the virtual fundamental cycle [5], we get

[Mox(BUX),d0)]"™ = [Mor(E,d)]"™ N e(Nopa).

The above formula for the virtual fundamental class yields the following formula:

k
- A H ev; (il p) ™ Ue(Nok.a)-
[Mo’k(E,d)]‘”rt i1

(1™, ™ o de = /

Later on we will need the 3-point GW invariants with d = 1. Let us compute them. If d = 1,
then e(Np i 4) = 1 and the above formula implies that the GW invariants of the blowup coincide
with the GW invariants of the exceptional divisor, that is,
BI(X
<a1¢m17 s 7akwmk>07k§7[) = <a1|E¢m17 s 7ak’Ewmk>OE7k717
where we used the superscripts Bl(X) and E in order to specify that the correlators are GW
invariants of respectively BI(X) and E. Note that if p = ¢;Og(1) is the hyperplane class,
then e|p = —p. The quantum cohomology of P"~! is well known to be Clp]/(p” — Q). In
particular, the 3-point correlators
1 ifi+j+k=2n—-1,

9 9 — VO S Z) )k S n-— 1
<p pp >073»1 {0 otherwise, !

Therefore,

|

Let us specialize k = 1. Using the divisor equation (recall that |, e =—1), we get

(€,€)) 0, = Lifi=j=n-1,
0,2,¢ 0 otherwise.

—1 ifi+j+k=2n—-1,

0 otherwise.

3.5 The vanishing theorem of Gathmann

Gathmann discovered a very interesting vanishing criteria for the GW invariants of the blowup
(see [17]). We need a slight generalization of his result which can be stated as follows. Following
Gathmann, we assign a weight to each basis vector

(60) 0 if1<a<N,
W =
¢ a—N—-1 f N<a<N+n-—1.

In other words, the exceptional class e* has weight k — 1 for all 1 < k < n — 1 and in all other
cases the weight is 0.
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Proposition 3.4. Suppose that we have a GW invariant

k l ls
RO R NORNEL) MY (3.2

where 1 < a < ]v, 1 <byye.ybyy < N, and 2 < l1,...,ls < n—1, satisfying the following
3 conditions:

(i) B#0.
(it) wt(pa) + > i q(li —1) >0 ord>0.

(iii) wt(6a) + Y5, (= 1) < (d+1)(n—1) — k.

Then the GW invariant (3.2) must be 0.

Proof. The proof is done by induction on k. Gathmann’s result is the case when k = 0. The
inductive step uses the genus-0 topological recursion relations (see Section 2.4). Suppose that
the proposition is proved for k£ and let us prove it for £ + 1. Using the TRRs, we write the
correlator (3.2) with k replaced by k + 1 in the following form:

N+n—1 ) .

Z Z <¢awk7 ¢Cv ¢B’7 eL >/3/+d/g<¢c7 ¢B”7 eL >,3”+d”€’

c=1
where the second sum is over all possible splittings B'UB"” = {by,..., by}, L'UL" = {1y, ..., 1},
B + " = and d’ +d” = d. The notation is as follows. We dropped the genus and the number
of marked points from the correlator notation because the genus is always 0 and the number of
marked points is the same as the number of insertions. The insertion of all ¢, with ' € B’ is
denoted by ¢p and the insertions of all ¢!’ with I € L' is denoted by e’ . Similar conventions
apply for ¢ and eX” in the second correlator. The first correlator has 2++m’+ s’ insertions while
the second one 1+ m” + s”, where m/, m”, s/, and s” are respectively the number of elements
of respectively B’, B”, L', and L”. We have to prove that if the 3 conditions in the proposition
are satisfied where k should be replaced by k + 1, then the above sum is 0. We will refer to the
correlator involving B’ and L’ as the first correlator and to the correlator involving B” and L”
as the second correlator. We will prove that for each term in the above sum either the first or
the second correlator vanishes. The proof will be divided into 4 cases.

Case 1: if f/ = 0 and the second correlator does not satisfy condition (ii), that is, wt(¢°) +
Yepr(l” —=1) < 0 and d” < 0. Note that since 8” = 8 # 0, the second correlator satis-
fies condition (i). Since 8’ = 0 we need to consider only ¢, such that, ¢.|p # 0 and hence
¢c € {1,e,...,e"1}. Moreover, the weight of ¢¢ is 0 so ¢, € {1,e" "'} and ¢° € {¢n,e}. Since
"> 2 for all I” € L” the set L” must be empty. The corresponding term in the sum in this case
takes the form

<¢a1/}k7 (z)(h 17 e 17 ellu et els >d/£<¢ca ¢B">ﬁ+d"€7

where the insertions from ¢p/ all must be 1 otherwise ¢p|r = 0 and the correlator vanishes.
Using the dimension formula, we get

deg(¢a) + k + deg(de) + > li=(d' + 1)(n—1) + s +m'.
=1

Note that ¢, must satisfy ¢,|g # 0, otherwise the correlator is 0. Therefore, ¢, € {1, €5y e”_l}
which implies that deg(¢,) < wt(d,) + 1 with inequality only if ¢, = 1. We get

(d +1)(n— 1) +m = deg(¢a) + k + deg(¢e) + > (L — 1)
=1

< wh(ga) +1+k+ Y (I — 1) + deg(ghe).
=1
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On the other hand, let us recall that the correlator (3.2) (with k£ 4 1 instead of k) satisfies
condition (iii), that is,

wt(¢q) + i(li - <(d+1)(n—-1)—k-1.
i=1

We get (d' +1)(n — 1) +m’ < deg(¢c) + (d+ 1)(n — 1). Recall that there are two possibilities
for ¢e: ¢. = 1 or ¢ = e"~L. In the first case, we get 0 < m/ < d’(n — 1) and hence d” > 0
contradicting our assumption that d” < 0. In the second case, we get 0 < m/ < (d’ +1)(n —1).
This implies that d’ > —1 which together with d” < 0 implies that d” = 0. However, since
¢° = e, we get that the second correlator vanishes by the divisor equation. This completes the
proof of our claim in Case 1.

Case 2: 3 = 0 and the second correlator satisfies condition (ii). Since 8’ = 8 # 0, the
second correlator satisfies condition (i) too, so it will vanish unless condition (iii) fails, that is,

wt(69) + Y (1" = 1) > (d" + 1)(n—1).

l//EL//

On the other hand, similarly to Case 1, we must have ¢, = 1 for all ¥ € B’, so the dimension
formula applied to the first correlator yields

deg(¢a) + k +deg(ge) + > _ (' = 1) = (d' + 1)(n—1) +m.
el

Adding up the above inequality and identity, we get

deg(¢a) + k + deg(de) + wt(¢°) + i(li —D>d+Dn-1)+n—14+m
=1

Again deg(¢q) < wt(¢a) + 1, so

m' +n—1—deg(d:) — wt(¢°) < wt(gg) + 1+ k + i(ll —1)—(d+1)(n—-1).
i=1

Recalling again condition (iii), we get that the right-hand side of the above inequality is < 0,
and hence m'+n—1 < deg(d.) +wt(¢°). Similarly to Case 1, we may assume that ¢.|g # 0, that
is, ¢. € {1, €., e”_l} which implies that deg(¢.) + wt(¢¢) < n — 1. This is a contradiction
with m' +n — 1 < deg(¢.) + wt(¢°).

Case 3: if B # 0 and the first correlator does not satisfy condition (ii), that is, wt(¢s) +
wt(¢e) + > pep/(I’ = 1) = 0 and d' < 0. Note that we must have L' = @ and either d” > 0
or y.i (Il —1) > 0. Therefore, the second correlator satisfies condition (ii).

Suppose that 8” = 0 (< condition (i) fails). We must have ¢y/|p # 0 for all b € B” =
¢y = 1 for all b € B”. Recalling the dimension formula for the second correlator, we get

deg(¢) + > (i—1)=(d"+1)(n— 1) +m" — 1.

=1

On the other hand, since wt(¢,) = 0 for the case under consideration, condition (iii) implies
that >0 ,(l; — 1) < (d+1)(n — 1) — kK — 1. Combining this estimate with the above equality,
we get m"” + k < deg(¢®) + d'(n — 1). If m” > 0, then the second correlator has at least one
insertion by 1 (.- B” # &). Since the second correlator does not have descendants it will
vanish unless d’ = 0. However, if 8”7 = d’ = 0 the second correlator is non-zero only if the
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number of insertion is 3 because the moduli space is Mg 14m7+s X BI(X), that is, m” = s = 1.
Moreover, ¢¢ U €' up to a constant must be ¢y hence ¢¢ = "t and ¢, = 1. However,
l1 > 2 by definition, so wt(¢.) = l; —1 > 0 — contradicting the assumption that the first
correlator does not satisfy condition (ii). We get m” = 0 and the estimate that we did above
yields k < deg(¢°) + d’'(n — 1). Note that deg(¢) < n — 1. Therefore, d > —1. Recall that
we are assuming that d < 0, so d’ = 0. Recalling the divisor equation we get ¢. # e. Since
B"” = 0 the restriction ¢°|g # 0 hence ¢¢ € {1,e,...,e" 1}. Moreover, ¢° # 1 thanks to the
string equation. We get ¢, = €' for some [ > 2 contradicting the assumption that wt(¢.) = 0.

Suppose now that 8” # 0. Then the second correlator satisfies both conditions (i) and (ii).
Therefore, condition (iii) must fail, that is,

wt(¢) + ) (li—1) > (d"+1)(n—1). (3.3)
=1

Using that wt(¢) <n—2and > ,(l; —1) < (d+1)(n—1) — k — 1, we get
(d+1)(n-1)<n—-2+4+(d+1)(n—1)—k—1,

which implies that £k + 1 < d'(n — 1) + n — 2. In particular, d > —1 and since by assumption
d <0 we get d =0. If ¢. = e, then using the divisor equation we get

<¢a1/1k7 ¢C7 ¢B/>B/ = <€ U ¢a¢k_17 ¢B’>B/-

Since wt(¢q) = 0 the cup product eUg, # 0 only if ¢, = e. This however implies that eUgp, = €2
has positive weight and hence the correlator on the right-hand side of the above identity satisfies
both conditions (i) and (ii). Condition (iii) must fail, so 1 > n —1— (k — 1) = n — k, that is,
k > n—1. On the other hand, recall that we already have the estimate k+1 < d'(n—1)+n—2 =
n — 2 which contradicts the inequality in the previous sentence. We get ¢. # e which together
with wt(¢.) = 0 implies that ¢¢ ¢ {62, el e"_l} and hence wt(¢¢) = 0. Recalling (3.3), we get

S
@ +1D)n-1)<> -1 <(d+1)(n—-1)—k—1
i=1
Since d’ = 0, we get 0 < —k — 1 which is clearly a contradiction. This completes the proof of
the vanishing claim in Case 3.
Case 4: if B # 0 and the first correlator satisfies condition (ii). Then condition (iii) for the
first correlator must fail, that is,

wt(ga) + wt(ge) + > (' =1) > (d +1)(n—1) — k. (3.4)
l'elL!

We claim that the second correlator also satisfies conditions (i) and (ii). Indeed, suppose that (i)
is not satisfied, that is, 3” = 0. All insertions in ¢g» must be 1. Recalling the dimension formula,
we get

deg(¢)+ > ("-1)=(d" +1)(n—-1)-1+m".
l//eL//
Adding up the above identity and the inequality (3.4), we get
wt(¢a) + deg(¢°) + wt(¢e) + Z(lz’ -1)>d+2)(n—-1)—k—1+m"

=1
=d+1)(n—-1)—-k—-1+n—1+m",
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which is equivalent to

n—1+m" —deg(¢°) — wt(de) < wt(ga) + i(zi —1)+k+1—-(d+1)(n—1) <0,

=1

where for the last inequality we used that the correlator whose vanishing we want to prove
satisfies condition (iii). We get m” 4+ n < deg(¢°) + wt(¢.). On the other hand, since ¢°|g # 0,
we have ¢° € {1, €. .., e"_l} which implies that deg(¢¢) + wt(¢.) < n—1 — contradiction. This
proves that 3" # 0.

Suppose that the second correlator does not satisfy condition (ii). Then, d” < 0, wt(¢°) = 0,
and L” = @. Since L” = @, the inequality (3.4) takes the form

wt(pa) + wt(de) + > (i — 1) > (d + 1)(n — 1) — k.
=1

On the other hand, recalling again condition (iii) for the correlator whose vanishing we wish to
prove, we get

wt(¢a) + i(zi —)<@d+D)(n—-1)—k-1.
=1

Combining with the above estimate, we get
(d+1)(n-1)—k<wt(p.) + (d+1)(n—1) -k —1,

which becomes (—d”)(n — 1) < wt(¢.) — 1. Since wt(¢°) = 0 and d” < 0 the above inequality is
possible only if ¢¢ = e. Then we get d” # 0 thanks to the divisor equation, that is, d’ < —1 and
hence wt(¢.) —1 > n — 1. This is a contradiction because the maximal possible value of wt(¢.)
is n — 2. This completes the proof of our claim that the second correlator satisfies conditions (i)
and (ii).

Finally, in order for the second correlator to be non-zero, condition (iii) must fail. We get

wt(g) + Y (" =1) > (d"+1)(n—1).
eL
Adding up the above inequality and (3.4), we get
wt(da) +wt(de) + wi(¢) + > (Li—1) > (d+2)(n—1)—k=(d+1)(n—1)—k—1+n.
=1

On the other hand, recalling the inequality
wt(ga) + > (Li—1) < (d+1)(n—1)— k-1,
i=1

we get
n — wt(de) — wt(¢) < 0.

The inequality clearly does not hold if one of the weights is 0. If both weights are non-zero,
then we will have wt(¢.) + wt(¢°) = n — 2 which again contradicts the above inequality. The
conclusion is that either the first or the second correlator satisfies condition (iii) and hence one
of the two correlators must vanish according to the inductive assumption. |
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4 Second structure connection and blowups

Let us recall the notation already fixed in Sections 3.1 and 3.3. From now on, for a com-
plex variety Y, we denote by H(Y) := H*(Y,C) and H(Y) respectively the cohomology and
the reduced cohomology of Y with complex coefficients. Using the direct sum decomposi-
tion H(BI(X)) = H(X) & H(E), we define the H(X)-component (resp. H(E)-component) of
a vector v € H(BI(X)) to be the projection of v on H(X) (resp. H(E)).

We will view quantum cohomology of BI(X) as a family of Frobenius manifolds parametrized
by the Novikov variables ¢ = (qi,...,¢+1) € (C*)"*! defined in Section 3.3. Recall that
¢r+1 = Q" 1. We will be interested in the Laurent series expansion of the second structure
connection of BI(X) with respect to @ at @ = 0, while the remaining parameters qi,...,q,
remain fixed. The main goal in this section is to determine the leading order terms of this
expansion.

4.1 Period vectors for the blowup

Let us denote by p and p the operators of classical cup product multiplications by respec-
tively ¢1 (T'BI(X)) and ¢;(T'X). Let 6 and 6 be the grading operators of the Frobenius structures
underlying the quantum cohomologies of respectively Bl(X) and X (see (2.10)). In the lemma
below, we will need the following notation. Suppose that A: C — End(H) is an End(H )-valued
smooth function. Let m be the standard coordinate on C. We define right differential operator
on C, to be a formal expression of the form

L(m, %m) = in(m)gfw (4.1)
k=0

where the coefficients Bi(m) € End(H) depend smoothly on m. We define the action of L
on A by

A(m)L(m, 9 ) = 3" 05, (A(m) o By(m)),
k=0

where o is the composition operation in End(V). Given two right differential operators L
and Lo, there exists a unique right differential operator L o Lo, such that,

(A(m)Ly (m, D ) Lo (m, 9 m) =t A(m)(Ly o Ly)(m, 3 pm).

We say that Lj o Lo is the composition of L; and Ls. One can check that this operation is
associative and therefore, the set of all right differential operators of the form (4.1) has a structure
of an associative algebra acting from the right on the space of smooth End(H)-valued functions
on C.

Lemma 4.1.

(a) The following formula holds:

O+m—1/2 O+m—1/2
T(_m) ()\) — eﬁakanL /VA " / — A%\ " / eﬁ%m’
LO+m+1/2) L(0+m+1/2)

<_
where the first identity is just a definition and 9 ., denotes the right action by a derivation
with respect to m.
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(b) The following identity holds:
\O+m—1/2

TEm(Q71N) = ( 7

L+m+1/2)

) eQﬁng—(ﬁer—l/Q)Q—ﬁ.

Proof. (a) By definition

eﬁﬁ)ﬁm ~)\9+m71/2 _ io: l N\0+m—k—1/2
L@+m+1/2)) = K’ 6 +m—Fk+1/2)
_ 0o l )\O—i-m 1/2 ~k
— k! T(0+m+1/2)
~ ~ S
where we used that pf = (9—1— 1),5 The above expression is by definition the right action of e? 9=
on X0Fm=Y2/1 (0 + m + 1/2).

(b) Using the formula from part (a), we get that the identity that we have to prove is
equivalent to the following conjugation formulas:

Qg-l—mQ—QﬁQ— (§+m) _ Q—ﬁ’

and

Q) PO gt _ ()-QF QPO (4.2)
The first identity follows easily from [5, ﬁ} = —p. Let us prove (4.2). To begin with, note
that this is an identity between operators acting from the right. We will use the following fact.

Suppose that we have an associative algebra A acting on a vector space V from the right, that
is,v-(AB) = (v-A)-Bforall A,B € AandveV. Then the following formula holds:

v- (eABefA) =0- (eadA (B)), (4.3)

where ad4(X) = AX — XA. In our case, A is the algebra of differential operators in m with
coefficients in End(H*(B1(X))), that is, as a vector space A consists of elements of the form

ko
S m) 9k, en(m) € End(H*(BI(X)),
k=0

and the product in A is determined by the natural composition of endomorphisms of H*(Bl(X))
and the commutation relation [m, 8 ,,| = 1. Let us apply the conjugation formula (4.3) to (4.2).
The main difficulty is to prove that

A= A= 1
adf (POm) = (1) 00+ (~1)*kp, (4.4)

for all & > 0. We argue by induction on k. For k = 0, the identity is true. Suppose that it is
true for k. Then we get

~ - ~<— - .
[0+ m, (=1 50+ (=1 k5] = (=1 (= p O + ) + (~1)kp
IS . ~
= (—U’““pé‘m + (=D (k +1)p,
where we used that [5 ﬁ] = —p and [ ] = 1. Using the conjugation formula (4.3) and
formula (4.4), we get that the left-hand 81de of (4.2) is equal to

e 1 A= T A= —(lo ~
exp (Z k'( log Q) ((—1)kp8m+(—1)k 1k7p)> — QPO m —(logQ)Qp

k=0
which is the same as the right-hand side of (4.2). [
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Put ¢ = (q1,...,¢) and let S(t,q,Q, z) be the calibration of the blowup BI(X). Let us
recall the fundamental solution of the second structure connection for the quantum cohomology
of BI(X)

o0

1™ (t,,Q,0) =Y (—1)FSk(t, ¢, QIFT ™ (N).
k=0

Recalling Lemma 4.1, we get

(=m) (t,9,Q, Q*l)\)QﬁQéﬂmfl/Q

9 A\O+m—1-1/2
= St —n =
Z @St Q)5 (F(G—I—m—H—l/Z)

4,l=0

(Q@’) : (4.5)

Let us extend the Hodge grading operator 6 of X to H*(Bl(X)) in such a way that 6(e*) = Ze*
forall 1 <k <n-—1. Let A := 60 — 0, then in the basis

¢i, 1<i<N, e 1<k<n-1 (4.6)
of H*(BI(X)), the operator A takes the form
A(p;) =0, 1<i<N, A(F) = —ke*, 1<k<n-1

Let us point out that the basis of H*(B1(X)) dual to the basis (4.6) with respect to the Poincaré
pairing is given by ¢¢ (1 <i < N), ex (1 <k <n—1), where ¢’ (1 <i < N) is a basis of H*(X)
dual to ¢; (1 <4 < N) with respect to the Poincaré pairing (on X) and ey, := (—1)""len*.

Lemma 4.2. Suppose that t = 22\7:2 topp € H*(X) and that 1 > 1. Then

n—1 oo

QAQk+l( (t q, Q Z Z ¢l 1 k: k”>02d£€k:” < - 16k’1>0’27d£Qn(_1)n71¢N

k=1 d=0
+O(QH(E) + Q"M H(X)),

where the O-term denotes a power series in Q with values in H(BL(X)) whose H(E)-component
involves only positive powers of Q and its H(X)-component involves only powers of Q of de-
gree > n+ 1.

Proof. Recall that every § € Eff(BI(X)) has the form 3 = 8 + d¢ for some 8 € Eff(X) and
d € Z. Recalling the definition of the calibration, we get

N
QAQk—H (Sl(t, q, Q)ek) _ QAQk—H Z (Z <ekwl—17 ¢b>072,5+d€(t>¢b

BeEf(Bl(X)) \b=1

k,l— 1 k” —d(n—1
+ Z ¥ 0 2,ﬁ+de(t)ek”> ¢’Q I
k=1
Let us examine first the correlator
o) N
ko l—1 ko l—1
<6 1/} ’¢b 02ﬁ+d€ Z Z <€ QIZ) 7¢ba¢b17-~7¢br>0’2+r”3+d€tb1"'tbr-

r=0by,...,bp=2

There are 3 cases.
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Case 1: if p = 0. Then the correlator is a twisted GW invariant of E and since ¢p|p = 0
for 2 < b < N, we may assume that b = 1, that is, ¢, = ¢1 = 1. For similar reasons, we
may assume that r = 0. The dimension of the virtual fundamental cycle of Mg 2(BI(X), dl) is
(d+1)(n—1). Therefore, k+1—1=(d+ 1)(n — 1) or equivalently k 4+ — d(n — 1) = n, that
is, in this case the correlator coincides with the term of order Q" on the right-hand side of the
formula that we want to prove.

Case 2: if § # 0 and the correlator does not satisfy condition (ii) in Gathmann’s vanishing
theorem. Then d < 0 and k —1 < 0, that is, k = 1. If d < —1, then k+1 —d(n—1) >
k+1+n—12>n+1, so the correlator contributes to the terms of order O(Q"*'H(X)). It
remains to consider the case when £ = 1 and d = 0. We will prove that if the correlator
<ewl*1, q§b>0,2ﬁ(t) is non-zero, then [ > n.

First, by using the divisor equation we may reduce to the cases when 2 < b < N. Indeed,
if b = 1 then by using the string equation <ewl_l, 1>02B(t) = <ewl_2>016(t). Since 8 # 0,
there exists a divisor class p € H?(X), such that, | 5P ;é 0. Recalling the divisor equation, we
get <e¢l_2,p>072ﬂ = fﬁ p<€1,[)l_2>071’5, that is, the correlator for b = 1 can be expressed in terms
of correlators involving only 2 < b < N.

Suppose now that 2 < b < N. Recalling the divisor equation, we get

<e¢l_17 ¢b>0,2,5(t) = <€, ¢l7 ¢b>0,3,ﬂ(t)’

which according to the topological recursion relations (TRR) can be written as

n—1
DD D W) prpar B ess e du)ospr-ac(t)

B+8"=p deZ \j=1

N
+ Z <¢Z_1, ¢a>0’2’5/+d4(t) <¢a’ 6, ¢b>0,3,ﬁ”d€(t)> :

a=1

Let us consider the two correlators that involve 5. If 3’ = 0, then in both correlators d > 0 and
in the second correlator ¢, = 1. Since t|p = 0 we may assume that ¢t = 0. By the dimension
formula, we get | — 1+ j = (d+ 1)(n — 1) for the 1st correlator and [ — 1 = (d + 1)(n — 1)
for the second correlator. In both cases, since d > 1 and n > 2, we have [ > n. Suppose
now that 8 # 0 and that the 1st (resp. second) correlator does not satisfy condition (ii) in
Gathmann’s vanishing theorem, that is j = 1 and d < 0. Note that for the correlators involving
B"” we must have 8" # 0 because ¢p|p = 0 and d # 0 due to the divisor equation for the
divisor class e. We get d < 0. Therefore, the correlator involving 3" satisfies both conditions
(i) and (ii) in Gathmann’s vanishing theorem. Therefore, condition (iii) must fail, that is,
n—j—1>(—-d+1)(n—1)and 0 > (—d + 1)(n — 1). Since —d > 1, both inequalities lead to
a contradiction. It remains only the possibility that 8’ # 0 and that the correlators involving
[’ satisfy condition (ii) in Gathmann’s vanishing theorem. Then condition (iii) must fail, so
j—1+1l-1>(d+1)(n—1)and [ —1> (d+1)(n—1). If d > 1, then these inequalities will
imply that [ > n+ 1. If d = 0, then 8” = 0, otherwise the correlator involving 3" will be 0
by the divisor equation. But then the correlator becomes fBl( x)é ey ¢p which is 0 because
¢p Ue = 0. Finally, if d < —1, then, since ¢p|p = 0 we must have 8” # 0, so the correlator
involving 3" satisfies conditions (i) and (ii) in Gathmann’s vanishing theorem. The 3rd condition
must fail, that is, n —j —1> (=d+1)(n — 1) and 0 > (—d + 1)(n — 1). Both inequalities are
impossible and this completes the analysis in the second case.

Case 3: if § # 0 and the correlator does satisfy condition (ii). Then condition (iii) in
Gathmann’s vanishing theorem does not hold, that is,

E=1>d+1)(n—-1)—Il+1=dn—-1)+n—-1L
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This inequality is equivalent to k+1—d(n—1) > n+ 1. We get that the correlators in this case
contribute to the terms of order O(Q”*l).
Similarly, let us examine the correlators

<ek1/11 1 k” 0 ) ﬂ+d€ Z Z <ek¢l 1 //7 ¢b1, o 7¢br>0,2+r,5+dftb1 .. 'tbr~

Since A(exr) = —(n — k")epr, we get that we have to prove that if the above correlator is non-
zero, then k +1—d(n —1) — (n — k") > 0 and that if the equality holds, then » = 0 and 3 = 0.
Again we will consider 3 cases.

Case 1: if § = 0. Just like above, r = 0 because we can identify the correlator with a twisted
GW invariant of the exceptional divisor and the restriction of ¢, to E' is 0. Using the dimension
formula for the virtual fundamental cycle, we get

k+1—14k = dim [Mo2(BU(X),d0)]"™ =n—1+ (n—1)d.
We get
k+l—dn—-1)—-(n—-k)=k+I1+k —n—dn-1)=0.

Cases 2: if f # 0 and condition (ii) does not hold. Then d <0 and k — 1+ k" — 1 < 0, that is,
k=Fk"=1.1f d < —1, then

k+l—dn—-1)—-(n—-K)Y>k+l+n—-1-n+k'=1+1>2.

The correlator contributes to the terms of order O(Q2). Suppose that d = 0. The inser-
tion eF” = e can be removed via the divisor equation, that is, the correlator in front of ¢, - - -

takes the form

r

kl—1 K" 2, 1—2
<6 1/] , € 7¢b17"‘7¢br>02+7./3 < ¢ ’¢b1"”’¢br>0,1+r,/3'

The above correlator does satisfy condition (ii) of Proposition 3.4. Therefore, in order to have
a non-trivial contribution, condition (iii) in Gathmann’s vanishing theorem must fail, that is,
1>n—1—1+ 2 or equivalently | > n. We get

k+l—dn—-1)-(n—-K)Y=1+l-(n—-1)=2+1-n>2>0,

so the equality that we need to prove holds.
Case 3: if  # 0 and condition (ii) holds. In other words, conditions (i) and (ii) in Gathmann’s
vanishing theorem (see Proposition 3.4) hold for the correlators

<ekwl_1v M oy d)br>0,2+r,ﬁ+d€‘

Again, in order to have a non-trivial contribution, condition (iii) must fail, so
k—1+K' —1>{d+1)n-1)-l+1=dn—-1)+n—1,

or equivalently k +1+ k" >2+n+d(n—1). We get
k+l—dn—-1)—-n—-K)Y=k+Il+K —n—-dn—-1)>2>0.

This completes the proof of the lemma. |
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Note that
pied = (e1(TX) — (n—1)e)ied = (—n + 1)kt

and that 5(6’“”) = (% — k —i)e"". Therefore, using formula (4.5) and Lemma 4.2, we get the
following proposition.

Proposition 4.3. The following formula holds:
(QAI(—m) (t, 7,Q, Q_l)\) Q5Q5+m—1/2Q—A)ek
oo n—1—-kn—1 i nol oy kg
_ ki, -1 k" ((=(n—1)0n) Az
=20 2 D (T )5 e (<00) il (25t +m—k—i+1)

1L,d=0 i=0 k""=1

oo n—1-k i
£33 D 17 Qo )

l,d=0 =0

)\Terfkfi " it
X(P("Zl+m—k—z’+1)>+O(QH(E)+Q H(X)),

where 1 < k <n —1 and the notation involving O 1is the same as in Lemma 4.2.

Proposition 4.4. If2 < a < N, then the following formula holds:
)\9+m—1/2
re+m+1/2)

QA1 (t,,Q, QN QPQU™1/2Q~2) p, = $a +0(Q).

Moreover, in the above expansion, the H(X)-component of the coefficient in front of Q™ for
0 <m <n—1isa Laurent polynomial in \*/? (with coefficients in H(X)).

Proof. Using formula (4.5), we get that the left-hand side of the formula that we want to prove
is equal to

al
A lS _
@ ZZZ:O JQSilt 0. Q)% ! (F(9+m—l+1/2)

N\O+m—1-1/2

(Qﬁ)") Pa
Since pp, = pPa, the above formula takes the form

— A+1+1 3 la}’n )\(n—l)/2+m—i—deg(¢a)
g;@ TSt 4, Q)p' pa(—05) Bl (F((n+ 10)/2+m —i—deg(da)) ) (4.7)

Note that the term in the above double sum corresponding to ! = ¢ = 0 coincides with the leading
order term on the right-hand side of the formula that we have to prove. Therefore, recalling the
definition of the calibration, we get that we have to prove the following two statements. First,
if I +¢ > 0, then the following expression

N

n—1
Z<pz¢awl717 ¢b>072,6+d€(t)¢le+zfd(nfl) + Z<pz¢awl71, ek>072”8+dz(t)eka+l+17d(n71)7n

b=1 k=1

has order at least O(Q) for all B+ d¢ € Eff(Bl(X)). Second, there are only finitely many d and I,
such that, in the first sum the coefficient in front of Q™ for 0 < m < n — 1 is non-zero. Let us
consider the correlators in the first sum.

Case 1: if = 0. Then the correlator is a twisted GW invariant of the exceptional divisor £
and since ¢,|p = 0, we get that the correlator must be 0.
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Case 2: if B # 0 and condition (ii) in Gathmann’s vanishing theorem does not hold.
Then d <0 and we get | +i —d(n—1) > {+4 > 0. In order for the correlator to con-
tribute to the coefficient in front of Q™ for some 0 < m < n — 1, we must have —1 < d <0 and
0 <l < n. Clearly, there are only finitely many d and [ satisfying these inequalities.

Case 3: if § # 0 and condition (ii) holds. Then condition (iii) in Gathmann’s vanishing
theorem must fail, that is, 0 > (d+1)(n — 1) — I+ 1 or equivalently [ — d(n — 1) > n. The power
of Qisl+1i—d(n—1)>n+i Therefore, the correlators satisfying the conditions of this case
contribute only to the coefficients in front of Q™ with m > n.

The argument for the correlators in the second sum is similar.

Case 1: if = 0. Then the correlator is a twisted GW invariant of the exceptional divisor £
and since ¢4|p = 0, we get that the correlator must be 0.

Case 2: if  # 0 and condition (ii) in Gathmann’s vanishing theorem does not hold. Then
d < 0 and k£ = 1. The divisor equation implies that if d = 0, then the correlator vanishes.
Therefore, d < —1. Weget k+1l+i—dn—1)—n=I0I+i—(d+1)(n—1)>14+i>0.

Case 3: if § # 0 and condition (ii) holds. Then condition (iii) in Gathmann’s vanishing
theorem must fail, that is, k —1 > (d+1)(n—1) =+ 1 or equivalently k+1—d(n—1) > n+1.
The power of Q isk+1l+i—dn—1)—n>i+1>1. [

Proposition 4.5. The following formula holds:
A\O+m—1/2
?1
rO+m+1/2)

n—1ln—1 . 1 la;n A(n—1)/2+m—i
+2 22 (- Yo aen (0N Mt narm—9) &Y

(QAI(—m) (t, q Q, Q_l)\) QEQ§+m—1/QQ—A)¢1 _

d,l>0 =0 k=1
YOS ey, 0@ oy [ <A ) L o), (1)
I=1 BERA(X) “lozs(Ierd MAT(n+1)/2+m) L

n—len—k

where e, = (—1) and the correlator

((=(n— De)'y!~t, 6k>0,2,de =((-(n— De)'y!, e, 1>o,3,de
can be defined also for 1 = Q.

Proof. Note that if i > 0,then p* = p’ + (—(n — 1)e)’. Just like in the proof of Proposition 4.4,
we get that the left-hand side of the identity that we would like to prove is equal to the sum
of (4.7) with a =1 and

e , i (n—1)/24+m—i
SOS QS (1,0, Q) (—(n — 1)e)i(—ay)' L (WA - ) (4.10)

! _
e i! +1)/2+m—1)

Let us discuss first the contribution of (4.7). The same argument as in the proof of Proposi-
tion 4.4 yields that if ¢ > 0, then the corresponding terms in the sum have order at least O(Q).
If i = 0 and [ = 0, then the corresponding term in the sum becomes A*™~1/2/T'(0 + m + 1/2)
which is precisely the first term on the right-hand side of the formula that we would like to
prove. Finally, we are left with the case i = 0 and [ > 1. By definition, Q2+'S;(t, q, Q)¢ is

N n—1
L%zc;ebzxw[1’¢b>0,2,6+d£(t)¢led(nl)JrkZ:wl1’ek>0,2,ﬁ+de( terg”QH TN (4.11)
+deb=1 =1

where the first sum is over all effective curve classes 5 + d¢ € Eff(Bl(X)). Let us consider the
following 3 cases for the correlators in (4.11).
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Case 1: if f = 0. we may assume that ¢ = 0 because t|g = 0. The sum over b is non-zero
only if ¢p = 1, that is, b = 1. Recalling the formula for the dimension of the moduli space, we
get

l-1=—-14+n+dn—-1) = I[I-dn-1)=

Therefore, in this case the contribution has order O(Q"). The sum over k in (4.11) (when g = 0)
is independent of () because by matching the degree of the correlator insertion with the dimension
of the virtual fundamental cycle we get k+1—1 = —1+n-+d(n—1). Therefore, the contribution
to the sum (4.7) with a = 1 of the terms with ¢ =0, [ > 1, and degree 5 =0 is

A(n—=1)/2+m
ZZ (' o 2,0 (=00) (r((n+1)/2+m)>‘

=1 d=0

Note that the above sum coincides with the ¢ = 0 component of (4.8).

Case 2: if § # 0 and condition (ii) in Gathmann’s vanishing theorem does not hold. Since
d <0 and [ > 1 the sum over b has order at least O(Q). For the sum over k, only for k = 1
condition (ii) does not hold and if d < —1 then the term has order at least O(Q). Therefore, only
the terms with £ = 1 and d = 0 satisfy the conditions of this case and do not have order O(Q).
The corresponding contribution to the sum (4.7) with @ = 1 becomes

-1 IH-n(_ gy Aln=1)/2+m
Z<¢ 025 €1q Q ( A) F((n—i—l)/?—i—’m)

>1

Note that the above sum coincides with the sum in (4.9).

Case 3: if f # 0 and condition (ii) holds. Then condition (iii) does not hold. For the
correlators in the sum over b we get 0 > (d+1)(n—1) —1{+1 = d(n—1) +n—1[. This inequality
implies that the sum over b has order O(Q™). Similarly, for the correlators in the sum over k,
we get

E—1>d+1)(n—-1)—-1l+1=dn—-1)+n—-1 = k+l—-dn—-1)—n>1.

In other words, the sum over &k has order at least O(Q).

This completes the analysis of the contributions from the sum (4.7) with ¢ = 1. It remains
to analyze the contributions from the sum (4.10). This is done in a similar way. To begin with,
note that the sum of the terms with [ = 0 is equal to

n ; ; 81171 )\(n—l)/2+m—i
;QM (=(n = 1)e)' (=02)' T <F((n F1)/2+m— i)) ‘

Note that only the term with ¢« = n depends on @, that is, it has order O(Q™). Therefore, up
to terms of order O(Q) the above sum coincides with the sum of the terms in (4.8) with { =0
and i > 1. Suppose that [ > 0. By definition, Q*t+S(, ¢, Q)e’ is equal to

N
Z Z <€iwl—1’ ¢b>0’w+d€(t)¢le+i—d(n—1)

B+de b=1

n—1
+ Z <ezwl—1, €k>0’2”3+d£( )ekqﬁQk-‘rl—H d(n— 1)—n
k=1

Let us consider the following 3 cases for the correlators in the above sum.
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Case 1: if 8 = 0. Again since t|p = 0, we may assume that ¢t = 0. Let us consider first the
correlators in the sum over b. Since ¢p|g = 0 for b > 1, the only non-trivial contribution will come
from the term with b = 1. The dimension constraint now yields i+1—1= —1+n+d(n—1) and
hence [4+i—d(n—1) = n. Therefore, the contribution to (4.10) has order O(Q™). Let us consider
now the correlators in the sum over k. The dimension constraint takes the form i +1—14+k =
—1+n+d(n—1) and hence k + 1+ i —d(n —1) —n = 0. Therefore, the contribution of these
terms to the sum (4.10) is

SEShS i l—1 k 108, An=1)/2+m—i
;i%::l dzzo (=t = D o arer(=0) b (F((n T1)/2+m— i)) '

The above sum coincides with the sum of the terms in (4.8) with [ > 1 and i > 1.

Note that at this point all terms in the formula that we would like to prove are already
matched with contributions from (4.7) and (4.10). It remains only to check that in the remaining
two cases the contributions have order O(Q).

Case 2: if  # 0 and condition (ii) does not hold. For the sum over b, since d < 0 and [ >
1, the powers of @) are positive. For the sum over k, in addition to d < 0, we also have
i—14+k—1=0, thatis, ¢ =k =1. If d < —1, then the power of @ is positive. Suppose that
d = 0. Using the divisor equation we get (ey!™!, e>07276(t) = <e2wl*2>07176(t). The latter satisfies
both conditions (i) and (ii) of Gathmann’s vanishing theorem. In order for the correlator to be
non-zero, condition (iii) must fail 1 > (d+1)(n —1) =l +2=d(n — 1) +n — 1+ 1. The power
of () becomes

E+l+i—dn—-1)—n=2+1l—-dn—1)—n>2.

Case 3: if  # 0 and condition (ii) holds. Then condition (iii) must fail. For the correlators in
the sum over b, we get i —1 > (d+1)(n—1) —I{+1 = d(n—1)4+n—1I. Therefore, the power of @)
is {+i—d(n—1) > n+1. For the correlators in the sum over k, we get i—1+k—1 > d(n—1)+n—I,
that is, the power of Qis k+1+i—d(n—1)—n > 2. |

4.2 Quantum cohomology of the blowup

Let us recall the result of Bayer [3]. Suppose that ¢t € H*(X) c H*(BI(X)), that is, t; =
tnNy1 = =tnin_1 = 0. Let us denote by Qi(t,q, Q) (1 <i< N +n—1) the linear operator
in H*(BI(X)) defined by quantum multiplication ¢;e;,0 for 1 < ¢ < N and by quantum
multiplication by ekonqg fori = N +k, 1 <k <n—1. Slightly abusing the notation let us
denote by the same letters (~21 the matrices of the corresponding linear operators with respect to
the basis ¢; (1 <i < N +n — 1), where recall that ¢y, := ¥ (1 <k <n —1). Note that the
matrix of A is diagonal with diagonal entries 0,...,0,—1,—2,...,—n + 1 (0 appears N times).
The main observation of Bayer (see [3, Section 3.4]) can be stated as follows.

Proposition 4.6. The matrices of the linear operators SNIZ (1 <i< N+n-—1) with respect to
the basis Q 2¢; (1 <i < N +4n — 1) have the following Laurent series expansions at Q = 0:

~ . n—1 n
03Tt 0. Q)0 = {Qz(t, 9) 5(8(62 ) 5i,11d(j£?+)0(62)] . 1<i<N,  (412)

where 1d,,—1 is the identity matriz of size (n — 1) x (n — 1) and

N e 117 R EV R (113
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where Q;(t, q) is the matriz of the linear operator in H*(X) defined by quantum multiplication
by ¢ 4 with respect to the basis ¢; (1 < i < N) and € is the following (n — 1) x (n — 1)-matriz:

0 0 --- 0 (=1)"
10 - 0
€e=1: . :
00 --- 0 0
0o 0 --- 1 0 |

Proof. The proof is based on Gathmann’s vanishing theorem and it is very similar to the proof
of Lemma 4.2. Since the proofs of (4.12) and (4.13) are similar, let us prove only (4.13). We have

N
oA (ea o (Q—Aek)) _ Z Z <€a, ek, ¢j>0,375+dz(t)¢j
B=p+de \J=1
n—1

+ Z <ea7 e, el>0,3,ﬁ+dz(t)elQ_l> P QF i),

=1

Let us examine the correlators in the sum over j, that is,

(e, e, ¢j>0,3,,8+de(t)(°2kid(nil)'

There are 3 cases.

Case 1: if § = 0. The correlator is a twisted GW invariant of the exceptional divisor £. The
restriction ¢’|g is non-zero only if ¢’ = 1, that is, j = N. Recalling the string equation, we get
that the correlator is non-zero only if ¢/ = 1 and d = 0. Therefore, the contribution takes the
form

/ efuef Ul quQk = (—1)n_1Qn_a5a+k,n ON-
BI(X)

Case 2: if § # 0 and condition (ii) in Gathmann’s vanishing theorem does not hold. Here
we have in mind the correlator <ea,ek,¢j>0737ﬁ+dz(t). Note that the weight of this correlator
is a— 14k —1. If condition (ii) does not hold, then a — 1+ %k —1 < 0 and d < 0. Since
a,k > 1, this case is possible only if a = k = 1. Moreover, if d = 0, then the correlator vanishes
by the divisor equation. Therefore, we may assume that d < —1. The power of () becomes
k—d(n—1) > 14+n—1 = n, that is, the contribution in this case has order O(Q") = O(Q”“*“).

Case 3: if p # 0 and condition (ii) holds. According to Gathmann’s vanishing theorem,
condition (iii) does not hold, that is,

a—1+k—-1>d+1)(n—-1)=dn—-1)+n—-1 = k—dn-1)>n+1-a.

We get that the contribution in this case has order O(Q”“*“).
Combining the results of the 3 cases, we get that the sum over j has the form

Q ((—1)" k@ dn + O(Q"T)).

Let us examine the correlators in the sum over [. Just like above, there are 3 cases.

Case 1: if B = 0. The correlator <e“,ek,el>03dg(t) can be computed explicitly. Indeed,
such a correlator is a twisted GW invariant of the exceptional divisor, so it is independent
of t € H*(X), that is, we may substitute ¢ = 0. Moreover, since d¢ must be an effective curve
class in E, we have d > 0. Recall that ¢; = (—1)""'¢"~! and note that the dimension of the
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virtual fundamental cycle of M 3(B1(X),dl) is d(n — 1) + n. Therefore, a + k — 1 = d(n — 1).
We conclude that d = 0 or d = 1, that is,

(=)™ ifd=landl=a+k—n+1,
<e“,ek,el>0’37dz(t) =41 ifd=0andl=a+k,

0 otherwise.

The contribution to the sum over [ becomes

—1)" at+k—n+1H—a if k -1
{( e Q7 ifa+k>n—1, (4.14)

ettkQ—a ifat+k<n-—1.
Note that the matrix ¢* has entries

(=)™ ifj=i+n—1-—a,
€: =141 ifi=j+a,

0 otherwise.

Comparing with formula (4.14), we get that the contribution in this case to formula (4.13)
coincides with the matrix Q™ %¢%.

Case 2: if 8 # 0 and condition (ii) does not hold. Then d < 0and a—1+k—1+n—1—1<0.
Since a,k,n — 1 > 1, this case is possible only if « = k = 1 and [ = n — 1. Since g # 0,
the divisor equation implies that d # 0, that is, d < —1. In other words, if condition (ii) in
Gathmann’s vanishing theorem does not hold, then the power of ), must be k — [ —d(n—1) >
l-n=1)4n—-1=1=—-a+2.

Case 3: if 8 # 0 and condition (ii) holds. Then condition (iii) must fail, that is, a — 1 4+ k —
l+n—I01—-1>(d+1)(n—1)=d(n—1)+n—1, or equivalently k =l —d(n—1) > —a + 2.

Combining the results of these 3 cases, we get that the contribution of the sum over [ matches
the (2,2)-block of the matrix on the right-hand side in formula (4.13) with the factor Q¢
inserted.

In order to complete the argument, we have to repeat the above discussion by replacing e*
with ¢; (1 < i < N), that is, we have to determine the contribution to the right-hand side
of (4.13) of the following expression:

Q% ("o (Q7%0))
N n—1
= Z Z <€a’ ¢i7 ¢j>073”8+dz(t)¢j + Z <€a’ ¢i7 el>0737[3+d€(t)elQil qIBQid(nil)’
=1

B=p+de \J=1

First, let us determine the contribution of the correlators in the sum over j.

Case 1: if B = 0. The correlator could be non-zero only if ¢/ = 1 and d = 0. In the latter
case, since fBl( X) e®Up; Ul = 0, we get that the correlator still vanishes. There is no contribution
in this case.

Case 2: if  # 0 and condition (ii) does not hold. Then d < 0 and the weight a — 1 < 0, that
is, a = 1. Due to divisor equation, d # 0, so d < —1 and —d(n —1) >n—1=n —a. We get
that the contribution in this case has order O(Q”fl).

Case 3: if B # 0 and condition (ii) does hold. Then condition (iii) does not hold, so
a—1>(d+1)(n—1) and —d(n — 1) > n — a. We get that the contribution in this case is
still of order O(Q"%).

Combining the results of the 3 cases, we get that the order of the elements in the (1,1)-block
of the matrix Q20n41,Q ™2 is O(Q™™?), that is, the same as in formula (4.13).
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Finally, it remains to determine the contribution of the correlators in the sum over [.

Case 1: if § = 0. The correlator could be non-zero only if ¢; = 1, that is, ¢ = 1 and d = 0.
We get that the contribution in this case is d; Q™.

Case 2: if 8 # 0 and condition (ii) does not hold. Then d < 0 and the weight a — 1 4+
n—1—1<0, that is, a = n — 1 = 1. Due to divisor equation, d # 0, so d < —1 and
—l—d(n—1)> —l4+n—1=0= —a+ 1. The contribution in this case has order O(Q ).

Case 3: if 5 # 0 and condition (ii) does hold. Then condition (iii) must fails. We get

a—1l4+n—-1-1>Wd+1)(n-1) = —-l—dn—1)>—-a+1

The contribution in this case also has order O(Q‘“H).

Combining the results in the 3 cases we get that the elements in the (2,1)-block of the ma-
trix Q2 Qn4aQ > have the form Q~(E,1+0(Q)), where F, 1 denotes the matrix whose (a, 1)-
entry is 1 and the remaining entries are 0. |

5 The exceptional component of a reflection vector

Suppose that a € H*(BI(X)) is a reflection vector. Let us decompose a = a. + ap, where
ae € H*(E) and oy, € H*(X). We will refer to a. and o, as respectively the exceptional and
the base components of a. Using Proposition 4.3, we would like to classify the exceptional
components of the reflection vectors.

5.1 Dependence on the Novikov variables

Since the quantum cohomology is a Frobenius manifold depending on the parameters g :=
(q1,...,¢-) and ¢y41 := Q" 1, the reflection vectors depend on ¢; too. We claim that if « is
a reflection vector, then

—P1

a=q 4% " 4P, (5.1)

where 5 € H*(BI(X)) is independent of ¢; (1 < i < r+1). To proof this fact, we will make use of
the divisor equation. Suppose that the basis of divisor classes is part of the basis {¢; }1<i<N4n—1,
such that, p; = ¢;q1 for 1 < i < r and pp41 = e = dn41. Let 73 (1 < i < r+ 1) be the
linear coordinates corresponding to the divisor classes p;, that is, 7; := t;41 for 1 < ¢ < r
and 7,41 = ty+1. Using the divisor equation we get that the calibration satisfies the following
differential equations:

0

Z%S(taQanz) =Dpie S(t7q’sz)7

0 0
2qi 53— (t Q7Q7 ) =Z5 (t QaQa ) S(t,%sz)PzU
0q; oT;
Therefore,
S(t,4,Q,2) = T(t, ¢, Q, 2)eXim vz,
where for fixed z the operator series T'(t, ¢, @, z) is a function on the variables

t t t
t17Q1€ 27' -, qre r+1’tr+2’ s 7tN7qr+1e N+17tN+2)' . 'JtN‘i’n*l‘ (52)

As we already pointed out before (see Section 2.5), due to the divisor equation, the operators
of quantum multiplication ¢;e;, o are represented by matrices whose entries are functions in
the variables (2.5) too. Since the canonical coordinates u;(t,q, Q)) are eigenvalues of Fe;, g, it
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follows that they have the same property. Moreover, using the chain rule, we get that the partial
derivatives % are also functions in (5 2). On the other hand, if « is a reflection vector, then
the Laurent series expansion of Iy (=m (t q,Q,\) at a point A = w;(t, ¢, Q) has coefficients that
are rational functions in the canonical coordinates u;(t, ¢, Q) and their partial derivatives %
(see Section 2.3). Therefore,

0 0
= g 1=m —
<6n 4 8%) I,™(t,q,Q,\) = 0. (5.3)

By definition,
IC™(t,¢,Q.0) = S(t,q,Q, 9y VT ™(A) = T(t, ¢, Q, —05 e~ izt P Jm) (y)
=T(t,q,Q,—05 ") T (N)e™ Zimi T,
where for the last equality we used the following relation (see also the proof of Lemma 4.1 (a)):

/\9+a71 )\9+a71

_pU8AF(9+a) - r(0+a)(_p)'

Since I(g_m) (t,q,Q,\) = I"™)(t,q,Q, Na, from equation (5.3) we get

ql-—a—l—piUoz:O, Vi<i<r+1
9qi

Our claim that the reflection vector has the form (5.1) follows.

5.2 Canonical coordinates

We would like to determine the dependence of the canonical coordinates ui(t,q,Q) (1 <1 <
N +n—1) on Q, where the parameter t € H(X), that is, t =ty =+ =tn1n1 = 0. Using
the identity u; = E(u;), we get

N
ou;
ui(tv(:Za Q) = (1 - deggi)a) (9t t Qa + ija t q’ (TL - 1)

a=2

atN ' (t,4,Q),

where p; are the coefficients in the decomposition ¢1(T'X) = Zévzl p;ipj and 7; = t; 1. The above
formula allows us to reduce the problem to investigating the dependence on ) of the partial
derivatives g“l (1<i<N+n—-1,1<j<N+1). The advantage now is that the eigenvalues
of the operator Q(t,q,Q) = ¢4 4,0 of quantum multiplication by ¢; are precisely % 8“2 (1<i<
N+n-—1).

Lemma 5.1. Suppose that U(Q) is a square matriz of size k X k whose entries are functions
holomorphic at Q = 0.

(a) There exists an integer b > 0, such that, every eigenvalue of U(Q) has an expansion of the
form Xo + 372, X QP

(b) If \o is an eigenvalue of U(0) of multiplicity 1, then U(Q) has a unique eigenvalue of
multiplicity one of the form Ao + > oo; Ni@Q".

Proof. The eigenvalues are roots of the characteristic polynomial det(A—U(Q)). This is a monic
polynomial in A of degree k with coefficients in C{Q} — the ring of convergent power se-
ries in (). Therefore, in order to prove (a), it is sufficient to prove the following statement.
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Let f(Q,\) € C{Q}[\] be a monic polynomial. Then the roots of f(Q,\) have the expansion
stated in the lemma. Let us decompose

FO0) = (A= wi) -+ (A —wy)",

where w; # w; for i # j. Recalling Hensel’s lemma (see [22, Chapter 2, Section 2]), we

get that f(Q,\) = f1(Q,\)--- fr(Q,\), where f;(Q,\) € C{Q}[\] is a monic polynomials of
degree b;, such that, £;(0,\) = (A — w;)?. Note that if b; = 1 for some 4, then the unique zero
of fi(Q,\) =0 is a holomorphic at ) = 0 and its value at @ = 0 is w;. Therefore, part (b) is an
elementary consequence of Hensel’s lemma. If s > 1, then the lemma follows from the inductive
assumption. Suppose that s = 1, that is,

FQ,N) =X+ a1 ( QN1+ + i (Q),

where @;(0) = 0. We may assume that the sub-leading coefficient a;(Q) = 0. Indeed, using
the substitution A — A — a1(Q)/k we can transform the polynomial to one for which the sub-
leading coefficient is 0. The roots of the two polynomials are related by a shift of a;(Q)/k, so it is
sufficient to prove our claim for one of them. Let ord(a;) be the order of vanishing of a; at @ = 0.
If a;(Q) = 0, then we define the order of vanishing to be +o00. Put v :=minj<;<j %(“Z)
Substituting A = Q¥ in the equation f(Q,\) = 0 and dividing by Q"*, we get

k
pF ) ai(@Q T =0,

=2

Since ord(a;) > vi with equality for at leats one i, we get that the left-hand side of the above
equation is a monic polynomial g(Ql/b, ,u) in C{Ql/b} [1] for some integer b > 0. Note that g(0, )
has at least two different zeroes because its sub-leading coefficient is 0. Therefore, just like above,
we can use Hensel’s lemma to reduce the proof to a case in which the inductive assumption can
be applied. This completes the proof. |

Proposition 5.2. Let u;(t,q,Q) (1 < j < N +n — 1) be the canonical coordinates of the

quantum cohomology of BI(X), where the parametert € ﬁ(X) After renumbering, the canonical
coordinates split into two groups

uj(t,0,Q) € C{@},  1<j<N,
and

uj(t,q,Q) = —(n— @ ' +0(1), j=N+k  1<k<n-1,
where v, (1 <k <n —1) are the solutions of the equation \"~! = (—1)".

Proof. Let us apply the above lemma to the matrix of the linear operator

N

> (1 —deg $a)taalt, q, Q) + D £ 11,4, Q) + QN1 (t, ¢, Q) (5.4)

a=2 j=1

with respect to the basis Q7*¢; (1 < i < N 4+n —1). Recalling Proposition 4.6, we get that the
entries of the matrix of the operator (5.4) are holomorphic at @) = 0 and that its specialization
to Q = 0 has the form

E.t’q 0
* el
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The eigenvalues of the above matrix are the canonical coordinates u (¢,q) (1 < i < N) of the
quantum cohomology of X and the solutions vy (1 < k < n — 1) of the equation \»~! = (—1)".
Note that for a generic Choice of ¢ the eigenvalues are pairwise distinct. On the other hand, the
canonical vector fields ﬁ (1 <j<N+n-—1) form an eigenbasis for the operator (5.4). Let
us enumerate the canonical coordinates in such a way that the elgenvalues corresponding to 8
for1<j<Nandj=N+kwith1 <k <n-—1 are respectively u; X(t,q)+0(Q) and vk—}—O(Q)
Recall that the eigenvalues of the operators Q a(t,q, Q) are gt (t 7,Q) (1 <j<N+n-1).
Recalling Lemma 5.1 (b), we get that the functions

; 1<j<N+n-1

are holomorphic at Q = 0, where E := >N (1 — deg(¢a))tad/dtq + > j=1P;0/0tj11. Moreover,
the restriction to @@ = 0 satisfies

ou; X(t, if1<j <N,

On the other hand, note that E(u;) are the eigenvalues of the matrix

N

Z(l — deg (Zsa)taﬁa(t? q, Q) + Z pjﬁj-‘rl(tv 4, Q)

a=2 j=1

and that the restriction of the above matrix at @ =0 is

[Eouq O]
* o
Recalling Lemma 5.1, we get that IV of the eigenvalues E(u;) (1 < j < N+n—1) are holomorphic
at @ = 0 and have the form uX(t,q) + O(Q) (1 < i < N), while the remaining n — 1 ones
have order O(Q*) for some ratlonal number « > 0. Similarly, by applying Lemma 5.1 to
the matrix QQn11, we get that its eigenvalues @ 8?11:1 - split into two groups. The first group
consist of n — 1 functions holomorphic at ¢ = 0 with an expansion of the form v + O(Q),
while the second group consist of N functions that have an expansion in possibly fractional
powers of @ of order O(Q/B) for some 5 > 0. Let (t,q) be generic, such that, the canonical
coordinates uX (t,q) (1 < i < N) are pairwise distinct and non-zero. Then for every 1 <
j<N+n-— 1 the sum F(u;) + Qat Vit # 0. Therefore, the two numbers E(u;) and Qafﬁil
can not be vanishing at Q = 0, that is, either F(u;) is holomorphic at ) = 0 of the form
uX (t,q) + O(Q) or Qat jl is holomorphic at @ = 0 of the fgrm v + O(Q). In the first case,
since E(u;) is holomorphlc at @ = 0 and the sum E(u;) + Q7 = ~.7 is also holomorphic at Q =0,
we get that @) df 2 is holomorphic at @ = 0. Slmllarly, the holomorphicity of @ df d " implies
that E(u;) is holomorphlc Therefore, F(u;) and Q 8t are holomorphic at @ = 0 for all j. In
particular, the numbers « and 8 must be integral. Note that since E(u;) and @ d? J_ can not
vanish simultaneously at () = 0, we get that for every 1 < j < N +n — 1 either

8uj

E(u]) = u;,'X(tv Q) =+ O(Q)7 ot = O(Q)
N—+1
for some 7 or
Bluy) =0(@Q), Q=24 —u+0(Q)

OtN+1
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for some k. In the first case, we will get that

Ou,
uj(t,q,Q) = E(uj) — (n — 1)8 e c{@Q},
while in the second case
s
ujlt0,Q) = Blug) = (1= 1) 5L = —(n = uy@ ™" +0(1) =

5.3 Twisted periods of P*~1!

Let us recall the reduced cohomology H (E) of the exceptional divisor. It has a basis given by el
(1 <i<n-—1). The Poincaré pairing on H(BI(X)) induces a non-degenerate pairing on H(E):

(e',e!) = (=1)" ' Sipjm, 1<4,j<n-—1.

The twisted periods will be multi-valued analytic functions with values in H (E). Let us define
the following linear operators on H(E):

wnl i nooN w /i —(n—1)ett if1<i<n-—1,
o) = (5 -1) tp(e)::{o ifi=n—1.

Let us define first the calibrated twisted periods:

o tm—1/2 "
tw**(,m) tw 55, 9, A

I A) =¢e POAIm , € H(F),
s N=e (r(tw9+m+1/2))ﬁ fe HE)

and the twisted calibration
5(Q,z2) thsk )2~% € End (H(E))[[z7']],

where " S5(Q) = 1 and

[e.e]

("Sk(@)e' el) = > (ephtel) , @7, 1<ij<n-1
d=0

Note that in the above sum only one value of d contributes, because the degree of the cohomology
class in the correlator, that is, k — 1 + ¢ + 7 must be equal to the dimension of the virtual
fundamental cycle of Mg 2(Bl(X), d¢) which is (n —1)(d+1) and we get d(n—1) = k+1i+j —n.
The twisted periods are defined by

tw ~
s thsl VT, B e H(EB).

The twisted periods satisfy a system of ODEs with respect to @@ and A. Let us derive these
differential equations.

Lemma 5.3. We have

tw~_ w 1\ tw~_p,
(A—"p)dx I} )(/\):<t0+m—2> 1™ ().

The proof is straightforward and it is left as an exercise.
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Lemma 5.4. We have
QaQthl + twethl _ thltwe — _lthl-

Proof. Let us apply the operator on the left-hand side to e’ and compute the pairing with e’
for an arbitrary 1 <i,7 <n —1. We get

Q@Q(twslei,ej) + (twatwslei’ej) _ (thltweei’ej)‘
Since “fet = (% — z) ¢! and @ is skew-symmetric with respect to the pairing (, ), the above
expression becomes

Q@Q(twslei, ej) —(n—i-— j)(thlei, ej).
We saw above that the expression (t“’Slei,ej) is proportional to Q~4"~1) where din—-1) =
[+ i+ 7 — n. Therefore, the above expression becomes —I (thlez, e’ ) |

In order to state the next result we need to introduce the linear operator
oy PNI(E) —>P~I(E), e e oy €l

where the quantum product is defined by

For dimensional reasons, that is, 1 +i + j = n + d(n — 1), we get that the contributions to
the quantum product could be non-trivial only in degree d = 0 and d = 1. Recalling our
computations from Section 3.4, we get the following formulas:

. |ttt if1<i<n-2,
ce e =
f (-1)"Q~ (Ve ifi=n—1.

In other words, the matrix of ee;,, with respect to the basis e, e?,...,e" ! is
00 -~ 0 (=)
10 --- 0 0
€Oy = . . .
00 --- 1 0

Lemma 5.5. We have
Q@Qt’“’Sl = (n—1)e oy, thl—l + thl—l twp, Vi > 1.

Proof. The lemma is an easy consequence of the divisor equation and the topological recursion
relations for the GW invariants of the blowup Bl(X). We have, by the divisor equation,

(e.e'!, ej>0,3,d€ = —d(e'y, €j>0,2,d€ +(euey, ej>(L3,df'

The left-hand side, according to the topological recursion relations is equal to

n—1
Z Z <eiwl_1’ €k>0,2,d'z<ek’ & 6j>0,3,d"e'

d'+d"=d k=1
Multiplying the above identity by (n — 1)Q~4"~1) and summing over all d > 0, we get
(Slei, (n—1)e ey, ej) = Qg (Sl+1€i, ej) + (Sl(n —1eU e, ej).

Note that the above expression is 0 for i = n — 1 because e = (—1)" !¢y is a cohomol-
ogy class on BI(X) whose restriction to the exceptional divisor E is 0. Therefore, we may
replace (n — 1)e U e’ with —*“p(e?). The lemma follows. [
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Using Lemmas 5.3, 5.4 and 5.5, we get that the twisted periods satisfy the following system
of differential equations

(A + (1 = D)eor)Or "I ™(Q,A) = (““0 +m - ;) IT™MQN), (5.5)
QIQ IS (QN) = —(n = 1)e o, 03" IS™(Q, ), (5.6)

where a = Qtw"’ B with g € H (E) independent of @ and A. Note that the determinant
det(A + (n — Veoy) = A"+ ((n = 1H)Q™H)" .

We get that the twisted periods are multivalued analytic functions on the complement of the
hypersurface in C* x C defined by the equation (Q\)"~! + (n —1)"~! = 0.

5.4 Periods of P"—2

We would like to compute the monodromy of the system of differential equations (5.5)—(5.6).
We will do this by identifying the twisted periods with the periods of P"~2. To begin with, let us
recall the definition of the periods of P"~2. We have H* (P"~?) = C[p]/p" !, where p = ¢1(O(1))
is the hyperplane class. We have an isomorphism of vector spaces

H(E)= H(P"?), wpl

Note that under this isomorphism 8 coincides with the grading operator fpn—> and *p coincides
with —c; (TIP’”_Q)U. Therefore, the calib%ted periods in the twisted GW theory of P*~! and the
GW theory of P"~2 are related by e /7 j};m)(z\) = j}j(_/g)l)()\), where o () := e™93, where 6 is
the grading operator of P2,

Let us compare the S-matrices. In the GW theory of P"~2, we have

d

o0
_ q
Sl =1+ — :
d=1 m:l(p - mz)n—l

where ¢ is the Novikov variable corresponding to O(1). Using the divisor equation (—zqd, +
pU)S(q,2)~t = S(q, 2) "!pe, where pe is the operator of quantum multiplication by p, we get

o0

¢*(p — dz)’
= (p — mz)nt

S(q,2) 'p' =p' + 0<i<n-—2 (5.7)

On the other hand, the twisted S-matrix ““S(Q), z) can be computed from the S-matrix of the
blowup BI(P") of P™ at one point which is known explicitly. Namely, let us recall that BI(P™) is
the submanifold of P"~1 x P defined by the quadratic equations x;y; = z;jy; (0 < 4,7 < n—1),

where x = [z9,...,2p—1] and y = [yo, - - . , Y| are the homogeneous coordinate systems on respec-
tively P"~1 and P". We have two projection maps 71: BI(P*) — P"~! and my: BI(P") — P™.
Note that w9 is the projection of the blowup — the exceptional divisor E is the fiber over

[0,0,...,0,1] € P". Let Ly and Lo be the pullbacks of the hyperplane bundles O(1) on respec-
tively P! and P". Let us denote by *S(qi,q2,2) the S-matrix in the GW theory of B1(P"),
where ¢; and ¢o are the Novikov variables corresponding to the line bundles L; and Ly. Then
we have

di _da 770
bl 1 41" 45° [ e — oo (P2 — 1 — m2)
S(QlaQQaz) 1= Z d1 n TTd2 do—dy
dy,d2>0 [Trnei(p1 — m2)" [ 1151 (p2 — m2) [ [;7 =20 (P2 — p1 — m2)

)
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where ¢; and ¢o are the Novikov variables. The degree class in BI(P") corresponding to
a pair (di,ds) is dieq + does, where ey is the class of a line in F and e; = 7r2_1(hne in P®
avoiding [0,0,...,0,1]). It can be checked that the cohomology ring of the blowup is

H(BI(P")) = Clpy, p2]/{p2(p2 — p1) = 0,p} = 0)

and that O(F) = LgLfl, that is, the Poincaré dual of the exceptional divisor F is e = py — p1.
In order to compute the twisted S-matrix S, we have to restrict S to g2 = 0 and substitute
g =Q 1. We get
—d(n— 0
= Q d(n—1) Hm:—d+1(]32 —Pp1— mz)
7 .
d=1 Hm:l(pl - mz)n

(5.8)

Note that the numerator is proportional to ps — p;. Using the relation pa(p2 — p1) = 0, we get
that p; — mz can be replaced by p; — po — mz = —e — mz. The above formula takes the form

dn
blS(Q_("_l),Oz 1_1+Z (e + dz)" HQ (e+mz) = (5.9)

Using the above formula and the divisor equation

<_

whose proof is the same as the proof of Lemma 5.5, we get

P Ug(Q 1 0,2) e,

i 12Q0G + eU) (=1 0,2)”

. o0 an
vS(Q, z) =é + , 1<i<n-—1, 5.10
( ; +dz n—i T4 e—i—’mz)”—l (5.10)

where the right-hand side should be expanded into a power series in 2! and e should be identified
with the linear operator

et if1<i<n—2,

eUpy: H(E) — H(E), eUpy €' = o
0 ifi=n-1.

Comparing formulas (5.7) and (5.10), we get that if we put ¢ = (—1)"Q~("~1), then the matrices
of S(q,z) and ™ S(Q, —z) with respect to respectively the bases 1,p,...,p" 2 and e, e?,..., "}
coincide. Now we are in position to prove the following key formula.

Proposition 5.6. Under the isomorphism H(E) H (P"2) the following identity holds:

w —i (m) —(n—
! I (Q )\)—6 0](6) ( Q ( 1)7>\))

where o = €™ and 6 is the grading operator of P"2.

Proof. By definition,

th ZZReS dzz" "1 (=0y)! (twf[g_m)()\),th(Q, —z)_lei)ei,

€7 i=1
where the residue is defined formally as the coefficient in front of dz/z. Under the isomorphism

H(E) = H(P"?) the period

tw=(—m —mif 7(—m w -1 ny—(n— =1 i
IT™M0) = eI 0), S(Q —2) e = S((-1)"Q Y, 2) T
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and e; = (—1)"~1pn~1=% Note that the Poincaré pairing on H (}P’”_Q) differs from the pairing
on H(E) by the sign (—1)"~!. The above formula for the period takes the form

n—1
wiCmM(@Q,0) = S Resdzz 1 (—0y)!

leZ i=1

« (efﬂing(*BT;l)()\)’ S((_l)an(nfl)7 Z) —lpifl)pnflfi'

Since e™9p = —pe™¥ using formula (5.7), we get

e”iQS(q, Z)flpifl — eﬂ'i(gfi)S((_l)nflq7 _Z)—lpifl'

The formula for the period takes the form

n—1
wrCm(@Q,0) = 37 Resdzz! 1 (—0y)!

€7 i=1
-m —(n— -1 - - n—1—1
X ('Z/\:(E'(ﬁ))()\)7s(_Q ( 1)7_2) p 1)0 1(]) ! )7
where we used that o~! (p”_l_i = e”i(%fi)p"_l_i. Clearly, the right-hand side of the above
identity coincides with o~ (I{ " (~Q~(*~1, \)). The lemma follows. ]

5.5 Monodromy of the twisted periods of P~

Let us describe the monodromy group of the system of differential equations (5.5)-(5.6), that
is, the monodromy of the twisted periods of P*"~!. According to Proposition 5.6, it is sufficient
to recall the monodromy group for the periods of P*~2. Let us first fix ¢ = 1 and \° € Ry
sufficiently large — any A° > n — 1 works. The value of the period I(_m)(q, A) depends on the
choice of a path from (1, A°) to (¢, A) avoiding the discriminant

{(¢;A) [ det(A = (n — 1)pe) = 0}
For fixed ¢, the equation of the discriminant has n — 1 solutions

ur(q) == (n — 1)n_2kq1/("_1), 0<k<n-2,

wi/(n—1)

where n = e . Let us focus first on the monodromy of the twisted periods for ¢ = 1. The

fundamental group

71 (C\ {uo(1), ..., un_2(1)},\°)

is a free group generated by the simple loops ;. corresponding to the paths C} from A° to uy(1)
defined as follows. C} consists of two pieces. First, an arc on the circle with center 0 and
radius \° starting at A\° and rotating clockwise on angle 27ik/(n — 1). The second piece is the
straight line segment from A\°n~2% to uy(1) = (n—1)n~2%. It turns out that the reflection vector
corresponding to the simple loop 7y is precisely ¥(O(k)), where ¥ is the Iritani’s map for the
integral structure of the quantum cohomology of P"~2 (see formula (1.2)), that is,

T(O(k)) = (21) 2" T(1 + p)"~Le2mikp,

If g € C* := C\ {0} is arbitrary, then we construct the path (q, )\Oql/(”_l)) by letting c)] vary
continuously along some reference path. This path allows us to determine the value of I, ,i‘m (g, \)

at A = X\°¢"/(»=1) which we declare to be the base point of C\ {ug(q), ..., un_2(q)}. Let vx(q)
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(n—1).

be the simple loop obtained from ~; by rescaling A € v, gt/ The reflection vectors

corresponding to i (q) are precisely
U, (O(k)) = (27) 2 T(1 + p)"Lqg Pe2mikp.

The proof of the above facts in the case of P? (that is n = 4) can be found in [28]. In
general, the argument is straightforward to generalize. Now let us apply the above construc-
tion and Proposition 5.6 in order to describe the monodromy of the twisted periods of P~ 1.
We have ¢ = —Q~ (1. Let us assume that Q € Ry is a real number. We pick a refer-
ence path from 1 to g consisting of the interval [1,Q_("_1)] and the arc in the upper half-
plane from Q=1 to ¢ = —Q~ Y. Note that with such a choice of the reference path
¢/ = pQ- 1. Therefore, yx(q) becomes a simple loop around ug(q) = (n — 1)p~2F+1Q~!
Which are precisely the singularities of the differential equation (5.5). We get the following
corollary.

Corollargl 5. 7 Ifg e H( ) is such that the analytic continuation of th (Q A) along i (q)
th , then B must be proportional to

U(Op(—k + 1)) = (2r) 2 T(BL(X))Q "D (27i) %8 ch(Op(—k + 1)),

where Op(—k +1) := O(—(k —1)E) — O(—kE).

~

Proof. According to the above discussion and Proposition 5.6, under the isomorphism H (E)
H(]P’"”), o () must be proportional to ¥,(O(k)), that is, 5 is proportional to

e~ 0 (27’(’)3_an(1 + p)n—lq—p€27rkp _ (27T)(3—n)/2i2—nr(1 _ p)n—lqpe—%rikp_

Note that ¢f = e™PQ~P("=1) Therefore, under the isomorphism H (F) =2 H (}P’”_Q), the above
expression becomes

(27T)(37n)/2i27nr(1 )n 1Q e( 2k+1)7rlee

We have to check that the above expression is proportional to the image of the Iritani map
for BI(X) of the exceptional object O((—k + 1)E) — O(—kFE). We have

T(BI(X)) = [(X)D(1 — ¢)"T(1 + ¢),

ori omie
P(1—e)l(1+e)= ¢ M€ mie

eTie _ o—mie 6271'16 -1

and

(271)9°8 ch(O((—k + 1) E) — O(—kE)) = e~ 2mike(e2mie _ 1),
Since I'(X) U e = e, the image of the Iritani map becomes

(2m) BT (1 — e)n Qe DR e,

The claim of the lemma follows. [ |
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5.6 Isomonodromic analytic continuation

Let D(u,r) be the open disk in C with center u and radius r. Put D, := D(0,7). Let € > 0
be a real number, V' C C an open subset, and u;: D — V (1 < i < m) be m holomorphic
functions, such that, there exists a positive real number ¢ > 0 satisfying

(i) The m disks D(u;(0),0) (1 <14 <m) are pairwise disjoint and contained in V.
(ii) We have u;(Q) € D(u;(0),0) for all Q € D..

Suppose that I is a multi-valued analytic function on D, x V'\ X with values in a finite dimensional
vector space H, where

Y:={(Q,\) €D x V| A =u;(Q) for some i}.

Let us fix A° € V, such that, D, x {\°} is disjoint from ¥. Then I is analytic at (Q, A) = (0, A°)
and I extends analytically along any path in D. x V' \ ¥ starting at (0,A°). In particular,
we can extend uniquely I(Q,\) for all @ € D, and \ sufficiently close to \°. Let us ex-
pand I(Q,\) = > 5%, 1a(\)Q?, where each coefficient I; is an H-valued analytic function at
A = \°. Clearly, I;()\) extends analytically along any path in V' \ {u1(0),...,umn(0)}.

Lemma 5.8. Suppose that 7y is a closed loop based at \° in
Vv \ D(u1(0)> 5) u---u D(um(0)7 5)1

such that, for every fized Q # 0, the analytic extension of I(Q,\) along the path {Q} x =
transforms 1(Q, \) into A(L(Q, \)), where X is sufficiently close to \° and A € GL(H) is a lin-

ear operator. If the operator A is independent of QQ, then the analytic continuation along
transforms the coefficient I4(\) into A(Ig(N)).

Pr(glof. Since Ig(\) = %%(0’ A) by replacing the function I(Q, \) with its partial derivative
%ng{l(Q, A), we can reduce the general case to the case when d = 0.

Let us cover the path v with small closed disks D; (1 <j < N), such that,
(i) D; is disjoint from D(u;(0),6) for all i.
(i) Dj N Dj1 # 2.
(iii) Dy = D;.
In other words, the union of the disks D; give a fattening of the path . Let I(Q, \;) VA; € D;
be the analytic extension of I(Q,)\) along . Let us fix an arbitrary ¢ > 0. There exists

a small p; > 0, such that, I(Q, ;) is a uniformly continuous function in (Q,)) € D, x Dj.
Therefore, there exists 0 < (53- < pj, such that,

I1(Q, Aj) = 10, M)l <€, ¥(Q,);) € Dy, x Dy,

where || || is any norm on H — for example fix an isomorphism H = RY™(H) and choose the
standard Euclidean metric. Since there are only finitely many disks D;, we can choose p and ¢’
that work for all j simultaneously, that is, p; = p and 53- = ¢’. Using the triangle inequality,

we get

1100, An) — AL(0, A)[| < [[1(0, An) — 1(Q, AN + [1(Q, An) — AI(Q, A1)
+ [[AIIL(Q, A1) = 1(0, A1) ]l.
Note that the middle term on the right-hand side of the inequality is 0 by definition. Choos-
ing |Q] < ¢, we get that the right-hand side of the above inequality is bounded by € (1 + || A]).

Since € can be chosen arbitrary small, we get (0, \y) = A(I(0,A\1)) which is exactly what we
had to prove. |
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We will need a result which is slightly more general then Lemma 5.8. Namely, suppose that I
is a multi-valued analytic function on D} x V' \ ¥, where D} := D, \ {0} is the punctured disk.

Definition 5.9. The singularity of I(Q,\) at @ = 0 is said to be at most logarithmic if the

following two conditions hold:

(i) The function has an expansion of the form

L@ =YY L.aMNQ" (g Q)’,
5=0 d=0
where A is sufficiently close to A\° and @ € D¢ \ (—¢,0].
(ii) The functions I;(Q, ) :== Yoo Isa(A)Q? (0 < s < n) extend analytically along any path
in D x V\ 5.

Remark 5.10. Condition (ii) might be redundant but we could not prove it in this generality.
For our purposes, both conditions are easy to verify, because I(Q,\) will be a solution to an
ODE in @ that has a Fuchsian singularity at @ = 0.

Proposition 5.11. Suppose that I is a multi-valued analytic function on Df x V' \ ¥ and that
it has at most a logarithmic singularity at Q = 0. Furthermore, suppose that v is a closed loop
based at A\° in

VA D(u1(0),0) U+ - - U D(um(0),6),

such that, for every fized @ € D.\(—¢, 0], the analytic extension of I(Q, \) along the path {Q} x ~
transforms 1(Q, \) into A(I(Q,\)), where X is sufficiently close to \° and A € GL(H) is a lin-
ear operator. If the operator A is independent of QQ, then the analytic continuation along
transforms the coefficient I q(X) into A(Lsq(N)).

Proof. Let I5(Q,\) be as in condition (ii) in Definition 5.9. We have I(Q,\) = > o I,(Q, \)
x (log Q)®. The analytic continuation along ~ yields A(I(Q,\)) = >0, I,(Q, \)(log Q)®, where
I;(Q, \) is the analytic extension of I;(Q, \) along ~. It is easy to prove by letting @ — 0 that

such an identity is possible only if the coefficients in front of the powers of log ) are equal, that
is, A(I5(Q,\)) = I5(Q, ). It remains only to recall Lemma 5.8. [

5.7 Vanishing of the base component

Let a = Q- (1B, where 8 € H*(BI(X)) is a vector independent of Q and t. Let 8 = S, + f.
We would like to extract the leading order terms in the power series expansion at @ = 0 of

QA H=D/2[m) (4 4 0. Q7 1N) a, (5.11)

where m > 0 is a sufficiently large integer, that is, we choose m so big that the operator
0 + m + 1/2 has only positive eigenvalues. Moreover, we would like to determine the structure
of the following terms in the expansion up to order Q™. Note that

QAQ_g_m+%Q_ﬁa _ Q—m—(n—l)/2 (53 + Qdeg(Q_pBb))-

Therefore, we have

QATmHIDRIEM (1. Q,Q W) a = (QATU™ (1,4,Q,Q N QP EQ )
X (Be + QIB(Q"5y)).
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Let us look at the contribution of S to (5.11), that is, the expression

(AT (t,4,Q, Q7N Q77 ™2 Q74) B.. (5.12)
According to Proposition 4.3, the leading order term of the H(E)-component of (5.12) is at
degree 0 and it is precisely “T [g:m)(l, \), that is, the twisted period of P*~! at Q = 1. The
leading order term of the H(X)-component of (5.12) is at degree n and the corresponding
coefficient in front of Q™ is given by

o0

S O™ (), 1) 5 4 (“1)" 0N, (5.13)

1,d=0
where

f+m—1/2
j(ﬁ—m)o\) — e—(n—l)ea)ﬁm N)‘ ﬁe
¢ 'O +m+1/2)

is the calibrated period of BI(X) and for [ = 0 the correlator should be understood via the string
equation as <1/JZIBe_m)()\), 1, 1>0 5 a0
Let us look at the contribution to (5.11) corresponding to fp, that is, the expression

(Q 1™ (1,.0.Q. Q" NQ Q"2 Q72)Q Q). (5.14)

Let us decompose §, = 25:1 Bb.aPa. The H(X)-component of (5.14) is a power series in @

whose coefficients are polynomials in log Q whose coefficients are in H(X). According to Propo-

sitions (4.5) and (4.4), the coefficient in front of Q™ (log Q)? with 0 < M < n has the form
\0+m—1/2

2 IO +m+1/2)

a: deg(¢a)=M

/Bb,a(z)a + Z /Bb,a’fM,a’()‘)a (515)

a’: deg(¢,)<M

where fas.(\) is the H(X)-component of the coefficient in front of QM ~48(¢w") in the expansion
at Q =0 of

(QA1™ (1,4,Q,Q7'N) QPQT ™3 Q™%) gy,
Let us summarize our analysis.
Proposition 5.12. Let a = Q~("1¢3 where 8 € H(BI(X)) is independent of t and Q. Then

(a) The H(X)-component of (5.11) expands as a power series in () whose coefficients are
polynomials in log Q. The coefficient in front of (log Q)°QM for 0 < M < n —1 is given
by (5.15), while for M = n it is given by the sum of (5.15) (with M =n) and (5.13).
(b) If By = 0, then the ﬁ(E)-component of (5.11) expands as a power series in Q. The
corresponding leading order term is twlﬂe_m (L, A).
Let us discuss now the analytic properties of the series (5.13). It is convenient to introduce
the following series:
e o~ ~
Pp(Q.N) = D (=0 (W T MQTITYB, 1), Q7Y B e H(E),

1,d=0

Note that g5.13) coincides with @4, (1,A)(—1)"1¢n. Recalling the definition of the period
vector L&‘m (t,q,Q, ), we get

(I)B(Qa)‘) = (Ié;_TZL)_l)EB(t,O,Q, )‘), 1)7 Vﬂ € ﬁ(E)
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Proposition 5.13. Let Q be a positive real number and i (q) with ¢ = —Q~ 1) pe the same
simple loop as in Corollary 5.7. If

B=0(0g(—k+1)) = 2r) 1201 — )" Q= Dep(=2ktDmiegrie

then the analytic continuation of ®5(Q,\) along vi(q) is —Pz(Q, ).
The proof of Proposition 5.13 will be given in Section 6.

5.8 Proof of Theorem 1.7

Now we are in position to prove the main result of this paper. Let us fix t € H(X) and the
Novikov variables ¢ = (q1,...,¢) of X to be generic, such that, the quantum cohomology of X
is semisimple and the conclusions of Proposition 5.2 hold. Let us pick a real number R > 0, such
that, u;(t,q,0) € Dg for all 1 < j < N, where recall that Dp denotes the circle with center 0
and radius R. Let us choose a real number ¢ > 0 so small that the quantum cup product of
the blowup BI(X) at (¢,¢,Q) is convergent for all |Q| < €, u;(t,q,Q) € Dg for all |Q] < €
and 1 < j < N,and R < (n— 1)e~!. We would like to use the results from Section (5.6) in the
following settings: the domain V := {\ | |[A\| > Re}, m := n — 1, and the (n — 1) holomorphic
functions (denoted by u; in Section 5.6) will be given by Quyix(t,q¢,Q), 1 <k <n — 1. Here
we are using Proposition 5.2 to conclude that Quyy(t,q,Q) = —(n — 1)vr + O(Q) is analytic
at Q =0. Let us choose § > 0, such that, the disks D(—(n — 1)vg,26) (1 < k < n—1) are
pairwise disjoint. If necessary, we decrease € even further so that condition (ii) given in the
beginning of Section 5.6 is satisfied. Note that condition (i) is satisfied according to our choice
of §. Before we continue further let us fix the solutions vy of A"~! = (=1)" to be given by
vp = —n 2k where 5 := ¢™/(*=1_ Then —(n — 1)v, = (n — 1)p~2k*1. Finally, for a reference
point \° € V' we pick any positive real A\° > (n — 1) > Re.

Let us define the loop v, in V' \ D((n — 1)n=1,8) U--- U D((n — 1)n—2""3,5) to be the simple
loop around (n — 1)n~2%*! based at A° corresponding to the path from A° to (n — 1)y~ 2k+!
consisting of the following two pieces: an arc along the circle |A|] = A° obtained by rotating
from A° clock-wise on angle (2k — 1)7/(n — 1) and the second piece is the straight segment
from \°n~2k+1 to (n — 1)p=2k+L,

Suppose now that ) € D, is a positive real number. Note that by re-scaling the path g,
we obtain a path v, - Q7! which is a simple loop around (n — 1)~ 2**1Q~1. The simple loop
Y goes around (n — 1)p~2%*! along a circle with center (n — 1)p~2**! and radius r, where
0 <1 < 240. We claim that by decreasing e if necessary, we can arrange that the circle with center
(n —1)n~2k+1Q~! and radius 7Q ! contains the canonical coordinate uy(t, ¢, Q). Indeed, we
have

lunsk(t, ¢, Q) — (n— D Q™ = |Quysr(t, ¢, Q) — (n— D)n Q7!

and since |Qunx(t,q,Q) — (n — 1)77_2’““)( has order O(Q), by choosing € small enough we can

arrange that |Qun1x(t,q, Q) — (n — 1)n~ 21| < r for all |Q| < e. In other words, the re-scaled
loop v - Q! is a simple loop around the canonical coordinate un,(t,q, Q). Let us denote
by a € H(BI(X)) the reflection vector corresponding to the simple loop v - Q~!. Let us recall
Proposition 5.11 for the series (5.11), that is,

1(Q. ) = Q=DM (¢ 4. Q, Q7' N)a.

The singularities of 1(Q,\) are precisely at Q '\ = wu;(t,q,Q) for 1 < j < N + k, that is,
A = Qu;(t,q,Q). Note that by definition of R, the first N singularities Qu;(t,¢,Q) (1 <j < N)
are in Dg.. Therefore, I(Q, \) is a multi-valued analytic function in (Q,\) € D x V' \ 3. Al-
though we are not going to give a complete proof, let us outline how to prove that I(Q,\) has
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at most logarithmic singularity at () = 0 (see Definition 5.9). Recall the divisor equation (5.3)
with i =r + 1. Note that ¢,110,,,, = ﬁ@@@. Combining the divisor equation and the dif-
ferential equation of the second structure connection with respect to 7,41 = ty11, it is easy to
prove that for every A € V\D((n — 1)~ 6) U--- L D((n — 1)p~?"*3,6) the function I(Q, \) is
a solution to a differential equation that has a Fuchsian singularity at @ = 0. Now the conclusion
follows from the theory of Fuchsian singularities.

The analytic continuation of I(Q, ) along 7 transforms I(Q, ) into —I(Q,\) because
when A changes along 7, @'\ changes along 7;, - Q! which is the simple loop used to define
the reflection vector a. Let us look at the expansion of I(Q,\) at @ = 0 in the powers of @
and log Q. To begin with, we know that & = Q~("~D¢3 where § € H(BI(X)) is independent of ¢
and @ (it could depend on ¢). Let us decompose 3 = (. + 3, where (3, € ﬁ(E) and B, € H(X).
Put 8, =: Zf\il Bpi¢i- We claim that 5, = 0. According to Proposition 5.12 (a), the coefficient
in front of Q°(log @)° in the expansion of the H(X)-component of I(Q,\) is

N\+m—1/2 Am+(n—1)/2
B =
re+m+1/2) Fim+(n+1)/2)

According to Proposition 5.11, the analytic continuation along - of the above expression should
change the sign. However, the function A™*(~1)/2 ig invariant under the analytic continuation
along 7. Therefore, the only possibility is that 3,1 = 0. Suppose that M is the smallest
number, such that, 8, # 0 for some ¢, of degree M. If M < n — 1, then since 3, = 0
for all ¢/, such that, deg(¢,/) < M, Proposition 5.12 (a) yields that the coefficient in front of
QM (log Q)° in the expansion of the H (X )-component of I(Q,\) is

)\0+m—1/2

2 T +m+1/2)

a:deg(¢pq)=M

Bp,101.

/Bb,agba‘

Just like before, the above expression is invariant under the analytic continuation along -y,
while Proposition 5.11 implies that the analytic continuation must change the sign. The con-
clusion is again that 3, = 0 for all a for which ¢, has degree M. We get that all 8, = 0
except possibly for 3 n. Let us postpone the analysis of 8, v and consider 3. first. Recalling
Proposition 5.12 (b), we get that the coefficient in front of Q° in the expansion of the H(E)-
component of I(Q, \) is the twisted period I éﬁm)(l, A). Therefore, the analytic continuation
of twl(:m)(l,)\) along ~y, must be th(__ﬂT)(l, /\)e Recalling Corollary 5.7, we get that S, must

B
be proportional to

1—

W(Op(—k + 1)) = (2r) 2 T(BI(X))(2m1) % ch(Op(—k + 1)).

Let us prove that 8, y = 0. According to Proposition 5.12, the coefficient in front of @"(log Q)"
in the expansion of the H (X )-component of I(Q,\) is

Am—(n+1)/2 -

Let us analytically continue the above expression along ;. Just like above, the analytic contin-
uation should change the sign. However, recalling Proposition 5.13, we get

Am—(n+1)/2
(I‘(m +(1—-n)/2)

Bo,n — Pp, (1, A)(—1)"_1) ON-

Therefore, 3, y = 0 and this completes the proof of our claim that 8, = 0. Moreover, we proved
that 8 = [, is proportional to W(Og(—k+1)). In order to conclude that the proportionality coef-
ficient is =1, we need only to check that the Euler pairing (¥ (Og(—k + 1)), V(Or(—k +1))) = 1.
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For simplicity, let us consider only the case when k = 1. In fact, the general case follows easily by
using analytic continuation with respect to ¢ around ¢ = 0: the clock-wise analytic continuation
transforms Vo (Op(—k + 1)) to ¥, (Op(—k+1) ® O(—FE)) = V,(Or(—k)). We have

U, (0F) = 2m) /201 — )" 1¢°(2nie),

where ¢ = —Q (1 and the branch of logq is fixed in such a way that ¢¢ = e™eQ—(n—De
Recalling formula (2.6), after a straightforward computation, we get (V,(Og), ¥4(Og)) =1

6 Mirror model for the twisted periods

The goal in this section is to prove Proposition 5.13. The idea is to prove that the Laplace
transform of ®g(Q, \) with respect to A can be identified with an appropriate oscillatory integral
whose integration cycle is swept out by a family of vanishing cycles. Once this is done, the state-
ment of the proposition follows easily by an elementary local computation. It is more convenient
to construct an oscillatory integral when ¢ := —Q~("~1) is a positive real number. Therefore,
let us reformulate the statement of Proposition 5.13 by analytically continuing ®5(Q, \) with
respect to Q along an arc in the counter-clockwise direction connecting the rays Rsg and nRs,
where 7 := ¢™/("=1)_ Note that the value of log@ will change to log|Q| + n’iil. In other

words, we will assume that Q = 77q*1/ (n=1) where ¢ € R is a positive real number. Note that
Q~("=Ve = e~mege and that the formula for ®5(Q, \) takes the form

= > (o) (@I (W) g T8 1) gy go(—a) . (6.1)

1,d=0

Furthermore, it is sufficient to prove Proposition 5.13 only in the case when k£ = 0, because
the general case will follow from that one by taking an appropriate analytic continuation with
respect to ¢ around ¢ = 0. Let us assume k£ = 0, so that

e ™ = (2m)T20(1 — e)" ! (2rie).

Note that 4o(q) is a simple loop approaching ug(q) = (n — 1)¢"/("~1) € R along the positive
real axis. From now on we assume the above settings and denote ®g(Q, \) and ug(q) simply
by respectively ®(g,\) and u(q). We have to prove that the analytic continuation of ®(g, \)
along 7o(q) is —®(gq, A). Finally, let us point out that in the previous sections we denoted by ¢
the sequence of Novikov variables (qi,...,q,) of X, while in this section we denote by ¢ just
a positive real number. We will never have to deal with X, so there will be no confusion in
doing so.

6.1 Contour integral

The Gromov—Witten invariants involved in the definition of the series ®(g, A) can be extracted
from formula (5.8). Indeed, we have

®(g,A) = Y (=00 ("Si(—q,0) 1™ (\)g°e ™ B, 1)

T
M8

N
Il
o

(_8)\>l(f(7m)(A) e 71'16/8 blS( )Tl)

M

N
Il
=)
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Recall that %.S(—q,0,—9\)" = "S(—¢,0,0)~". Using formula (5.9), we get

> -1 dn(_ dea n—1) 7(— i
®(q,\) = / ( ) CS_IQ) A — 6?( 1) I m)(A)qee mie g (6.2)
BI(X) 575 (€0x + d)" [TiZ) (eOy +- i)t

Using that e = e(A—1), we get the relation I~ (X)e = ey I(~™(\) (see Lemma 4.1 (a)), where
slightly abusing the notation we denoted by e the operator of classical cup product multiplication
by e. Therefore,

TE™ (N gfe™e B = ¢° (27)17M/2D(1 — €0y )" (27iedy ) T™ ()1

A5 +m—3
= ¢°Or (Zw)(l_”)/QF(l — e@,\)”_l(27rie@A)e_(”_1)68A8m _ .
L(Z+m+1)

Let us substitute the above formula for 1™ (X\)g°e~™¢3 in (6.2). Note that everywhere the
operator e comes together with the differentiation operator dy. On the other hand, since in the
entire expression only the coefficient in front of " contributes, we may remove dy from edy and
apply to the entire expression the differential operator 07, that is, change 85”71) to 8§(n71)+n.
We get the following formula for ®(q, \)

o __1\dn+d d+e 2
(2m) 1= 22w y / et o
o/BIX) (e+d)"[[i=; (e + iyn—1

TIPS
s gln=D+n —(n-1)cd, Az _
A F(%+m+%)

Note that

Od(n—1)+ne—(n—1)eam< )‘%er_% ) /\_%_(n_l)(d+e)+m_%
’ )

I(—2—(n—1)(d+e)+m+3)
and
IFl—e)=(—€)(—e—1)--- (—e—d)T(—e —d) = (=) te(e+1)--- (e + d)T(—e — d).

Since fBl(X) e" = (—=1)""1, we can replace fBl(X) with (—1)"~! Resc—o 2. Note that dn + d +
(d+1)(n—1)+n—1=2dn+ 2n — 2 is an even number, so that the signs that appear in our
formula cancel out exactly. We get

_ (1-n)/2q, 2 d+ery 7 _yn—1
®(q, \) = (27) 27i dgo Rese—o e I'(—d—e)

A—%—(n—l)(d—i—e)-{-m—%

. L(-2—(n—1)(d+e)+m+13)

Let us substitute = := —e — d, then the above formula becomes
)\f%+(n71)x+mf%

F(-2+(n—-1z+m+1i)

oo
_ . dr _ _
®(q, \) = (2m) ")/227r12Resw:,d — T (2)" !
d=0
The sum of infinitely many residues can be replaced with an integral of the form f:riiciod ,
where € > 0 is a positive real number. Let us sketch the proof of this claim. Let us fix a real

number 0 € (%, 1), such that, p:= (n — 1)(5 — 1/2) € (%, 1). Suppose that K > 1 is an integer.
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€ +iK
Ck
—-K -K+1 0 €
e — 1K

Figure 1. Integration contours.

Let us consider the rectangular contour given by the boundary of the rectangle with vertices
€e—iK,0 — K —iK,§ — K +iK, and € +iK. The contour is divided into two parts: the straight
line segment [e — iK, e +iK| and its complement which we denote by Cx — see Figure 1 where
these two pieces are colored respectively with blue and red. By the Cauchy residue formula,
the integral along this contour coincides with the partial sum 27i Zfl{: _01 Resy—_g4. On the other
hand, using the standard asymptotic estimates for the I'-function (see Appendix A), one can
prove that if A > (n — 1)¢"/"=1 is a real number then the integral along Cx tends to 0 when
K — co. We get

et+ioco )\—ﬁ+(n—1)m+m— 1 d
2 ’ v (6.3)
2

_ (1-n)/2 —x n—1 et

B(g.0) = 202 [T VB P

Let us denote by G(g,A) the right-hand side of (6.3). Note that G(q,\), after replacing 1/x

with I'(x)/I'(x + 1), becomes a Mellin-Barnes integral. The analytic properties of such inte-

grals are well known (see [2, 32]). Using the standard asymptotic estimates for the I'-function

it is easy to prove that the integral is convergent for all positive real A and that it is diver-

gent for Im()\) # 0. Since the series (6.1), viewed as a Laurent series in A~!, is convergent

for [A| > u(q) = (n — 1)g"/™1) | we get that ®(g, \) is the analytic continuation of the restric-
tion of G(g, A) to the interval [(n — 1)g*/ ™=, 400).

Lemma 6.1. The Mellin-Barnes integral G(q, \) is 0 for all 0 < X\ < (n — 1)g"/(»=1),

Proof. Let R > 0 be a sufficiently big positive number. Let us fix 6 € (0,1). We would like to
deform the contour e+iR into the contour consisting of the 3 linear pieces —i—s (—oo < s < —¢),
site(—1<s<1),andi+s (e <s < +oo). The integral G(q,\) is a limit as R — oo of the
integral over si+ € (=T < s < T) where T := v R? — €2, while the integral over the deformed
contour is a limit as R — oo of the integral over the contour consisting of the 3 linear pieces —i—s
(—VR?—1<s< —¢),site(—1<s<1),andi+s (e <s<VR?-— 1). The difference between
the two integrals is an integral over the two arcs Cr: Re'? (arcsin(1/R) < 6 < arcsinT/R) and
Cr: Re'? (—arcsin(T/R) < < —arcsin 1/R). One has to prove that
)\—%-ﬁ-(n—l)x—&-m—% dx

lim ()"t — =0.
R—+00 CRoréRq (@) I(—24Mm-1Lz+m+3) =

This is proved in the same way as in [8, Section 5]. Namely, divide Cg into two pieces C}: Rel?
(arcsin(1/R) < 6 < &) and C%: Re'? (§ < 0 < arcsin T//R) and then use the standard asymptotic
estimates for the I-function and the assumption |A| < (n — 1)¢"/(=1.
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Finally, to complete the proof. Note that the integral is independent of ¢ > 0, because
the T'-functions in G(g,\) do not have poles on the positive real axis. Letting ¢ — +o0o0 and
using again the standard asymptotic estimates for the I'-function, we get that G(g,A) = 0
for A < (n —1)g"/(»=1, [

Using the above lemma, we get

/ e MG(g, N = / e G (g, \)dA.
u(q) 0

Substituting G(g,\) with the corresponding Mellin—Barnes integral, exchanging the order of
integration and using that

n

— 24 (n—1)a+ _1
/oo oS ATz - d\ = S%—(n—l)m—m—%’
0 (-2 +(mn—-1Lz+m+3)

we get

00 e+ioco " 1 dx
/ MG (g, \)dA = (2m)(1-)/2 / ¢ (z) 1 g3~ (-Da-m-3 42 (6.4)
u(q)

e—ioco

6.2 Oscillatory integral
Let us consider the following family of functions

q

flz,q) =21+ +zpo+

where ¢ is a positive real number and
x=(r1,...,2,) €V :=C"\ {ml---xn,Q(l +x%_1 —|—x31) = 0}.

Let I' := R;Lf x R? C V, that is, T is the real n-dimensional cycle in V consisting of points
x = (21,...,Ty), such that, the first n — 2 coordinates are positive real numbers and the last
two ones are arbitrary real numbers. Note that the cycle I' belongs to the following group of
semi-infinite homology cycles:

lim H,(V, Re(f(z,q)) > M,Z) = 2",

where the inverse limit is taken over all M € R.

Proposition 6.2. Under the above notation the following identity holds:

2 / o (0) day A--- A day - / o q‘xr(x)"—ldﬁ
r Ty Tpo(l4+ 22 +22) . x’

—ioco
where the orientation of I' is induced from the standard orientation on R™.

Proof. Let us integrate out z,_1 and x,. Using polar coordinates z,_1 = rcosf and x, =
rsin @, since dz,—1 A dz, = rdr A6, we get

2
/ oK (422 +a2) diﬁn—; Adzn /°° e—K(1+r2)/ TrdrAdd 7T/OO e—Kudﬁ’
R2 1422 | +a2 0 o 1412 1 u
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where K is a positive real number and for the second equality we used the substitution v = 14r2.
Applying the above formula to our oscillatory integral, we get

/ —f(x,q) dxi A -+ ANdzy,
Ty 2(1 + a2 +x2)
)du dzq -+ da,—o

—(z1+FTn_2+ -
_w/ / rrta ) Qi By (6.5)
rro2 J1 U Tl Tp_9

where dx - - - dz,,_9 is the standard Lebesgue measure on R7>LB2. On the other hand, let us recall
the oscillatory integral

dxy - -dap—
J(q) ::/ exp (— <$1++$n2+ q >) 1 n 2.
RZEQ Ty Tp—2 T+ Tp—2

Note that the Mellin transform of J(q) is

{wwwwzgwf*ﬂwwzrmw*.

Recalling the Mellin inversion theorem, we get

1 e+ioco Y i

211 J oo

where € > 0 is a positive real number. Let us apply the above formula to (6.5). Namely, on the
right-hand side of (6.5), after exchanging the order of the integration, we get

e’} e+1oo
ﬁ/’ / /' () e .
1 U € U

Exchanging again the order of integration and using that

— u=00
*© _pdu uT”
u _—=
1 u —X u=

we get the formula stated in the proposition. |

1
—
1 T

6.3 Laplace transform

The function f(z,q) has a minimum over z € I" achieved at the critical point z; = --- = z,_9 =
/=Y x, | =z, 5 =0. Note that the corresponding critical value is u(q) = (n — 1)¢"/ (=1,
Let us consider the map I' — [u(q), +0), x — f(z,q). The fiber over A € (u(q), +00) is the real
algebraic hypersurface I'y C I' defined by

q

o —t (1 + 22 2) =\
x1 + +xn2+xl._‘xn72( + )+ )

It is easy to see that I'y is compact and it has the homotopy type of a sphere. Indeed, the map

P\ {u(@)} = (u(g), +0), x> f(z,q)

is proper and regular. Therefore, according to the Ehresmann’s fibration theorem, it must be
a locally trivial fibration and hence a trivial fibration, because (u(q), +00) is a contractible man-
ifold. If A is sufficiently close to u(g), then I'y is contained in a Morse coordinate neighborhood
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of the critical point (ql/("_l)7 I AC NI} 0). Switching to Morse coordinates for f, we get

that the fiber I'y is diffeomorphic to the (n — 1)-dimensional sphere.
Let use denote by I'<y the subset of I' defined by the inequality
q

P S— 2 APSY
T4+ T 2+x1---xn_2( +z +w) <

Note that I'<) is a manifold with boundary and its boundary is precisely OI'<y = I'y. Put

n 1
A — f(x,q)™ 272
I(gq, ) = / b qg) Y
ro, D(m—3+3)
where
dri A - Adxy,
w =

I IREE mn_g(l +x2 + l‘%) .

Lemma 6.3. The following formula holds:

o

/e_f(w’q)sw = sm_g+é/ e Mg, N)dA.
r U

Proof. Using Fubini’s theorem, we transform

YA T [ w
Z(q, M) —/ n/ —dpu
u(q) (m -2t % r, df

Therefore,

[e’e] le'e) A m,ﬂfl
—As —\s (>‘ - M) 202
e MT(g, \)dA = / / e Al P2 / “ duda.
/u<q> u(g) Ju(q) U(m—%+3) Jr, df

Exchanging the order of the integration, we get

oo 0o —n_1
/ / —)\S()\ M) 2 Qd)\ dM_ S m—l—" / s/ idu
u(q) \Jn I'(m—§+ ) r, df r, df

Recalling again Fubini’s theorem we get that the above iterated integral coincides with

/ o1 @a)s
T

The formula stated in the lemma follows. [ |

According to the above lemma, the Laplace transform of the integral Z(q, \) is given by the
following formula:

/ e Mg, \) = st 3 / e F@dsy, = F(s).
u(q) r

Let us recall Proposition 6.2 and note that f(z,q) has the following rescaling symmetry:

fs-x,s" lq) = f(z,q)s,

where

S (X1, ) = (ST1y ..oy STp—9, Tp—1, Tn).
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Note that if s > 0 is a positive real number, then the integration cycle and the holomorphic
form w are invariant under the rescaling action by s. Therefore, the formula from Proposition 6.2
yields the following formula:

i
/ e—f(x,q)sw _ l e q—xl—\(x)n—ls—(n—l)xdj.
T 2i T

e—ioco

Therefore, the function

4
F<3) _ 1/6 ioco qixr(x)nfls—(nfl)I*WH’%*%dj.
€

2i e ioo x

Comparing the above formula with (6.4) and using that the Laplace transformation is injective
on smooth functions, we get that G(g,\) = 2i(27)(*~1/2Z(q, A). Finally, in order to complete
the proof of Proposition 5.13, we need only to check that the analytic continuation of Z(gq, \)
around A = u(q) = (n — 1)¢"/(™1) transforms Z(q, \) into —Z(g,\). This however is a local
computation. Indeed, if X is sufficiently close to (n — 1)q1/ (n=1) " then the integration cycle
defining Z (g, M) is sufficiently close to the critical point (ql/(”_l), A 0). By switching
to Morse coordinates, we get

[t = (= ut@)# Pla,
I
where P(g, f) is holomorphic at p = u(q) (see [1, Section 12.1, Lemma 2]). Therefore,

A _ o \m—5—
SR Y Sl

~ ) P 6.6
@ T(m—2+3 (n —u(q)) (¢, p)dps 66

S—| N~

Changing the variables u — u(q) = t(A — u(q)), we get A — pu = (1 —t)(A — u(q)) and du =
(A —u(q))dt, we get

' (A_M)m_%_% ity = ' (1=t™" is it5— i+m—1/
Joo P gy e @5 = | ey sl
o (A — u(q))Tm=1/2
=I'(i+n/2) TG tm 1)

Substituting the Taylor series expansion of P(q, 1) = > ooy Pi(q) (1 —u(q))" at u = u(q) in (6.6)
and using the above formula, we get

T(g. ) = (A~ ()™ 1/22 R PO - (o)

The above expansion is clearly anti-invariant under the analytic continuation around A = u(q).

A Bending the contour

For the sake of completeness we would like to prove that if A is a positive real number, such
that, A > (n — 1)¢"/(»=1_ then

n—1
lim q—a:)\(n—l)x F('CC) - dz =0,
K—+oo Jog I(-2+(n—-lz+m+3) =
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where Ck is the contour defined in Section 6.1 (see Figure 1). The integrand of the above
integral differs from the integrand in (6.3) by the constant factor ATE Mg Therefore, the
vanishing result needed in the derivation of (6.3) follows from the above statement.

Let us consider first the upper horizontal part of Ck, that is, x = a+1K, § — K < a < e¢. The
estimate in this case is a direct consequence of the Stirling’s formula for the gamma function.
Namely, recall that if = a +ib ¢ (—o0, 0], then

[D(@)] = VEre e PIAE@l g 112(1 4 o(1)),

where —m < Arg(z) < 7 and o(1) — 0 uniformly when |x| — oo in any proper subsector
—m<a<Arg(r) <B <7 Putc:=—-5+m+ % Using Stirling’s formula, we get

IT((n — 1)a + ¢)| = vV2re~ (nmDae-(n=Dl[Arg(z+c/(n—1))]
X |(n = 1)z + ¢ ate=1/2(1 4 o(1)).

Note that |Arg(z + ¢/(n — 1))| < |Arg(z)| because we may choose m so big that ¢ > 0 while
|(’I’L _ 1):1: + C|(n—1)a+c—1/2 _ (n _ 1)(n—1)a‘x|(n—1)a+c—1/20(1)‘

Moreover, both (n — 1)z + ¢ and z belong to the sector —2F < Arg(z) < 3T for all z in the
horizontal integration contour. Therefore, we have an estimate of the form

|F((n - 1)$ + C)‘_l < const(n - 1)—(n—1)a|x‘—(n—l)a—c+1/2€(n—1)a+(n—1)|b||Arg(m+c/(n—1))\’
for all  in the upper horizontal part of Cx, where the constant is independent of K. Note

that |q_x>\(”_1)x| = ¢g~*\("=Da_ Combining all these estimates together, we get that the absolute
value of the integrand along the upper horizontal contour can be bounded from above by

const((n — 1)g"/ =D /X)) "=V || =m=1/2|qq| < const K~ 1/2|dal,

where we used that A > (n — 1)¢"/" D and |z|> < K2 + (K 4+ € —6)? < (1+ |e — §|)?K? for
all t =a+1iK (6 — K < a < ¢€). Therefore, up to a constant independent of K the integral is
bounded by K~™+1/2 which proves that the integral vanishes in the limit K — oo.

The estimate for the lower horizontal part of Ck, that is, z = a — iK, § — K < a < € is the
same as above. Let us consider the vertical part t = § — K +ib, —K < b < K. In order to apply
Stirling’s formula, let us first recall the reflection formula for the gamma function

_ 27i .
F(l’) — F(l _ .%') lmeﬂ-lx.
If x is on the vertical part of the integration contour, then —z belongs to a proper subsector
of —m < Arg(z) < m in which the Stirling’s formula for I'(1 — z) = (—z)I'(—x) can be applied,
that is,

—7h

T (@) = V2r ———

Q ‘eQﬂiae—Zwb _ 1‘

o1/ 2emablAm (-2 (1 4 (1)),

where x = a + ib. Similarly,

e*ﬂ(nfl)b

|(n o 1):6 + C‘(n—l)a+c—1/2

IT((n— 1)z +¢)| = V2r

& [e2mi((n—Tate)g—2n(n—1)b _ ]|

« o~ (n=Da-ctm-DbllArs(-a—c/(-D)I (] 4 o(1)),
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Note that if z = a+1b is on the integration contour, then a = 6 — K and (n—1)a+c¢ = p+m—K,
where p = (n — 1)(6 — 1/2). Therefore, 2™ = 20 and e2mi((n—1ate) — 27t are constants
independent of K. Moreover, we chose both p and § to be non-integers, so 2™ —1 and 2™ — 1
are non-zero. We get
’F(x”n—l ‘627ri,ue—27r(n—1)b _ 1‘ |$’(n_1)(a_1/2)_1
< const
IT((n— 1)z + c)x| |e2mide—2mb 1|”*1 |(n — 1)z + ¢|(n—Date=1/2

« e(m=Dl(Arg(~2))|~|Arg(~z—¢/(n-D)| (1 4 o(1)).

The first fraction is clearly a bounded function in b € R. For the second one, we have

(n—1)(a—1/2)—1 T —m—1/2
|

|x] < const ——m—.
— (n _ 1)(n—1)a

|(n — 1)z + ¢|(n—Date-1/2

Finally, for the exponential term, let us look at the triangle formed by vectors —z and —x —
¢/(n—1). The area of this triangle is 2(5‘_01) . On the other hand, the difference 0 := |Arg(—x))|—
|Arg(—z —¢/(n—1))| as K — oo tends to 0 uniformly in z = 6 — K +1ib for |b| < K. Therefore,
up to a constant independent of K we can bound 6 from above by sin . Using that the area of

the triangle is also |||z + ¢/(n — 1)|sin 6, we get

(n = D)[b|(|Arg(=2))[ — [Arg(—z — ¢/(n — 1))|

= (n —1)[b]@ < const |b|sinf < const

b2c
lz[[(n — D)z +¢|

The above expression is bounded by a constant independent of K. We get the following estimate:

L ()"
ID((n = Da + c)x|

< const K™ 12 (p — 1)(n"DK

forall x =0 — K +1ib, —K < b < K, where the constant is independent of K. Finally, since
!q_“)\(”_l)ﬂ = ¢ o \""Da we get the following estimate:

F(:E)n_l
I'((n—1)xz+c)x

g oA < const ((n — 1)qﬁ/)\) (n=DK pr—m-1/2

1
Since A > (n—1)g»—T the integral along the vertical segment of C'x, up to a constant, is bounded
by K~™+Y/2 Therefore, the integral vanishes in the limit K — .
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