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Abstract. We prove some differential equations for the Riemann theta function associated
to the Jacobian of a Riemann surface. The proof is based on some variants of a formula by
Fay for the theta function, which are motivated by their analogues in Arakelov theory of
Riemann surfaces.
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1 Introduction

The Riemann 6-function in dimension g > 1 is given by

0 [Zj (r,2) = > exp(mii(m+ on)r(m + on) + 2mi(m + 1) (2 + a2))),
meZzZ9

where o = (a1, a2) € (%Z)g X (%Z)g is called a theta characteristic, z € C9 and 7 is a complex

symmetric g X g matrix with positive definite imaginary part. Fay [5] studied intensively the case,
where 7 is the period matrix of a Riemann surface. In particular, he obtained his famous trisecant
identity, which can be applied to give solutions of certain differential equations occurring in
mathematical physics in terms of f-functions as in [8, Chapter I1Ib, Section 4]. Building on Fay’s
studies, we will derive some new differential equations for the Riemann #-function associated to
Riemann surfaces.

To give the precise statement, let X be a compact and connected Riemann surface of
genus g > 1 and 7 a period matrix for X. Let us shortly write §(z) = 6[0](7,2) and 6; = 59793'

and 6, = 82% for the partial derivatives of #. Further, we define as in [6]
J(wl,...,wg):det(ﬁj(wk)), wl,...,MQE(Cg

and as in [2]

_ Ojk 0;
n—det<9k 0).

After fixing a symplectic basis of homology H; (X, Z) and representing curves, we can canonically
identify Picy—1(X) = Pico(X) and fix canonical representatives in CY for divisors of degree g —1.
See Section 2 for details.
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2 R. Wilms

Theorem 1.1. Let X be a compact and connected Riemann surface of genus g > 1 and
P1s---,Pg, ¢ € X arbitrary points on X in general position. We denote the degree (g—1) divisor
D= Z?:1 pj — q and the effective degree (g — 1) divisors Dy, = Z?Zl pj —pr for 1 <k < g.
Then the following equations hold:

g 29 9 )2
@ TLnon) = - () HQ Dot

P Dj + pr — pj)
@ TTto =) = o (ZG5527) N )
I = 0(Dg+pr —q)\7 "
1 _ o g
(1) (Dy)? —kHl<n<<g ) (MGt )

We will prove the theorem in Section 2 by comparing two derived variants of a formula by Fay
on 6, the Schottky—Klein prime form E(-,-) and the Brill-Noether matrix. The most difficult
problem is to connect the determinant of the Brill-Noether matrix to the determinants J and 7.
Especially for n this involves ambitious combinatorics. The proof of the theorem is motivated by
analogous formulas in Arakelov theory on the normed versions ||0||, ||.J|| and ||n|| of 8, J and 7.
We will discuss them in Section 3.

2 Variations of Fay’s formula

In this section, we prove Theorem 1.1. Let X be a compact and connected Riemann sur-
face of genus g > 1 and Ay,..., Ay, B1,...,By € Hi(X,Z) a basis of homology such that for
all j, k we have (A;,Ar) = (Bj,Br) = 0 and (A4;,By) = 6j;, for the intersection pairings.
Further, let vq,...,v4 € H° (X, Qﬁ() be the unique basis of one-forms such that fAk vj =0k
and write v = "(vy, ... ,vg) for the vector of them. The period matrix 7 of X is given by the
entries Tj; = [ B, Ui It is a complex symmetric g X g matrix with positive definite imaginary
part. Note that 7 is not an invariant of X as it also depends on the choice of the basis of
homology Ai,..., Ay, B1,...,By € Hi(X,Z). Two different bases of homology as above can
be transformed in each other by a symplectic matrix M = (é g) € Sp(2¢g,Z). This basis
transformation acts on the period matrix by M -7 = (AT + B)(Ct + D)~ !

As in the introduction, we associate to a theta characteristic o = (o, a2) € (fZ)g x (
and to 7 the theta function

22)’

Ola)(z) = Z exp(wit(m + aq)7T(m + ay) + 2mi'(m + a1)(z + @)
mezZ9

on CY9. We shortly write 6(z) = 0[0](z) and 6; = 8Z and 0, = 8z az for the partial derivatives.
A theta characteristic « is called even if 0]« }( ) is an even function or equivalently if 4% is
even. Otherwise, it is called odd.

Let Jac(X) = C9/(Z% + 7Z9) be the Jacobian of X. Any divisor D = >0 p; — >0, g
of degree 0 on X defines an element > 7, / [; 7 v in Jac(X). We fix curves 71, . .., 724 representing
the homology classes Ay, ..., Ay, Bi,...,By. Further, we make the convention that the paths of
integration are taken in X cut along these curves. If we assume that the support of D does not
intersect U?g: 175 or, more generally, that the points p1,...,pn, ¢1,. .., ¢, are in general position,
then we obtain a well-defined representative of D in CY9, which we also denote by D. There is
an isomorphism

@: Picg_1(X) = Jac(X), (2.1)
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which sends the divisor © C Pic,_1(X) of effective line bundles of degree g—1 to the zero divisor
of 6, see for example [7, Corollary I1.3.6]. This can be made explicit by the vector of Riemann
constants

d d pj Tkk _ 1 g x
¥ anpj = an/ Vg — 5 —Z/ Uj(ﬂﬂ)/ Vg )
j=1 j=1 Po ];16 Aj Po
J

1<k<g

where Z?:l n; = g— 1 and pp € X is some fixed base point not lying in U?i 175 By our
convention to take paths of integration in X cut along v1,...,724, the above vector gives for
any degree g — 1 divisor D with support outside of U?i 1 7vj a well-defined representative in C9,
which we also denote by D.

Note that ¢ sends line bundles . with ¥ ® ¥ = Kx, where Kx denotes the canonical
bundle of X, to theta characteristics in %Zg + %TZQ C Y. Furthermore, ¢(.Z) is even if and
only if dim H°(X,.#) is even. We call a theta characteristic a non-singular if the corresponding
line bundle .%, = ¢~ !(a) satisfies dim H°(X,.%,) < 1. For an odd and non-singular theta char-
acteristic o € (3Z) % and = € X, we define the half-order differential ho € H (X, %) by

ha(a)? = 3 5 L)),

Jj=1

Then the Schottky—Klein prime-form is defined by

By~ Ll 0)

ha(x)ha(y)

for any z,y € X. It satisfies E(x,y) = —E(y,x). Moreover, it has a simple zero on the diagonal
in X x X and it is non-zero for x # y. We fix a generic effective divisor A = Z?:l a; witha; € X
and we define for any x € X in general position

oalz) = 6(A——x)
A H?:l E(ajvx).

Now let p1,...,ps,q € X be arbitrary points of X and set D = Z?lej — q as well
as Dy = Z?Zl pj — pr- We will often assume without loss of generality and without mentioning
it that these points are in general position. There exists a constant ¢(A) € C independent
of q, p1,...,pg such that

det(vj(pr)) - 0alg) - TI=y E(pj> q)
17k E(0js k) - T1j—1 0a(py)

(D) = c(A) (2.2)

This was shown by Fay in the proof of [5, Corollary 2.17] if one sets .A = B in the notation there.
Fay also constructed a multiple o of o 4, which is independent of the choice of A, and he proved
a version of equation (2.2) for o 4 replaced by ¢ and a constant ¢ independent of A. But for our
purposes, the above equation is sufficient, so we will not discuss the more involved definition
of o here. We will give two alternative equations for the invariant c¢(.A) by differentiating the
theta function. For this purpose, we define as in the introduction

J(wi,...,wg) = det(8;(wg))

for any wi, ..., wy € CY.
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Proposition 2.1. The following equation holds:

(D)7~ 1H9<k E(pj, pr)
oa(@)? i E(pj, a)9~ 1
Proof. The proof is motivated by Guardia’s proof [6] of the analogous result in Arakelov theory,

see also (3.1). For any 1 < k < g, let Uy be an open neighbourhood of pj, and t: Uy — C a local
coordinate such that v; = fj;dt;, for some functions fj; on Uy. By the chain rule, we obtain

J(Dy,...,Dy) = (-1)("3)e(A) -

m D) N~y
I ) 2 P

The derivative of the prime form can be directly computed to be

lim — L@ L (2.3)

a—pk t1(q) — tr(pr) dty,

Putting these equations together, we obtain

g
im 0;(Dy)v,
q—Di E (Pk,q ; 5 (Dr)v; (Pr)-

Applying this to Fay’s identity (2.2) and taking the product over all k gives

g9

g 7 —1(2).cA9-de vj 9
02 ILD Do) = ( E)(pj,pk()g‘)2 : H?tz(l ;ik(z?)j)g‘l'

k=1 j=1 j<k

If the function ¢ — O(Z] 1T — q) is not identically 0, it has the zero divisor Zg_l xj.
Thus, 6(Dy + p; — q) has a zero of order 2 in ¢ = p; as a function of ¢ if [ # k. Hence we
get Z?:l 6;(Dy)vi(p) = 0 whenever k # . Thus, we can rewrite the left-hand side by

g g
H Z Hj(Dk)vj(pk) = J(Dl, . ,Dg) - det Uj(pk).
k=1 j=1

Therefore, we conclude

(—1)("2)e(A)7 det(v;(pr))?
[k Ey,pr)9=2 - TI 2  oalpy)o™t

J(Dy,...,D,) =

Now, the proposition follows by combining this formula with Fay’s identity (2.2). |

To obtain the second equation for ¢(A), we denote as in the introduction

_ Ojr 0,
n—det<9k O)'

Proposition 2.2. For any 1 <1 < g, it holds

8(D;+pj —q)

= (— (ggl)c 2 :
n(Dy) = (-1) (A) oalq)oa(p;)E(p;,q)9

—

1
1

o,
W
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Proof. The proof is similar to the proof of Proposition 2.1, but more involved. As one can
deduce the case g = 1 directly from Proposition 2.1, we assume g > 2. By symmetry, we may
also assume [ = g. We will first prove the proposition for the special case p1 = -+ = pg_1.

Let ¢: U — C be a local coordinate for an open neighbourhood U of p; such that v; = f;d¢
for some functions f; on U. The Wronskian determinant is locally given by

1 dlf
W (p1) = det ( J) (p1)
(k—1)! dtk—1 1< k<g

and defines a non-zero global section o = W - (dt)®9(9+1D/2 of Qg((gﬂ)/ . It can be directly
computed that we have

T N L 0))

= = U(p1).
Pg—P1 Pg—1—P1 p2—p1 ng<k E(pj,pk) (pl)

Applying this to Fay’s identity (2.2), we obtain

c(A)oa(@)vlp)E(pr, 9)*

o alp)? (2.4)

0(gp1 — q) =

Note that 6(gp1 — ¢) vanishes of order g at p; as a function in ¢. By L’Hopital’s rule and (2.3),
we deduce

— g .
F(py) = lim 2op1=4) _ 1 9%0(gm —q)

dt®9.
q—=p E(p1,q)9 g! 0q9

a=p
Lemma 2.3. It holds F(p;)I*! = (—1)(%1)17((9 —1)p1) - 9(p1)?.
Proof. The idea of the proof is based on [3, Section 5]. Let us first shorten notations by setting

a0 dk f;
(G-, 1=,

0. . —
J1--Jn
CERE

Note that 5((g—1)p1)-0(p1)? is given by dt®9(+D) multiplied by the determinant of the following
symmetric matrix:

(g—1)

f
Dk Onfife o Xl Oklitteyr X5-105fs
oD o) S0 e
ikt O o Xk ijﬁﬁ T 05
£t

Let s be any positive integer. For any vectors a,b € Z° we write a < b if a; < b; for
all 1<i<sand a < bif a < b and a # b. Further, we denote |a| = > 7 ;a;. For two
vectors m € Z° and n € N§j, we define

_ 9MO((g — )p1 + ma(qr — p1) + -+ ms(gs — p1))

m,n 8q;741 . aqgs
Q==¢s=p1
Then we have g! - F(p1) = h_14dt®? and hy,, = 0 for all n if m > 0 and |m| < g — 1, since the
involved theta function is constantly zero as a function in (qi,...,qs) in these cases. By Faa di

Bruno’s formula, we can explicitly write

l s n;! | flg:jfl)
hop = Y m u o> ] T (2.5)

0<i<n i=1 kelt,..., gl rj j=1
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where the last sum runs over all |/|-tuples of positive integers r1,...,7; which sum to ry +
o4y =mn1, Tyq1 + - + 71,40, = n2 and so on. Further, m! should be read as szl méj
Considering h,, ,, as a multi-degree n polynomial in m, we know that this polynomial has to be
identically zero for [n| < g—1. In particular, for all [n| < g —1 the coefficients of the monomials
of degree 1 and 2 in m vanish, which implies

g g
D08 =3 0nhy 17 =0
j=1

J,k=1

for non-negative integers a, b, ¢ with a < g —2 and b+ ¢ < g — 3 by choosing n = a + 1 respec-
tively n = (b+ 1,c¢+ 1). In particular, the determinant of the matrix above is just a product
of g + 1 factors.

Next, we consider the case s = 1 and n = g. We recall that the signed Stirling num-
bers s(g,k) = (—1)97% [{] are defined as the coefficients of Hi;é(X —k) = >9_os(g. k)XF.
Since h,, 4 is a degree g polynomial vanishing for m = 0,...,g — 1, its coefficients have to be
given by the signed Stirling numbers multiplied by a common non-zero factor. The factor can
be obtained by computing the coefficients of m or m? in equation (2.5)

1 g 3
o= g S S £
g j=1 k=1

1 g—1 g . o g
T 2(g— 1) Hy Z; <i> > oueh) A Z(_l)k HES

)
r= Gik=1 k=1

for H, = Zk L the k-th harmonic number. In particular, we get

J=1j
hoig g fj(g—l) g g—1 1 g fJ(T—l) fk(;gfrfl)
— = — 0; = 0; )
g! ; T(g—1)!  2H, o r(g—r) j;l Jk(r—l)!(g—r—l)!

We would like to show that the last sum does not depend on the choice of r. For this purpose,
we consider the case s =2 and n = (r,g — r) for some 1 < r < g — 1. The polynomial hy, , is
of multi-degree n and vanishes for all 0 < m < n. Hence, its coefficients have to be given by
the products of signed Stirling numbers s(g, 7) - s(g, k) multiplied by a common non-zero factor.
The factor can be obtained by considering the coefficient of mimg in equation (2.5)

(r=1) 4(g—r—1)
h _ Ygum Ol S 1y [T 977 i
mo(rg=r) (r— 1Dl (g—r—1)! 1R A e

Jk>1

Note that the top degree coeflicient of h,, ) is given by

J(rg—r
g
Z ek H fkj)
bellogle i1

which does not depend on the choice of r. Thus,

2 Ok (1"]— D! (g . r—1)!

‘77k:1

g f(T—l) (g—r—1)
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does not depend on the choice of r, either. Therefore, the determinant of the matrix above is

given by
(9 DN\2%2/ g Fla=2) g-1
(Z J ) (Z ejk(gj— 2)!f’“> '

jk=1

Since both expressions in the brackets can be identified with h_; 4/g!, we obtain

h_lvg

g+l g+1
2) a0t — )Gy - ) T,

Fp)tt = (

which proves the lemma. |
We continue with the proof of the proposition. Equation (2.4) implies

c(A)v(p1)

F(p1) = UA(pl)g—l'

Applying the lemma, we obtain

(31 (A (pr )
o4(pr)—D+)”

n((g — )p1) = (—1)

Combining this with equation (2.4), we obtain

ey 1 (5 a2 < 6(gp1 — q) )g '
=) = COE AN B groa@oat)
This proves the proposition in the case p; = = Pg—1-

Next we prove the general case. We write v c HY (X Q®2) for the two-fold holomorphic
differential glven locally by (dt ® dt) for some local coordinate ¢t and f; such that v; = f;dt.
Note that vj is independent of the choice of the local coordinate t and hence, it defines a global
two-fold holomorphic differential. Further, we define for any integer 1 < e < g—1the g x g
matrix

vi(p1) ... vi(pg—1) vi(pe)
De(p1,- .- pg—1) = det . : :

vg(p1) .. vg(Pg-1) v;(pe)
We get the following limit:

lim det(v;(pr))

= Do(p1,...,Pg—-1)-
pg—pe  E(pe,pg) (P Pg-1)

Applying this to Fay’s identity (2.2), we obtain

0D,y + pe — q) = C(A)@e(zzl_vl- = ,pg—l)UA(Q)E(pe, q) I15= E(pg, 9) 26)
o.A(pe) Hj;ée E(pj,pe) ]<k E(pjvpk) H] 1 UA(pJ)

and hence for the product over all e

(AT De(pr, - - pg—1)0a(@)?  T1=] Elpj,q)°
0(Dy+pe —q) = e — .
LL90a v = O I By p0)r T 0a(py)e
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Since 6(D, + pe — q) vanishes of at least second order at p. as a function in ¢, we can define

. O(Dy +pe—q)
Te(pr, s pg-1) = lim ——2——s=r
e(p1 Pg—1) qg?e E(pe, q)?

1
729]k prevkpe_*
Jik=1

(2.8)

IIN@

where the second equality follows by L’Hopital’s rule and Faa di Bruno’s formula.
Lemma 2.4. It holds

g—1

HTe(p17"'7pg—1)g+1 - g 1H-@ P1y--.,Dg— 1) .

e=1

Proof. The proof is very similar to the proof of Lemma 2.3. We write vy = f; dt locally around
the point p; and shorten notations by setting

oo d” fik 1
Oj1...jn = m(DQ)a fik = fik(Ds), fjk = dtz" (s, fik= fj(k)

We obtain 1(Dy)Ze(p1, - - . ,pg—1)% as dt®29+2) multiplied by the determinant of the symmetric
matrix

Ofrfin o Owhifon  Oufigfly  §9ifiy
g : : : :
M = Z Oifo—15f1h - Oirfo—rifo-16 Ojkfo—rfen éejfgfl,j
WL O feifie oo Ofeifo1k Oifeifix %%‘féj
sO0ifi o 0y $0ifl; 0

For any m € Z9~! and n € Ng_l, we define

;o _ O"MO(Dy +mi(g —p1) -+ mgo1(gg-1 — pg-1))
man 3(]?1 aq”q 1 q1:p1,---,qg71:pg—1.

We have hy,,, = 0 for 0 < m < (1,...,1) and all n, since the involved theta functions are
constantly zero as functions in ¢i,...,qg—1. Faa di Bruno’s formula gives

g—ln" g—1 I; 7];11 )<pz)
= 3ol (T13) 5w TR

0<i<n i=1 kell,...,g]t rij =1 j=1
where [1,...,g]" stands for Hf:_ll[l, ..., g)% and the last sum runs over all |I|-tuples of positive
integers r11,...,7g—11,_,, Which sum to r;1 +--- + 7, = n; for every i. Considering hﬁmn as
a multi-degree n polynomial in m, it has to be identically zero for n < (1,...,1). In particular,

the coefficients of the monomials of degree 1 and 2 in m

Ze fa,y Z ejkfa,jfbk‘

7,k=1

vanish for all @ # b. Hence, the determinant of the matrix M is just a product of g 4+ 1 factors.
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If we set n(e) = (0,...,0,2,0...,0), where the 2 occurs at the e-th position, the degree 2
polynomial

h, m Z ijfe,]fekJFmeZQ fe,_]

j,k=1

has to vanish for m, = 0,1, which implies Z?,k:l Ojfejfer = =201 0;f,; for all e < g.
Applying this to equation (2.8), we obtain

g9
Te(pry-- - Pg-1) = Y, Ojfejferdt™.
Jk=1

On the other hand, we can compute the determinant of the matrix M as

g 2 79-1
U(Dg)@e(pla ... ,p971)2 = — ( Z ijfe,jf@k) <H Z ij,f”fl k) dt® 29+2

§k=1 i=1 j k=1

Now the lemma follows by comparing the last two equations after taking the products over
alle < g. |

We continue the proof of the proposition. Applying the definition in equation (2.8) to equa-
tion (2.6), we get

C(A)QE(plv'nvpg—l) '
9 By, pe) TTIZ1 oa(p))

Te(pla ce. 7pg—1) -

If we multiply over all 1 < e < g — 1 and apply the lemma, we get

C(A)(g Dig+) H (plv--'apg 1) 9-1
[1924 E(pj, pr)= ) (g+1 I TI9Z1 oalpy) 9 DiatD)

Hence, we can conclude by combining with equation (2.7)

g—1
4 (1) A)? Dy +pj—q)
MDY = (( H q)g> .

q OA pj)E(p]7

n(Dy)" ! = (1Y

This gives the proposition up to a (g—1)-th root of unity. But by the special case py = --- = pg_1
we know that this root of unity must be 1. |

Corollary 2.5. We have the following equalities of meromorphic sections:

g M: B g(g) oa(q)? (o= 1)1_[ (pJ> +pk:*Q)
EQ(gpj—pk) =) [} oalpj)9- 1l_[j<kE ), Pk)? H0 Dj+pp —pj)

Proof. The first equality follows from Proposition 2.2 applied to divisors of the form (g — 1)p;
by comparing it for different choices of ¢, namely ¢ = pr and ¢ = ¢, and multiplying over
all j # k. The second equality follows similar, but using the proposition for the divisors D;
instead of (¢ — 1)p;. Note that the (g — 1)-th root of unity, which may occur, does not depend
on the points p; by continuity. Hence, it cancels out in the quotient. |

Proof of Theorem 1.1. The first two formulas in Theorem 1.1 are now obtained as combina-
tions of the formulas in Propositions 2.1 and 2.2 and Corollary 2.5. The third formula results by
comparing the formula in Proposition 2.2 for the divisors D = Z§:1 pj—qand D = gp,—q. A
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3 Analogous results in Arakelov theory

In this section, we will discuss normed variants of the formulas in Theorem 1.1 and Section 2
in Arakelov theory of Riemann surfaces. We continue the notation from the previous section.
In Arakelov theory, one is interested in canonical norms for sections of line bundles. For the
sections 6, J and 7, the norms

16]1(=) = det(Y)/* exp(~7'yY "y) - 0] (2),

g
Hﬂmwhn-n%>=cwuyﬂ¢”vﬁmp<”EZ@MP*w><uwh.u,wwu

k=1
Inll(2) = det(Y) ™ % exp (= (g + 1)yY "y) - nl(2),

were given by Faltings [4, p. 401], Guardia [6, Definition 2.1], respectively de Jong [2, Section 2].
Here we denote Y = Im(7), y = Im(z) and y; = Im(wy) for all k. Arakelov [1] has given a norm
for the canonical section of the diagonal bundle Ox2(A). This norm is the Arakelov—Green
function G(-,-) defined by

;ff log G(p,q)* = p(p) — 64(p) ~ and /X log G(p, q)(p) = 0,
where p = i ?,k:l (Yﬁl)jkvjvk is the canonical (1, 1)-form associated to X.

Faltings has given in [4, p. 402] an analogue of Fay’s equation (2.2) for these norms to
define his d-invariant 6(X), which he used to prove an arithmetic Noether formula. Guardia [6,
Corollary 3.6] has found an alternative description for §(X), which is the following analogue of
Proposition 2.1:

(X)/8 HGH(D)g_l Hj<k G(pj, Pr)
52 Gpj, @) !

De Jong [2, Theorem 4.4] has given another formula, which can be expressed as the following
analogue of Proposition 2.2:

ITI(Dr, ..., Dg) = e™° (3.1)

9 Di+pi—q
Inll(Dy) = “H””Z)J ),
5 d

see also [9, equation (2.7)] for this expression. In the same way as in the proof of Theorem 1.1,
we can combine both formulas to obtain an analogue of the formulas in the theorem.

Proposition 3.1. With the notation as above, we have the following formulas:
. |J|D1a"'7 29 9|D+pk_q
() HMH )= (M H%’ .
(D) 101(D; + Pk — p;j)’

29 9 .
(i1) H””H (g—1)ps) = (IIJ\;(HIEE,..., ) HHQH 9 q)

w1011 (gp; —

- L g—1
(i) (D H(wr m(ﬂﬁ&j%ﬁ> )

Of course, the proposition can also be obtained by taking the norms in the formulas of
Theorem 1.1. But since the formulas for §(X) have been known before, it shows how the proof
of the theorem was motivated.
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