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Abstract. The Cauchy identities play an important role in the theory of symmetric func-
tions. It is known that Cauchy sums for the g-Whittaker and the skew Schur polynomials
produce the same factorized expressions modulo a g-Pochhammer symbol. We consider the
sums with restrictions on the length of the first rows for labels of both polynomials and
prove an identity which relates them. The proof is based on techniques from integrable
probability: we rewrite the identity in terms of two probability measures: the ¢-Whittaker
measure and the periodic Schur measure. The relation follows by comparing their Fredholm
determinant formulas.
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1 Introduction

1.1 The identity and connections to integrable probability

Symmetric polynomials have been of much interest in various fields of mathematics such as
representation theory, combinatorics etc. Among them the Schur polynomials sy(ai,...,an)
occupy an important place because of their simplicity, depth and wide applications. One of
their most well-known properties is the Cauchy identity,

Z8)\(611,...,aN)S/\(bl,...,bM)—HH1_1aibj, (1.1)

AeP i=1j=1

where P is the set of partitions. Along with a number of related summation identities, (1.1)
provides important insights into various field of mathematics such as combinatorics [37], repre-
sentation theory [20], integrable probability [15], etc.

The Cauchy identity for the Schur function (1.1) has been generalized in various different
ways. In this paper, we focus on two generalizations of (1.1) in which the Schur polynomials
in the left-hand side are replaced by the g-Whittaker functions Py(a1,...,an), @x(b1,...,bar)
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and the skew Schur polynomials s /,(a1,...,ay). These are
N M
1
Z-P,u(ala"'7aN)Q,U(b1)"'7bM):Hnmv (12)
peEP i=1 j=1 \4i%35 @)oo
QA A |

lol - -
> q¥lsyaran)sn, 0 bn) = —— [T =5 (1.3)
ApEP (Q7 Q)oo =1 j=1 (azb]a Q)oo
pCA

where |p| :== p1+p2+---, p C Ameans p; < \; forany i =1,2,... and (z; ¢)oo is defined by (A.1).

The g-Whittaker functions Py(aq, .. .,ay) are a special case of the Macdonald symmetric polyno-
mials Py (a;q;t) defined in [31, Chapter VI], in which out of two parameters (g, t) of the latter one
puts t = 0. The dual polynomial @, (b1, ...,bar) is defined as Hjjvil(q; q);jl,w+1 -Py(b1,...,bm),

where (z;q), is given by (A.2) and we set upry1 = 0. When ¢ = 0, both Py\(ay,...,an)
and Qx(a1,...,an) reduce to the Schur polynomial and (1.3) becomes (1.1). The skew Schur
polynomials s /p(al, ...,ap) are labeled by skew partitions A\/p. For a precise definition, see,
e.g., [31, Chapter I. When ¢ = 0, since we have p = @ due to the weight ¢/”!, they reduce to
(non-skew) Schur polynomial sy(a1,...,axn) and (1.2) becomes (1.1). Proofs of (1.2) and (1.3)
can be found in [31, Sections VI.4 and 1.5.28 (a)].

We immediately see that the right-hand sides of (1.2) and (1.3) are exactly the same up
to a factor 1/(q; ¢)oo. Combining this fact with (A.8), which rewrites 1/(q; ¢)oo as a sum over
partitions v, we have

Z ¢"'Pu(ar,....an)Qu(by, ... bar) = Z @5y p(a1, ... an)sy/p(be, ... bar).  (1.4)

wVEP A pEP
pCA

This identity suggests that there may exist deeper connections between the g-Whittaker func-
tions and the skew Schur functions resulting in possible refinements of (1.4). Indeed, in this
paper, we will prove such an identity as stated in the following theorem.

Theorem 1.1. For any n € Z>q, we have

> @"Puar,....an)Qu(br,- .., bar)

w,veP
pitvi<n

= Z d¥lsy/p(ar,...,an)sy (b, ... bar). (1.5)

A, pEP
pPCA A1 <N

Summations of this type with restrictions on the length of the first row (mostly for the
Schur case) have attracted attention in the theory of symmetric functions in connection with
combinatorics and representation theory, see for instance [5, 24, 35, 36]. In this paper, the proof
of Theorem 1.1 will be based on connections of quantities on both sides to integrable probability.
In our next paper [25], we will develop a combinatorial theory which allows a bijective proof
of (1.5) and related identities.

Remark 1.2. In Theorem 1.1, our main identity is stated for complex variables aq,...,an,
b1,...,bpr, but one easily sees that the same holds also when they are arbitrary specialization
of symmetric functions. In order to establish (1.5), it suffices to prove it for a;, b; varying in
an continuous interval, which is in fact what we will prove below using integrable probabilistic
arguments.
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Let us rewrite (1.5) in a probabilistic language. The probability measures on P related
to (1.2) and (1.3) are of much interest in integrable probability. They are defined as

Mew (1) = Pu(at,...,an)Qu(b1,...,ba)/Zgw, (1.6)
MpS()\) = Z q|p|s,\/p(a1, ce ,aN)s)\/p(bl, ce ,bM)/Zps, (17)
pEP
pPCA

where we assumed ¢ € (0,1) a;,b; > 0, with a;b; < 1 for i = 1,...,Nand j =1,...,M
and the normalization constants Z,w and Zg are given by the right-hand sides of the Cauchy
identities (1.2) and (1.3) respectively. Mqw(p) is called the g- Whittaker measure while M,g(\)
is called the periodic Schur measure.

The g-Whittaker measure was introduced in [11]. It has been playing an important role
in the development of integrable probability in the past decade. Its marginals are known to
describe one point functions of certain particle systems discretizing the KPZ equation. On the
other hand, the periodic Schur measure was introduced in [8]. It can be regarded as a model of
lozenge tilings in a cylindric domain and free fermions at positive temperature [6].

We also introduce two random variables x and .S, which are independent of other random
variables and respectively have distribution,

qn
P(x =n) = (q;q)n(Q7Q)007 n=0,1,2,... (1.8)

and for a fixed parameter ¢t € R+,
tzqe2/2
(4; )00 (—tq/?)’

Here the definitions of the g-Pochhammer symbols (z;¢)s and (x;q), are given by (A.1)
and (A.2) respectively whereas the function 0(x) is defined below (A.7). Being proportional
to ¢©*/2, ¢ € Z, the distribution defined by (1.9) is sometimes called a discrete Gaussian distri-
bution.

The random variable x is related to the partition v in (1.5). Namely, thanks to the summation
identity (A.9), if a partition v is sampled with probability proportional to ¢!, then its first
row v; follows the same law as x. On the other hand the random variable S is introduced as it
unveils a determinantal structure in the periodic Schur process. This was observed by Borodin
in [8], who noticed that shifting by S all entries of a random partition A sampled with Mpg law
produces a determinantal point process called shift-mized periodic Schur measure.

With these preparations, Theorem 1.1 can be restated as follows.

P(S=1/):=

(e (1.9)

Theorem 1.3. Let puq, A1 be the first rows of partitions u, X, distributed respectively according
to the q- Whittaker measure Mgw (1) (1.6) and to the periodic Schur measure Mps(X) (1.7). Let
also x and S be independent random variables distributed as (1.8) and (1.9), respectively. The
following equalities hold and they are equivalent. For n € Z>o, we have

(8) P(u1+x <n) =P\ <n), (1.10)
1

b) E .

v [(—tq2+"‘“1;q)oo

Dividing both sides of (1.5) by the right-hand side by Zps and noting Zys = ZywZy,
where Z, :=1/(q; ¢) is the normalization constant appearing in (1.8), we get (1.10). Equiva-
lence between (1.10) and (1.11) will be shown in Section 2.3 although it is rather straightforward.
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The key observation is the formula

1

P(x+$§n)zm-

(1.12)

This was already shown in [6, Section 2], but we will give a more direct proof in Lemma 2.4
below. From (1.12), we easily see that (1.11) can be rewritten as

P(ur +x + S <n) =P\ + S < n),

which is clearly equivalent to (1.10).

Now our goal is to prove (1.11). At this point we remark that, thanks to results from in-
tegrable probability [8, 26], the expectation and the probability on both sides are known to
be written as Fredholm determinants, see Propositions 2.1 for the expectation on the left-hand
side and Propositions 2.3 for the probability on the right-hand side. Crucially, the kernels of
the two Fredholm determinants turn out to be very similar: they both possess complex con-
tour integral expressions with the integrands being the same and they differ from each other
only by a choice of the contours. What we actually prove in this paper is that this differ-
ence of contours does not produce a difference to the value of the Fredholm determinants, see
Theorem 3.1.

1.2 Background from integrable probability

In integrable probability, measures on the set of partitions written in terms of a pair of symmet-
ric functions have attracted much attention. The simplest case, corresponding to the Cauchy
identity (1.1), is the Schur measure, introduced in [34]. For a partition A € P, it is de-
fined by

Mgs(N) = sa(a1,...,an)sa(bi,...,byr)/Zs, (1.13)

where the normalization constant Zg is the right-hand side of (1.1). From the fact that Schur
polynomials can be written as single determinants due to the Jacobi—Trudi identity, the Schur
measure defines a determinantal point process (DPP) [34], which means that all correlation
functions are written as determinants with a common kernel, see, e.g., [40].

The Schur measure has connections with a few variants of the totally asymmetric simple
exclusion process (TASEP) or the last passage percolation, which are typical models in the
Kardar—Parisi-Zhang universality class. Such connection was first discovered by Johansson [27],
who showed that the current of the TASEP has the same law as the marginal A; in the Schur
measure. For our purposes a different variant of the TASEP with a certain pushing mechanism,
called the PushTASEP, is relevant [14, 41]. The precise definition of the dynamics can be found
in the references. By using certain Markov dynamics on the Gelfand—Tsetlin cone, one can show
that the PushTASEP is associated with the Schur measure. If X (M) is the position of the N-
th particle at time M starting from the so called step initial condition X (0) = k for k € N, we
have the following relation:

P(Xy(M) — N <n) =P(\ <n), (1.14)

where the right-hand side is the marginal of A; from the Schur measure and can be written as
a Fredholm determinant.

The PushTASEP possesses a solvable g-deformation called ¢-PushTASEP, introduced in
[18, 32]. This model is of particular interests as it interpolates between various notable mod-
els in the KPZ class including the log-gamma polymer model and the KPZ equation [12, 32].
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Employing randomized versions of the RSK correspondence or of the Yang—Baxter equation
one can relate the ¢-PushTASEP with the marginal p; of the g-Whittaker measure (1.2) in the
same way as in (1.14) [19, 32, 33]. Unlike in the ¢ = 0 case, such matching, although useful,
does not lead immediately to explicit solutions of the model and in order to extract manageable
formulas to study the ¢-PushTASEP additional considerations are needed. This is because, up
to now, relations between the ¢-Whittaker measure and DPP had not sufficiently well under-
stood. A relevant result in this direction is a matching discovered by Borodin in [9] between
certain multiplicative expectations of the Macdonald measure and Schur measure; we are going
to comment on this in Section 4. Nevertheless, through the use of Macdonald difference opera-
tors, Markov duality, Bethe ansatz or elliptic determinants [11, 13, 26], Fredholm determinant
formulas describing interesting expectations of marginals of the ¢-Whittaker measure had been
found. In general, following such approaches, one arrives at the following result:

1
E |:(Cq“1,q)00:| = det(l - K)p(z), (115)
where p1 is a marginal of the ¢-Whittaker measure, ( is a parameter and K is some kernel.

In the references listed above several expressions for the right-hand side of (1.15) have been
obtained. Techniques involving Macdonald difference operators or Bethe ansatz lead to Fred-
holm determinant formulas where the kernel K does not suggest any immediate relation with
natural DPPs. On the other hand the elliptic determinant approach introduced in [26] produces
a substantially simpler formula where K becomes a product between a finite rank kernel and the
Fermi-Dirac distribution. Since such expressions, in particular the Fermi—Dirac distribution, are
well known to appear in the description of free fermions at finite temperature, findings of [26]
suggest a clear connections between discrete KPZ solvable models and DPP.

This observation has led us to a careful comparison between the structure of the g-Whittaker
measure and the (shift-mixed) periodic Schur measure [8], as the latter is a canonical model of
free fermions at positive temperature in one dimension [6]. In recent years the same model has
received some attention and its properties and generalizations have been considered in [2, 7, 29].
The key observation we make is that the Fredholm determinant appearing in the shift-mixed
periodic Schur measure is almost the same as the one found in [26] for the ¢-Whittaker measure,
the only difference being in the contours of the contour integral expression for the kernels. In
fact establishing this equivalence of the two Fredholm determinants is technically our main result
as given in Theorem 3.1.

Before our result (1.10), outside of the TASEP/Schur case described above, explicit con-
nections between KPZ solvable models and positive temperature free fermions had remained
concealed. One notable exception to this claim was presented by the KPZ equation itself. The
celebrated solution of the KPZ equation derived in 2010 by [3, 21, 23, 38, 39] provides, in fact,
a clear relation between the one point function of the random KPZ height with narrow wedge
initial condition and one point edge statistics of a system of trapped free fermions at finite
temperature [22]. See also [28, 30]. The identity (1.10) extends this fact to a much higher
level, widening substantially the bridge between solvable KPZ models and free fermions at finite
temperature.

An additional observation, relating this time the one point function of the KPZ equation to
multiplicative statistics of the Airy point process was made in [16]. A more general instance
of this finding was discovered by Borodin in [9], who proved a matching of the expectations
between the certain stochastic vertex models and multiplicative statistics of the Schur measure.
A specialization of such matching in distribution to the ASEP leads to a connection with a vari-
ant of the Laguerre ensemble, explored in [17]. Results obtained in this stream of works and
especially in [9] are indeed related to the one given in Theorem 1.3 and the connection will be
explained in Section 4.
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All the matching discussed in the previous paragraphs, as the one obtained by us in this
paper, consist essentially in comparisons between various formulas. In our upcoming paper [25],
we will further improve on this aspect developing a bijective theory providing a combinatorial
explanation of identities between models.

1.3 Outline

This paper is organized as follows. In Section 2, we give Fredholm determinant formulas for
the ¢-Whittaker and shift-mixed Schur measures obtained respectively in [26] and [8]. We also
discuss the equivalence between Theorems 1.1 and 1.3. The proof of Theorem 1.3 consists in the
equivalence of these Fredholm determinant formulas and it is given in Section 3. A key passage
to establish the proof is given by Lemma 3.4 (i)—(iii). In Section 4, we compare Theorem 1.3
with one of the main results in [9]. In Appendix A, we summarize some basic notions which
we frequently use in this paper including partitions, g-series. In Appendix B, we prove useful
bounds which allow us to show Proposition 3.3 (i) in Section 3.3. In Appendix C, we state and
show estimates of the ¢-Pochhammer symbol used in Section 3.4.

2 Fredholm determinants for g-Whittaker
and shift-mixed periodic Schur measures

The main purpose of this section is to give Fredholm determinant formulas for both sides
of (1.11); see Propositions 2.1 and 2.3. In Section 3, we will show that the two Fredholm
determinants are in fact the same, as stated in Theorem 3.1. In Section 2.3, we also give a proof
of equivalence between Theorems 1.1 and 1.3.

Hereafter, we consider set of variables ai,...,an, b1,...,by, ie., we set M = N in the
notation used in Section 1. The general case M # N of each result is recovered by considerations
similar to the one reported in Remark 1.2. We will denote the maximum (resp. minimum) value
of a; and b; i = 1,..., N by Gmax, bmax (T€SP. Gmin, bmin). We also always omit the factor
1/ (277\/—71) in contour integrals.

2.1 Fredholm determinant formula for the g-Whittaker measure

We focus on the expectation value E[1/(Cq™"'; q)so] with respect to the ¢g-Whittaker measure
defined by (1.6). This quantity is the ¢-Laplace transform of the marginal p; and it admits
explicit Fredholm determinant expressions [11, 12, 19, 26, 32]. For our arguments, we will make
use of the formula that first appeared in [26], which is conceptually different from the ones of
the other references.

The following proposition is obtained by applying a few results in [26].

Proposition 2.1. Let ¢ € C\ {¢"}nez, and a;,b; € Rsg, i = 1,..., N satisfy amaxbmax < 1

and Qamax < Gmin- Let p1 be the first row of p distributed according to the q-Whittaker mea-
sure (1.6). We have

1
E|l———| =det(1 - ftK , 2.1
[(Cq‘“lsq)oo} SRRORGE 2
where fc(m) = ffg;n and

dz dw
K(m1,m2)=/ — [ —Gap(z, wymi,ma), (2.2)

c ? Jp W

N
wm? w (aiz;Q)oo (bz/waQ)oo
a 9 7 9 = ) 2

9 7b(z Wi m2) ZMm oz —w H (aiw;Q)oo (bi/Z;Q)oo ( 3)

i=1
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where the contour C encloses anticlockwise the poles at z = 0,b;¢7, i = 1,...,N, j € Lo
whereas D encloses anticlockwise the poles at w = 1/a;, © = 1,...,N but not the ones at
w=0,1/a;¢’,i=1,...,N, j € Z>1. They are illustrated in Figure 1.

Figure 1. The contours C, D, and D appearing in (2.2) and (2.12). “e”s and “X”s represent the poles
of w and z respectively.

To prove Proposition 2.1, we recall the discussions in [26, Section 3]. There we consider
a two-sided g-Whittaker measure, which is a probability measure on the set of signatures,

Sv={A=01..., 2N €ZV | A1 > > A}

Note that A\;, i = 1,..., N can be negative. Such probability measures on the extended space can
be realized by replacing the function @, () in (1.6) with Q,(p), where p is a certain specialization
of the algebra of symmetric functions. Here we state only a particular case which corresponds
to [26, Definition 3.4], setting a; = x;, i =1,...,N,t =0 and o = b;, j =1,...,N. With this
choice Mgw(p) in (1.6) becomes

Py(z1, ..., xn)Qx(py ) /T (230), (2.4)

where A\ € Sy, the parameters x;, b;, satisfy bpax/Tmin < 1 and

N-1 N dz
o) =11 (in_A”l“;q)oo/CNH;-Px(l/Z)H(_)(Z; bymiy (2). (2.5)
i=1 i=1 7"

Here C is the same contour as the one in (2.2), i.e., it encloses positively the poles at z = 0, b;¢/,
i=1,...,N and j € Z>¢, 1/z in P, is a shorthand notation for (1/z;,...,1/zy) and

1 N

4 = | | P e (=) (o) s
mN(z) = (%/%7@1)00(%/%7‘])0@ IT (Z,b) = I | - .
N 1<i<j<N ig=1 (bi/2j3; @)oo

1

For more detail see [26, Appendix B].

From [26, Lemma 3.3, equation (3.15)], one sees that Qx(p, ) = 0 unless 0 > Ay > --- > Ay
and thus the measure (2.4) has support only on the negative region. Although the measures (1.6)
and (2.4) have different support, they enjoy the following relation:

Lemma 2.2. Set a; = 1/z;, i = 1,...,N and define the signature p by the negation of A,
wi=(=An,—AN_1,.-.,—A1). Then we have

(1, an)Qa(py )/ (a:) = Mw (), (2.6)
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and in particular

1 1
Eow(eioy) [(C(I’\NJI)I = Eqw(aib) [(Cq_“l,q)oJ ) (2.7)
where Eqw(z;pg)[-] and Eqw(ap)[] are averages over the measures (2.4) and (1.6), respectively.

Proof. Equation (2.6) follows straightforwardly from a combination of definition (2.4) and
relations [26, equations (3.14) and (3.15)],

P/\(CCh...,.'IfN) :Pu(ala"waN)a Q)\(pb_) :Qu(blv'”abN)a

once we recall hypothesis relating a; (resp. p) to x; (resp. A). |

Proof of Proposition 2.1. It follows immediately from Lemma 2.2 and the Fredholm deter-
minant formula for the left-hand side of (2.7). Changing the notations a; — z;, a; — bj, v = w,
n — —mi, m — —my and setting N = M and t = 0 in [26, equation (4.37)], we obtain the
Fredholm determinant formula

1
EqW(r;Pb_) [(CQAN; q)oo

Here f¢(m) is defined above (2.2) and

] = det(1 — fCM)ZQ(Z)' (2.8)

N
dz dww™  w z/x;; bi /w; @)oo
M(ml,mg) :/ e = H ( / q)OO ( / q) ,
¢z Jpw 2™ z—w S (Wi @) (bi/2¢)
where C is the same contour as (2.5) and D encloses positively x;, i = 1,..., N. Combining (2.7)
with (2.8), we get (2.1). [

2.2 Fredholm determinant formula
for the shift-mixed periodic Schur measure

We have discussed in Section 1 how the periodic Schur measure Mpg(A) (1.7) becomes a deter-
minantal point process once all the rows of A get shifted by an independent random quantity S
distributed as (1.9). This was originally observed by Borodin in [8] and the measure describing
the process

(/\1—|-S,/\2—|-S,...) (2.9)

takes the name of shift-mized periodic Schur measure. The probability distribution of the first
element A1 + S can be represented as a single Fredholm determinant and this is reported in the
next proposition.

Proposition 2.3. Let A1+ be the first element of (2.9) distributed according to the shift-mized
periodic Schur measure. For k € Z>(, we have

P(A + S < k) =det(1+ fL)gQ(Z), (2.10)
where f(m) is given in terms of fc(m) defined above (2.2),

tgl/2+k+m

1 + tgl/2+k+m (2.11)

f(m) = fc(m)‘C:—tq1/2+k e
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and by using gqp(z, w,mi,ma) (2.3), the kernel L(my, mg) is defined by

dz dw

L(mlqu) :/ - | 7ga7b(2,w,m1,m2). (212)
c % Jp W

Here contour C' is oriented counterclockwise and it encloses the origin with its radius r satisfy-

ing bmax < 1 < 1/amax whereas D encloses C anticlockwise. C and D are depicted in Figure 1
given below Proposition 2.1.

Proof. From [8, Theorem 2.2|, we have, for k € Z>,

P\ + S <k)=det (1 - E)g2(k+1,k+2,---)’

where the kernel L is defined as

~ dw
L(ty,03) = / —
|w|=r W

Lim

dz 2271 X (021 q)oe (bi/w3q)oo tq>
« / .
|2 Z

—v 2 wh T (g5 g)ee (bi/750)o 1+ tgztm

(E)m, (2.13)

z
meZ

and 7, r’ satisfy!

1 T _
bmax < 7,7 < : 1< 5 <q L (2.14)

Gmax

We will now show that det (1 _E)@(kﬂ Kio) = det(1+4 fL)p(z)- Note that the kernel L(£y1,05)

(2.13) can be written as the kernels of the operators A and B, which map between (k+1,k+2,...)
and Z:

L(tr,6) = Y A(tr,m)B(m, o),
meZ
where
dw (bi/w; @)oo
A(l,m :/ wm ! ;
( ) |wj=r W H CLZ'LU Q)
tqt/2tm / dz -1 (a;2; Q) oo
B(m,l) = ————— m
(m, 0) 1t tqt/2m J . = H (01/7: Q)

By a basic property of the determinant, we have
det(1 — AB) g (11 k12,..) = det(l — BA)p(z),

and evaluating the kernel in the right-hand side, we find
(BA) (n17 77,2)

tgms / / dw w2 ﬁ (aiz; @)oo (bi/W;q)s i (i)“l
1+tq"1+2 |z|=r" |w|=r 2 b (aiw; oo (bi/73¢)oo l=k+1 w
gtk / / dw w™ ﬁ (aiz; @)oo (bi/w;Q)oc W
1+ tq2+k+ml |z|=r |w|=r W zm (alw q) (bi/Z; Q)OO Z-w
= —f(ml)L(ml,mg).

Here in the second equality we set m; = n; — k for i = 1, 2. |

n [6, 8], the conditions for r, r’ are given by using the analyticity of the integrand for the periodic Schur
process with positive specializations. This condition can be translated into the explicit one (2.14) in our case (1.7).
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2.3 Equivalence of Theorems 1.1 and 1.3

This subsection is devoted to proving that Theorem 1.1 is equivalent to Theorem 1.3. Since
equivalence between Theorems 1.1 and 1.3 (a) is straightforward, the only nontrivial part is to
show the equivalence between Theorem 1.3 (a) and (b), i.e., (1.10) and (1.11). This is a conse-
quence of the computation reported in the following lemma.
Lemma 2.4. Forn € Z,0<qg <1 andt > 0, we have
1
(~ta™"50)
where x and S are independent random variables with distributions (1.8) and (1.9), respectively.

Proof. We write the left-hand side of (2.15) as

P(x+S<n)=> P(S=0P(x <n-1). (2.16)
LeTL

P(x+S<n) = (2.15)

Applying (1.9) and
3q4)oco 5 q)m; ZL>0,
P(y < m) = { EVoc/(@:0)m: m € Lo
0, m e Z<07

which follows from (1.8) and the fact >~ 1 ¢"/(¢;¢)n = 1/(¢;¢)m, m = 0,1,2,..., which can
be checked easily by mathematical induction, to the right-hand side of (2.16), we find

1 oS g (—gh )

0(—q'/%t) = (G @)n—r 0(—q"/2t) ’
where, in the second equality we used a version of the ¢g-binomial theorem (A.5). Noting from the

definitions of the g-Pochhammer symbol (A.1) and (A.2), the numerator of the last expression
becomes

n, n? 1 p,—
" (—qz "t q) = (—td%q), (=4 */tq)
we arrive at the right-hand side of (2.15). [

=—00

By using (2.15), we see that the left-hand side of (1.11) is expressed as

=P(p +x+ 5 <n).

[ 1
(tat)
Thus (1.11) can be rewritten as
P(ur +x + 8 <n) =P\ + 5 <n),
which is clearly equivalent to (1.10).

3 Equivalence of two Fredholm determinants
by shift of contours

In this section, we will force some conditions on parameters a;, b;, i = 1,..., N. Namely we
assume that a;,b; € (0;1), ¢ = 1,..., N are distinct and ordered as a; > a2 > .-+ > ay
(hence amax = a1 and amiy = ay) and moreover
1
CLl/CLN < q_2+67

for a fixed € € (0,1/2). Recall that for the sake of our main result Theorem 1.1 these restrictions
do not constitute a problem, see Remark 1.2.
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3.1 Restating the main theorem as a determinant identity

In the previous section, precisely in Propositions 2.1 and 2.3, we have seen that both sides
of (1.11) can be written as Fredholm determinants. By this equality (1.11) is equivalent to the
following identity for the two Fredholm determinants.

Theorem 3.1. Let K(m1,m2) be the kernel given in (2.2) and L(mi,m2) in (2.12). Also let f
be given by (2.11). Then we have

det(l — fK)gQ(Z) = det(l + fL)EQ(Z)' (31)

In this section, we will elaborate the proof of Theorem 3.1. Comparing the expressions of the
two kernels in (2.2) and in (2.12), we notice that both of them are written in the double integral
forms with the common integrand g, ;(z, w; m1, ma), given by (2.3). The only difference between
them is the integration contour of w: the contour D in K(m1,ms) encloses 1/a;, j =1,..., N,
while D in L(m1,ms) encloses the origin and the contour of z. See Figure 1.

Result of Theorem 3.1 is not trivial outside of the case ¢ = 0, when the kernel themselves
are equal, i.e., K(mj,ma) = —L(mi,mg) for all m;,my € Z<o. This can be shown as fol-
lows. When ¢ = 0, we notice that f(m) becomes the indicator function of Z<o and the inte-
grand gq (2, w; m1, mg) in (2.3) becomes

w2

ga,b(za wimy, TTLQ) =

w N 1—a;z) (1 —0b;/w
H( ) ( /w)

2™z —w s (1= amw) (1—bi/2) ’

and we see that the poles in the w variable include only w = 0,2,1/a;, i = 1,...,N and in
particular oo is not a pole since mao < 0. Thus using Cauchy’s integral theorem, we see that the
contour D can be deformed to D without changing the value of the kernel up to sign.

For general 0 < ¢ < 1, this is no longer the case. In this case, equality does not hold for
the kernels, but it only does at the level of the Fredholm determinants (3.1). To prove this we
consider a sequence of changes of the contours of w starting from D, and including, sequentially,
poles of the form 1/ajqk, j = 1,..., N starting from £ = 0,1,... and finally including the
singularity at infinity. We find that such modifications of the kernel do not affect its Fredholm
determinant, so that, once all the singularities have been added in the contour one can switch
such contour to D by using the Cauchy theorem.

Notations for the series of contours just described, their corresponding kernels and Fredholm
determinants are provided next.

Definition 3.2. For ¢ € Z>(, we define the kernels

o(my,ma) / / 7gab Z,w;my, ma), (3.2)
c Dy

Koo(mi,mo) / / 7gab Z, w5 My, m2). (3.3)
c oo

The function gq is given by (2.3) and the contour C encloses the origin and it has radius larger
than bpax as in (2.2), (2.12). The integration contours D, and D, are illustrated in Figure 2.
Note D, encircles poles l/qiaj, 1=0,...,¢,7=1,..., N and no other singularities lie inside Dj.
Recalling the function f(m) defined by (2.11), we further define the Fredholm determinants

Fy .= det(l—ng)p(Z) for ¢=0,1,2,..., (3.4)
Foo = det(l — fKoo)EQ(Z)-
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Figure 2. Contours Dy, Dz, and D, are illustrated. We set ¢, to be the center of the interval

[ amls e e = ap (5 +27).

Note that by definition, we see Ky(mq, ms) = K(mi,mz). Thus by Proposition 2.2, we
immediately see Fy = det(l — fK)p(z). In [26, Proposition 4.7], we showed that the ker-
nel K (mi,mg) is trace-class, thus det(1 — fK)p2(z) is well defined. This fact will be generalized
to Fy for any ¢ € Z>( and also Fu in Lemma 3.4 (iii).

For this purpose and also for later use, we will give different representations for the ker-
nels (3.2) and (3.3). To simplify notation, we introduce a relabelling of all the inverse of poles a;¢’
in decreasing order and call them a,,r € Z~g. Namely, we write

ar = apq”, (3.6)

where r = ulN + k with r € Zso, k € {1,...,N} and u € Z>¢. Since we assumed a; > ag >
- > ay without loss of generality, a; > a9 > --- holds.
For m € Z and r € Z>¢, we define two infinite-dimensional matrices, A(m;r), B(r;m), as

A(my;r) = f(m) — H (i% D (3.7)

Czlerz_a b/zq

_ =—m (bl/wv Q)oo
B(r;m) = a, wRaG§11;[1 (@0 2)m (3.8)
For ¢ € Z>(, we also introduce their truncated version, Ay(m;r), Be(r;m), defined by
Ag(msr) i= A(m; )l Nesn (), Be(rym) == 1 Ny (r)B(r;m),

where for a set A C Z>q, 14 is the indicator function of A. By evaluating the poles inside D,
of (3.2), we easily find

f(ml)Kg(ml,mg) = ZAg(ml;T)Bg(T; mg). (39)
r=1

Below in the proof of Proposition 3.3 (iii), we will also see that

fm1)Koo(ma, m2) ZA my;7)B(r;ms). (3.10)
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In the following discussions, it is also useful to consider the conjugated matrices

A(m;r) = 7(m)A(m;r)o(r), B(r;m) = o~ Y(r)B(r;m)7Y(m), (3.11)
where
() — a_mq_%_%"'gm, m > 0, o) — g~ (1w
(m) {1’1 e, (r)=4q (3.12)

for e € (0,1/2) and w € (0,1/2 — ¢€), and also their truncated versions Ay(m;r), and By(r;m),

/ng(m;T) = A(m, T)l{l,...,N(e-H)}(?”)a Bg(r;m) = 1{17“_7N((g+1)}(7“)B(r;m). (3.13)

Note that the value of the Fredlilolrr} de‘Eerrzlinant would not change when we replace Ay, By, A, B
by their conjugated versions, Ay, By, A, B in the kernel (3.9), (3.10).

Proposition 3.3. Assume a;,b; € (0,1),i=1,...,N, a1 >--->ay, and a1/ay < q_%‘“ with
e€(0,1/2).

(i) The operators with the kernels, A(m;r), B(r;m), A¢(m;r), Be(rim) for m € Z and
r, b € Z>o are of Hilbert-Schmidt class.

(ii) Koo(my, ma) can be expressed as the limit £ — oo of Ky(my, ms2),

Koo (my,mg) = lim Ky(mq,ma). (3.14)

{—00

(iii) The Fredholm determinants Fy; and Fuo, defined by (3.4) and (3.5), respectively, are well
defined.

Proof. (i) By the estimates of A(m;r), B(r;m) in Corollary B.2, it is easy to check the condi-
tions of the Hilbert—Schmidt operators

Zi‘fl(m;r)}z<oo, Zi‘érm
meZ r=1 meZ r=1

Obviously, the same relations also hold for flg, By.
For (ii), let us introduce the notation,

K(mq, mo; 4 / /gab Z, W, M1, Mm2), mi, mo € Z, (3.15)
C
where gq5(2, w, m1,ms) is defined by (2.3) and § € { Dy, Df}ezo | U{D} represents a contour
for w. They are illustrated in Figure 2. By definition, one sees ’
Ky(mi,ma) = K(m1,ma; Dy), Koo(mi,ma) = K(m1, ma; Do),
Using (3.15), we show (3.14). Noting Ds, = Dy U Dy, we see that
K (m1,ma; Do) = K (m1,ma; D) + K (my, ma; Dy)
= lim K(mq,mg; Dy) + lim K(ml,mg;f)g) = lim K(mq,ma; Dy).
{—00 {—00 {—00

Here in the second equality, we used the fact that D, U Dy (= Dy,) does not depend on £ while
in the third equality we used the fact limy_,o, K (ml, msa; Dg) = 0. This follows from estimates
of Lemma C.1(iii): the contour D, can be divided into three parts Dy = D(l) U D( ) Dég),
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where Dél) (resp. 13153)) are horizontal half line from +oco + dv/—1 to ¢; + dv/—1 (resp. from
¢y — dv/—1 to +oo — dy/—1) while Df) is vertical line segment from ¢, + dv/—1 to ¢; — dv/—1.
We get limy_,oo K (m1, ma; [)g) = 0 applying (C.3) for the cases ﬁél) and [?ég) and (C.4) for the
case béz) to the part Hfil(aiw; q)=! in the integrand (2.3).

(iii) By equations (3.9), (3.13) and (i), we see that the operators with the kernel

7(ma) f(m1)Ke(my,ma)T " (my),

¢=0,1,2,... are trace-class. Since the factor 7(m;)/7(mz) does not affect the value of the deter-
minant, then Fy in (3.4) is well defined. Next combining (3.9) and (3.14), we have (3.10). Then
by the same arguments used above, the operator with the kernel 7(m1)Kso(m1, m2)7 1 (ms) is
trace-class and Fi in (3.5) is well defined. [ |

Theorem 3.1 can be immediately proved by the following lemma.

Lemma 3.4. Denote the left-hand side of (3.1) by F, i.e., F := det (1 — fK)eg(Z). The following
statements hold.

(i) Fy does not depend on £ = 0,1,2,... and is equal to F, i.e., we have F; = F, for
any € Z>o.

(ii) We have limy_,o Fy = Foo.
(iii) We have Koo(m1,ma) = —L(m1,m2) and thus Foso = det(1 + fL)p2(z)-
The proofs of the above (i)—(iii) will be given in Sections 3.2-3.4, respectively.
Proof of Theorem 3.1. This is a straightforward consequence of Lemma 3.4, which implies
det(1 — fK)pz) = Fr = Foo = det(1 + fL)2(z),
under the assumptions given at the beginning of the section. |

Notice that one can significantly relax conditions on parameters set at the beginning of the
section for Theorem 3.1. For this, one could relate matching of determinants to identity (1.10).
Since the latter is an equality between polynomials of bounded degree in variables ai,...,an,
b1,...,bn whose coefficients are rational functions in ¢, it can be extended to all choices of a;, b;
and in particular to all choices for which determinants in (3.1) make sense.

3.2 Proof of Lemma 3.4 (i)

The case of ¢ = 0, i.e., Fy = F, was already mentioned after (3.5). It is then sufficient to
show Fy = Fy_q for any ¢ = 1,2, .... For this purpose, we rewrite Fy (3.4) as a determinant with
rank N(¢+1).

Lemma 3.5. We have

F; = det (Ww)n’n,zu,m’N(M) . (3.16)
Here Wy, is defined by
N N ~ 1.k 2
i/ W54 )oo -1 1254 )oo O(—anz/t * 1 4) 0
Wn7n/ — R,es (b /w) q) / % — H (a Z, q) ( a Z/ q12 )(q Q) , (317)
w=, iy (@3 @)oo Jo, 2 2 —ay, i1 (/% @) 0(—1/tq31%)0(ay2)

1

where Cy, is a positively oriented circle with the condition a,* < |z| < (ga,)~' and 6(x) is
defined below (A.7).
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Proof. Let us write (3.9) as fK;, = A;By, so that
Fp =det(1 — ng)gQ(Z) = det(1 — Ang)gQ(Z).

By Proposition 3.3 (i), Ay, By are Hilbert—Schmidt operators and hence By Ay is trace class. Thus
we can use the basic property of the determinant det(1 — A¢By)p2(z) = det(d;; — (BgAf)i7j)£Vj(iT1)
and rewrite Fy as

N(£+1)
nn/=1"

Fy = det(l — Ang)gz(Z) = det(énvn/ - (BgAg)n’n/) (318)

Here

N N
(BeAg)w = Res JJ /@i [ d2 1_1H<aiz;q)oo f(m)

w=in' 1y (w3 Qo Jo 22—yt 1 (0i)2@)ec S, (20n)™

N N ~ 1.k 2
(bi/w; @)oo [ dz 1 (@iz;qQ)00 O(—anz/tq2*%)(q;9)2
= Res /C’ — 5 H .

B w=a," -7 (@iW; @)oo zz—ay o5 (0i/20)00 9(—1/tq%+k)9(dnz)

where in the second equality we applied a version of the Ramanujan summation formula (A.7)
and 6(z) is defined below (A.7). Note that to apply (A.7), we extend the contour C' to CJ,
which represents the circle centered at the origin with radius R € (q/an, 1/ay).

Now we show that the entry 6, ,» — (BA)p . is equal to Wy, (3.17). For this, we further
extend the radius R of the contour such that R € (1/ay,,1/qa,). Recalling the notation (3.6)
and the definition of #(x) introduced below (A.7) and noting Hﬁ\;l(aiz; Qoo = [ L2 (1 — ayz),
we see

e=an' % 2= Ay, iy (bi/Zq)oo 6(—1/tq%+k)9(dnz)
T O(=anz/ta+) (¢:0)%
S .
z=apt % H,f\il(bi/z;q)oo —dn(z—dﬁl)(qdnz;q)oo(qdﬁl/z;q)ooe(—l/tqéﬂ“)
M7 (1 - aay,")
=Gy S (3.19)
Hi:1(bz’anSQ)oo

Here in the second equality we used the fact that in the second expression all factors do not
include the residue at z = a,' except the factor 1 /(z —a, 1) and this is eliminated by the
factor [[721 (1 — agz) unless n = n’. Similarly, we compute
L#n’

N N N -

(bi/w; @)oo R [Lo (bi/w; @)oo .y TTisi(Bi@in; @)oo

———— = Res =5 — = —a, — — (3.20)
w=ay " (aw; Qoo w=ay' [T21 (1 = aew) Hf;l (1 — aedn’)

n

dz 1 (@) O(—an2/ta? ) (@)%
— |1

Therefore from (3.19) and (3.20), the extension of the contour cancels the term 0, ,/ in the last
expression in (3.18) and we arrive at the expression (3.17). [ |

Now we prove Lemma 3.4 (i). We focus on the representation (3.16) and especially on the
last (N (£ + 1)-th) row of the matrix W. We decompose the elements into two parts as

(D) (2)
WN(ZJrl),n’ = WN(Z+1),n’ + WN(HI)JL’
forn’=1,..., N({+1). Here WJ(VI()Hl),n/ corresponds to the residue at Z:a;&fﬂ) while W](VQ()K“)’"'

corresponds to the element with the shrunk contour satisfying qa, ! < |2| < a,,!. As we stated
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in the last paragraph in the proof of Lemma 3.5, one easily sees W](Vl()eﬂ) o = ON(t41),n- On the

other hand recalling the notation (3.6) and noting ¢~ '@, = a,_n, we have

N N
(bi/w;q S 1 (bi/w; @)oo
_ . Wi/ 9)o0 21
wlig% 1_[1 (a;w; ) oo H 1-— b idng L1 — wEiESiN 11_11 (aiw; @)oo’ (3.21)
0(anz) = %e(an,m«). (3.22)

Applying (3.21) to the first factor in (3.17) and (3.22) to two factors 0(—dnz/tq%+k) and 0(a,z)"*
in the same equation, we see

(2) 3+k !
W —tq 2 i Waew:
(f'ﬁ‘l) H 1-— b aN(f—}—l -1 1 azaNl(g_i_l) N

Combining them with the multi-linearity of determinants, we get

N(¢+1)-1
n,n/=1 :

= det[an/]N(etl) = det[W,, /]

nn'=1

Repeating this procedure N — 1 times, we arrive at Fy = Fy_1.

3.3 Proof of Lemma 3.4 (ii)
From (3.9) and Corollary B.2, we find a uniform bound for the kernel

7(ma) f(m1) Ke(ma, mo) 7~ (ma),
where Ky(m1,m2), 7(m) and f(m) are defined by (3.2), (3.12) and (2.11) respectively. We have
|7(m1) f(m1) Ke(my, ma)7~ " (ma)| < DdlmIHim2] (3.23)

for some constants D > 0 and d € (0,1) which do not depend on ¢, m; or ma.
Lemma 3.4 (ii) is then immediately proven combining (3.23) with the Hadamard inequality

|det Al < ] (Z yamP) , (3.24)

which holds for any for n x n matrix A = (a;;)i j=1,..n. Note that Fy (3.4) can be written as

Z Z det (m(mq) " (my) f (mi) Ke(mi,my))? . (3.25)

mip=—o0 mpy=—00

By (3.23) and (3.24), the determinant in (3.25) can be bounded as

‘ det (T(mi)T_l(mj)f(mz)Ké(mumJ) Q= 1’

n n 1/2
<11 (Z |T(mz’)7_1(mj)f(mz)Ke(mz‘amj)\2>
( |Dd\mi|+|mg‘| ’2> — D" Hdlmil <Z d2|m]~)
i=1 j=1

< D'nz [Jd™l. (3.26)

1/2
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Note that bound (3.26) holds for any ¢ € Z>o. Moreover, we have

o0 (o] n o0 1
n . n n
g E D"n2 Hd‘ml‘ =D"n2 < oo, g —'Dmn2 < 00
n:
mp=—00 Mp=—00 i=1 n=0

with some constant D’ > 0. Thus by dominated convergence theorem and Proposition 3.3 (ii),
Lemma 3.4 (ii) holds. u

3.4 Proof of Lemma 3.4 (iii)

In this subsection, we will prove Ko (m1,ma) = —L(my, m2) by deforming the contour of w
from Dy to C going through T'., where all contours are depicted in Figure 3. We have to
care about the behavior of the integrand g, (2, w;mi,m2) (2.3) when |w| is large since the
poles w =1/a;¢’, i =1,...,N, j € Z>¢ accumulate at the infinite point of w producing an
essential singularity. We estimate the behavior for large |w| using Appendix C.

Here for convenience we also use the notation (3.15) where we set § to be some contours
depicted in Figure 3. Note that by definition, one sees Koo(m1,me) = K(mi,mo; D), and
L(myi,ma) = —K(ml, ma; C’) Note that C goes around the origin in negative direction. We
now show that, from the properties of the ¢-Pochhammer symbol discussed in Appendix C, the
following holds,

K(ml, mao; ﬁ) = 0, when ﬂ = Ad, A,d, Cd, C,d and Fc,- (327)

In Figure 3, these contours are displayed in grey. These facts can be seen in the following way.
In (3.15), we focus on the integration of w,

N

/dw w” I1 (bi/w; @)oo (3.28)
:

with m € Z and z € C fixed. Here the contour C is illustrated in Figure 1. Hereafter, we will
explain the case f = I'._ in detail whereas in other cases we will give an outline only in the
paragraph below (3.30) since the other cases follow in a similar way.

First we note that (3.28) does not depend on the value of c_, as can be seen as follows. We
consider the contour integral (3.28) with § = RyURsUR3UR4 where R;, i = 1,2, 3,4 are depicted
in Figure 3. Since there are no singularities inside the rectangle, the value of this integral is zero
by the Cauchy’s theorem. On the other hand from Lemma C.1 (ii) we find the contributions
from both Ry and R4 are bounded by cd™ exp[—N ¢ log? d] when d > 1 for some constants ¢
and ¢/, thus they vanish when d — oo. Combining these facts, we find the contribution from Ry
is equal to that from Rs3 as d — oo up to sign.

Next, we will show that (3.28) with § = I'._ vanishes when ¢ — —oo. Combining Lem-
ma C.1(i) and (ii), we see that for z = a + by/—1 with a < —1 and b € R,

(23 @)oc| = 1 explezlog?(Jal v [b])], (3.29)

where z V y = max(z,y). Applying (3.29) to (3.28) with f =I'._, we have

‘/ dwh(w)‘g/ dw|h(w)|+/ dw|h(w)
. " re
< cgle_|™? exp(—N02 log2(|c,|))

+ ey /(2) dw|w|™ exp(—Nes log? |wl), (3.30)
r$?
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where h(w) is the integrand of (3.28), T is the vertical line from c_ + c_v/—1 to c_ — c_v/—1
and Fg) is its complement I'._ \F((i). Thus we find that in the last expression in (3.30), both
two terms vanishes as |c_| — 0o and we arrive at the conclusion.

We can also obtain (3.27) with the other contours § = A4, A_4,Cy, C_4 in a similar way, i.e.,
they follow from the following two facts: (I) The integration value (3.28) does not depend on
the value of d > 1 for any m € Z and z € C. (II) (3.28) vanishes as d — oo for any m € Z
and z € C. For proving (I), as in the case of I'._, we introduce a positively-oriented rectangu-
lar contour R := Ry U Ry U R3 U Ry, where Ry, Ro, R3 and Ry represents the right, top, left,
and bottom edge respectively. In the case Ay (resp. A_g4), we put R such that its lower-left
corner match the corner of A; (resp. A_g4). Then by using (C.3) in Lemma C.1 (iii), we see
that (3.28) with § = R vanishes as the length of the horizontal sides goes to infinity. In the
case Cy (resp. C_g4), we set the length of the horizontal sides in R to be ¢ — c_ and place
it in a way that its two bottom (resp. top) corners match the corners in Cy (resp. C_4) and
show that (3.28) with # = Ry (resp. tR,) vanishes as the length of the vertical sides goes to
infinity using Lemma C.1 (ii). On the other hand one can show the property (II) just by using
Lemma C.1(ii) and (C.3) in Lemma C.1 (iii) in the cases A4 and A_; while in the case Cy
and C_g4, we use Lemma C.1 (ii).

Now we will prove Lemma 3.4 (iii) by showing the following two relations:

K(mi,mz;Te) = Keo(ma, ma), (3.31a)
K(mi,mz;T'e) = —L(m1,ma). (3.31b)

First, we prove (3.31a). Noting ' = A3 U Do U A_y4, and (3.27), we have

K(my,mg;T¢) = K(mi1,ma; Deo) + K(m1, ma; Ag) + K(m1,ma; A_q)
= K(ml,mg;Doo).

Recalling by definition K (mi,mo; Do) = Koo(m1, m2), we arrive at (3.31a).

Next we show the relation (3.31b). Noting the decomposition C = T'.UC; UC_4qUT,_,
and (3.27), we have

K(ml,mg,C') == K(ml,mg,FC).

Combining this with the fact L(mq, mg) = —K(ml, mso; C), we arrive at (3.31D). |

4 Comparison with Borodin’s matching

This section stems from conversations we had in separate occasions with Alexei Borodin and
Guillaume Barraquand, soon after posting the first version of this paper on arXiv. We are going
to compare results proven in the previous sections and especially Theorem 1.3 with the matching
between the distribution of the length of a random partition in the Hall-Littlewood measure
and a certain multiplicative statistics of the Schur measure proven in [9]. The Hall-Littlewood
measure is defined by

My, (p) = P“(al, ...,an; 0, t)Q”(bl, ooy bar; 0,t) / Zy, (4.1)

where P,(ai,...,an;0,t) and Q,(b1,...,byr;0,t) are the Hall-Littlewood polynomials, which
are the case ¢ = 0 of the Macdonald polynomials P,(a1,...,an;q,t) and Q,(b1,...,bum;q,t)
defined in [31, Chapter VI] and Zy, = vazl Hj]\/il(l — ta;bj)/(1 — a;b;) is the normalization
constant.
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R, dv/-1

Rs

Ry —dv/~1

Figure 3. All of the contours appearing in the proof of Lemma 3.4. We set ¢ > 0, c_ < 0.

Proposition 4.1 ([9]). Let a, b be specializations of the algebra of symmetric functions such
that 0 < | Zpp| < 00 and 0 < |Zg| < oo, where

Zur, = ZPﬂ(a; 0,8)Qu(b;0,1) and ZS:ZS)‘(G)S)‘(Z))'
o A

Let HL(a,b) and S(a,b) denote respectively the Hall-Littlewood and the Schur (possibly signed)
measure. Let Bppp -] and Egqp)l] denote the average over the Hall-Littlewood measure
My () (4.1) and the Schur measure Mg(p) (1.13) respectively. Then we have

1 1
EHL(a,b) [(—’Uta“),t)m] = ES(a,b) [H :l-f—MfM] . (4.2)

i>1

In his original paper [9, Corollary 4.4], Borodin proves a variant of identity (4.2) relating
certain averages with respect to the stochastic six vertex model and the Macdonald measure.
One can replace the average with respect to the stochastic six vertex model with the Hall-
Littlewood measure thanks to the equivalence in law between the height function and the length
of a Hall-Littlewood random partition (this equivalence was proven in [10]). On the other hand
one can also replace the average over the Macdonald measure with the Schur measure since the
identity holds for arbitrary ¢, which is the one of the parameters (g, t) in Macdonald polynomial
thus one can set t = ¢. From these properties, we see that the identity in [9, Corollary 4.4] leads

o (4.2). Below we report a different proof that was suggested to us by Guillaume Barraquand
and that to the best of our knowledge has not appeared in published literature before, although
it has been known for a few years.?

2For instance, the same argument we present here had been used in 2019 by Corwin in the lecture series in
Kyushu https://www2.math.kyushu-u.ac. jp/~osada-labo/msj-si2019/slides/Corwin2.pdf.
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Proof. Hereafter, we set N = M = n in (4.1) and (1.13). It was observed in [31] that the
summation of Macdonald polynomials

1 = :
- 1—ug"t" ) P,(a;q,t b;q,t 4.
H(a,b,q,t) Z#:Zl( uq ) M(a7Q7 )Q,U«( 3 4, )a ( 3)
where
- ta;bj; q)oo
M(a,b;q,t) = Y Pula;q,t)Qu(biq,t) = [] (b”
m i,j:1 (al ]7q)00
does not depend on ¢, when a = (a,...,a,) and b = (by,...,b,) are n-tuples of complex

numbers. More precisely, the proof of the g-independence of (4.3) is contained in the proof
of [31, Chapter VI, Section 3, equation (3.12)]. Setting ¢ = ¢, this fact produces a matching
between expectations of Schur and Macdonald measures (the latter denoted by M (a, b))

n n
(1- utuﬁni)] .

Es(a,p) [ (1- uqmtni)] = Eg(a,) [

2

1 =1

Setting ¢ = 0, the left-hand side becomes an expectation over the Hall-Littlewood measure and
after simple algebraic manipulation, we obtain

_ [T, (L —ut ™) | 1
~ e [ [Tiso (1 — ut?) ~ Bsten H 1 — g |

i>1

1
EHL(OLJ?) [ (utnfé(u); t)

o0

We can finally rescale the u parameter as u = —vt™" to obtain the equality (4.2), which holds
for a, b, being n-tuples of complex numbers of modulus smaller than 1. Note that (4.2) can
be regarded as an identity for the symmetric polynomials with n variables. In addition using
stability properties (i.e., the property that the identity for variables (ai,...,a,—1) is equal to
the identity for (ai,...,an—1,a, = 0)) of the Hall-Littlewood and Schur polynomials we can
extend the identity of the symmetric polynomials to that of the symmetric functions. Thus we
see that (4.2) holds in the algebra of symmetric functions; for more information about stability
and inverse limit procedures, see [31, Chapter 1.2]. Through this extension a and b become
specializations of the algebra of symmetric functions and we assume the condition that the
Macdonald measure is absolutely summable. This completes the proof. |

We would now like to transform the identity (4.2) into an analogous identity relating the
g-Whittaker measure and the Schur measure. For this, we introduce the specialization of the
algebra of symmetric functions defined by its action on (the algebraic basis of) power sum
symmetric functions p, as

(-1

a: Pn — an(a),

where a represents a collection of complex numbers and we recall that, under such special-
ization the Hall-Littlewood functions are turned into ¢-Whittaker functions (with ¢ = t) as
P,(a;0,t) = P (a;t,0). Considering the Hall-Littlewood measure in (4.2) with specializations

set to a, b, we get

1 1
Eiw(a,b) |:(_Ut_’u17t)oo:| =Es( ) [H 1—}-1)15_1‘*‘1_#1] ) (4.4)

i>1
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where tW(a, b) denotes the t-Whittaker measure. Above the specialization of the Schur mea-
sure is
p 1
a: Pn > 1_71%(@)

and we used the fact that

Su(a) = Su’(a,) = Su’(a)a

where in the right-hand side « is the collection of the complex numbers whose set {ai}i:m,_. is
given by

{aitizi2,. = |_| {aj,ajt,a]’t27...}.

§=12,...

Through (4.4) one can write Fredholm determinant expressions for the ¢-Laplace transform
of the probability distribution of the first row of a partition p distributed according to the t-
Whittaker measure. This is because the right-hand side of (4.4) is a multiplicative observable
of a determinantal point process, namely (A\; —¢ + 1/2);=1,2,.. when A is distributed according
to the Schur measure. We have, changing all ¢t parameters to ¢

1 £or*
Euwion | omnsgre | =2 (= ey (1)
where f,(x) = 1+vq+“/2 and L*(i,j) = —L(—1 — j,—1 — i), where L was defined in (2.12). To

check that L* is the correlation kernel of a Schur measure (with specializations a’, V') see, for
instance [1, Theorem 1.1]. Now, simple algebraic manipulations of the right-hand side of (4.5)
show that

det (1 — va*)ZQ(Z) =det(1+ f_,120) 2z, (4.6)

where the function f; was defined in Proposition 2.1. We can now compare the expression in
the right-hand side of (4.6) with that in the right-hand side of (2.10) to discover that they differ
by a change of parameter v — t*.

The argument outlined in the previous paragraphs yields another proof of the correspon-
dence between the first row of the ¢-Whittaker measure and the edge of the periodic Schur
measure. Furthermore, we can also obtain (4.2) from our relation (1.5). Noting (1.5) holds for
general specialization of symmetric functions as stated in Remark 1.2 and applying the special-
ization p, — (—1)""1(1 — t")p,(a) to our relation, we arrive at (4.2). This shows the equivalence
between Borodin’s matching (4.2) and our Theorem 1.3.

A Notations and formulas

In this sections, we summarize the notations and formulas which we frequently use in this paper.

A.1 Partitions

A partition ) is a sequence of nonnegative integers A = (A1, Ag,...), \j € Z>( with non decreas-
ing orders A\; > Ao > ---. The length of partition ¢(\) is the number of nonzero elements in A
and the size of A is defined as [A| = >, A;. Let P be the set of the partitions whose lengths are fi-
nite. The partition A € P can be expressed in another way A = 1712™2 ... where m; represents
the number of the elements As such that A\, = j. Note that } . m; =n and [A[ = }_, jm;. For
example, A\ = (3,3,2,2,1,1,1,0,...) is expressed as 132232, We write A = @ if all Aj’s are 0’s.
For A\, p € P, we denote p C XNif p; < N;, 1 =1,2,....
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A.2 g@g-Series and sum over partitions

Here we summarize a few formulas for g-series and related summations over partitions. For more
detail, we refer the reader to [4, Sections 10 and 11]. Define

ﬁ 1—ag’), (A.1)

. —M_ (1—a)(1—qu)...(1_(7an71)7 >0,
(50 = (g™ @)oo 1 n= —m. om0, (A.2)

(1-a/q)(1 —a/q?)--- (1 —a/qm™)’

Note that (g;¢)"L = 0 for m € Z.
Next we give some formulas for the g¢-series. First, we state the g-binomial theorem: For
|z <1, |g| < 1and a € C,

> (@;@n ,  (a2;q)0
n;)(%%z CT (A.3)

For the proof, see, e.g., [4, Theorem 10.2.1]. In this paper, we use the two special cases,

L n 1
Z_:(q;q) T (A4)

fo%) n n(n 1)

Z 2" = (%5 q)oo- (A.5)

The first equality (A.4) holds for |z| < 1 while the second one (A.5) holds for arbitrary z € C.
They are written in [4, Corollary 10.2.2 (a) and (b)]. One immediately obtains (A.4) (resp. (A.5))
by setting a = 0 (resp. replacing a — 1/a x — ax, then taking the limit a — 0) in (A.3).

The Ramanujan’s summation formula is a generalization of the ¢-Binomial theorem (A.3) to
the sum over Z: For |¢| < 1, |b/a| < |z] < 1,

5 (6D _n _ (a2 Qoo (L3 q) (6 D)oo (254) (A6)
= (b:0)n (23 @)oo (£:0) o (0: @)oo (52314) o
For a proof, see, e.g., in [4, Theorem 10.5.1]. In this paper, we use the special case a = —t,

b= —qt, z=q/w with t € C\ {0},

t"w™™  O(—w/t)(g;q)%
% L1t 0(-1/6)0w) ’ (A7)

where 0(x) is defined by using (A.1) as 0(x) = (2; ¢)o(¢/7; ¢)s and according to the condition
on z in (A.6), w should satisfy |¢| < |w| < 1.
Finally, we present a well-known formula for the generating function of A:

Z g =

AeP

(A.8)

OO

and its refinement with a fixed \i:

3 g = i) (A.9)

AEP
Ai=n
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(A.9) is obtained as follows. Switching to the notation of partition as A = 1"12™2... and
noting [A| = 3_, jm;, we have

n—1
3 |A|_qum_ Zq"m"_Hl_l j.lg"n'
AEP j=1m;= mp=1 j=1 4 q

A=n

(A.8) follows immediately from (A.9) by taking the sum over n and noting (A.4).

B Properties of the kernels A(m;r) and B(r;m)

In this appendix, we give upper bounds for matrix elements of A(m;r) (3.7) and B(r;m) (3.8),
which are useful to prove the well-definedness of the Fredholm determinants Fy(3.4) and Fi(3.5)
in Proposition 3.3 (ii) and Lemma 3.4 (ii) in Section 3.3.

Lemma B.1. Recall the assumption on ai, bj, i =1,..., N stated at the beginning of Section 3.
Recall also the notation (3.6), a, = axq“. Then there exist constants Cy, C_, D, and D_
which do not depend on m or r such that the following inequalities hold.

(i) Assume b satisfies bypax < b < 1. We have

7n

+% +u
Almir)| § < Crod e m =0 (B.1)
< C_b"™q", m < 0.

(13) Assume ai/an < g 2T with € € (0, 1/2). We have

rB<r;m>\{ +an"q = (B.2)
<D_a;™q", m < 0.

From (B.1), (B.2), we immediately obtain the bounds for A(m;r) and B(r;m) defined
by (3.11).

Corollary B.2. With the same notation and assumptions as in Lemma B.1, we have

1
1 < C+q€m+wu’ m > 07 M < D+q€m+(§_e_W)u7 m > 07

A(m;r B(r;m

‘ ( )’ {< C_b~™g"“* m <0, ‘ ( )} < D_a;™q", m < 0.

Note that both A(m;r) and B(r;m) are bounded exponentially for m and 7.

Proof of Lemma B.1. In this proof, C;, ¢ =1,...,4 and D;, j = 1,2,3 will denote constants
which do not depend on m or r (i.e., k, u).

(i) First, we consider the case m > 0. We note that the singularities of the integrand of (3.7)
are 0 and b;¢/, i = 1,...,N, j € Z>¢ and do not include @, ! because of the presence of the
factor Hl]\; 1(ai2; )0 Thus we can extend the contour C' arbitrarily without changing the value
of A(m;r). First we give an estimate setting the radius to be ¢~™ with n € Z-¢ and then
specify n giving an optimal estimate. With this choice of the radius |z| = ¢~", f(m) in (2.11)
and some factors in the integrand in A(m;r) can be estimated as

|f(m)] <q™, e 2mq™™,
N N N
1 1 1
< < : B.3
iy (/23 0) E (0;4™; @)oo ng (bj: ¢)oc (B:3)
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where the factor 2mg™" represents the circumference with radius ¢=". We rewrite the remaining
factor as

— H 4i%; )00 = —akq H 1% @)oo - (k2 q)u(arng" " 25q) - (B.4)

= [t
The factor —apg" [J0-1 (ai2: @)oo in (B.4) can be estimated as
21
N (2
-
i=1
ik

N N
L (N_1)2ED
<arg" [[(=ai/a%q) = arg" NV 72 [ af (=a/ai; @)n(—ai5 0)oo
iZh iZh

z — Qr

n(n+1 _ _1)nnt) (N1
< apg" " Ha ~q/a5; Q) oo(—ai; @)oo < Crg" VDT QNI (Bs)
i;ék
where in the second equality we used the relation

n(n+1)

(z/q"q) = (—2)"¢" 2z (¢/2;q)n(2; @)oo (B.6)

For the remaining factors in (B.4), we find

[(arz; @)u(arg" ' 21q) |

n. u—n+1, _ (_akq n;q)oo _n n("+1( Q/Zkv ) ( ak;Q)OO
< (—ar/q";q),(—arq 1) o [ agin = o T+ agir
_n(n+1)
CQGZQ 2, u > n,
< o —ntD
Czajq 2 , N> u.

Here in the third equality we used (B.6). Thus we have a bound regardless of the order of n
and u
n(n+1)

[(arz; @)u(arg" " 21q) | < Caalq™ 2 . (B.7)
Putting together (B.3), (B.5), and (B.7), we have

(n )
|A(m T’)’ < C+aqunm Nl +u+m
_ Oyl Y- g Y (B-4) e (B.5)

Now we specify n which gives an optimal estimate. From the last expression in (B.8), a simple
computation shows that such optimal bound is given by the nonnegative integer which is closest
to m/N — 1/2 and this proves the first inequality in (B.1).

Next we consider the case m < 0. In this case, we set the radius of contour C to be b
appearing in the assumption of (i). We find

27h _ 1 aRq" Ak g
C —— =2wb™ "™

[f(m)] < C4 2[Fm T |z—dr_1 < 1 — apbg" < 1—a; '
T (@70 | _ 17 (Cabia)e
i (bi/2 @) -1 (0i/b; @)oo

Combining these estimates, we arrive at the bottom estimate of (B.1).
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(ii) Recalling the notation a, = arq" (3.6) and calculating explicitly the residue in (3.8), we
have

N
1 1
B(r;m) = — a, " gulm+D) TTarbia™: @)e
(s m) g ZHI (@ig*/ar; @)oo (1/4% @)u(: 0o ]1;[1( b;a%;4)
1#£k
_ D) —u(me1) N B (—a/a:)" (="
= a q 2 .
g }_[1 (qar/ai; @)oo(ai/ar; Q) (4 Q)u(q; @)oo
itk
N
H ak:b]q q 005

1/2+€

where in the second equality we used (B.6). Using the condition a;/an < ¢~ , we have the

following estimate,

|B(r;m)| < Day, —(m+1) —um+N“(““) ~N(5—c)u—(3+e)u_ (B.9)
For m > 0, combining (B.9) with the following bound

£ NN _ 8 (B B (B0 < pygTatem,
we have the desired estimate. On the other hand for m < 0, we use

qg "< q", qN@*N(%*G)“*(%“)“ < Ds. (B.10)

From (B.9) and (B.10), we obtain the bottom relation in (B.2). [

C Decay estimates of g-Pochhammer symbols

In this section, we provide simple bounds for the g-Pochhammer symbol (z; ¢)s, where z € C
and 0 < ¢ < 1. For our purpose, it is sufficient to have bounds in the following three cases
though they are not exclusive nor exhaustive.

Lemma C.1. Let us write z = a++/—1b with a,b € R. For 0 < q < 1 fixed, there exist positive
constants c1 = c1(q) and co = c2(q) such that

(i) fora < —1,
|(2:0)o0| = €1 exp [c210g? [al], (C.1)
(ii) fora <1 and |b] > 1,
(2 @)oc| = c1exp [ log? [b]], (C.2)
(iii) for a > 1, the following two types of lower bounds hold

1(2; Q) oo] > c1b%a™3 exp [c2log?al, (C.3)
1(2:0)00] > c1(¢* ™" — 1) (1 — ¢%) exp [c2 log?a],

where o = ﬂogq_l aw — log,—1 a with [x] being the minimum integer greater than x.
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Proof. We repeatedly use the simple estimate

|1_§Rw‘7

|Swl,

(C.5)

11— w| = /(1 —Rw)?+ (Sw)2 > {

which hold for any w € C. We use the top or bottom estimate depending on the situations.
(i) In terms of a € [0,1) and J € Z~g, we express a(< —1) as a = —¢®~/. Applying the top
estimate in (C.5) to the factor

k k)2 k)2 J+k g7tk

o— 9
1= 2| = /(14 ag)” + (bg%)” > 1+ "7 > I (C.6)
where both estimates holds for Vk = 0,1,2,.... Choosing the top (resp. bottom) estimate

for k < J (resp. k > J), we have

o J—2U+D

a2—0¢
1(2;0)o0] > ¢ 2 (g Q)oo = ¢ 2O ODEETE () > g2 (g1q) 0, (CLT)

where in the last inequality we used the fact 0 < a < 1 and 1 < J. Recalling o — J = log, |al,
one easily sees

(a—J)2 —(log |a])?

g 2 =e Z2lgaq . (C.8)

From (C.7) and (C.8), we obtain (C.1).
(ii) We adopt the same strategy as above. In this case we write |b| = ¢®~/, where 0 < a < 1
and J € Z~g. Using (C.5), we have for k =0,1,2,...

k
k 1blg" = q
‘1_2‘1 ‘ = {1_aqk > 1 ghtid,

a—J+k
! (C.9)

Applying the top (resp. bottom) estimate in (C.9) to the case k < J (resp. k > J) and noting
that the estimate (C.9) is exactly the same as (C.6) except that o — J represents log, [b], we
get (C.2) similarly to the case (i).

(iii) As in the case (i), we express a as a = ¢®~7 with a € [0,1) and J € {1,2,...}. First, we
prove (C.3). We choose the estimates as follows:

11— 24"]

|1 _ aqk‘ — qafJ+k(1 _ quafk)
- > ¢ Itk (1— g7k, for0<k<J-2,
— | ", for k=J—1,J,

1 —agf|=1—¢ /T >1—g7 /T for J+1<k.

(C.10)

Thus we have

J—2 J o)
(ziq)ool = [T a7 —¢"* ) ] 0" [ (0—a"*")
k=0 k=J—-1 k=J+1

- 2 120y b (g; SOl ‘*) +3(J—a)+ 2l 432 b2 (q; )%
’

7)7-1(¢ @)oo

Thus from a = ¢®~7 and (C.8), we obtain the desired form (C.3).
The other estimate (C.4) can be readily obtained by replacing the second inequality in (C.10)
(corresponding to the case k = J — 1,.J) with |1 — 2¢"| > |1 — ag®| = |1 — ¢*~/T*|. [ |
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