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Abstract. It is well known that for flat systems the tracking control problem can be solved
by utilizing a linearizing quasi-static feedback of generalized states. If measurements (or
estimates) of a so-called generalized Brunovsky state are available, a linear, decoupled and
asymptotically stable tracking error dynamics can be achieved. However, from a practical
point of view, it is often desirable to achieve the same tracking error dynamics by feedback of
a classical state instead of a generalized one. This is due to the fact that the components of
a classical state typically correspond to measurable physical quantities, whereas a generalized
Brunovsky state often contains higher order time derivatives of the (fictitious) flat output
which are not directly accessible by measurements. In this paper, a systematic solution for
the tracking control problem based on quasi-static feedback and measurements of classical
states only is derived for the subclass of (x,u)-flat systems.
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1 Introduction

The concept of flatness has been introduced in control theory by Fliess, Lévine, Martin and Rou-
chon in the 1990s, see, e.g., [9, 10, 11]. Roughly speaking, a nonlinear control system of the form

&= f(z,u) (1.1)

with an n-dimensional! state z and an m-dimensional input w is flat, if there exist m differen-
tially independent functions ¢/ = ¢’ (:1:, u, Uy ..., u(q)), such that = and u can locally be expressed
by y and its time derivatives, i.e.,

x:Fx(yag/)?y(Til)% u:Fu(yvyuvy(T)) (12)

Parameterization (1.2) of the system variables by the flat output allows for an elegant and sys-
tematic solution of both feedforward and feedback problems, which is the reason for the ongoing
popularity of flat systems, see, e.g., [7, 11]. The computation of flat outputs, however, is known
to be a difficult problem. Recent research in this field can be found, e.g., in [15, 17, 29, 30].

A typical intermediate step in the design of a flatness-based control is an exact linearization
of system (1.1) by a suitable feedback. Exact feedback linearization should not be confused with
exact feedforward linearization, which has been introduced in [18], see also [19]. In this paper,
we solely consider exact feedback linearization. The objective is that the closed-loop system

!By abuse of notation, we write, e.g., dim(z) = n, although it is actually the space containing x, which is of
dimension n. The same abuse of notation is also used for other quantities throughout the paper.
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possesses a linear input-output behavior in the form of integrator chains between a new closed-
loop input v and the considered flat output 4. A standard approach is an exact linearization by
an endogenous dynamic feedback

z=g(x,z,v), u=a(zx,z,v), (1.3)

where the new input v is given by the highest time derivatives y(™) that are present in param-
eterization (1.2). The feedback (1.3) being endogenous means that g and « are such that the
state z of the feedback and the new input v which is introduced by means of this feedback
can be expressed as functions of x, u and time derivatives of w. Thus, the closed-loop sys-
tem = f(z,a(x, z,v)), 2= g(z, z,v) has a linear input-output behavior yh =i j=1,....m
between the new input v and the flat output y. For example, in [1, 12, 21] it is shown how such
a dynamic feedback (1.3) can be constructed systematically from parameterization (1.2) (we
recall the construction in Section 3).

However, a drawback of this standard approach is that it is a dynamic feedback and that the
order of the error dynamics of a subsequently designed tracking control is given by dim(x) +
dim(z), which is higher than the order dim(z) = n of the original system (1.1). A well-established
alternative, which circumvents these drawbacks, is the exact linearization by a quasi-static
feedback of generalized states proposed in [6, 7, 37]. In contrast to the more classical static
or dynamic feedbacks, a quasi-static feedback is a feedback which may also depend on time
derivatives of the closed-loop input. The notion of quasi-static feedback and the equivalence
of two systems by a quasi-static feedback were originally defined within a differential-algebraic
framework, see, e.g., [2, 3, 6, 35] for a precise definition and further details. A consequence of
this definition is the existence of a transformation of the form

’U(k) :d)k(xvuauw")v u(k) :(%k(x’v7i}"") (14)

for k > 0, which relates the original input u and the new input v as well as their time derivatives.
Note that although z is a classical state for the original system & = f(x,u), it is a generalized one
for the resulting closed-loop system & = f(x,v,v,...). The fact that one input can be calculated
directly from the other by relation (1.4), without the need to solve any differential equation,
explains the terminology quasi-static, see also [36]. In [6, 7], it has been shown that every
flat system (1.1) can be exactly linearized by a quasi-static feedback of a so-called generalized
Brunovsky state g = (y,y, . ,y(“_l)), which consists of suitably chosen time derivatives of
the components y’ of the flat output up to the orders x/ — 1 and meets dim(Zp) = dim(x), i.e.,
k!'+---4+K™ = n. Passing from the original state x to this generalized Brunovsky state & results
in a state representation of the form 2 = f(@p,u,,...),1ie., ageneralized state representation.
In a next step, the system is exactly linearized by a quasi-static feedback

u=a(Zp,v,0,...), (1.5)

where the new input v is given by the time derivatives y%) and hence the closed-loop system pos-
sesses the linear input-output behavior y7(*") = ¢4, j =1,..., m. Note that here v corresponds
to lower-order time derivatives of the flat output than in the dynamic feedback (1.3). Under the
assumption that measurements or estimates of the generalized Brunovsky state Zp are available,
it is then straightforward to achieve in a second step a linear and decoupled tracking error dy-
namics for the components of the flat output with arbitrarily placed eigenvalues. The practical
usefulness and good performance which can be achieved with a quasi-static tracking control has
been demonstrated, e.g., in [24]. However, feedback (1.5) is not a feedback of the original state
of (1.1), and the same applies to the additional feedback which achieves the desired tracking
error dynamics. Since except for static feedback linearizable systems a generalized Brunovsky
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state Zp is not equivalent to the original state x via a state transformation zp = ®,(x), de-
termining the required time derivatives of the flat output from available measurements is not
a straightforward task.

The aim of the present paper is to propose a method which combines the advantages of both
above-mentioned approaches while avoiding their drawbacks. The solution of the considered
problem requires two steps. First, a linearizing quasi-static feedback

u=a(x,v,0,...) (1.6)

of the original, classical state x has to be derived. Second, for the exactly feedback linearized
system, an additional feedback has to be constructed which achieves the desired linear, decoupled
and asymptotically stable tracking error dynamics and again only requires the classical state x
of the open-loop system (1.1). Regarding the first step, there are already results available in
the literature. In particular, in [4, 5] conditions for the input-output linearizability by a quasi-
static feedback of classical states have been derived in a differential-algebraic setting and it can
be shown that (z,u)-flat systems satisfy these conditions. However, the exact linearization by
a quasi-static feedback of the form (1.6) is only an intermediate step in deriving a tracking
control law of the desired form u = a/(z, y?(t), §(t), ..., yh () (t)), which only depends on z and
the reference trajectory y?(t). Therefore, we propose an alternative derivation of a linearizing
quasi-static feedback (1.6) within a differential-geometric framework, which as a byproduct
yields a coordinate transformation with a certain triangular structure that is essential for the
subsequent tracking control design.

At this point, it is important to emphasize that transforming a feedback of the form (1.5)
into a feedback of the form (1.6) is not a straightforward task and not generally possible.

Remark 1.1. Since the generalized Brunovsky state Zp consists of certain time derivatives of
components of the flat output, it is of course a function of z, u, and time derivatives of u, i.e.,
Zp = ¢(x,u,u,...). However, simply substituting this expression into (1.5) yields in general an
implicit relation of the form?

u=a(p(z,u,i,...),v,0,...) (1.7)

in u and its time derivatives. To obtain a quasi-static feedback of the desired form (1.6), we
would have to differentiate (1.7) in order to eventually obtain a system of equations which can
be solved for u as a function of z, v, and time derivatives of v. According to the author’s best
knowledge, it is not known whether for every flat system (1.1) there exists at least one linearizing
feedback (1.5) for which this is indeed possible.

The contribution of the paper is threefold: First, we derive geometric conditions under which
certain time derivatives of a general flat output y = ¢(x,u,,...) can be introduced as a new
input, and provide a systematic procedure for the construction of the corresponding feedback.
Second, we show within our differential geometric framework that for (z,u)-flat systems, i.e.,
systems with a flat output

y = o(z,u), (1.8)

which may depend on the input but not on time derivatives of the input, the new input can
always be chosen such that the corresponding feedback is a quasi-static feedback of the sys-
tems’ original, classical state x. In contrast to [4, 5], this alternative approach reveals structural
properties which are important regarding tracking control design. Third, we show that on the

2With the exception of y being a linearizing output in the sense of static feedback linearizability, at least one
of the components of Zp = ¢(x, u,x,...) explicitly depends on u or time derivatives of u.
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basis of such an exact feedback linearization, it is possible to achieve a linear, decoupled and
asymptotically stable tracking error dynamics by an additional feedback which again requires
only measurements of the state . Thus, in contrast to the standard approach for the track-
ing control design described in [7], the usage of a generalized Brunovsky state can again be
avoided. Preliminary results addressing this topic can be found in [22] and [14]. The approach
taken therein roughly speaking consists of deriving a tracking control law based on a gen-
eralized Brunovsky state and — under certain assumptions — subsequently transforming this
control law such that it depends on the original, classical state x and the reference trajectory
only. In the present contribution, in contrast, we completely avoid the usage of a general-
ized Brunovsky state and show for (z,u)-flat systems how to derive a tracking control law of
the desired form u = oe(:u, y(t), 94 (t), . ..,y (t)), which only depends on z and the reference
trajectory y?(t), directly.

The paper is organized as follows: In Section 2, we introduce some notation and preliminar-
ies. In Section 3, we discuss the exact feedback linearization of flat systems in a differential-
geometric framework and show how to construct a feedback which introduces appropriately
chosen time derivatives of a flat output as new input. Furthermore, we prove in this framework
that for (x,u)-flat systems the new input can always be chosen in such a way that the required
feedback is a quasi-static feedback of the state x. The results of Section 3 are then illustrated
by two examples in Section 4. Subsequently, Section 5 deals with the design of a flatness-
based tracking control on the basis of the exact feedback linearization derived in Section 3.
Finally, in Section 6, the tracking control design is illustrated with the continued examples of
Section 4.

2 Preliminaries

In the following, some notation and the utilized differential-geometric framework are intro-
duced.

2.1 Notation

Let X be an n-dimensional smooth manifold, equipped with local coordinates z%, i = 1,...,n.
The tangent bundle and the cotangent bundle of X are denoted by (7 (X), 7y, X) and (T*(X),
7%, X). For these bundles we have the induced local coordinates (xi, xl) and (a:i, xz) with respect
to the holonomic bases {Qﬁ} and {dxi}, respectively. We also make use of the Einstein summa-
tion convention. A vector field is a section of the tangent bundle, i.e., a map w: X — T (X) such
that 7y o w = idy. In local coordinates, a vector field reads w = w*(x)d,:. Likewise, a covector
field or (differential) 1-form is a section of the cotangent bundle, i.e., a map w: X — T*(X)
which in local coordinates reads w = w;(z)dz’. A codistribution on X of rank k is a map which
assigns to each p € X" a k-dimensional linear subspace P, C 7, (X)) of the cotangent space at p.
Then locally there exist k covector fields w!,...,w* such that w;, ... ,wﬁ form a basis for P,.
We say that the codistribution P is (locally) spanned by the covector fields w',...,w", which
form a (local) basis for P, i.e., P = span{w!,...,w*}, with the span over the ring C>°(X) of
smooth functions h: X — R. The k-fold Lie derivative of a function ¢ along a vector field w
is denoted by LY ¢. By 0,h we denote the m x n Jacobian matrix of h = (hl, e hm) with
respect to x = ($1, . ,x”). The symbols C and D are used in the sense that they also in-
clude equality. We write hj,) for the a-th time derivative of a function h. When & consists
of several components, i.e., h = (hl, .. ,hm), then hj,) = (h[la], el hﬁ]). To keep expressions
involving time derivatives of different orders short we use multi-indices. Let A = (al, ces ,am)
and B = (bl, ... ,bm) be two multi-indices with ¢/ < &/, j = 1,...,m, which we abbreviate
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by A < B. Then

h[A] = (h'[lalp ceey hgm]), h‘[U,A] == (h[107a1]7 ey hf&a’”])?

hiag) = (Baipigs - > Al gmy)
where h? i ] = (hfa]} hfbj]) We define h[ J 9] to be empty when o/ > 7. Addition and
subtraction of multi- 1nd1ces is done componentwise and we define the addition and subtraction
of a multi-index A with an integer ¢ by A £ ¢ = (a +oc, a™ =+ c) Furthermore, we de-
fine [A| = >, a’. Multi-indices are sometimes also used in connectlon with the Lie derivative,
for instance, 1f f is a vector field, then L?h = (La ht,. hm) When h consists of multiple
blocks, the first subscript refers to the block and a second subscript in square brackets is used
for denoting time derivatives. Consider, for instance, the function

h=(hi,he) = (B!, ... K™ B™T1 ™),
h1 h2

whose components h/ are grouped into the two blocks ki and hy. Then a second subscript in
square brackets is used for denoting time derivatives, e.g.,

. _ 1 m m +1 m
hia) = (h1 o], hofa) = (Baps - Bl b -5 Biy)
hi,a) ha, )
and hy (4, = (h1 yeves B ) with some multi-index A; = (al aml).
1AL 17[(11]7 ) 1,[a1 1] 1 s U1

Example 2.1. Consider the tuple h = (hl,h2), the integer ¢ = 2 and the multi-indices
A= (1 3) B = (2,3). We then have h[c] = (h[12},h[22]), h[A] = (h[ll],hfg]), h[O,A] = (h h[l],hQ,

h[ 1 h[Q],h[ ]) hiaB = (h[ll’h[ 2] h[ }) as well as hjayg = (h[g],h[ }) and hjga—q = (h h[ll)

2.2 Geometric framework, flatness
and quasi-static feedback of classical states

Throughout this contribution, we use a finite-dimensional differential-geometric framework like,
e.g., in [23]. All our definitions and results are generically local, that is, they hold locally
in open and dense subsets. Thus, we can assume that all considered Jacobian matrices and
(co-)distributions have locally constant rank. In order to compute time derivatives of func-
tions of the system variables along trajectories of (1.1), a manifold X X Up,,) with coor-
dinates (z,u,upy, .. .,up,)) is introduced, where uj,) denotes the a-th time derivative of the
input u and [, is some large enough but finite integer. The time derivative of a function
h(z,u, U] - - - ,u[lu,l}), which does not explicitly depend on uj, ), is then given by the Lie deriva-
tive Ly, h along the vector field?

m ly—1

fu—Zfou szrZZuaH] (2.1)

=1 a=0

In the remainder of the paper, we assume that [, is chosen large enough such that f, acts as
time derivative on all functions considered. An appropriate bound on [, for the computations in
this paper is given below Definition 2.2. Within this differential-geometric framework, flatness
can be defined as follows.

#To be precise, we have < (ho (z(t), u(t),up(t),...)) = (Ls, h) o (z(t),u(t), up)(t), . .. ). Therefore, we identify
the Lie derivative of a fun(:tlon on X x U, along f, with its time derivative.
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Definition 2.2. System (1.1) is called flat if there exists an m-tuple of smooth functions
yj:goj(x,u,u[l],...,u[q}), j=1,...,m, (2.2)
defined on X' x Uy, and smooth functions F! and F} such that locally
wi:Fé(go,qunp,...,Li_l ), 1=1,...,n,
w =F)(p,Ly,p,.... L} p), j=1,...,m, (2.3)
with some multi-index R = (rl, e ,rm). The m-tuple (2.2) is called a flat output.

The highest time derivative of each component 3’ which may be needed throughout the
derivations in this paper is given by 77, where 7/ are the integers which form the multi-
index R = (rl,...,rm) in Definition 2.2. Therefore, a bound on [, is given by r + ¢ with
r = max {rl, - ,rm}. A bound on r in terms of the number of state variables n, the number
of inputs m and the highest order ¢ of time derivatives of the input occurring in (2.2) can be
found in [23], namely r < n + (m — 1)q. Hence, in total we have n + (m — 1)qg + g = n + mgq as
a bound on [,.

We call a flat output y = ¢(x,u), which may depend on the input u but not on time
derivatives of the latter, an (z,u)-flat output and a system possessing such a flat output an
(z,u)-flat system. It should be stressed that we do not require an (x, u)-flat output to explicitly
depend on u. Therefore, every z-flat output y = (), resp. z-flat system, is also an (z,u)-flat
output, resp. (z,u)-flat system (whereas the converse is obviously wrong). Our main results are
derived for (z,u)-flat outputs and thus also apply to z-flat outputs.

By taking the exterior derivative of expressions (2.3), we find that flatness implies

dz € span {d(p, dLy, e, ... ,dLi‘lw} and du € span {d(p, dLy, ¢, ... ,dL}igp},

where throughout this section, span denotes the span over smooth functions on X x U1, i.e.,
smooth functions of (z, W, Up]s - - - ). Under the assumption that ranks are constant (which we
assume throughout), the converse is also true. This is a consequence of the following more
general result relating the functional dependence of functions and the linear dependence of their
differentials.

Lemma 2.3. Consider a set of smooth functions g*, ..., g* as well as another smooth function h
which are all defined on the same manifold. The following conditions are equivalent:

(1) Locally dh € span {dgl, - 7dgk}.

(2) There exists a smooth function ¢: RF — R such that locally h = w(gl,...,gk) holds
tdentically.

Furthermore, if the differentials dg*,...,dg* are linearly independent, then the function v is
unique.

The proof is straightforward and follows immediately by introducing a maximal number
of independent functions of the set g',...,¢* as local coordinates on the underlying mani-
fold, see, e.g., [21]. Another well-known important implication of Definition 2.2 is that the
differentials dy,dLy, ¢, ... ,dLﬁucp of derivatives of a flat output up to an arbitrary order
are linearly independent.* This in turn implies that there exists a unique minimal multi-
index R = (7’1, .. .,rm), where 77 is the order of the highest derivative of y/ needed for ex-
pressing x and u. Because of Lemma 2.3, it furthermore follows that the corresponding maps F,
and Fy, in (2.3) are unique. From now on, R always denotes this unique minimal multi-index.

“The integer l, needs to be chosen large enough such that the Lie derivative L?unp indeed yields the cor-
rect expression for the [-th time derivative of the functions ¢. The linear independence of the differen-
tials dy,dLy, @, .. ., dL?uga implies that the time evolution of the flat output is not constrained by any autonomous
differential equation x(y,y[),-.-,yg) = 0. We refer to the latter property as differential independence of the
components of a flat output.
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Finally, let us give definitions for the notions of endogenous feedback and quasi-static feedback
of a classical state.

Definition 2.4. Consider system (1.1) and a feedback of the form
z=g(x, z,v,v]- .. ), u = a(r,z,v,0]- ), (2.4)

which contains the dynamic feedback (1.3) and the quasi-static feedback (1.6) as special cases.
The feedback (2.4) is called endogenous if its state z and the new input v = (vl, . ,vm) can be

expressed as functions of z, u and time derivatives of u, see also [25, Definition 2.3].

Definition 2.5. Consider system (1.1) with state x, control input v and an invertible transfor-
mation of the form

u=a(z,v,vy),. ), v = &(x,u,up),- ),
up) = a1 (z, v, v, - - ), vy = Gz, u,upy, - - ),
U[Q] = ag(x, v, UM, N ), 1)[2] = dg(ﬂ:, u, U[l], ves ),
(2.5)
such that the differentials dz,dv,dvyy),... are linearly independent. We refer to u = a(z,v,
vpps---) in (2.5) as a quasi-static feedback of the state x.”

Remark 2.6. A quasi-static feedback of a classical state as in Definition 2.5 is a special case
of a quasi-static feedback as considered, e.g., in [6, 7]. The major difference is that our point of
departure is always a system of the form (1.1) in classical state representation, whereas in [6, 7]
generalized state representations I = f(z,u, uy]s - - .) are considered. The transformation (2.5)
would be the same in the case of generalized state representations with x replaced by .

3 Exact feedback linearization of flat systems

In this section, we discuss the exact feedback linearization of a system (1.1) with respect to
a given flat output (2.2) by a suitable feedback. The feedback-modified system shall possess
a linear input-output behavior of the form yja]- =l j=1,...,m — with suitable integers a/ —
between a newly introduced input v and the flat output y. Such an exact feedback linearization
is used, e.g., as an intermediate step in the design of a flatness-based tracking control. For the
design of a tracking control, it is desirable to choose the orders a’ of the time derivatives of the
components of the flat output which are used as new (closed-loop) input v as low as possible
to obtain tracking error dynamics of minimal order. In Theorem 3.1 below, we provide easily
verifiable conditions which assure that a selection of time derivatives of a flat output can be
introduced as new (closed-loop) input v. The construction of a corresponding feedback which
introduces these time derivatives as new input is similar to the construction of the classical
linearizing endogenous dynamic feedback (1.3) as proposed, e.g., in [1, 12, 21]. So let us first
briefly recall its construction, which is as follows.

We have to extend the flat parameterization F), of the state of the system to a diffeomorphism,
i.e., we have to choose | R|—n functions 2! = Fé((p[O,R,l]) such that the map (Fj, F,): RIEl — RIAI
is a diffeomorphism. We then have

xi:F;(gp[O,R—l]% Z.:L"'vnv
Zl = le‘(gp[O,R—l]% l= 1> SRR |R‘ -n, (31)

*Note that (2.5) implies dim(v) = dim(u).
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which allows us to express the functions ¢[g p_1] as functions of z and z, and by setting v = ¢|g|,
all the functions pyg ) can be expressed as functions of z, z and v, i.e., there is a diffeomorphism
U RIEH™ — RIEF™ such that ¢y g = ¥(x, 2,v). The time derivatives 2/ = Ly, (F! (¢ r-1]))
are obviously also functions of [ r] = U(z, z,v), i.e., with

g'(x,2,v) =Ly, (Fé(np[ovR,l])) oW(x,z,v), l=1,...,|R| —n,

l

we have 3! = ¢g!(z, z,v). Now consider the dynamic feedback

z2=g(z,z,0), u=F,o¥(x,zv), (3.2)

constructed from the functions g, the flat parameterization F, of the input and the map W.
Applying this feedback to system (1.1) yields the closed-loop system

&= f(x, Fyo¥(z,z,v)), z2=g(z,z,v) (3.3)

with the state (x, z) and the new input v. It can then be show that the transformation Yo,r] =
U(z, z,v) puts the closed-loop system into the Brunovsky normal form

Ylo,r—1] = Y[1,R)- (3.4)

The top variables 3/ = Wi(z,z,v), 7 = 1,...,m of the integrator chains in (3.4) obviously
form a linearizing output of the closed-loop system. These top variables are in fact just
the components of the flat output ¢(x,u,upy,...) of the original system expressed in terms
of the state (z,z) and the input v of the closed-loop system (3.3). The closed-loop system
thus has the linear input-output behavior y;z = v between the new input v and the flat out-
put v/ = ¢’ (z,u,upy, ... ) = W (z,2,v). In other words, feedback (3.2) introduces the highest
time derivatives yr which are present in (2.3) as the new input v.

As already mentioned, for the design of a tracking control, it is desirable to choose the
orders a’/ of the time derivatives of the components of the flat output which are used as new
(closed-loop) input v as low as possible to obtain tracking error dynamics of minimal order. The
following theorem provides easily verifiable conditions which assure that a given selection of time
derivatives of a flat output can be introduced as new (closed-loop) input v. The multi-index R
in this theorem again refers to the minimal multi-index such that (2.3) in Definition 2.2 holds.

Theorem 3.1. Consider system (1.1) with flat output y = p(x,u,up),...,uy). For any m-
tuple y(a) with A < R, satisfying the property that the differentials dz, dp(4), dpiat1), - - - dP[rR-1]
are linearly independent, there exists an endogenous feedback of the form

=gz, z,v,v)- ), u=a(z,z,v,v)]- ) (3.5)

with dim(z) = |A| —n, such that the closed-loop system has the input-output behavior yja = v.
In the case |A| = n, z is empty and the feedback (3.5) reduces to u = a(x,v,vpy,...), ie.,
a quasi-static feedback of the state x.

The proof of this theorem is done constructively and thereby provides a systematic method
for constructing a feedback which actually introduces the time derivatives ¢4 of a flat output
as new input. The condition on the linear independence of the differentials da:,dgo[ A dcp[ A1)y
...,dcp[R,l}G roughly speaking assures that trajectories of 4 (i.e., the derivatives of the flat
output intended as new inputs) are not restricted by the current state x of the system. This

SNote that due to the linear independence of the differentials of time derivatives of a flat output up to an
arbitrary order and dx € span{dypg r—1}, the linear independence of dz,dppa),dpia+1), .-, dpr-1] actually
implies linear independence of the differentials dz, dypa), dppat1), - -, ders) up to an arbitrary order f.
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is analogous to the independence of the original control input w and the state x (the differen-
tials dx, du, dupy, ... are obviously linearly independent). Note that the time derivatives Y[R
introduced as new input by means of the endogenous dynamic feedback discussed above always
satisfy this independence condition. Furthermore, it can be shown that the condition can only
be satisfied for multi-indices A with |A| > n. An obvious example which does not meet this
condition are the components of an z-flat output.

Proof of Theorem 3.1. The construction of the feedback is similar to the construction of
the classical endogenous dynamic feedback which introduces the time derivatives ¢(g) of a flat
output as new input and which we recalled above. However, instead of extending the flat
parameterization x = Fy ([0, g—1]) of the state to a diffeomorphism with |R| —n arbitrary func-
tions 2! :le(cp[oﬂ,l]) (see (3.1)), here, a part of the functions used for extending x = Fy(¢[0, r—1])
to a diffeomorphism will be given by the consecutive time derivatives ¢4 r_1)-

By assumption, the differentials dz, dyp4 g1 are linearly independent. Because of that
and x = Fy(¢(o,r—1]), it follows that the map ¢jo r—1) = (Fz(¢[0,r-1]), ¥[4,r—1]) is & submersion.
Therefore, we can chose |A| —n further functions 2! = Fé(go[O,R_l]), l=1,...,|A] — n such that
the map pjo 1) = (Fz(®p0,r-1)), F=(¢j0,r-1]), ¥[4,r-1)) is a diffeomorphism. The map ¢jo r) —
(F(pp0,r—-11)> F=(¢[0,r=1))s ¥[a,Rr)) is then obviously also a diffeomorphism. Via the inverse of
this diffeomorphism, all the functions g g can be expressed as functions of z, z = F,(¢[0,r—1])
and vjg r— 4] i= @[A,R] 1.€., there exists a diffeomorphism ¥ such that

vi0,r] = Y(z,2,v]0,R—4])-

The time derivatives 2/ =Ly, (Fé(cp[o,R,l])) are obviously also functions of ¢z = ¥(z,z,

Vo, r—A])> 1-€., with ¢'(x, 2,010 r—a)) = Ly, (Fi(¢0,r-1))) 0 ¥ (2, 2,v0,5-4), | = 1,...,[A] —n,
we have 3! = ¢!(z, 2, vjo,r—4])- Now consider the dynamic feedback

2= g(x,2,v0,r-4)), Ul0,R—A—1] = V[1,R—A]s u=F,oW¥(x, 2 v0r_ ) (3.6)

constructed from the functions g, the flat parameterization F; of the input and the map W.
Applying this feedback to system (1.1) yields the closed-loop system

= f(x, FyoW(r,2,00Rr-4)));  2=9(T 2,v0r-4)  Vo,r—4-1] = Vp,r—a] (3.7)

with the state (z,2,vj0,r—a—1)) and the new input vjz_4). Recall that feedback (3.6) is just
a special case of the endogenous dynamic feedback (3.2) considered above, the difference being
that a part of the functions used for extending the map F, to a diffeomorphism is given by
the consecutive time derivatives ¢4 p—1) instead of arbitrary functions. It is thus immediate
that the closed-loop system (3.7) again has a linear input-output behavior between the new
input vjp_ 4 and the flat output y.

Now consider the feedback

Z:g(.’E,Z,’U[O’R_A]), u:Fuo\Il(xvzaU[O,R—A])?

obtained from (3.6) by omitting the integrator chains Uo,R—A—1] = V[1,r—4]- Lhis feedback yields
the closed-loop system

&= f(x, FyoW(x, 2,00 pr-4)); z=g(z,2,v0,r-4a)) (3.8)

with the new input v (instead of vjr_4j). Computing the time derivative of a function along
trajectories of (3.8) or along trajectories of (3.7) yields exactly the same result. For the closed-
loop system (3.8), we thus have the linear input-output behavior y4 = v. |
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Remark 3.2. Theorem 3.1 analogously applies to multi-indices A which do not meet A < R,
only minor modifications of the proof would be required in this case. However, since the
choice A = R is always possible, and in regard of a subsequently designed tracking control
a choice for A which is larger than necessary does not seem to be desirable, we for simplicity
assume A < R.

For the design of a flatness-based tracking control, the special case |A| = n is particularly
interesting, since it ensures a tracking error dynamics of minimal order. Furthermore, it has
the advantage that according to Theorem 3.1 the required feedback is a quasi-static one and
no controller states need to be initialized. Even though it has been shown in [7] that every flat
system with a flat output of the general form (2.2) can be exactly linearized by a quasi-static
feedback of a generalized state, the question whether this is also always possible by a quasi-
static feedback of a classical state is still open. For the practically most relevant subclass
of (z,u)-flat systems with flat outputs of the form (1.8), however, the existence of a linearizing
quasi-static feedback of a classical state can be deduced by applying results derived in [4, 5] in
a differential-algebraic setting. In the following subsection, we provide a self-contained proof as
well as a systematic construction of such a quasi-static feedback in our geometric framework.

3.1 Exact feedback linearization of (x,u)-flat systems

In this section, it is shown in our finite-dimensional geometric framework that every system (1.1)
with an (z, u)-flat output

y = o(z,u) (3.9)

can be exactly feedback linearized with respect to this output by a quasi-static feedback of
its original state x. Because of Theorem 3.1, we only have to show that there exists a multi-
index A < R with |A] = n such that the differentials dz, dy|4), dppas1)s-- - dSO[R—ll are linearly
independent. From now on it is referred to such a special multi-index by « = (m ,...,mm) in
order to distinguish it from the general case.

In the following, a procedure for systematically constructing such a multi-index is proposed.
In each step of the procedure, certain time derivatives of the flat output are introduced as
new coordinates on X X Ujg;,], such that finally the coordinates (z,u, ufy]s - ..) are replaced
by (z,v, V[ - - - ) with v = Y[x]- The multi-index £ is of course not known a priori, it is constructed
successively and thus also the new coordinates v are introduced successively. Roughly speaking,
we differentiate each component of the flat output until it depends explicitly on the input wu.
By means of a coordinate transformation, we then replace as many components of the input u
as possible by these derivatives. In the next step, each of the remaining components of the flat
output is further differentiated until again an explicit dependence on the remaining components
of the original input u occurs, and again as many of its components as possible are replaced
by these derivatives. This procedure is continued until all components of the original input u
have been replaced by time derivatives of the flat output. For the proposed procedure, it is
crucial that the ranks of the occurring Jacobian matrices are locally constant, which we assume
throughout.

Step 1. Define the multi-index K = (k:%, ey k‘{”) such that

=g, @), iy =y, @
Fu (=127 fu LT

ie., k{ denotes the relative degree of the component ¢’ of the flat output. Note that for
an (z,u)-flat output where 3/ = ¢’(x,u) explicitly depends on u, we have k7 = 0. Intro-
duce m; = rank(9ypx,]) of the m functions px,) and their time derivatives as new coordinates.
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By reordering the components of the flat output we can always achieve that rank(0y¢1 ;1) = ma,
where o1 = (¢!,...,¢™) and k1 = (k{,...,k]"") consists of the first m; integers in K7, enabling
us to apply the coordinate transformation

U1 = 901,[141} (‘/L‘a U), Urest; = (um1+17 s 7um)7
1
V11 = P10 +1) (T ws U, Uresty,[1] = (U’ff]ﬁr s ),
1
V2] = P1 e +2) (T, W U Up)),  Uresty [2] = (UFQ"TJr s uly),
(3.10)
That is, we replace the inputs u!, ..., ™ and their time derivatives by v and its time derivatives
(which may require a renumbering of the inputs).” In these coordinates, we have
Y1,[0,k1—1] = P1,[0,r1—1] (), Yrest1,[0,Krest; —1] = Prests,[0,Krest; —1] (z),
yl,[m] = V1, yrestl,[Krestl] = QDrestl,[Krestl]($7 Ul)a
where
1 .
Y1 = (y17'~7ym1)7 Yresty — (ym1+1’”.7ym)’ Prest1,[8] — (SO[TZ]H_ 77()0%]) o®
with the inverse ® of transformation (3.10), and Krestlz(k?“ﬂ, . k”l") Note that rest; (Ko, ]

is independent of uyest, , since otherwise rank(@ucp[ Kl]) would have been larger than m;.
Step 2. Define the multi-index Ky = (k%, A k:g”_ml) such that

k=1 j j

qu Sorestl = Sorestl,[kéfl] (‘T) 'Ul, vl,[l]) . e ),

k3

L fu Spiestq = QDJ

resty [k’%} (1’, U1, V1,15 -+ Urestl)-

Similar as before, we introduce mo = rank(@urestlgprestl,[;(z]) of the m — my functions ¢reg, (K]
and their time derivatives as new coordinates. By reordering the components of the flat out-
put belonging to yrest;; We can always achieve that rank(@umstlgol[m]) = mgy, where o =
(go%estl,...,cp?gtl) and Ko = (k%,...,k;’”) consists of the first mo integers in Ko, enabling
us to apply the coordinate transformation®

V2 = P2 [ko] (ZL‘, U1, U1,[1)s - - - 7urest1)7

Uresty = (um1+m2+17 ey um),

V2,11] = P2,[ro+1] (1'7 U1, V11]s - - - 5 Uresty urestl,[l})a
urestz,[l] — (uﬁlerQJrl, e uﬁ])?

"Introducing not only v; but also its time derivatives as new coordinates is crucial for preserving the simple
structure of the vector field (2.1). Concerning the regularity of transformation (3.10) it should be noted that
rank(Jup1,(s,)) = ma implies rank(duy, 1,y +a]) = ma for a > 1. In the new coordinates, the vector field (2.1)
has the form

lu—1

fu=f" 0@, + Z (Uf[aﬂ]avh + uzistl,[ale]auj? ) oot avl,[lu]
a=0

1,[a] resty,[a]

with the inverse ® of the transformation (3.10). The in general non-zero components in the 9,
not bother us as long as [,, is chosen large enough.

8The functions ©2,[x,] depend on time derivatives of v1, which are only available up to the order /,,. Thus, some
higher-order time derivatives of urest; must be kept as coordinates on the finite-dimensional manifold X x U[o,zu]
and cannot be replaced by time derivatives of v2. However, this is no problem as long as [,, is chosen large enough.

1(tu] -directions do
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V2,12] = P2,[r2+2] (z,v1, CARIIERRER) UrestpUrestl,[1}7urest1,[2])7
Uresty,[2] = (ug]ﬁmﬁl, ce u’[%),
(3.11)
That is, we replace the inputs «™ 1 ... u™+™2 and their time derivatives by ve and its time

derivatives (which may again require a renumbering of the inputs belonging to uyest, ). In these
coordinates we have

Y1,[0,k1—1] = $1,[0,k1—1] (z),

Y1,[ky] = V1,

Y2,[0,k2—1] = ¥2,[0,k2—1] (w,v1, U1[1]y - - ),

Y2,[ko] = V2,

yrestg,[O,Kresthl] = QOrestg,[O,KresQfl] (1:7 V1, V1 (1) - - )7

yrestg,[KrestQ] = (prestg,[KrestQ](l') U1, Ul,[l}’ ey 02)7

where
1 1
Y2 = (ym1+ Y. 7ym1+m2)7 Yresto = (?Jm1+m2+ yoee ’ym)’
90 m 1 m—m o é
reStQ’[B]:(wregtT,[B]""7<prest1,[15])
with the inverse ® of transformation (3.11) and Kyest, = (k’Q"ZH, A k:g”fml).
Step 1. In the i-th step, we are concerned with the dependence of the time derivatives of the

. i—1+1 —my——mi_ . .

functions rest, ;, = (‘P:Zstil_g e, QDIZSJTQ "7%) on the inputs upest, , = (™t M-t

u™). Define the multi-index K; = (k},.... k" "' """"') such that

) Ry
J . .
-1 J

fu Prestiss = o) BV VL o5 Vin L Vi)
_1,[K
K2 p—
qugorest,;,l - @resti ) [kj}(x7 U1, Ul,[l]a <oy Vi1, Uifl,[l]a cee 7uresti,1)'
_1, [k
Introduce m; = rank(@uresti_lgoreSch[KJ) of the m —my — -+ —m;_1 functions e, , [k, and

their time derivatives as new coordinates. By reordering the components of the flat output be-
longing to ¢rest; ,, we can always achieve that rank(0y,..,, , ¥i,x;)) =M, where @; = (lest,_1r- -+
Presy, ) and k; = (ki,... k") consists of the first m; integers in K;, enabling us to apply the
coordinate transformation

Vi = gDi’[,{i](iL', V1, ’U17[1], vy Ui—1, Ui—L[l}’ Ce 7urest¢,1)a

Urest; = (uml'f‘"'-‘rmi"rl’ o 7um)’

Vi [1] = Pi,[ri+1] (.1‘, VL, V1) -5 Vi—15 Vi1, [1]5 -+ Urest; 1> uresti,l,[l]))

Urest, [1] = (u'[nf]l‘f'-n+mi+1’ o 7Ufﬁ)a

Vi [2] = Pifri+2] (T, V1, V1 [1] -+ -5 Vie 15 Vim1[1]5 - - + > Uresty_y » Urest;_1,[1]» Urest;_1,2])5
Uest; 2] = (ug]l-l—...—&-mﬁ-l’ o ’u[rg])’

(3.12)

That is, we replace the inputs y™ - +mi—1+l — gmit-+mi and their time derivatives by v;

and its time derivatives (which may require a renumbering of the inputs belonging to urest, ,)-
In these coordinates, we have

Y1,[0,k1—1] = P1,[0,k1—1] (z),
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Yl k) =V

Y2,[0,k2—1] = P1,[0,r2—1] (z,v1, U1,[1]s -+ - ),

y2,[l€2] =0

Yi[0,6;—1] = Pi,[0,5;—1] (z,v1, U]y -+ Vi1, Vi1 [1]5 - - - )

yl’7["£i] =v

Yrest, [0, Krest, 1] = Presty, [0, Kress; —1] (T V1, VL[], - -+ Viel, Vi1 [1], - - - )

yresti,[Kresti} = Soresti,[KreSti] (:Cu V1, /Ul,[l]a <oy Ui—1, ’Ui—l,[lb cee ,’Ui),

where
— (ym1ttmi_1+1 mi+-tm; — (yymitetmi+l m

yi = (y™ L y™ Ve Yrest; = (y™ e y™),
_ mi+1 m—mi——m;_1 =

Prest;,[8] = ((‘Oresti_l,[ﬁ]’ T (presti_l,[ﬂ} ) o®

with the inverse ® of transformation (3.12) and Kyest, = Y

Last step. The procedure terminates when in some step, let us call it the s- th step, the
Jacobian matrix Oy,. ., Prest, 1,[i,) has full rank and thus no components yrest, remain. At this

point, i.e., after the (s — 1)-th step, we already have

(kml+1

Y1,[0,61—1] = $1,[0,k1—1] (z),
Yi[k) =V
Y2,[0,k2—1] = P2,[0,r2—1] (z,v1, U1,[1]s -+ - ),

Y2,[ka] = V2,

ys—l,[o,fesfl—l} = @S—l,[o,nsfl—l} (:L‘a U1, Ul,[l]a sy Us—2, /Us—27[1}7 ce )7
Ys—1,[ks—1] = Us—1;
Yrest,_ 1,[0, Kresty_q— 1] — Qorests_l,[O,Krests_l—l] ($7 U1, ’Ul,[l}7 ceey Us—2, Us—2,[1]7 e )7

yrests,l,[Krestsil] = QDTeSt5717[Krest571](x7 V1, V1 (1) -+ + 5 Us=2:Us—2/[1]5 - - - 7Us—l)-

The multi-index Ky = (k},..., k" ™" ') is again defined such that

Kl 1 4 )
L fu Sorests,l - wreSts_h[kg—l] (1', V1, V1,1 -+« -5 Us—15 Us—1 1] - - - ),
L (prests 1 =¥ j (xﬂvlavl,[l]a"'7087171}3—1,[1}7'"7ureStsfl)a

rests_1,[k3]

where by assumption we now have a regular Jacobian matrix Oy, | Prest,_1,[Ky] (and thus
©¥s = Yrest,_, and ks = K;). In conclusion, in the new coordinates successively constructed by
this procedure, the flat output and its time derivatives up to the orders x; are given by

Y1,[0,k1—1] = P1,[0,k1—1] (v),
Yi,[kq] = ¥
Y2,[0,k2—1] = ¥2,[0,k2—1] (z,v1, U]y .-+ ),

y27[K/2] = U27
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ysfl,[(],nsflfl} = 905—1,[0,53,1—1} (JU, U1, Ul,[l]a <oy Us—2, v572,[1}) s )7
Ys—1,[ks—1] = Us—1;
Ys,[0,65—1] = Ps,[0,65—1] (1’, V1, U115+« -5 Us—15 Us—1[1]5 - - - )7

Ys,[ks] — @s,[lis](xy V1, V1 1]+« + 5 Us=15Us—1,[1]5 - - - 7urests_1) (: Us)- (313)

Remark 3.3. If the procedure is applied to a flat output which is also a linearizing output in
the sense of static feedback linearization, i.e., an output with a vector relative degree of n, see,
e.g., [20], then due to the regularity of Ouspr) (T, u) the first step is already the last step and we
have K1 = K1 = R.

Remark 3.4. In principle, the above proposed procedure is similar to an application of the
dynamic extension algorithm, which was introduced for affine-input systems in [32] and is used
for solving the dynamic input-output decoupling problem. A version of this algorithm for the
general nonlinear case can be found in [34]. As the extension algorithm, also our procedure
essentially consists of successively replacing components of the input by certain derivatives of
the components of the output. However, there are some important differences: The dynamic
extension algorithm may be applied to any system with output. The outcome of the extension
algorithm is then the number of decouplable input-output channels and a dynamic feedback
which achieves the decoupling. In our procedure, we restrict to flat systems with an (x,u)-
flat output. For any (z,u)-flat output, the outcome of our procedure are adapted coordinates
for X x Ujp;,) such that a feasible multi-index  can be read off. Additionally, the procedure
reveals that the time derivatives of the flat output up to the orders x — 1 depend on the state x
as well as higher-order time derivatives in a special triangular way. The latter will be crucial for
the tracking control design in Section 5.

Remark 3.5. It can be shown that one possible choice for a multi-index A < R with |A| =n
such that the differentials dz, dpa}, dpaq1]s - - -, dp[r_1] are linearly independent (i.e., a multi-
index £ in the above introduced notation) is given by the so-called structure at infinity of
this (z,u)-flat output (after eventually permuting the components of the flat output), see, e.g.,
[8, 13, 26, 28, 31, 33, 34] for a definition of the structure at infinity, methods for computing
it, and its applications in problems like system inversion and the dynamic decoupling problem.
In particular in [26], an intrinsic approach to the dynamic input-output decoupling problem
utilizing the structure at infinity is presented, which is applicable even to systems for which the
extension algorithm does not succeed. Below, we show that our procedure applied to an (x,u)-
flat output always yields a multi-index x with the desired properties. Nevertheless, the fact
that the structure at infinity represents such a multi-index k already implies, in combination
with Theorem 3.1, that (x,u)-flat systems can in principle be exactly feedback linearized by
a quasi-static feedback of the form (1.6). However, the structure at infinity is only one possible
choice to meet the conditions of Theorem 3.1. Due to its degrees of freedom, the above proposed
procedure allows to find not only the structure at infinity but also other suitable minimal multi-
indices k. This is particularly important for two reasons: First, different choices for x may lead
to linearizing feedbacks with differently located singularities, which can be crucial in practical
applications. Second, the multi-index x determines the orders of the individual tracking error
systems of a subsequently designed tracking control (see Section 5).

Lemma 3.6. For every (z,u)-flat output y = @(x,u) of the system (1.1), the stated procedure
terminates after at most m steps.

g — e i
Proof. The existence of a multi-index K; = (ki,.... k"~ " "™"") such that L?;gpﬁestkl
explicitly depends on at least one of the inputs belonging to uyest; , in each step (set @rest, = ¢
and Urest, = u) is a direct consequence of the linear independence of the differentials dy, dLy, ¢,
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,dL?ugo of time derivatives of a flat output for arbitrary 5. Indeed, assume that Llfu gofeStFl
for arbitrarily large [ only depends on x and v1,vy 1), ..., Vi—1,V;_11],--. but not on Urest, -
Then because of

dLlugofeStFl € span{dz,dvy, dvy ], - .., dvi—1, dv;_g g5 - - - }
- Span{d@[O,R—l}adwb d§017[1}, SER) dgpi*la dgpi—l,[l]v cee }a
the differentials dLlfugofeSti_l could be expressed as a linear combination of the differentials
depo,p—1), de1, der 1), - - -, dpi—1,dwi_q 1, - - - . However, for [ > r, with r being the order of the
highest time derivative of 3., needed in the flat parameterization (2.3), this would be a con-
tradiction to the linear independence of the differentials dy,dLy, ¢, ... ,dL?ucp for arbitrary 5.

Consequently we have m; = rank(Ouy,., , Prest;_,,[K;)) = 1 in every step, and since there are
only m inputs the procedure terminates after at most m steps. |

Theorem 3.7. For every (z,u)-flat output y = @(x,u) of system (1.1), the multi-index k =

(K1,...,ks) formed by the multi-indices k; constructed in the above procedure satisfies |k| = n
and £ < R. Furthermore, the differentials dz,dyy), dppey]s - - -, dpr_1) are linearly indepen-
dent.

Proof. The existence of the flat parameterization x = Fy(¢[o g—1)) implies

span{dz} C span{dyp p_1)}-

In other words, there exist exactly n independent linear combinations of the differentials of
the flat output and its time derivatives which are contained in span{dz}. Now consider the
expressions for the flat output and its time derivatives (3.13) in the coordinates successively
constructed during the procedure. Because of the independence of the time derivatives of a flat
output, it is possible to construct exactly |«| independent linear combinations of the differentials
of the functions g 1) in (3.13) and the differentials

d’Ul, dvl,[l}? dvl,[Z}) ) dUQ, va,[l}’ dUQ,[Q]a ) d’Us_l, dvs—l,[l]v dvs—l,[2]7 R

which are contained in span{dz} (|x| < n would contradict with y being a flat output, |k| > n
would contradict with the linear independence of the differentials of components of time deriva-
tives of a flat output up to arbitrary orders). Consequently, |x| = n follows.

With |k| = n, the property x < R can be shown by contradiction as follows. Assume
that s/ > 1/ for some j € {1,...,m}. Then, at least one of the functions Plok—1) in (3.13) does
not belong to yjg g—1], and consequently span{dz} C span{dyjg g_1)} could not hold.

The linear independence of the differentials dz, dyy.), dp[ey1]s - - - dp[r—1) can easily be veri-
fied in the constructed coordinates, where they are given by dz, dv,dvyy, ..., dvp_x_1]. |

Corollary 3.8. The time derivatives of v which explicitly occur in the functions ©; 0 x,—1);
i=1,...,s in (3.13) belong to the time derivatives of the (z,u)-flat output y = p(z,u) up to
the orders (R —1).

Proof. Assume for contradiction that there is some function among ¢;0x,—1), ¢ = 1,...,$
of (3.13) which explicitly depends on a time derivative of v (recall that v are just certain
time derivatives of the (x,u)-flat output ¢) that does not belong to ®[o,r—1]- Then, because
of || = dim(z) = n, span{dx} C span{dy|y r_1)} could not hold. |

According to Theorem 3.7, for every (z,u)-flat output of system (1.1), there exists a multi-
index & < R with [s| = n such that the differentials dz, dj.), dpjet1)s - - -, dp|r—1) are linearly
independent. Therefore, the conditions of Theorem 3.1 are met with A = &, and consequently
the time derivatives yj = @[] (x,u,u[l], ...) can be introduced as a new input by means of
a quasi-static feedback of the state . We thus have the following corollary.
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Corollary 3.9. Every (x,u)-flat system (1.1) can be exactly feedback linearized with respect to
every (z,u)-flat output y = p(x,u) by a quasi-static feedback of the form

u = Fy o VY(z,vj p—y)- (3.14)
The input-output behavior of the closed-loop system is given by y( = v.

Remark 3.10. Note that the linearizing feedback (3.14) follows directly from the procedure
for constructing the multi-index x described in this subsection. Indeed, in the coordinates
successively introduced during the procedure, the flat output and its derivatives read as (3.13).
Feedback (3.14) is thus simply obtained by substituting the expressions for yjg ,—1] from (3.13)
and Y[ g] = Vjo,r—x] into the flat parameterization F), of the control input.

Remark 3.11. The main statement of Corollary 3.9 can also be derived by showing that ev-
ery (z,u)-flat output y = ¢(z,u) meets the condition of [5, Theorem 2.2.2]. The motivation
for providing an alternative derivation of this result within our geometric framework is that,
as a byproduct, we obtain coordinates which reveal the triangular structure (3.13). The con-
struction of these coordinates is crucial for the design of tracking control laws of the desired
form u = oz(x, yf& R}), which only depend on the systems’ original state x as well as the reference
trajectory y?(t) and its derivatives.

4 Examples

In this section, we demonstrate the procedure of Section 3.1 for the construction of linearizing
quasi-static feedbacks of classical states by two (z, u)-flat examples. The first one is an academic
example whereas the second one is a practical example. Expressions involved in the practical
example are rather extensive and cannot be given in much detail. For this reason, the procedure
is also illustrated by means of the simpler academic example. Furthermore, for the practical
example, the proposed procedure terminates in two steps, whereas three steps are needed for
the academic example.

4.1 Academic example

Consider the four-input system®

il =t i% = 1:7(u1u3 —u? - 1) + u1x4(u1 + x4) — 28!,

it =29, i =t ol

3 =u? - u1u3, i =zt — x6,

:k4:u3, 9’59::610+u2+u3,

i° =23 + 2t 10 = o (4.1)

with the z-flat output y = (xl, x2, 20, x8). Since z-flat outputs are contained in the broader class

of (z,u)-flat outputs, the results of Section 3.1 can of course be applied to this z-flat output, but
for demonstration purposes, let us use the (z,u)-flat output y = (xl, x2, 2, a8 + ul) instead.

The multi-index R containing the highest orders of the derivatives of the components of the
flat output in (2.3) is given by R = (6,3,5,5). The vector field (2.1) for this system reads

fu =10 + 20,2 + (u2 — ulu?’)axa + w30, + (:c3 + :z:4u1)6x5

9This system has been constructed on basis of a three-input system which is considered in [21] and originates
from Philippe Martin.
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+ (:z7 (u1u3 —u?— 1) + uta? (ul + x4) — xgul)axa
+ (2t +uh) 07 + (2'2Tul — 2%)0,s + (2" + u® + u?) Dy
ly—1
4 1 2 3 4
+utdp0 + ) (tlos 119t + Uiorn@uz, + Ui Ouz, + Uy D )- (4.2)
a=0
In the following, we apply the procedure stated in Section 3.1 to obtain a multi-index x with
the properties stated in Theorem 3.7. Subsequently, we derive a quasi-static feedback (3.14)
which introduces the corresponding derivatives v = yj) of the flat output as new inputs, and
thus exactly feedback linearizes the system.
Step 1. Differentiating the components of the flat output along the vector field (4.2), we find
that K7 = (1,2,1,0). The corresponding kf-th derivatives of the components of the flat output
are given by

1
Y ul
B @{22] B 210 42 4 o3
YK = (pi[’)l] = et |
¢4 8 4+ ul

and we have my = rank(d,¢(x,)) = 2. We obviously have rank (01 |,)) = m1 with ¢1 = ((pl, gaQ),
K1 = (k%,k%) = (1,2), and accordingly ¢rest; = (@3,304), Kiest, = 8!4::1”,14:‘11) = (1,0). Applying
the change of coordinates

[~
=
=

I
S
=
=
=
+
=
I
1

by which we replace u! and u? and their derivatives by v and its derivatives and keep Urest; =
(u3, u4) and its derivatives as coordinates, yields

1
U1

Pl = V1 = [ } 2 K. = {(p?l]] = [m?’—l—a}‘lv%]
,[Kll] 'U% 9 I‘eStl,[ restl} (P4 $8+’U}

Step 2. We proceed by differentiating ¢rest; = (g03,g04) until an explicit dependence on

Urest; = (ug,u4) occurs. We have

2 3 _ .2 10 _,3, .41
Ly’ =vi—oz" —u +ux AL

Lyt = ataTul — a5+ ol
L?cugp4 =z’ (v% —20 2y $4Ui[1] + 1) + .’EBU% + vip],

and thus Ky = (2,2). Since only u® occurs explicitly, we have my = rank(Ou,e., Prest:,[ks]) = 1-

We obviously have rank(@uremgog’[@]) = mg with o = ¢® ky = ki = 2, and accordingly

Oresty = P4, Kresty = k:% = 2. Applying the change of coordinates
1 3 2 10 3 4.1
V3 = Pafny] = Py = V1 — & U+ TV,

1 3 2 4 3 3.1 4 1
Va1] = P2,lke+1] = P[3) T V) T U T Uy H WU+ 20 gy
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by which we replace u?® and its derivatives by v and its derivatives and keep Uresty = u? and its
derivatives as coordinates, yields

D2 [ka] = vy, Presta,[Krosty] = sﬁflg} = 28] + 2" (v3 + 1) + U%,p]-
Step 3. We proceed by differentiating ¢rest, = g04 until an explicit dependence on Uyest, = ut
occurs. Because of

L3¢t = ataT (0]) 4ol (v) — 28 + 1) + 2% (0] + 1) + 2]y + 2oy )+ vl g,

4 28 10 1 1 1 1 2,1 1 1
't 2l 2" % ,U1aU1,[1]aU1,[2]aU1,[4]aU17”2a“2,[1]a“2,[2])a

4
qu@ = 90[4](
5 4 (4 10,1 .1 1 1 1 2 2 1,1 1 1 4
L}, 0" = e (e 2% o, 2t vl oy g, o1 g 013 V1) V1 0 1 02 1) V) Vg 1)
this is the case for its 5-th derivative, and thus k3 = 5.
In conclusion, in the constructed coordinates the time derivatives of the flat output up to the
orders k = (K1, ke, k3) with k1 = (1,2), kg = 2, k3 = 5 are given by

1 1
14 z 1
2l 2 | e
Y1,[0,61—1] = 902 = $9 ) Y1,[k1]) = @2 = v% )
e T (2]
_ @ _ z® _ .3 _ .1
Y2,[0,ka—1] = 80:[)’1] I P 1 ) Y2,[k2] = Pl2] = Y25
[ o] i 28 + v} i
90?1] x4x7v% — 2% + 0] 0]
Y3 ns 1] = @?2] — 2Svl o ( +1)+U%H ’
90?3] zt 7( ) +vl(vg—x +1)+:L" (v2+1)+m ’U1H+1L' v2[1]+vl[]
4 4 ,6 ,.7 .8 .10 .1 2,1 .1 1
[#[4]] i ‘P[4] (21,227, 2% @ Ula”1,[1]7”1,[2]7”1,[4]:”177)27”2,[11702,[ 21)
4 (4 6 7,8 10 1 1 1 1 1 2.2 1,1 1 1 4
Yas = ¢ps) (27 2% @l 2%, @0, 01, vy 1), 01 fog, 01 g, 01 5] VTS VL 1) V25 U, 1) U o) Vi) )
=i (4.3)

The linearizing quasi-static feedback (3.14) which introduces the derivatives v = yj,) as inputs
is obtained by substituting the above expressions (4.3) for y|g ,—1) and y|x g = Vjo,r—x] into the
flat parameterization F), of the control input (not stated here explicitly), which yields

1 1 2 1 4,1 3 2 10 1 4,1
u =y, ut = vy — Ty [y ut =01 — @ — vy Uy,

4_pa(, 4.6, 7.8 10 1 1 1 1 1 2 2 1,1 .1 11

ut=F, (55 T5,T,T,x UlaU1,[1]aU1,[2]av1,[3]av1,[5]aUl,v1,[1}’vzaU2,[1]aU2,[2]av2,[3]a1’3)- (4.4)
The linearizing feedback (4.4) is of the desired form (1.6), i.e., it is a quasi-static feedback of
the state x of the system.

4.2 3D gantry crane

Consider a gantry crane as in Figure 1. The trolley position is denoted by zp and yr. The
length of the rope is given by [ = r¢, where r is the radius of the rope drum and ¢ its rotation
angle. The swing angle of the rope projected onto the yz-plane is denoted by «, and  is the
angle between the rope and its image under the projection onto the yz-plane. The load position
thus follows as x;, = xp + r¢sin(8), yr = yr + résin(a) cos(B), zr, = r¢cos(a)cos(f). The
masses of the load, the trolley and the bridge are denoted by mpy, mr and mp, respectively.
The moment of inertia of the rope drum is denoted by J, and g is the gravitational acceleration.
The control inputs are the forces f, = u' and fy = u? and the torque u? acting on the rope
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Figure 1. Schematic diagram of a 3D gantry crane.

drum. Under the assumption that the rope is always under tension, the crane can be considered
as a rigid multi-body system. Its equations of motion can be derived by means of the Lagrange
formalism, see, e.g., [38], and follow as

(mp +mrp)ir + mL'r(sin(ﬁ){Zﬂ + ¢COS(5)B) + mL'rB(2 cos(B)¢ — (bSiH(B)B) =ut,
(mz, +mp +mp)ir + mrrsin(a) cos(8)d + myro(cos(a) cos(B)d — sin(a) sin ﬁ)ﬁ)
— myr(sin(a)(¢cos(8) (a2 + 5?) + 2sin(3)39)
+ 2cos(a)d(q§sin(ﬁ)6 — cos(ﬁ)qﬁ)) = u?,
mprsin(B)ir + mprsin(a) cos(B)jr + (J + er2)(5
— er(r¢(B2 + (cos(ﬁ)d)Q) + g cos(a) cos(ﬁ)) = u3,
r¢ cos(a) cos(B)ir + (qub Cos(ﬁ))zd + r¢ cos(f) (2rd(cos(5)¢3 — qﬁsin(ﬁ)@ + gsin(a)) =0,
r¢ cos(B)ir — résin(a) sin(B)jr + (r¢)*p
+ r¢(2rﬁd) + r¢sin(B) cos(B)a* + cos(a) sin(B)g) = 0.

A state representation of these equations of motion reads as

T = Vgp, Vgp = fWT (¢,a,ﬂ,wa,w5,u1,u2,u3),

Ir = vy, Uy = fuyp (650 B wa,wp, ut Ut ),

q.b:w(b, c%:f%(gé,a,ﬁ,wa,w[g,ul,u2,u3),

A = Wq, Wa :fwa(¢,a,6,w¢,wa,w5,u1,u2,u3),

B = wg, wg = fwﬁ ((b,a,ﬁ,w¢,wa,w5,u1,u2,u3). (4.5)

The load position given by

y = (a7 + rosin(B), yr + r¢sin(a) cos(B), r¢ cos(a) cos(5))

forms an (z,u)-flat (actually x-flat) output of the system. The multi-index R containing the
highest orders of the derivatives of the components of the flat output in (2.3) is given by R =
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(4,4,4,4). In the following, we again apply the procedure described in Section 3.1 to obtain
a multi-index k with the properties stated in Theorem 3.7. Subsequently, we again derive
a quasi-static feedback (1.6) which introduces the corresponding derivatives v = y,; of the flat
output as new inputs.

Step 1. Differentiating the components of the flat output along the corresponding vector
field (2.1), we find that K = (2,2,2) with the corresponding time derivatives

(‘0[12] (¢7 a757wa,w5,u1,u2,u3)
SO e
(‘0[2](¢7a757waawﬁ,u ,us,u )

and rank(@ugo[Kl]) = 1. We can choose, e.g., ¢1= ¢ with k1 = kf = 2 and thus @res, = (cpl, @2),
and apply the change of coordinates

U% = (101,[I€1] = (10:[))2] (¢7aaﬁ7waawﬁaulau2au3),

1 3 1,2 .3 ,1 2 3
'Ul’[l} = Sol,[fﬂ«Fl] = ()0[3} ((b?aaﬂawa?wﬁ?w(i)vu W, u 7“’[1]7“[1]7“[1])7

by which we replace the input u® and its derivatives by v; and its derivatives, and keep
Urest; = (ul, u2) and its derivatives as coordinates. This results in

1 1
1 _ 90[2](0%5’”1)
P1,[k1] = V15 Qpresth[Krestl] - [ @[22] (oz,v%)

Note that the choice ;1 = ¢? is not unique but the most practical one, since the other two
possible choices ¢1 = ¢! and ¢; = p?, would lead to feedback laws with singularities for o = 0
or f=0.

Step 2. We proceed by differentiating ¢rest; = (gpl,g02) until an explicit dependence on

Urest; = (ul, u2) occurs. This is the case for the 4-th derivatives

L4u901 = 90[14] (Cb, «, B?wdn Wa, W3, U%: ’Ui,[l],’l)i,[z],ul),

4
L}, = oty (6, @, B, we, war s, v1, V1 17, 0] g1, 4%,

Le., Ky = (4,4). Because of ma = rank(Ou,.., Prest,,[K»)) = 2, the procedure terminates at this
point and we have ko = Ko.

In conclusion, in the constructed coordinates the time derivatives of the flat output up to the
orders k = (K1, k2) with k1 = 2, ke = (4,4) are of the form

(¢, a,B)
(6,01 B, W, W)
[ o (zr, 9, 8)

oy (Ve 6, B, w5, wp)
oy (@ B, 01)
_ ‘P[13](0‘757%7%7”%7”%,[1})
Y2,[0,k2—1] = @Q(QT,¢>,CM,B) ,
iy (¢, @ B, vyr, Wy, wa, W)
iy (s v1)
‘P[23} (0‘7%:”%7”%,[1])

1

Y1,0,k1—1] = Y1,[k1] = wf’g} = V1,
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Y2,k2 =
" @[24] (¢aO‘?ﬂaw¢7wa7wﬂvvi)vi[1})Ui[g})rug) U3

SD[14] (¢a «, 67 We, Wa, W3, U%7 Ui[l} ) Ui[g} ; ul) N U%

- [ 2} | (4.6)
The quasi-static feedback (3.14) which introduces the derivatives v = Y[x) as inputs is obtained
by substituting the above expressions (4.6) for yjg 1) and y|, g] = v[o,r—x] into the flat parame-
terization F), of the control input (not stated here explicitly), which yields a linearizing feedback
of the form

1_ pl 1,1 1 1
ut = Fy (6,0, 8,04, wa, g, 01,01 1), 01 9] V2)

2 _ 2 1.1 1 2
U :Fu((;Saaaﬁaw(b)waawﬁavl,UL[lpU17[2}7U2)7
3_ 73 1,1 1 1.2

u’ = F; (qﬁ,a,ﬂ,wd),wa,wfg,vl,vl’m,vl’m,vQ,vz). (4.7)

This feedback is again of the desired form (1.6).

5 Tracking control design for (x,u)-flat systems

Trajectory tracking is a fundamental control engineering problem. Given a reference trajec-
tory y?(t) for the flat output y, the goal is to design a feedback control law which assures that
the tracking error e = y — y? asymptotically decays to zero. The exact feedback linearization
of a flat system, which we have discussed in Section 3, is only the first step in the design of
a flatness-based tracking control. The input-output behavior of the exactly feedback linearized
system is given by m integrator chains, and hence the second step consists in the construction of
an additional feedback such that the tracking error with respect to a reference trajectory y(t)
is stabilized asymptotically. If the time derivatives of the flat output which form these inte-
grator chains are available from measurements or estimates, then designing such a stabilizing
feedback is of course a straightforward task. Furthermore, if the exact feedback linearization has
been performed by a quasi-static feedback (1.5) of a generalized Brunovsky state, then the time
derivatives of the flat output which are needed for a stabilizing feedback are obviously given
by the same generalized Brunovsky state. This standard approach is discussed in detail, e.g.,
in [7]. However, since the time derivatives of a flat output which form a generalized Brunovsky
state are often much harder to measure than the components of a classical state, the aim of the
present paper is to provide a complete solution for the tracking control problem which requires
only measurements of the latter. In the following, we show that for (z,u)-flat outputs (3.9) it
is indeed always possible to achieve a linear, decoupled and asymptotically stable tracking error
dynamics with arbitrary eigenvalues by a control law of the form u = oz(x, yﬁL Rl (t)), which only
depends on the classical state x and the reference trajectory y?(t). As a basis for the track-
ing control design we use the exact feedback linearization according to Corollary 3.9, which is
achieved by a quasi-static feedback

u=Fy, o V(z,00rx) = Fu(®,v0,r-x) (5.1)

of . Recall that the multi-index k is obtained by applying the procedure stated in Section 3.1,
and that the linearizing feedback (5.1) then follows directly by substituting the expressions
for yjox—1) from (3.13) and y, g = vjo,r—s into the flat parameterization F, of the input
(see also Corollary 3.9 and Remark 3.10). In the following, the special structure (3.13) of the
derivatives of the flat output in the coordinates successively introduced during the procedure
will be crucial for the tracking control design.

The feedback-modified system obtained by applying feedback (5.1) has a linear input-output
behavior yj, = v between the new input v and the flat output y. Given a sufficiently often
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differentiable reference trajectory y?(t), the control law

KJE—1

k3

y.h[v } _ Z .]17/3(y 7 _yjl[vﬁ]) ’i:l,...,S, jz‘zl,...,mi, (52>
i 8=0

for the new input v results in the linear tracking error dynamics

.77.:6 ]z _
T Z ;" €is = O

z

where e = yl yf 4 The roots of the characteristic polynomials of the tracking error dynamics
can be adJusted by the coefficients aj“ﬁ € R. The time derivatives y|g .1 occurring in (5. 2) can
be expressed in terms of x and vjg g_,—1), see (3.13) and Corollary 3.8. In (5.1), not only v, but
also its time derivatives vj; r_,) occur. Differentiating (5.2) with respect to time yields

Ji
K3t —1

Ji  _, Jixd _ JisB Jird _ Ji _ .Ji
Vi) T Y i D @ Wl ~Wilen): A= Lerl -

Replacing the time derivatives y .1} by the corresponding expressions of z and vjg r_x—1]
from (3.13), and replacing y[,, r—1) by vjo,r—r—1) Tesults in the system of equations

Iijll 1
] ) .7 :6 .7 7d .
Pe 2 (@@ ) =L,
B=0
J1
. K —2
vt Jj1,d Jurit =1, g Ji,d leB Ji,d
U = ey~ (0 T8 ) - 52;) CATMICORE 0
néz—l
U%Q = y‘;i’ } - Z ]2,&(902 [5](:6 U1, V1 [1]7 .. ) y;2fﬁ]) j2 = 17 <., M2,
3=0
J2
) Ky —2
. J2
02— 2 J2.kp" =1 g J2,d Jﬂ J2,
22[1} y22[ 241 —ap (v _yQ[ ]) - [;] ’ (<P2 [5+1](9” v L)) y22[5+1})
Iiés 1
yJS’ i3y Z P (903 [5](1. U1, V1 [1]7"'71)271)2,[1]7"') yég[’m) j3: 17"'7m37
B o
]3 f— ..
U T ’
ngsq

‘s _ s:d .37 ‘s ER)
ob =yl — 20 @ (@l @ oo vt v ) — ),

Go=1..,ms. (5.3)
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Due to the special structure of the time derivatives yjg 1] of the flat output in (3.13), the time
derivatives vjg p_,) occur in equations (5.3) in a triangular manner. The right-hand sides of
the equations for vy do not depend on v at all, the right-hand sides of the equations for vy
only depend on vy y_1j. The right-hand sides of the equations for vy only depend on v; and its
time derivatives, and so on. The complete set of time derivatives vy g, which is needed for
practically realizing the control law (5.2) for the input v via the actual control input w, i.e., via
feedback (5.1), can thus be determined systematically by solving (5.3) from top to bottom for
the time derivatives v’ iy 2 functions of x and y[O R] L.e., Vjo,p—k] = gb(:v y[o R}) Substituting

this solution into feedback (5.1) yields a tracking control law of the desired form

d
u= oz, y[O’R]), (5.4)
which only depends on the state z and the reference trajectory.

Remark 5.1. A tracking control law of the form (5.4) has already been derived in [27] for
a particular flat system, namely the well-known PVTOL aircraft. Another derivation of such
a control law, also for the PVTOL, can be found in [36]. However, these derivations do not follow
a systematic approach which can easily be transferred to other systems, whereas the approach
presented in this paper can easily be applied to any (z,u)-flat system.

6 Examples continued

In this section, we derive tracking control laws for the two systems that were already exactly
feedback linearized in Section 4.

6.1 Academic example

Consider again system (4.1) with the flat output y = (y1, y2,y3) where y; = (yl,yQ) = (ml,xz),
yo = y® = 2%, y3 = y* = 2% +- u'. In Section 4.1, we have derived the linearizing feedback (4.4),
which introduces v = y,) with & = (k1, k2, k3) and k1 = (1,2), k2 = 2, kK3 = 5 as new input.
The control law (5.2) for v = (v1,ve,v3) with vy = (v%, v%), vy = v3 and v3 = v} is thus given by

1 1,d 10 1 1d
U1 _y1 [1] (yl )7
2 2.d 2,0/ 2
vy = yl [2] —ay (yl

_yl’)

vl — o 1,0 (1_

2 —y27[2] ay (Y2 — Yo
3

—ar' (Wi
1 V) — b (vhy — v )
oh = vyl —ay” (s — ™) — oy (5. — vsy) — 05" (3. — Uy
—a3” (U5 — Usy) — @5 (937[4} ~ Ui

Substituting the corresponding expressions (4.3) for yjg .1} into this control law yields
1 1,d 1,0/ 1 1,d
v = 9[1] ay’ (1' -y )>
2 200,224 219 . 24d
“1—?/[2]_“1 (@* —y™) —ay (2 _9[1])7
1 1,0¢,.5 3,d 1,1/.3 4,1 3,d
vz—y[Q]—aQ ( —y’)—a2 (x —I—xvl—ym)

1 4,d 1,0/ 8 1 4.d S O 4,d
U3 = Ypz) a3 (2% + o1 — ™) —ay” (a2 vy —a° +Ul[1} ?Jm)

1 7 4,
—ag”(a®v] + 27 (vy + 1) + vy — Y )

1,37 4 4 6 .7 .8 ,1 1 1 1,1 4.d
— a3 (@[3] (2%, 2% 2", 2% vy, ) 170 V1,3 V25 V2, [1]) ~ Y )

1,40 4 4 .6 .7 .8 10 .1 2 .1 1 4,d
_CL3 (@[4] (LU , ', r ,r ,T Ul,Ul [1} Ul [2} Ul [4} Ul,’UQ,’U2 [1],’1)2 [2]) y[4] )



24 C. Gstottner, B. Kolar and M. Schoberl

In order to express the required time derivatives vjg gp_) in terms of z and yﬁ) R We differentiate
the equations for v up to the orders R — &, which yields

1 1d 1001 . 1d
V1 =Yy — W (:U -y )a

1 1,d 1,0/ 1 1,d
U =Y % (Ul ~ Yy )7
1,d 1,0 1.d
vi[ﬂ =Yz T W@ (Ui[l] Y )
1 1,d 1,0/ 1 1,d
Ul?[g} o y[4] —a (017[2] y[g] )a
1,d 1,0 1,d
Ui[4] Y5 T @ (Ui[?,] Y )
1 1,d 1,0/ 1 1,d
V1[5 =Yg — N (v17[4] o)
2

2 2,d 2,0/.9 2,d 2,1/ 2 2,d
U =Y T M (x Yy ) - (Ul ~ Y )7

1 3,d 1,005 3,d 11/.3 4.1 3,d
U =Ygy Ay (m -y )—a2 (x +1‘v1—ym),

s = U — 0o (2 + ol —yif) — ey (v3 — ),

v = v — 02" (v3 — vy — a4y (v3y — vy,

vy =Yg — 2" (vag — yja)) — a2’ (oo —vii)).

vs yé’]d —al? (2® +v1 — y4’d) — aé’l (z "ol — 2% + Ui[l} — y?ﬁd)

1 1 7.1 1 4,d

ay”(z%vy + 2" (vy +1) + vy g —ym)

134 (4 .6 7.8 ,.1_ 1 1 1 1 4,d
— a3 (90[3] (2%,2°% 2", 2 =U17U1,[1}7U1,[3}7”27U2,[1]) —?J[g])

l4¢( 4 ¢4 6 7 8 10 1,1 1 1 .2 1 1 1 4,d
—az” (g (@, 2%, 2", 2%, 20 vp, 0y g, 01 g 01 gy V1 02, 0 1) V2 ) = W)

This system of equations can easily be solved from top to bottom in order to obtain vjg g in
terms of x and y% R)' Inserting the solution into the linearizing feedback (4.4) yields a tracking
control law of the form

ul — y[lf]d QO — gy,

u? =y =y (@ =) — oy (ot () - (@t - ) — )
— (g — (gt — ar (=t = M) = ui),

ud = y[22’]d _ a%o (x2 _ y2,d) _ a%l(mg N y[21,d) _ 10 _ y[??]d + a;,O (:U5 y?”d)

|
+ay! (o + 2t (yf = ar” (@' = ™)) — )

+a* (ys — o (uh! — (" = ) — i),
4

a1 10 1.d 2d 3d 4d
U =a (5” IR ’9[0,6]’9[0,3}73/[0,5]79[0,5])'

6.2 3D gantry crane

Consider again system (4.5) with the flat output y = (y1,y2) where y; = y> = r¢ cos(a) cos(3),
Yo = (yl,yQ) = (zp + r¢sin(B), yr + résin(a) cos(B)). In Section 4.2, we have derived the
linearizing feedback (4.7), which introduces v = yj,) with £ = (k1, k2) and k1 = 2, kg = (4,4) as
new input. The control law (5.2) for v with v; = v{, v2 = (v3,v3) is thus given by

1 1,d 1,0/ 1 1,d 1,1/ 1 1,d
U1 =Y~ % (=) —ar (v - y1,[1])v
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v =y fi] ay” (3 — v ") — 4y () — va'f1y) — a2 (W10 — vafey) — a2 (U313 — afy)),
vy = y2 [4] —ajy o(y% - yg’d) — a3’ (yg,m - y;jﬁ]) - 03’2(95,[2} - y;:fiz]) - ag’g(yg,[:&] - y;:ﬁq)'

Substituting the corresponding expressions (4.6) for yjg 1) into this control law and differenti-
ating the equations for v up to the corresponding orders R — k yields

(% (80, 8) = v*) = 0y (g (6, @, B wss was wp) — ),

1 - 34d 1,0
“1,[1}—?/[31 a1
1
1

<
S
I
<
E
@

’ 30[1] ¢a 757‘*‘}@570‘)0&7(")5) y[l’}) ail( %_yﬁéﬁ)’

"}
70(

V19 = y[4,] U1 ) —ay 1(1)%7[1] - y%]d)’
vl = y[4] al® (i a:m B) = 1) — ay" (ol (Ve 6. 8,00, ws) — yiy7)
(90[2] (e, B,01) — y[z]) aé’g(‘?[l (a’ﬁ’wavwﬂv”}’”i[ﬂ) y[13}d)
v3 = y[4] - aQ’ ( (yr, ¢, v, B) — yQ’d) - ‘12 (@[1]@57 @, B, vy, Wy, Wa, wg) — y[Qf}d)
— a3 (¢ (@ vl) = 5') — a3 (e (@, wao vl o1 1) = i)

This system of equations can again easily be solved from top to bottom in order to obtain vjg gy
in terms of x and y[% r)- Inserting the solution into the linearizing feedback (4.7) yields a tracking
control law of the form

1d  3d
ul = al ($T, b, , B, Vgp, We, Was W3, y[0,4]7 y[074])7

2d  3.d
u2 = O[2 (yT7 ¢7 «, /87 UyT ) OJ¢, Way, wﬁ; y[074] ) y[074]) )

1d 2d 3d
u3 - a3 ($T7yT7 o, a, B7U$T7 vyTaw(bawa:wﬁ:y[OA]a y[o 4]7y[0 4})

7 Conclusions

We have given easily verifiable geometric conditions which assure that a selection of time deriva-
tives of a flat output can be introduced as new (closed-loop) input, and have shown how to
systematically construct the feedback required for actually introducing these derivatives as
new input. Subsequently, we have proven in a finite-dimensional geometric framework that
for every (z,u)-flat output (3.9) of a system (1.1) there exists an m-tuple x with || = n such
that v =y, is a feasible input, and that such an input can be introduced by a quasi-static
feedback of the state . Compared to the well-known exact linearization by a quasi-static feed-
back of a generalized Brunovsky state, this approach has the advantage that it requires only
knowledge of the state z and not of time derivatives of the flat output up to a certain order.
Furthermore, we have shown that on the basis of such an exact feedback linearization it is
possible to systematically design a tracking control which only depends on the state x and the
reference trajectory, i.e., again without using a generalized Brunovsky state. Future research
will address the exact feedback linearization with respect to general flat outputs (2.2), which
may also depend on time derivatives of the input u. The main challenge in generalizing the
proposed results to flat outputs (2.2) consist in finding a generalization or an alternative to the
algorithm proposed in Section 3.1 for finding an m-tuple x with || = n such that v = Yix] 18
a feasible input. A system which is indeed flat but not (z,u)-flat can be found in [16].

Acknowledgements

This research was funded in whole, or in part, by the Austrian Science Fund (FWF) P32151
and P36473. The authors would also like to thank J. Rudolph and A. Irscheid for interesting



26

C. Gstottner, B. Kolar and M. Schoberl

discussions concerning the exact linearization by quasi-static feedback of generalized states.
Furthermore, we would like to thank the anonymous referees whose detailed reviews helped to
improve the final version of the paper.

References

Chetverikov V.N., Controllability of flat systems, Differ. Equ. 43 (2007), 1558-1568.

Delaleau E., Fliess M., An algebraic interpretation of the structure algorithm with an application to feedback
decoupling, IFAC Proc. Vol. 25 (1992), 179-184.

Delaleau E., Fliess M., Algorithme de structure, filtrations et découplage, C. R. Acad. Sci. Paris Sér. I
Math. 315 (1992), 101-106.

Delaleau E., Pereira da Silva P.S., Filtrations in feedback synthesis. I. Systems and feedbacks, Forum Math.
10 (1998), 147-174.

Delaleau E., Pereira da Silva P.S., Filtrations in feedback synthesis. II. Input-output decoupling and distur-
bance decoupling, Forum Math. 10 (1998), 259-276.

Delaleau E., Rudolph J., Decoupling and linearization by quasi-static feedback of generalized states, in
Proceedings of 3rd European Control Conference (Rome, 1995), 1995, 1069-1074.

Delaleau E., Rudolph J., Control of flat systems by quasi-static feedback of generalized states, Internat. J.
Control 71 (1998), 745-765.

Di Benedetto M.D., Grizzle J.W., Moog C.H., Rank invariants of nonlinear systems, SIAM J. Control Optim.
27 (1989), 658-672.

Fliess M., Lévine J., Martin P., Rouchon P., On differentially flat nonlinear systems, IFAC Proc. Vol. 25
(1992), 408-412.

Fliess M., Lévine J., Martin P., Rouchon P., Sur les systémes non linéaires différentiellement plats,
C. R. Acad. Sci. Paris Sér. I Math. 315 (1992), 619-624.

Fliess M., Lévine J., Martin P., Rouchon P.; Flatness and defect of non-linear systems: introductory theory
and examples, Internat. J. Control 61 (1995), 1327-1361.

Fliess M., Lévine J., Martin P., Rouchon P., A Lie-Béacklund approach to equivalence and flatness of
nonlinear systems, IEEFE Trans. Automat. Conirol 44 (1999), 922-937.

Grizzle J.W., Di Benedetto M.D., Moog C.H., Computing the differential output rank of a nonlinear system,
in Proceedings of 26th IEKEE Conference on Decision and Control, IEEE, 1987, 142-145.

Gstottner C., Kolar B., Schéberl M., On the linearization of flat two-input systems by prolongations and
applications to control design, IFAC-PapersOnLine 53 (2020), 54795486, arXiv:1910.07215.

Gstottner C., Kolar B., Schoberl M., A structurally flat triangular form based on the extended chained
form, Internat. J. Control 95 (2022), 1144-1163, arXiv:2007.09935.

Gstottner C., Kolar B., Schoberl M., A flat system possessing no (z, u)-flat output, IEEE Control Syst. Lett.
7 (2023), 1033-1038, arXiv:2206.03845.

Gstottner C., Kolar B., Schoberl M., Necessary and sufficient conditions for the linearisability of two-input
systems by a two-dimensional endogenous dynamic feedback, Internat. J. Control 96 (2023), 800-821,
arXiv:2106.14722.

Hagenmeyer V., Delaleau E., Exact feedforward linearization based on differential flatness, Internat. J.
Control 76 (2003), 537-556.

Hagenmeyer V., Delaleau E., Robustness analysis of exact feedforward linearization based on differential
flatness, Automatica J. IFAC 39 (2003), 1941-1946.

Isidori A., Nonlinear control systems, 3rd ed., Comm. Control Engrg. Ser., Springer, Berlin, 1995.

Kolar B., Contributions to the differential geometric analysis and control of flat systems, Ph.D. Thesis,
Johannes Kepler Universitéit Linz, Aachen, 2016.

Kolar B., Rams H., Schlacher K., Time-optimal flatness based control of a gantry crane, Control Eng. Pract.
60 (2017), 18-27.

Kolar B., Schéberl M., Schlacher K., Properties of flat systems with regard to the parameterization of the
system variables by the flat output, IFAC-PapersOnLine 49 (2016), 814-819.


https://doi.org/10.1134/S0012266107110110
https://doi.org/10.1016/S1474-6670(17)52278-8
https://doi.org/10.1515/form.10.2.147
https://doi.org/10.1515/form.10.3.259
https://doi.org/10.1080/002071798221551
https://doi.org/10.1080/002071798221551
https://doi.org/10.1137/0327035
https://doi.org/10.1016/S1474-6670(17)52275-2
https://doi.org/10.1080/00207179508921959
https://doi.org/10.1109/9.763209
https://doi.org/10.1109/CDC.1987.272728
https://doi.org/10.1016/j.ifacol.2020.12.1553
https://arxiv.org/abs/1910.07215
https://doi.org/10.1080/00207179.2020.1841302
https://arxiv.org/abs/2007.09935
https://doi.org/10.1109/lcsys.2022.3229863
https://arxiv.org/abs/2206.03845
https://doi.org/10.1080/00207179.2021.2015542
https://arxiv.org/abs/2106.14722
https://doi.org/10.1080/0020717031000089570
https://doi.org/10.1080/0020717031000089570
https://doi.org/10.1016/S0005-1098(03)00215-2
https://doi.org/10.1007/978-1-84628-615-5
https://doi.org/10.1016/j.conengprac.2016.11.008
https://doi.org/10.1016/j.ifacol.2016.10.266

Tracking Control for (z,u)-Flat Systems by Quasi-Static Feedback of Classical States 27

[24]

25]

Kugi A., Kiefer T., Nichtlineare Trajektorienfolgeregelung fiir einen Laborhelikopter, e+i Elektrotechnik und
Informationstechnik 122 (2005), 300-307.

Martin P., Contribution a ’étude des systémes différentiellement plats, Ph.D. Thesis, Ecole Nationale
Supérieure des Mines de Paris, 1992.

Martin P., An intrinsic sufficient condition for regular decoupling, Systems Control Lett. 20 (1993), 383-391.

Martin P., Murray R., Rouchon P., Flat systems, in Plenary Lectures and Mini-Courses, Proceedings of 4th
European Control Conference (ECC), 1997, 211-264.

Moog C.H., Nonlinear decoupling and structure at infinity, Math. Control Signals Systems 1 (1988), 257-268.

Nicolau F., Respondek W., Flatness of multi-input control-affine systems linearizable via one-fold prolonga-
tion, STAM J. Control Optim. 55 (2017), 3171-3203.

Nicolau F., Respondek W., Normal forms for multi-input flat systems of minimal differential weight, Inter-
nat. J. Robust Nonlinear Control 29 (2019), 3139-3162.

Nijmeijer H., Right-invertibility for a class of nonlinear control systems: a geometric approach, Systems
Control Lett. 7 (1986), 125-132.

Nijmeijer H., Respondek W., Dynamic input-output decoupling of nonlinear control systems, IEEE Trans.
Automat. Control 33 (1988), 1065-1070.

Nijmeijer H., Schumacher J.M., Zeros at infinity for affine nonlinear control systems, IEEE Trans. Automat.
Control 30 (1985), 566-573.

Respondek W., Right and left invertibility of nonlinear control systems, in Nonlinear Controllability and
Optimal Control, Monogr. Textbooks Pure Appl. Math., Vol. 133, Dekker, New York, 1990, 133-176.

Rudolph J., Well-formed dynamics under quasi-static state feedback, in Geometry in Nonlinear Control and
Differential Inclusions (Warsaw, 1993), Banach Center Publ., Vol. 32, Polish Academy of Sciences, Institute
of Mathematics, Warsaw, 1995, 349-360.

Rudolph J., Flatness-based control: An introduction, Shaker Verlag, Diiren, 2021.

Rudolph J., Delaleau E., Some examples and remarks on quasi-static feedback of generalized states, Auto-
matica J. IFAC 34 (1998), 993-999.

Spong M., Vidyasagar M., Robot dynamics and control, Wiley, 1989.


https://doi.org/10.1007/BF03054598
https://doi.org/10.1007/BF03054598
https://doi.org/10.1016/0167-6911(93)90017-Z
https://doi.org/10.1007/BF02551287
https://doi.org/10.1137/140999463
https://doi.org/10.1002/rnc.4559
https://doi.org/10.1002/rnc.4559
https://doi.org/10.1016/0167-6911(86)90018-6
https://doi.org/10.1016/0167-6911(86)90018-6
https://doi.org/10.1109/9.14420
https://doi.org/10.1109/9.14420
https://doi.org/10.1109/TAC.1985.1104005
https://doi.org/10.1109/TAC.1985.1104005
https://doi.org/10.4064/-32-1-349-360
https://doi.org/10.2370/9783844078930
https://doi.org/10.1016/S0005-1098(98)00047-8
https://doi.org/10.1016/S0005-1098(98)00047-8

	1 Introduction
	2 Preliminaries
	2.1 Notation
	2.2 Geometric framework, flatness and quasi-static feedback of classical states

	3 Exact feedback linearization of flat systems
	3.1 Exact feedback linearization of (x,u)-flat systems

	4 Examples
	4.1 Academic example
	4.2 3D gantry crane

	5 Tracking control design for (x,u)-flat systems
	6 Examples continued
	6.1 Academic example
	6.2 3D gantry crane

	7 Conclusions
	References

