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Abstract. We describe the tropical curves in toric varieties and define the tropical Gromov—
Witten invariants. We introduce amplitudes for the higher topological quantum mechanics
(HTQM) on special trees and show that the amplitudes are equal to the tropical Gromov—
Witten invariants. We show that the sum over the amplitudes in A-model HTQM equals
the total amplitude in B-model HTQM, defined as a deformation of the A-model HTQM
by the mirror superpotential. We derived the mirror superpotentials for the toric varieties
and showed that they coincide with the superpotentials in the mirror Landau—Ginzburg
theory. We construct the mirror dual states to the evaluation observables in the tropical
Gromov—Witten theory.
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1 Introduction

The enumerative problems in algebraic geometry over complex numbers often allow complex
tropicalization. In particular, Mikhalkin [20, 22] showed that counting the complex curves on
a toric surface becomes the counting of graphs. The higher dimensional version was developed
by [24], and the intersection theoretic interpretation was done by [7] and [27]. The TQFT
formulation for the tropical multiplicities for the curve counting, including descendant invariants,
was provided by Mandel-Ruddat [18, 19].

The main focus of the present paper is the tropicalization of the Gromov—Witten invariants.
Gromov—Witten invariants are naturally related to different phenomena, such as counting of the
holomorphic maps, topological string theory, mirror symmetry, WDVV equations, and many
others. We will discuss the tropicalization of these phenomena and show that it usually leads
to simplifications.

The complex curves in toric variety X in the tropical limit become graphs embedded via
piece-wise linear maps. Hence, the counting problem for such curves, passing through the cycles
on X, becomes an enumerative problem. In particular, Gathmann and Markwig [5] used tropical
geometry to prove the Kontsevich-Manin recursive relation [12] for numbers Ny, of degree d,
genus zero curves in CP? passing through 3d — 1 points.
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The Gromov—Witten invariants over complex numbers admit type-A topological string the-
ory [29] representation. We represent the tropical GW invariants using the higher topological
quantum mechanics (HTQM), introduced in [13]. Our HTQM naturally emerges from topologi-
cal string theory in the limit of maximally degenerate complex structure, the very long strings.
However, its ability to describe all GW invariants is surprising. Moreover, Losev and Shardin [16]
showed that the HTQM, similar to the one we describe in the present paper, provides a solution
to the WDVV equations.

In physics literature [10], the mirror symmetry is a relation between the A-model, given by
the GW invariants for toric space X, and the B-model provided by the amplitudes in Landau—
Ginzburg theory with exponential mirror superpotential. In math literature [6], the B-model
has an alternative description, given by periods of “classical” oscillatory integrals. The common
feature of the two descriptions is that the mirror superpotential and argument of exponent in
oscillatory integrals have the same function, uniquely constructed for a toric space X. Frenkel
and Losev [3] derived the mirror superpotential using two-dimensional conformal field theory
(CFT) methods to perform the sum over instantons in the A-type topological string. The
tropicalization of their construction is the amplitude resummation in the HTQM.

We show that the sum over divisor states in the HTQM describes a deformation of the HTQM
by a holomorphic superpotential. Moreover, we perform the summation explicitly and express
the mirror superpotential in terms of the compactification data for the toric space X. For
a given toric space X, our mirror superpotential matches with the mirror superpotential in LG
theory, derived using the gauged linear sigma model [10], with CFT derivation [3] from physics
literature and superpotentials in oscillatory integrals in math literature [6]. For X = P2 our
superpotential matches the mirror superpotential derived by Gross [8] using the tropical curve
counting with Mikhalkin’s vertex multiplicities.

Though we used the logic of the mirror construction from [3], the simplifications of the A-
and B-models due to the tropicalization allowed us not only to reproduce the known mirror
superpotentials but also to construct the mirror states for the evaluation observables. The
mirror states for the tropical observables on a toric variety are mixed degree differential forms.
The degree zero component of the mirror state gives K. Saito’s good section [28] for the mirror
superpotential.

The structure of the present paper is as follows. In Section 2, we briefly introduce tropical
geometry and describe tropical curves in projective space and the corresponding moduli. In
the next section, we describe the tropical Gromov—Witten theory. Section 4 presents the higher
topological quantum mechanics on trees, defines the amplitudes, and proves equality between
the tropical GW invariants and the A-model HTQM amplitudes. Section 5 shows an equality
between the amplitudes in A-and B-model HTQMSs. The next section demonstrates the various
steps of the tropical mirror relation for tropical Gromov-Witten invariants on P!. In Section 7,
we briefly summarize the main results.

2 Introduction to tropical geometry

Here, we briefly review the notion of tropical curves in projective spaces. Readers familiar with
tropical curves may refer to this section for notations used in later sections. To motivate the
notations introduced in later parts of this section, we will start with a few simple examples of
tropicalization for smooth curves in projective space.

2.1 Real tropical numbers

The tropical numbers is the set [—oco, +00) = RU {—o0} with arithmetic operations

x 47y = max(x,y), THRPY =1+ y.
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The operations extended to include —oo via
(—0) 47z =247 (—0) =, (—00) *xp x = x *7 (—00) = —00.

The set of tropical numbers is a semigroup with respect to tropical addition +7. It is commu-
tative, associative and admits a tropical zero O = —oo, but there is no inverse, i.e.,

z+7y=0r = z=0r or y = 0p.

More details on bottom-up construction for tropical geometry can be found in Mikhalkin’s
work [20]. In the present paper, we will use the physicist approach to tropical numbers as
a certain scaling limit of R*, equipped with standard addition + and multiplication x. To
specify the limit, we introduce an exponential parametrization

z Yy w
X =e-, Y =e-, W =e-,

with parameter € > 0 and take the limit ¢ — 0. Indeed, the addition operation on RT in
exponential parametrization after the limit ¢ — 0 becomes the tropical addition, i.e.,

w = lim eln(e% + e%) = max(z,y) = +7 Y.
e—0

Similarly, the usual multiplication on R™ through exponential parametrization becomes tropical
multiplication in the limit, i.e.,

. z Yy
w:hmeln(ee *ee) =x+y=2x*py.
e—0

2.2 Tropical curves in C?
For complex numbers, we generalize the tropical limit using the cylindrical parametrization
W=et?  reR, ¢eSt (2.1)

The degree d complex curve in Euclidean space C? is a zero locus of a degree d polynomial in 2
variables P;(X,Y’) = 0. Below, we describe the tropical limit for two simple cases:

e degree 1 curve

P(X,)Y)=Y - A(X — B) =0; (2.2)
e degree 2 curve

P(X,)Y)=Y -AX-B)(X-C)=0. (2.3)

The cylindrical parametrization for X, Y-coordinates and complex coefficients is

z 'B

X =ectioe, Y = e%+i¢y, A= erTAJriqu, B=e¢% B, C = e ¢ Hide,
For degree 1 curve (2.2), we can solve for the radial and angular parts

z 3 I'B 4
y =14+ eln|ec ¥ _ e~ +1¢B‘,

Oy = da+ arg(efﬁ‘z’z - eTTBH‘z’B).

The limit € — 0 of the curve projected to (z,y)-plane is the union of three rays:
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e x < rp region:

o tidr _ e%B+1<z>B‘

y(x,dz) =74+ limeln —ratrp,
e—0

dy(@,d0) = a + limarg(e? % — e HP) = gy 4 op + 7.

e T = rp region:

y(z,¢y) =14+ rp+ lim eln|sin M
e—0 2

)

by(2,d2) = dpa + arg(e'? — €'?B).

For ¢, € (¢ — 0,6 + 9), y(¢dz) € (0,—00), hence we have a vertical line on the radial
projection of the curve.

e T > rp region:
y($,¢m) =7r4+2, st(ﬂj,gbx) :¢A+¢m

We can perform a similar analysis for the degree 2 curve (2.3). The radial shape of the curve
depends on the complex parameter g. The case r¢c > rp is almost identical to the degree one
curve(see picture below). The case rp = r¢ and ¢¢ # ¢p require careful analysis for the vertical
ray * = rp. The radial coordinate is given by

. Qba: - QbB . . ¢z - ¢C
sin —————| + lim eIn|sin ——~—
2 e—0 2

. (2.4)

y(T,¢p) =74+ 1B+ 10+ limeln
e—0

We have two regions ¢, € (¢pp —0,¢p+0) and ¢, € (dc — 6, pc + 9), each describing a vertical
ray y(¢z) € (0, —00). Hence, we have two vertical rays. In order to analyze the radial coordinate
for other values of ¢¢, we rewrite the expression in (2.4) in the form

<¢C—¢B) ( ¢B+¢C)‘
cos — —cos | pp — —— ||

y(z,¢p) =74+ 1B+ 710+ limeln
e—0 2

The radial coordinate has two maximums: one at ¢, = % + %77 with the radial coordinate
r4a + rp —+ ro, the other at ¢, = % with a smaller value of the radial coordinate

sin <¢C _ ¢B) ’
4

We can consider a limit ¢ — ¢¢, such that

¢C—¢B:e_7/€, 7> 0.

ra+rp—+rc+2limeln
e—0

In such limit the radial coordinate of the mid point ¢, = % has a finite value y = r4 +
rg + 1o — 27. The plot of the radial function for such scaling is presented in the right part of
the picture below:

Y Y 4

rp T rp rc x rp T
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2.3 Toric varieties

Definition 2.1. A compact toric variety X of complex dimension N is a holomorphic compact-
ification at infinity of C*V to a compact space by a union of algebraic tori of lower dimensions.
We represent C*N = RN x TV, the radial part with coordinates 77, and the angular part with
coordinates ¢’ for j =1,..., N. The radial part of codimension-1 torus is a hyperplane in RY,
described by a N-dimensional integer primitive normal vector b= (bl, ey bN) € ZN | ie., such
that ged (bl, b2, .. 0N ) = 1. For a given toric variety X, we denote by Bx the set of primitive
normal vectors for all its compactifying hyperplanes.

Remark 2.2. There are interesting toric varieties, thought singular, with non-primitive normal
vectors by, but we will not discuss them in the present paper.

Example 2.3. The projective space PV is the compactification of C*¥ by N + 1 hyperplanes.
The corresponding primitive normal vectors are

by =(1,0,...,0),  by=1(0,1,0,...,0), ...,  by=1(0,...,0,1),
by = (—1,-1,...,—1).

Example 2.4. The P! x P! is the compactification of C*? by the four lines. The corresponding
primitive normal vectors are

l_;l = (170)a 52 = (Oa ]-)’ 53 = (*1,0), 64 = (Oa *1)

In the pictures below, we depict the compactifications and the normal vectors for P!, P? and
P! x P

- - b3 1, -
bl bg T bQ T b2

We can express the topological data of toric variety X in terms of the compactifying data.
In particular, Proposition 4.5 of Fulton’s book [4] relates the homology Ha(X) to dimension
of X and the cardinality |Bx| of the set Bx via

dim Hy(X) = |By| — dim X. (2.5)

2.4 Tropical curves in projective spaces

A degree one tropical curve in C? from Section 2.2 can be turned into a tropical curve in
compactifications of C2. For P2, we add a compactifying line (with b= (-1, —1)) at infinity,
and the 45%-ray of the tropical curve ends on this divisor. For P! x P!, we add horizontal and
vertical lines at infinity, as shown in the picture. The 45%-ray at some point splits into two rays,
horizontal and vertical, ending on the corresponding lines:
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Let us consider two distinct degree-one tropical curves P2, represented by the two trees below.
Two degree-one curves is a singular degree two tropical curve due to the 4-valent vertex. The
resolution of tropical singularity replaces a single 4-valent vertex with a pair of 3-valent vertices
connected by an additional edge. There are two possible ways of doing so, presented in the
picture below. The last two pictures represent the corresponding degree-two smooth tropical

SN

Two other possible relative positions for a pair of distinct degree one tropical curves in P2.
Below, we present the possible resolutions for the 4-valent vertices:

B
Nray

In the case of three distinct degree-one tropical curves in P2, the resolution of singularities can

curves:

QD

DO

give us a tropical curve of genus one or zero.

The four 4-valent singularities on the left picture below can be resolved to get a genus one
tropical curve. In the right picture, we present a singular degree-three curve as an intersection
of a smooth degree-two tropical curve and a degree-one tropical curve. As shown in the right
part of the picture, we can resolve the singularity to get a smooth tropical curve of degree three

CNEN

2.5 Tropical curves via graphs

and genus zero:

This section will briefly review the definition of the tropical curves in toric varieties. For more
details, see Mikhalkin [23].
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A graph I' is a collection of vertices v € V(I') and edges e € E(T"). A directed graph is a graph
with directed edges, i.e., each edge is incoming to one vertex and outgoing to another. For each
vertex v, we can introduce a set Ej,(v) of incoming edges and a set Eoyt(v) of outgoing edges
connected to this vertex. Each vertex v has a walence, the number of edges connecting to this
vertex. We will use ng(I") for the number of k-valent vertices in a graph I'. It is convenient to
decompose all edges into internal and external. An external edge e € E(I') is an edge connected
to a l-valent vertex. Similarly, an internal edge connects two vertices with valencies bigger
than 1. We will denote I(I), the set of internal edges of the graph I". The Euler characteristic
(genus) g(I') = |E(T)| — |[V(I")] + 1 of a connected graph equals the number of loops of the
graph I'. A tree is a graph without loops.

The topological data for a connected tropical curve of genus zero in general position is a tree I'
with only 3- and 1-valent vertices. The homological class of the curve 8 determines the number
of 1-valent vertices.

The discrete data of a connected tropical curve in general position in toric variety X is an
equivalence class of consistent directed trees I—“, consistently decorated with an integer vector
me € ZN for each edge e € F(I'). The consistency conditions are the following:

e Each external edge e is outgoing for 1-valent vertex and is decorated with a vector equal
to one of the primitive normals for the compactification polytope, i.e., M. € Bx.

e An integer vector on each internal edge e is non-vanishing 7, # 0.

e For each 3-valent vertex v the integer vectors on edges connected to it obey the vertex
balance condition:

Yo ode= Y i (2.6)

e€FEi, (v) e€Fout (v)

Two directed trees are equivalent because they differ by a simultaneous flip of orientation and
a change m., — —m, for some internal edges.

Remark 2.5. Our definition for the integer vector m. slightly differs from the tropical geom-
etry literature. For example, instead of a single vector m for each edge author [9] uses a pair
(w, ), a primitive vector ¥ in the direction of m and integer weight w, i.e., m = w - @. How-
ever, the balancing condition in these notations exactly matches our balancing condition (2.6).
Moreover, our additional requirement for the integer vectors on external edges allows us to use
the balancing condition to uniquely restore the primitive vectors and weights for all internal
edges.

Remark 2.6. An equivalence relation for decorated directed graphs is well known in the scat-
tering theory in physics. The direction corresponds to particles being either incoming or out-
going, while an integer vector corresponds to the particle’s momentum. In scattering theory,
the incoming particle with incoming momentum p' is equivalent to the outgoing particle with
momentum —p.

The geometric data of the tropical curve with discrete data [ is the equivalence class of
directed trees decorated with integer vectors and equipped with the following data:

e For each internal edge e € E(I') we assign a positive number 7. € R+ \ {0}, compactified
by infinity, referred to as the length of the edge e and an angle ¢, € S', referred as the
twist of the edge e.

e We assign a distinguished vertex, v., referred to as the sink. The sink is assigned with
a sink location, a point in toric variety X with the radial location 7, € R and the angular
location ¢, € TV.
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e Equivalence relation: We change the sink vertex from v, to v, with simultaneous change
in sink location

FC/ = Fc + Z imeTea $cl = 50 + Z im€¢€7 (27)

e€y(ve,vz) e€y(ve,vg)

where 7! is the (unique) path from v, to v/ on the tree. The term in the sum over edges
is weighted +1 when the direction of the edge e is aligned with the path 4 (v.,v.) and —1
otherwise.

2.6 Moduli space of tropical curves

In this section, we will briefly review the moduli space tropical curves. For more details, see
Mikhalkin [23]. For our discussion of moduli space, we assume that the tropical curve is con-
nected, has genus 0, and non-trivial homological class 3, so the corresponding graph is a tree.

The moduli space Mo(X, ) of the tropical curves of homological class § € Ha(X), also
denoted as a degree of curve and genus zero in toric space X is a compactification of the union
of components, labeled by the discrete types of tropical curves

Mo(X, 8) = JMo(X, 3;T).
r

The tropical curves with zero-length edges compactify the moduli space. There are two types
of such tropical curves: the ones with the 4-and higher-valent vertices and the ones with the
non-primitive vectors on the external edges.

Each component of the moduli space MO(X , B3 f) is a (non-compact) toric variety with the
radial part

ME(X,;T) = REmX 5 (rH) 1),

The (R+)I(F)—factor describes the possible values of internal edge lengths, while the R4mX
describes the radial location of the sink. The angular part of the moduli space is
= dim X+I(T
M) = (1) X0,
1nI(T) . . . . . 1\dim X
The (S ) -factor describes the possible values of internal edge twists, while the (S )
describes the angular location of the sink.

Example 2.7. The moduli space of degree one tropical curves in P? has a single component,
while the moduli space of bi-degree (1,1) tropical curves in P! x P! has two components corre-
sponding to the tropical curves below. The two trees have different integer vectors assigned to
the integral edge, (1,1) and (1, —1) correspondingly:
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Example 2.8. The moduli space Mo(P?, 3) of degree 2 tropical curves in P? is a union of 7
components, corresponding to the trees below. Below the pictures, we provided the list of integer
vectors for each internal edge:

(1,0),(1,-1),(0,1)  (1,1),(1,0),(0,1)  (1,1),(1,2),(1,0) (1,1),(1,2),(0,1)

(1,1),(1,2),(2,2)  (1,0),(1,-1),(0,2)  (2,0),(1,-1),(0,1)

Below, we show the two smooth tropical curves of degree two and a limiting curve with zero
(dotted) internal edge length. The limiting curve is a smooth tropical curve with a non-primitive
integer vector on the external edge. By construction, such a tropical curve provides a compact-
ification of the moduli space My (IP’Q, ﬁ):

o

This section will briefly review the moduli space of tropical curves with marked points in toric
varieties. For more details, see Mikhalkin [23].

We construct the moduli space My (X, 3) for tropical curves of degree 8 and genus zero
with n marked points recursively using the following fibration:

2.7 Moduli space with marked points

Mo, (X,5;T)

Mon-1(X,8;T).

We already constructed the moduli space without marked points Mg o (X , B f) = My (X , B3 f)
The moduli space with a single marked point is the union

Mo (X,8T) = [J Mo(X, 8 D.T).

ecE(T)

The union is taken over decorations Déf of a tree I' by a marked point at edge e € E(T).
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Example 2.9. A degree one tropical curve in P? can be decorated in three ways, so the corre-
sponding moduli space is a union over the three decorations DT, depicted below:

The moduli space of a decorated tropical curve D;f has two additional moduli: the radial
t € (0,7) and angular ¢ € (0, ¢.), locations of the marked point on edge e with the radial 7.
and the angular moduli ¢.. Hence, the radial part of the moduli space is

MOR(X,ﬁ;D;f) = MOR(X,ﬁ;f) x (0,7,) = RHIMX (R+)I(F) x (0, 7e).

The moduli space is compactified by t = 0 and ¢t = 7. for each internal edge e and just t = 0 for
external edges.

It is more convenient to give an alternative description of the moduli space Mo,l(X , B f)
using the following proposition.

Proposition 2.10. A decoration D;f’ of the tropical curve T isa tropical curve fe, constructed
from T by adding an additional 2-valent vertex on the edge e € I.

Proof. For a directed tree f, the new tree fe is also a directed tree if we choose directions, as
shown in the picture below. The new directed tree T, obeys the balancing condition (2.6) at
every vertex, including the 2-valent one, if we assign the same integer vector on both incoming
and outgoing edges to the 2-valent vertex:

— — — —

Te Ne e Te
[ 2 O r—o ) ———0 r— 0
Te t Te— Te+
— 1R =
eel D.T I,

We combine the radial location of the marked point ¢ € (0,7.) and the length 7. of the edge e
into lengths 7.4 of the two edges connected to the 2-valent vertex. In particular, 7._ = ¢,
Ter = Te — t. The same procedure can be applied to the angular moduli. We have successfully
decorated the directed tree I'. with the integer vectors and (radial and angular) moduli. Hence,
T ¢ is a tropical curve. |

Using Proposition 2.10, we identify the moduli space for a decorated tropical curve Déf with
the moduli space of a tropical curve I'e with an additional 2-valent vertex

ME(X, B; DIT) = ME(X, B;T,) = RImX x (R+)/T), (2.8)

The relation (2.8) implies that the moduli spaces for the tropical curves [, are the same for all
choices of edges e. Hence, it is convenient to introduce the notation I'y for a tropical curve with
a single 2-valent vertex. In this notation, the moduli space

Mo (X, 8) = JMo1(X, 8 T) = Mo (X, 8;T4).
I

I
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We can iterate the argument for a marked point decoration to describe the moduli space of
a tropical curve with an arbitrary number of marked points in the form

MO,n(XHB) :UMO(Xaﬂan)‘ (29)

Iy

The individual components of the moduli space (2.9) are

Mo (X, 8;T,) = (R x g1 5 imX 5 pim X (2.10)
The dimension of moduli space (2.9) is

dime Mo (X, B) = dime Mo (X, 8;T) = dim X + I(T,,).

For a graph I', the number of internal edges I(I") is smaller than the number of total edges E(I")
by the number of leaves ny(T"), i.e., I(I') = E(T') — ny(I"). Each edge of a graph connects two
vertices. Hence, there is a relation

3n3(I") + 2na(T") + ny (') = 2E(T).
All graphs are connected and have zero genus, so
0= g(I') = B(T) = V(1) + 1 = E(T) = ny(I) — ng(T") — na(T) + 1.
Hence, we express the dimension of the moduli space via
dime Moy (X, f) =dim X + E(I'y) — ni (') = dim X + no(Ty,) + i (I') — 3. (2.11)

The number of 2-valent vertices na(I',,) is the number of marked points n, while the number
of leaves is the tropical intersection number between the tropical curve of degree [ and the
compactifying hyperplanes

m(Tn) = > B H. (2.12)

beBx

The universal formula for the (virtual) dimension of the moduli space of complex curves is

vdime My (X, B) = /ﬁcl(TX) + (dim X —3)(1 — g) +n.

In the case of genus zero, degree 8 curve in toric space X, the universal formula simplifies into

dime Mo (X, 8) = Z B-Hy+dimX —3+n. (2.13)
beBx

The moduli space dimension (2.13) for complex curves matches with the tropical moduli space
dimension (2.11) and (2.12).

3 Tropical Gromov—Witten theory

3.1 Enumerative problems

This section will briefly review the two types of invariants: the lowest component and the top
component Gromov—Witten invariants.
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Definition 3.1. The lowest component Gromov—Witten invariant, denoted as né((C’l, o, Cp)
is the number of holomorphic maps ¢: CP! — X of degree /3, such that the image of the set of
(fixed) points z1, ..., z, belongs to cycles Cy,...,C, on X, ie., ¢(z1) € Cy,...,d(zn) € Ch.

One can show that the invariant né( (C1,...,Cy) does not depend on the choice of n points
z1,-..,%2n as long as they are distinct. The key feature of the GW invariants is the existence of
the integral representation.

Proposition 3.2 (Konstevich-Manin [12]). The lowest component of the Gromov-Witten in-
variant has a representation

né((Cl, ., Ch) / /\ evaYas
X.8) a=1

)

where Mo(X, B) is the moduli space of stable holomorphic maps CP' — X of degree 3, equipped
with the evaluation maps

eve: Mo(X,B) = X: (¢: CP! = X, 21,...,2,) = ¢(2q).

The 4 are special, sufficiently smooth representatives of the Poincaré dual classes to the cy-
cles C,.

Example 3.3. The lowest component Gromov-Witten invariant for degree 0 curves is the
number of intersection points for collection of cycles C1,...,C), on X, i.e.,

n{ (Cy,...,Ch //\ya_ (C1NCyn---NCy).

Definition 3.4. The top component Gromov—-Witten invariant Ng((Cl, ..., Cy) is the number
of curves of degree 3, genus zero in complex space X, passing through the cycles C1,...,C,.

Proposition 3.5 (Konstevich-Manin [12]). The top component Gromov-Witten invariant has
representation

N (Cy,...,Cp) = /
MOn

where Mo o (X, B) is the moduli space of stable holomorphic maps CP! — X of degree B with n
marked points, equipped with the evaluation map

/\ evaa, (3.1)
B) a=1

)

eVa: Mon(X,B) = X: (¢: CP' = X, 21,...,2,) = ¢(2a).

The 7o are special (sufficiently smooth) representatives of the Poincaré dual classes to the cy-

cles C,.

3.2 Tropical observables

The observables in GW invariants are sufficiently smooth representatives of Poincaré dual classes
to the complex cycles Cy. In cylindrical parametrization (2.1), a (k, k) form in complex coor-
dinates W, W becomes a (k, k) form in radial/angular coordinates. Furthermore, a smooth
differential form on X becomes a singular form on RY in tropical limit.
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Example 3.6. The Fubini-Studi form wrg on P! is a smooth representative for the Poincaré
dual class to the point cycle. The cylindrical parametrization for wgg is given by

y i AW AW 1 eTdrAde 52)
FS = = Thwoee T 3 . g :
Am (L4 W2 € or(14e7)?

The tropical limit € — 0 turns a smooth form (3.2) into a singular one, supported at a single
point r = 0, i.e.,

. 1
lgl[l)wFs = %5(r)drd¢. (3.3)

We can use the compact U(1)M-action on toric space of complex dimension N to turn an
arbitrary form w into U (1)N -invariant form @ via averaging over the group action

o= T o W9)
W= ooV nlg)g - w.
VOI[U(l)N} U1)N
In particular, for the differential form ~p, the Poincaré dual to the point, the averaging is

TP = Z];[l(s(rz _ T;)5(¢Z — d%)drld(bz — AqAp = (27r)N il;Il(s(r% _ T;)drqubz. (3.4)

More generally, the tropical limit of a complex cycle C' on X is the torus fibration over the
polyhedral complex, a collection of polyhedra glued in a particular way. The tropical limit of
a smooth representative in the Poincaré dual class of C' is a singular form supported on the
corresponding polyhedral complex.

Remark 3.7. A differential form on a toric variety X has an alternative description as a function
on the superspace T'[1]X. In the present paper, we will use two notations interchangeably, i.e.,

w= w(F,dF,dgg).

3.3 Tropical evaluation map

The tropical evaluation map
eVy: Mo,n(X,ﬁ;f") — X

on the sink vertex returns is the location of the sink, i.e.,

-

€VR: MO,H(X75?f) — X (7767(;077—17@17"'>TI(F)7€01(F)) = (FC>¢C)'

We can use the sink relocation formulae (2.7) to define the tropical evaluation map for any
vertex a via the following formula

€V ! Mo,n(Xvﬁ;f) — X: (FC,QZ_;C,’Tl,QDl,...,T](F),(,D](F)) = (Fom(ga)v

Fa=Tet Y, HheTe,  Ga=Gct+ Y, e, (3.5)
eevr(Rw) e€r(R,v)

where vr(a, R) is the oriented path from sink R to vertex a. For the U(1)"-invariant form, the
pullback map is

Vi (7, A7, d@) = (T, AT, ddy).
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Example 3.8. Let us consider a degree one tropical curve in P! with 3 marked points. The
discrete data of the tropical curve I's with three 2-valent vertices is ordering 3 points on a line.
Let us fix the ordering and directions as shown in the picture below:

o

71 1 72 T2 3

R\y_l/' 4
+1 +1 -1 -1

The tropical evaluation map pullbacks for three U(1)-invariant observables are given by

eviv = 71(re, dre, dée),
evyye = Y2(re + 11, dre + d7i, dée + depr),
eviys = Y3(re + 11 — T2, dre + d11 — dro, dde + dp1 — dipa). (3.6)

The signs in the expressions (3.6) reflect the fact that an edge between points 1 and 2 is aligned
with the path 71 = 41 (R,2), while only the first edge is aligned with the path vi = r (R, 3).

Example 3.9. Let us consider a degree-one tropical curve with two marked points in P2. Let
us choose two discrete types of tropical curves with marked point locations presented in the two
pictures below:

7'2 — 7—2 7—1
V2 ga!

- -

bg b2

The evaluation maps for the tropical curve on the left picture are

evim = (7 — bim, d7. — bidry, dge — bide),
evin = 72 (7 — bam, A7 — bad7a, dge — badgs).

The evaluation maps for the tropical curve in the right picture are

evivr =71 (e — bi71,d7. — bydry, dg. — 51d¢1)7
eviyy = 72 (7. — bimy — bi7o, A7 — bydry — bydra, dde — bidgr — bidgs).

3.4 Tropical moduli space integral

In Section 3.1, we described the solution to an enumerative problem in terms of the moduli space
integral (3.1). In Sections 2.7 and 3.3, we defined the tropical moduli space and the tropical
evaluation map, so the tropical GW invariant TN é( (C1,...,Cy) can be defined in the following
way.
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Definition 3.10. The number of tropical curves of degree 8 and genus zero on toric space X
passing through tropical cycles C, ..., C, is given by

TN (Cy,...,C Z/ /\ v Yo, (3.7)

where ev is the tropical evaluation map (3.5), ./\/ln(X , 35 fn) is the tropical moduli space and
1, ..., are representatives of Poincaré dual classes to the cycles C1, ..., C,.

Although our Definition 3.7 was motivated by Proposition 3.5, we did not include the com-
pactification of the tropical moduli space. We conjecture that there is no contribution from the
codimension one and higher components due to good integrand behavior at zero edge length.
Our conjecture, at least for genus zero invariants, is later justified by matching the known results
from the compactified moduli space integrals in a complex geometry setup. We suspect that we
might need to carefully include the higher codimension integrals on the tropical moduli space
for the genus one and higher.

It is convenient to introduce another notation (vyi,... ,7,1)%( for the tropical GW invari-
ant (3.7) to indicate a choice of representatives v, ..., VY.

Example 3.11. The number of tropical degrees one curves in P!, passing through two distinct
point cycles, is given by

TNY (p1.p2) = Z/ / eviy Aeviye. (3.8)
o s SR

The two observables 71 and 7 are U(1)%-averaged representatives (3.4) of the Poincaré dual

21)

class to a point cycle. The sum in (3.8) is taken over two trees 1;*%12) and fé depicted below:

pa! T V2 V2 T Ba!
12 /- < 21 - °
Fg ) ® . Fé ) ® °
+1 +1 -1 +1 +1 -1

Using the evaluation map (3.6), we can evaluate the contributions for each tropical curve. The

contribution for the curve F(lz) is
TN{P’ (pl,pz / / 1(res de) A va(re + 7, e + @)
(81)2 RX]R+
1
/ / —5 —r1)dredeoe A (rc + 7 —ro)(dr. + d7)(d¢e + dy)
Sl ]R><R7L
(271) /( d(bcd(p/ drc/ drd(re —r1)d(re + 7 —1r2)
= / dT5(7’1 + 7 - 7“2) = @(Tg — 7’1), (3.9)
0

where we introduced the step function

> 1 0
:/ dazé(az:—a):{7 @0
0 0, a<0.

(21) is

The contribution from the tropical curve I'y

N upt§) = [ b0 At 46t ) = 00 ).
S RxR
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The tropical GW evaluates into
TNFl(pl,pz) Z@(TQ—T1)+@(7’1—7’2): 1 if ry #ro.

The individual contributions from the left and right graphs describe the contributions from two
distinct tropical curves labeled by the ordering of marked points. For ro > 71, the second point
is to the left of the first point on the real line. Hence, only tropical curves that preserve this
property do contribute. There is only one such curve, represented by the left graph.

Example 3.12. The number of degree 1 tropical curves in P? passing through two distinct
point cycles is

TNY (p1.p2) = Z/ / evin Aeviye. (3.10)
s Jrexrey?

The two observables v and 7o are U(1)%-averaged representatives (3.4) of the Poincaré dual
class of the point. The sum is taken over 12 tropical curves fg. There are two types of tropical
curves ['9: six with two marked points on the same edge and six with marked points on two
different edges. Below, we will show that the contributions from the tropical curves with two
marked points on the same edge vanish, so the only nontrivial contributions come from the six
tropical curves depicted below:

The tropical evaluation map from Section 3.3 for two observables on the same edge (with integer

=

vector b) is
evivi Aevaye =71 (Fc — 571, qgc — ggol) A Y9 (f’c — 5(7'1 + T2), 50 — g(gol + @2)). (3.11)
The radial part of the form (3.11) vanishes
2 . . . . . 2 . . . . . . .
H 5(7"2 — b — r’l) (drfz - b’dﬁ) A H (5(1"2 — b — by — ré) (dré — bdm — bZdTg)
i=1 =1
o (drp —btdry) (dr? — b°dmy) (drg — b'dr — b'drp) (dr? — bPdry — b*d7y)
= dry (=b*dm) (=b'dr)dr? — b'drdridrl (—b?dr) = 0.

In case two observables on different edges with integer vectors 51 and 52,
eviv1 A evyys = wi (Fc - 1;17'17 $c - 51901) N w2 (Fc - 527'27 ¢_>; - 52902). (3.12)

The radial part of the form (3.12) is

2 2
H 5(7"2 —bir — ri) (drf: — bzidﬁ) A H 5(7“2 — bhry — r%) (drf: — bngg)

i=1 =1

2
= — H(S(Tz — bilTl — 7’3)5(7’2 — béTg — Té) (51 X gg)dTidT’szldTg,
=1
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where we introduced the 2-dimensional vector product

b1 A by = bb3 — bIb}. (3.13)
The angular part of the form (3.12) is
1 £ 2 1
% i 7 7 _ 7 z 1 2
@) E(d¢c — bidepr) A E(d¢c — bhdgs) = — @) (b1 A b2)doplddZdgpides. (3.14)

Remark 3.13. The equation (3.14) shows that the product of the pulled-back observables (3.12)
is proportional to the vector product (3.13) on the integer vectors 51 and 52, assigned to the edges
with the point observables. Furthermore, the moduli space integral (3.10) for a fixed discrete
type tropical curve will be proportional to the square of the vector product. In Section 2 of
Mikhalkin—Rau [23], authors introduced the weight factor for a cubic vertex wiws|@; A ia| to
use it in the tropical curve counting. In our notations, 51 = wyu; and 52 = wata, so the weight
factor for the cubical vertex is identical to our vector product (3.13).

The square of the vector product (3.13) for any pair of distinct unit normal vectors b, €
Bpz = {(1,0),(0,1),(—1,—1)} is given by (bg A bc)2 = 1. The moduli space integral for the

tropical curve I'y with marked points on edges with integer vectors by = (1,0) and by = (0,1)

2 - * *
TNF (plap2;F2) 2/ / evivl N\ evyyo
(51t JR2x ()2

1
= 4/ d¢id¢2d¢1d<ﬁ2/ dTidTg/ dridm
(2m)" J(si R2 (R+)2

X (5(ri -7 — r%)é(r? - r%)5(r§ - r%)é(r? — Ty — r%)

o
_ / drydry 6(—71 — r1)o(—7 +12) = O(~r1) O (r2), (3.15)
0

where we introduced the relative position 7 = 7} — 7. Similarly to the P! case, an individual tree
describes a tropical curve that passes through the two points with relative locations such that
the relative distance vector 7 belongs to the second quadrant in R%. The remaining five tropical
curves contribute to other values of the relative position 7. The picture below presents the
relative marked point location and the corresponding tropical curves with a nonzero contribution:

7,2

The sum (3.10) over tropical curves Ty is

TNFQ(pl,pg) = ZTNFZ (pl,pg;fz) = @(—rl)@(rz) + @(7’1)@(—7’2)

I’
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+0(7)(6(r) —6(r' —r%)) + () (6(r) —6(* —r))
+0(=r')(0(=r*) —=O(r' =r?)) + O(=r*) (6 (=) =6 (r* = 1))

=1, unless 7' =0 or =0 or r'=r2

The tropical GW invariant equals one everywhere on R?-plane of relative positions, except

for the exceptional cases ! = 0, 2 = 0, and ' = 72. There is no tropical curve passing

through two points in these cases. This phenomenon was observed and discussed by Mikhalkin
and Rau in [23, Proposition 2.5.1]. The moduli space integral does not change if we replace
the single point-supported representatives v, and ~» with smooth representatives in the same
cohomology class. Hence, resolving the exceptional cases issue seems plausible by using the
smeared representatives v and o for tropical point cycles.

4 Higher topological quantum mechanics

Higher topological quantum mechanics (HTQM) was introduced in [13] to generalize 1-dimen-
sional TQFT by including geometric data for 1-cobordisms. This section formalizes the HTQM
to describe the tropical GW invariants. In particular, we introduce an additional parity-odd
symmetry. Such symmetry is the remnant from the tropicalization of a topological string theory
description of the GW invariants.

Definition 4.1. An HTQM (V,Q, G4, g) is a collection of the following data:

1. Supervector space V = Vy @ V; with even, Vj, and odd, V7 subspaces. We use notation
|v| € Zy for the parity of vector v € V.
2. Differential Q: V — V, an odd operator, |Qu| = |v| + 1, that squares to zero.
3. Quasi-homotopy G4 : V — V, an odd operator, |Gv| = |v| 4+ 1, that squares to zero, i.e.,
2 _
G+ —
4. Parity-odd symmetry G_: V — V, an odd operator: |G_v| = |v| + 1, such that it squares

to zero, i.e., G = 0, graded commutes with differential @, i.e., {Q,G_} = 0, and graded
commutes with quasi-homotopy G4, i.e., {G4+,G_} = 0.

5. Scalar product g: V x V — R with following properties:
e parity-symmetry
g(v,w) = (=1)""g(w, v);
e (-preservation
9(Qu,w) + (=1)"lg(v, Qu) = 0;
e (G -preservation
9(Giv,w) — (=1)lg(v, GLw) = 0.

If the space V is infinite-dimensional, we impose certain consistency conditions on HTQM data
(V,Q,Gx+,g). We define the Hamiltonian operator H = {Q,G+}: V — V. The consistency
conditions are formulated in terms of Hamiltonian:

e The Hamiltonian H is such that the evolution operator et ig well defined for t > 0 in
the following sense:
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— it is a solution to the ODE

O+ H)e =0, e %=1 teRTU{0} (4.1)
— forms a 1-parameter semi-group with multiplication

e hiHlgmtal — o=(iHt2)H V t1,te € RT U{0}. (4.2)

e We require that the ¢ — oo limit of the evolution operator exists and is equal to the
projector on ker H, i.e.,

lim e tH = II,.
t——+o0

e The projector Iy obeys
I[IyG+ = G4IIy = 0. (4.3)
Remark 4.2. The notation G+ is adopted from homotopy in string theory, where G4+ = Gy 1 £
Go,r- The Gg 1R is the Q-partner of the energy-momentum tensor for the left and right modes.

Definition 4.3. The propagator K: V. — V for HTQM (V,Q, G4, g) is an operator

T 00
K = lim dte G, = / dte @, . (4.4)

Note that the integral may diverge when the exponent vanishes for states from ker H. The G+
in the expression (4.4) and the HTQM property (4.3) evaluates G.v = 0 on all v € ker H, hence
Kwv = 0 for such states. The propagator K is a homotopy, i.e.,

{Q,K} = /Ooodte_tH{Q,GJr} = —/Oood(e_tH) = e_tH‘O —e_tH’OO =1—1Ip.

Example 4.4. The semi-group property (4.2) may only hold at some subspace of RT. An ex-
ample of such a phenomenon is the one-parameter family of diffeomorphisms for a vector field
u = 120,. Here vector space V = Q!(R) with the Hamiltonian H = £, = {1,,d}.

4.1 Amplitudes in HTQM

Definition 4.5. An observable O in HTQM (V,Q, G+, g) is a linear operator O: V — V.

Definition 4.6. An evolution operator U(t,dt) € V @ V* @ Q*(R™T) is a solution to
dU(t,dt) + [Q,U(t,dt)] = 0, U(0,dt) =1+ Gdt.
We use the exponent (4.1) to express the evolution operator
Ult,dt) = e tH+G+dt — o=tH (1 L G dt).

Note 4.7. We will suppress the argument d¢ in evolution operator U (t, dt) to make our expres-
sions less crowded.

Definition 4.8. For the HTQM (V,Q, G4, g), a collection of n observables O, and a pair of
states v, w the pre-amplitude on a line PA;, (O1,...,0n;v,w) is a differential form on the
moduli space M(I,,) ~ (RT)"~! of the n ordered marked points on a line given by

PA;, (O1,...,0n;v,w) = g(v, 012U (12)G_Oy - - - 2wU (1,) G- Opw).
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By definition, a pre-amplitude P.A;, is a mixed degree form on the moduli space M(I,,). The
lowest component is a function on M(I,,). It is well known in Euclidean quantum mechanics as
a transition amplitude (see Feynman—Hibbs—Styer [2] for more details) with observables inserted
at marked points. An example below gives a more detailed description.

Example 4.9. Let us consider two marked points on a line, so the moduli space M(l3) = R*.
The coordinate on the moduli space 7 > 0 describes the relative position of the two ordered
points. For observables O; and O, and a pair of states v, w, the pre-amplitude is

PAL(O1,02;v,w) = g(v, 01270 (1)G_Ow) € Q*(RT). (4.5)
The degree zero component of the pre-amplitude is a function of the moduli space
PA(}ngO(Ol, Oz;v,w) = g(v, (’)127re_THG,(92w). (4.6)

We can use the (Euclidean) Heisenberg picture to replace the observables O and Oy with their
time-dependent versions

Ou(1) = e THO e
to rewrite the pre-amplitude (4.6) in the form
PAc}jg:O((’)l, O9;v,w) = g(v, 01(0)27r02(T)G_e_THw). (4.7)

An expression (4.7) is the matrix element between states v and w in Euclidean quantum me-
chanical transition amplitude on an interval [0, 7] with observable O; at a time 0 and observable
21O0>G_ at a time T.

The term “higher” in the higher topological quantum mechanics means we will use the full
pre-amplitude instead of the degree zero component.

Definition 4.10. Generalized amplitude A%L on a line I,, with n marked points is an integral
of the pre-amplitude PAj, over a chain C in the moduli space M(I,,), i.e.,

Af = / PAr,.
c

In the present paper, we will be interested in the top-degree generalized amplitudes, i.e., the
integral over the whole moduli space

.A]n(Ol,...,(’)n;v,w):/ PAr, (O1,...,0n;v,w).
M(In)

We use an integral representation for the homotopy (4.4) to rewrite the amplitude in the form
A (01,...,0p0,w) = (20)" Lg(v, 01 KG_Oy - -- KG_O,w).

The generalized amplitudes are also present in standard quantum mechanics as the terms in
perturbation theory.

Example 4.11. Suppose an operator ®: V' — V in HTQM (V,Q, G4, g), is nilpotent, parity-
odd and commutes with @ and G_, i.e., {Q,®} = {G_,®} = 0. For a parity-even number A
we can construct a family (V,Q —A®, G4, g) of HTQM’s deformations. The deformed evolution
operator is a solution to

dUMt) + [@ — A2, UMNt)] =0,  U(0) =1+ G.dt. (4.8)
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The solution to the Cauchy problem (4.8) is written using the (formal) series in A, i.e.,
U)‘(t) —y© (t) + )\U(l)(t) 4 XU () +---

The U© (t) is the evolution operator in the original HTQM (V, @, G4, g), while the higher terms
are determined recursively solving

P () + [Q, UM ()] = [@, Uk V().

The recursive solution is
U®) (1) = / U () dU*D (1),
t1+ta=t

The homotopy for deformed HTQM) can be expressed as series in A
o
Ky = / Ux(t)
0

:/OOOU(tl)+)\/OOOU(751)/OOO<I>U(t2)—I-)\2/000U(tl)/OOOCDU(tg)/OOOQU(tB)_|_..,

=K + AK®K + NKOKPK +--- =K Y (A®K)". (4.9)
k=0

The (top-degree) generalized amplitude ZI/Q in deformed HTQM (V,Q — A®, G+, g) on a line Iy
with two marked points is

:4\[_;(01,02;11,1@ = 9(0,0127TK)\G_02’U)). (4.10)

For a special choice of operator ® = 27[G_, O], the perturbative expansion (4.9) for the ampli-
tude (4.10) becomes

Ap(01,0050,w) =3 A (01,00, ..., 20, 0g;v,w). (4.11)

Equality (4.11) expresses an amplitude in deformed HTQM (V, Q —27A[G_, O], G4, g) as a sum
over amplitudes in the original HTQM (V, Q, G+, g).

Remark 4.12. The deformation of HTQM by the multiple operators ®4 was discussed [17].
In particular, it was shown that the corresponding amplitudes solve the (anti) commutativity
equation.

4.2 HTQM on special trees

In Section 2.5, we described generic tropical curves of genus zero with marked points as connected
oriented trees I' with sink and 1-, 2- and 3-valent vertices only, equipped with integer vectors
and moduli. For a given tropical curve f, we can construct a special tree I', defined below, by
forgetting the integer vectors and moduli on the edges.

Definition 4.13. A special tree I is a directed tree with distinct sink vertex and only 1-, 2- and
3-valent vertices. The directions are as follows: the edges are outgoing to the leaves, 2-valent
vertices have one incoming and one outgoing edge, and 3-valent vertices (except sink) have two
incoming and one outgoing edge. The sink vertex has all incoming edges.
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The line with marked points I, in Section 4.1 is a generalization of a special tree with no
3-valent vertices and a sink at a 2-valent vertex.

Definition 4.14. An HTQM (V,Q, G4, g, u2) on a special tree I is the decoration of a special
tree with the following data:

1) each edge is decorated with the HTQM data (V,Q, G4+);
2

(1)

(2) 1-valent vertices (leaves) are decorated with states, i.e., v, € V,a=1,...,n1 = |Vi(T')|;

(3) 2-valent vertices are decorated with observables O, € V@ V* a=1,...,ng = |[Vao(I)|;

(4)
)

4) 3-valent vertices are decorated with the multiplication ps: V@V — V;

(5) sink 3-valent vertex is decorated with the multiplication pf = go us: V® — R.
The multiplication pa obeys the following consistency properties:

e (o is graded commutative
pa(v,w) = (=) g (w, v);
® (o is associative
pa(p2(v, w), u) = pa(v, po(w, w));
e (u2,Q) obeys the Leibniz rule
Qua(v,w) = pa(Qu,w) + (1) ua(v, Qu);
e (G_, u2) obeys the T-term relation

G—:U'2(U2(U7 ’U)), u) = M?(G—MQ(U7 w)? u) + (_1)|w|(\v\—1)u2(w’ G—NZ(Ua u))
+ (=DM (v, G- pa(w, w) = pa(G-v, po(w, u))
— (=) g (0, po(G_w, w)) — (=) g (v, o (w, G_w)). (4.12)

~— ~—

For a special tree I', we can define an element of the tensor algebra equal to the tensor
product of the elements assigned to each vertex and edge of I'. Each vertex v is assigned with
an element V*Ein(] @ VIEou()l {6 has a factor V* for each incoming edge and a factor V
for each outgoing edge. Each edge is assigned with an element V' ® V*, factor V for the vertex
it is ingoing and factor V* for the vertex to wh it is outgoing. A special tree (directed graph,
more generally) defines a map from an element of tensor algebra we described earlier to the real
numbers via contraction in tensor algebra, determined by the directed edges connecting vertices.
We will denote such contraction for special tree I' in the following way:

(Vr: (VoOVHPEQVem g (Ve V)2 g (Ve Ve V)2 DoV gV o V' - R.
For a special tree I', we define the moduli space M(T"), given by the lengths of internal edges, i.e.,
M(T) = (RT)ID),

Definition 4.15. The pre-amplitude PAr(Oy;v,) on a special tree I' decorated with states vy,
operators O, in HTQM (V, @, G+, g, p2) is a contraction in tensor algebra, defined by a special
tree I'. The leaves of a special tree are decorated with the states vy,...,v,, € V, internal edges
are decorated with the evolution operator U € V ® V*, external edges are decorated with the
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identity operator 1 € V ® V*, 2-valent vertices are decorated with observables O, € V ® V*,
3-valent vertices are decorated with multiplication pus € V*®@V*®V and a sink vertex decorated
with p € V* @ V* @ V*. We will denote such contraction as

PAﬂOm%)—<nWﬂF®U®I Q§UQQ§CQ® g = >®¢». (4.13)
r

Example 4.16. The pre-amplitude (4.5) is the pre-amplitude (4.13) on a special tree I' with
n1(T) = 2 leaves, equipped with states v and w and no(T") = 2 2-valent vertices, equipped with
observables O and Os.

Definition 4.17. An amplitude A% on a special tree I' is an integral of the pre-amplitude PAr
over a cycle C € M(T'), i.e

ﬁ:/P&.
C

In our analysis of tropical GW invariants, we will use the top degree amplitudes, i.e., integrals
over the whole moduli space

Ar :/ PAr. (4.14)
M(D)

We can perform the moduli space integral and express the amplitude (4.14) using homotopy (4.4)
in the form

ni(l)  na(I')
Ar(Oy; 045 Q) = <]l®”1(r) ® (2rKG_)®!I) ® Vg ® O ® /L;@(HS(F)A) ® ,ug> . (4.15)
a=1 a=1 I

Definition 4.14 implies that the amplitude Ap(QOy;v,) is independent of the location of the sink
vertex (Where wa is replaced by the ,ug), hence for convenience we will use the shorter notation
for the same amplitude

n1(T) na (T
Ar(Oni )~ <(m<c Q. @ 0.0 §n3<F>> . (1.16)
T

The expression (4.16) describes an amplitude on a special tree I' with leaves decorated with
states v, internal edges decorated with propagators 2nKG_, 2-valent vertices decorated with
operators O, 3-valent vertices decorated with the multiplication us and a scalar product g at
arbitrary vertex on a special tree T'.

Example 4.18. Let us consider the three special trees depicted below:
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The amplitude on the first tree
Ar, = 2m) Y (KG-04, Uy, KG_0,, Yy, KG_0,, KG_0,,Ty,). (4.17)
The amplitude of the second tree
Ar, = (2m)* g
X (KG_pa(Vyy,, Uy, ), KG_pig(Vey,, Uy, ), KG_pig (Vo KG_pi2 (¥, 0y,))). (4.18)
The amplitude of the third tree
Ar, = @m)* 3 (KG_0p, V., KG_Op, Vo, KG_ 12 (o, KG_0p, 0.,) ). (4.19)

Remark 4.19. The formal construction of HTQM on special trees has several useful applica-
tions. In particular, Losev and Shadrin [16] showed that the amplitudes in HTQM on special
trees with additional assumptions obey the WDVV equations.

4.3 A-model HTQM

Tropical Gromov—Witten theory on a compact toric variety X of complex dimension N defines
the particular HTQM on special trees. Following the string theory analogy, we will denote
HTQM as the A-model. Below, we express the HTQM data (V,Q, G4, g, u2) in terms of geo-
metric data of X.

Definition 4.20. The A-model is the collection of the following data (V,Q,G4,g, p2), where
the vector space V' is the space of pairs

|w,77_’2>, w e erop(X)v m € ZN'
The Q,,,(X) is a space of U(1)N-invariant smooth differential forms on a toric variety X of

dimension N, i.e., smooth forms on C*V, that are extendable to the compactification. An exis-
tence of continuation, in particular, implies that for all primitive normal vectors b € By, the
following holds:

1tl}ier(><J w(r + bt) = finite, t_lgrnoo Lbjaww(r + bt) =0, t—liinoo Lbjaer(T' + bt) =0. (4.20)
The parity of a state |w,mi) is the parity |w| of the form, defined as the degree of form
deg(w) mod 2. The differential @ acts as the de Rham operator in radial direction on C*V =
RN x TV ie.,

Qlw,m) = |dw,m), d= Zdri;ﬂ. (4.21)
The homotopy G4 and parity-odd symmetry G_ are defined via interior derivatives

Gylw,m)y = |L§1w,ﬁ’2> = ‘Lmiariw,m>, (4.22)
and

G_|lw,m) = |Lg%w,ﬁi> = ‘Lmi3¢iw,7ﬁ>. (4.23)
The scalar product is the integration of forms

g0 VXV 5 R: (jwn, 1), wa, 2)) %l%ﬁfxwl A ws. (4.24)

The multiplication pus: V® V — V is the wedge product on differential forms

prz(jwr, M), we, Mig)) = |wi A ws, My + ma). (4.25)
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Proposition 4.21. The A-model (V,Q,G+, g, u2) is the HTQM on special trees.

Proof. The operators ), G4 realized as operations (4.21)—(4.23) on differential forms imme-
diately imply that all three are differentials, i.e., parity-odd operators, that square to zero.
The pair of differentials G4 are interior derivatives (4.22) and (4.23), hence are anti-commuting.
The graded commutator of G_ and @

{Q.G_Yw, ) = |L3w, ) =0,

since the form w is invariant under the U(1)¥-rotations. The A-model scalar product (4.24) is
graded-symmetric

g(|w1, M1, w2, M) = 677114_7?12’6/ w1 Aws = (—1)l1le2lg(jwy, i), |wr, 1)),
X

Q-preserving follows from compactness of X, i.e.,

g(Q|W17m1>a |w2,rﬁ2>) + (_1)‘W1lg(|wl7ml>a Q|U)2,7’7L2>) = ’rﬁ1+7ﬁz76/ d(wl N WQ) =0.
X
The G-preservation
g(Gi|w17 Tﬁ1>, ’C‘)Zu 7’?1,2 ) - (—1)|w1|g(|w1, Tﬁ1>, Gi|w2, 7’?12>)
A, R,®
= 67ﬁ1+7ﬁ2,6/ Lﬁ"Ll w1 Awa — (_1>|w1|57ﬁ1+m'2’6/ w1 A Lm2 w9
X X
R,®
= 5m‘1+ﬁ12,6/X Lo, (w1 Awsy) = 0.

The pair (Q, p2) for the A-model (4.21) and (4.25) is essentially an exterior derivative and
a wedge product, hence obeys the graded commutativity, associativity, and Leibniz rule. The
interior derivative and wedge product properties imply the 7-term relation (4.12). The space V
is infinite-dimensional. Hence, we need to check the properties of the Hamiltonian, which acts
as the Lie derivative in radial direction, i.e.,

Hlw,m) = {Q, Gy Hw,m) = [{d, 2 }w,m) = |LEw,m).
The non-perturbative exponent e * defined as solution (4.1) is a 1-parameter family of diffeo-
morphisms @fﬁ: r* — r* —m't acting via pull-back on forms

e H|w,m) = ‘(@%)*w,rﬁ>.
The composition property (4.2) naturally holds for diffeomorphisms. Since the vector field
m = m’0,; is a constant vector field, the corresponding flow does not develop any singularities,
hence the composition (4.2) is valid for all values of t € R™.

The ker H is a direct sum of vector spaces for each m, i.e.,

ker H = @ {lw,m)| w € Qo (X)), LR =0}

meZN

Let us fix 17 and describe the invariant forms. An U (1)"-invariant form of a particular bi-degree

w € QY8 (X) can be written in components

w = wil-..ipjl...jq(F)dril A Adre A d¢j1 A A d¢jq'
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The radial Lie derivative along the constant vector field simplifies to the Lie derivative of each
component (as a function of 7), i.e.,

LRG=dr' A Adre AdgT A Ad@TmID, s wiy gy, ()

The invariant forms have components independent of 7 in the direction of m. An extension to
compactification (for compact toric variety X) requires further restriction for the components
of w, given by

Bow=12w=0. (4.26)

When 77 is proportional to one of the vectors b € Bx the extra conditions (4.26) immediately
follows from our definition of the tropical forms Qf,,(X) on X, since the ¢ — oo limit of the form
in (4.20) equal to the form itself. For more general vectors, a more careful analysis is required.
Definitions (4.23) and (4.22) for G4 action on states and extra conditions (4.26) immediately

imply GIIy = 0. |

4.4 A-model states, operators, and amplitudes

The A-model HTQM on special trees is a tropicalization of the type-A topological string. The
worldsheet description of the topological string involves the 2D conformal field theory (CFT).
One of the key features of the CFT in two dimensions is the state-operator correspondence. The
state-operator correspondence in the topological string description of the GW theory becomes
the state-operator map in the HTQM description of the tropical GW theory.

Given a state v € V in HTQM (V, Q, G+, g, 12), we can construct an operator

Oy = p2(v,-): V-V, (4.27)

However, not all operators O: V — V can be turned into states, but the ones relevant to the
tropical GW theory have such property!

Definition 4.22. For a compactifying hyperplane with the primitive normal vector bezZN ,
there is a divisor state Wy = ‘1, b>. For a GW observable v € Qf,,(X), there is an evaluation
state W = ‘7,6>.

The corresponding operators are defined below.
Definition 4.23. An evaluation observable is an operator
Oylw,m) = [y Aw, ) = pa(Vy, [w, m)),
while a divisor observable is an operator
Oplw, 1) = [w, 11 + b) = pia(Wp, |w, ).

The divisor states describe the compactification of C*V to the toric variety X in tropical
GW theory. Divisor states belong to ker H, moreover, G ¥, = QW¥; = 0. The evaluation states
describe the observables in tropical GW theory. Evaluation states also belong to ker H, and
G1V, =0, while QV¥, = ¥g4,. In Section 4.2, we defined amplitudes in HTQM on special trees.
Below, we provide several examples of the amplitudes in the A-model HTQM on special trees
related to the tropical GW invariants on P! and P2.
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Example 4.24. The tropical GW invariant (3.8) for two points on P! can be constructed using
the HTQM amplitudes on the special trees below:
0, 0, 0, o0,

(12)  e-- - 21) .- L.
r T, _ r 0, W_

The divisor states Wy describe the pair of compactification divisors with primitive normals
by = £1. The pair of evaluation observables O,, and O., describe the tropicalized point-
cycles (3.3) located at 7 and 5. The amplitude (4.15) on a special tree I'1?) is

AF(12) (O’YI’ O’YQ; \IJ+, ‘If,) = g(\IJ+’ O’Yl ZWKG,O»YQ\IJ,)
=9(11,1),05,2rKG_0,,[1,-1)) = g(|1, 1), |[11O(r2 — 1), —1))

1
= /Sl dqﬁ/Rdr %5(7‘ —7r1)0O(reg —r) = O(rg —r1), (4.28)

where we used

2nKG_|yg, —1) = 277/ dtetHG+G_’215(r — ri)dodr, —1>
0 7

oo
—/ At |5(r — vy + 1), —1) = [O(rg — 1), —1).
0
The amplitude on a special tree (4.28) is identical to the tropical GW invariant contribution (3.9)
for the same tropical curve.

Example 4.25. Let us describe the amplitudes for the graphs, corresponding to tropical curves
of degree 1 in P? with two observables, which we used to evaluate the tropical GW invariants

in Section 3.4:

\I/b3 ‘ljbg,
2 ,.
R4 ,,’

\I/blo-—— \I/blo-———o—o—T
O'Yl Y2 O’Yl 1

; O, :

' l

¢ °

lIle \Iij

The amplitude for the left graph is

Ar(0qy303,) = g(Upy, p2(2n KG_ 0., Uy, 21 KG_0,,04,)) = O(—r")O(r?). (4.29)
We used the following relations:
2rKG_04, Uy, = 2r /OOO dt (271T)2 |6(rt =71 —t)6(r* — r})dr?de?, (1,0))
= 16( ~ r)a(r? ~ 1) drds?, (1,0))
21 KG_04, Uy, = 27 /Ooo dt (271T)2|5(r1 —13)8(r® —r3 — t)dr'de', (0,1))

= %‘5(7"1 — r%)@(rQ — r%)drldqﬁl, (0, 1)>

Again, the amplitude (4.29) on a special tree is identical to the tropical GW invariant contribu-
tion (3.15) for the corresponding tropical curve. These examples are a consequence of a more
general relation between the A-model HTQM amplitudes and tropical GW invariants, which we
formulate and prove in the next section.
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4.5 Tropical GW invariants via HTQM amplitudes

The theorem gives the HTQM representation for tropical GW invariants.

Theorem 4.26. An individual contribution for tropical Gromov—Witten invariant of degree
B # 0 on toric variety X and for n > 3 from the tropical curve of a given discrete type I' equal
to the amplitude in A-model HTQM on special tree I'. In particular,

/ /\evoﬁa—Ar( sy O Wy Uy Wy T, (4.30)
Mo n(X7/87F)a 1 ;l’ d
1 B

where the number d, of divisor states Wy, is given by the tropical intersection number of the
degree class B and the corresponding hyperplane, i.e.,

do = - Hp,.
The index a runs from 1 to cardinality B = |Bx| of the set of compactifying divisors Bx.

Proof. We will prove the equality (4.30) by explicit evaluation of the HTQM amplitude. By
definition (4.16), amplitude on the right-hand side is

n1(T) na (T
Ar(0,,; 0y,) = <<27rKG ® Uy, ® 0., ® ®"3(“> - (4.31)
I

Using homotopy representation (4.4) and an additional angular variable ¢, we rewrite an integral
representation

oo
2K = 2n [ dare GGl - [ et
0 SLxRF

We can introduce an operator U(7, ¢) on HTQM states such that
U(T, p)|w, m) = exp(—TH — d7G 4+ — dpG_)|w, ni).

The amplitude (4.31) has an integral representation

n1(T)
<u®I(F ® 0, ® 0., @ s )> : (4.32)
r

Note that there is a difference between the integral representation for the amplitude in Section 4.2
and in the present proof. The operator U(7, @) acts as super-pullback map on differential form
part of the A-model HTQM states, i.e.,

Ar(Oa; Ws,) =/

(R+ ><Sl n(r)

U(T, ) |w, m) = |exp(—TLE + . Bdr + 15 de)w, ).

Farlier, we evaluated the exponentiation of the Lie derivative along the constant vector field in
terms of a transformation F. : (7_", gb) > (7‘"— mr, gb)

e Enw (7, A7, dg) = (FR) w (7, dF,dd) = w(7 — 1T, dF, dg ).
The additional G4dr + G_dyp terms in the U(7, ¢) operator modify the pullback (F)* into

exp(—TETI?1 + Lng + L%dap)w(ﬁ dr, dqg) = w(F— mr,dr — mdr, dd_; — ﬁidgp), (4.33)



Tropical Mirror 29

We provide a geometric description for (4.33) by introducing a version of the tropical evaluation
map (3.5) on a single edge

Vit (70,1, 7,9) s (F— 17, ¢ — ).
The action of U(T, ) operator evaluates into
U(T, @) |w, M) = |ev),w, m). (4.34)

The action of the 2rG_K on an internal edge e € I(T') is replaced by

2nKG_|w,me) = / vy, w, e ).
S1xR+

We use (4.34) to rearrange the HTQM amplitude according to the following rules:
e 3-valent vertex rearrangement
Ups(Jwi, ma), lwa, ma)) = ug(}evfn1+m2w1,ﬁ’21>, }evfnl+m2w2,7ﬁ2>); (4.35)
e 2-valent vertex rearrangement
UO,, |w,m) = U|va Aw,m) = Ocyx . eVy,w, mh);
e l-valent vertices
UT, =U1,b) = |evi1,b) = |1,b) = U, (4.36)
Hence, we gradually replace the U operators by the evaluation map pullbacks, starting from the

sink vertex and proceeding in the direction of leaves, recursively applying the (4.35)—(4.36) to
rearrange the form (4.32) into

ni F) n2 n2 F)
(5@ . @ 0, 0157} = (10 @ ., @ 0 0,5 -
r

We introduced the modified observables defined by
= T e

e€yr(R,)
The 1 (R, «) is the unique path on special tree I' from the sink vertex R to a vertex «, decorated
with O,,. The composition of evaluation maps along the path yr(R, a) is an evaluation map (3.5)
on the moduli space of tropical curves with marked points, i.e.,

I — *
Yo = Vo Va-

The right-hand side in (4.37) has trivial decorations on edges and hence can be immediately
evaluated into

na(T)
<]1®1 ® 0, ® O r @ py"™ F)> :/ A evita (4.38)
r “Xr
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The A stands for a particular order in wedge product, determined by the path on a special
tree I'. The forms 7, represent the Poincaré duals to complex cycles. Hence, they are forms of
even degree, and the order of product does not affect the result, i.e.,

n
/ Nevive = / N evia
X r Xa:l

The integrals in (4.32) and (4.38) combine into the integral over the tropical moduli space (2.9)
of the tropical curve with discrete data I, i.e.,

Ar (O, ; ¥y, —/ / ev / evy,
r(Ore; Vo) R+ x §1)1(D) /\ ate = Mo (X.8T) A

The proof is complete. u

Remark 4.27. The string theory version of Theorem 4.26 was discussed in [3]. The 2d CFT
was constructed, universal for all GW invariants of a toric target X. The GW invariant at
a fixed degree was constructed using a particular number of holomortex vertex operators and
the vertex operators for observables 7,. We want to emphasize that the tropicalization of the
GW invariants modifies the 2d CFT construction to the HTQM construction, which is much
simpler, better understood, and rigorously formalized.

4.6 HTQM for tropical multiplicities

The recent progress in tropical geometry description for the GW invariants is due to the equiv-
alence of the complex curve counting to the real tropical curve counting with additional mul-
tiplicity factors. For a tropical curve T of genus-zero in R?, the multiplicity is a product of
multiplicities at each 3-valent vertex, i.e.,

mult(f): H mult(v). (4.39)

The multiplicity for a vertex v is a vector product of the integer vectors, that is, mult(v) =
|7The, A Mie,| for a pair of edges attached to this vertex. The balancing condition (2.6) ensures
that the multiplicity does not depend on the choice of a pair among the three attached edges.
The tropical GW invariant for the toric surface X in the Mikhalkin presentation is

TNF(Ch,...,Cp) = > mult(T) - ‘ /M /\ evia B (4.40)
r

R X,BF

Here M(]fn (X , B f) is the radial part moduli space (2.10) for the tropical curves with n marked

points of a given combinatorial type I'. We introduced a radial restriction ev? of the tropical
evaluation map (3.5), introduced in Section 3.3, i.e.,

evf: M(Ifn(X,ﬁ;f) — R?: (FC,Tl, e ,TI(F)) > T = T+ Z +MeTe.
eer(R,a)

The v is the radial part of the Poincaré dual for the point observable (3.4), that is, v =
§2(F — 7y )drldr?. The moduli space integral in (4.40) is the number of tropical curves with n
marked points of given combinatorial type F passing through the n points on R? at 7,. .., 7.

Our definition of the tropical GW invariants (3.7) is a tropicalization of the Kontsevich-Manin
construction (3.1), but it looks different from Mikhalkin’s (4.40). Using the U(1)? averaged
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representatives (3.4) for v, the moduli space integral in (3.7) factorizes into radial and angular
part. The radial part is the moduli space integral in the sum (4.40), while the angular part
provides the weights. We will denote these weights a Kontsevich-Manin(KM) multiplicities,
multéM (f) By construction, the KM multiplicies are given by the angular part of the module
space integral, i.e.,

multKM ‘/M‘I’ (oo /\ evEa®| (4.41)

Here M&n (X ,0; f) is the angular part moduli space (2.10) for the tropical curves with n marked

points of a given combinatorial type ['. We introduced an angular restriction ev® of the tropical
evaluation map (3.5) introduced in Section 3.3, i.e.,

v s MG, (X,8T) = 8" xS (be o1y 01r) = Ga = G+ D Eileipe,
eE'YF(Rvo‘)

The 42 is the angular part of the Poincaré dual for the point observable (3.4). Note that the
angular parts are independent of the location of the points, i.e.,

dg?.

o _ —
704 =7 = (27'(')2

We use the A-model HTQM, defined in Section 4.3 to represent the angular part of the GW
invariant. For a directed graph I', we introduce the angular amplitudes

Aqu((’)a;va) = < (2rG_) ® Vg ® 0, ® S@ng )> )
r

The key difference to the full amplitude (4.16) is the change of the propagator on internal edges
from KG_ to just G_.

Proposition 4.28. For the tropical curve r of degree 3 in toric surface X, the KM multiplicity
equal to the angular A-model HTQM amplitude

multKM( ) AF(O ‘1’7'"7(97%’;\111217""\1/171""7‘1/637"'7\11133)7 (442)

d1 dp

where the number d, of divisor states Wy, is given by the tropical intersection number of the
degree class  and the corresponding hyperplane, i.e., dg = - Hy, .

Proof. The proposition is similar to Theorem 4.26, so its proof is a modified version of the
theorem proof. ]

For the toric surface and point observables, the angular A-model HTQM amplitude is simple
enough, so we can evaluate it explicitly to show that it equals to the Mikhalkin multiplicity (4.39).

Proposition 4.29. For the tropical curve f, the KM multiplicity is identical to the Mikhalkin
multiplicity, i.e.,



32 A. Losev and V. Lysov

Proof. We use the proposition to represent the KM multiplicity as angular A-model HTQM
amplitude on a special tree I'. For a special tree I', we choose a 3-valent vertex v, connected to
the two 1-valent vertices. There could be some number of 2-valent vertices in between. In the
vicinity of v, the special tree I has the schematic form depicted on the left side below:

[ S —

Wy,

The filled circle starts with a 3-valent vertex, and each edge is decorated with an arbitrary
number of evaluation observables. The non-vanishing amplitudes have at most two evaluation
observables on the subtree outside the filled circle. Below, we show that all possible incoming
states for the subtrees depicted by the filled circle are proportional to GO e Wy, 15,. Hence,
there is a recursive relation between the amplitudes on special tree I" and a smaller special tree I
obtained from I' by removing a vertex v, i.e.,

AR (O, Ogpi Wpyyo 0y, )|
= ’bl A bQHA%(OW?’ ceey Owﬁll; \I/leer, \I/bS, ey \Ijbn+1)|~ (443)

Note that the factor |b; A bg| is the vertex multiplicity for the vertex v that we removed.
The matching between the moduli space dimension (2.11) and the total degree of the form
for KM multiplicity integral (4.41) implies that the n point evaluation observables on toric hy-
persurface require n + 1 leaves. At each recursion step, we remove one 3-valent vertex, one
evaluation observable, and one tree leaf. Hence, after we eliminate all 3-valent vertices, we end
up with the special tree depicted below:

o7
\IIZ by \Ilbn+1

The corresponding amplitude vanishes unless the sum of all vectors by, is zero, otherwise

AR (O 0 U5y , U :/ ®— 1.
F( 7@ XS by bn+1) Slxslly

Hence, the recursion formula (4.43) allows us to express the amplitude as a product of vertex
multiplicities, i.e.,

A?(O'yfw"707;?;\I/b17"'>\1}bn+1): H mult(v).
veV(T)

To prove the recursion formula (4.43) we first consider a state
1 -
2rG_OF |1, m) = 2rG_|7®,m) = T\m Ade, ).
T

The state ‘7’7’2 A d(g7 7772> is a 1-form so a multiplication of it by O.,e equals zero. Hence, the
angular amplitude is non-zero only for special trees with at most one 2-valent vertex between 3-
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and 1-valent ones. Therefore, special trees with non-zero amplitudes are among the five types
depicted below:

_____ Vot e o e

\Ilb1 E b1 E \11171 E \Ilbl \Ijb1 O$ O‘;
1 1 1 el
¢ \I/b2 é \Ibe ¢ \I/b2 6 \I/b2 ¢ \I/bQ

The incoming states for the first and second special trees vanish due to
2nG o (‘libl, ‘Iib2) =2rG_Vp, 44, = 0.
The incoming state for the third tree

27TG_(97<1>27TG_M2 (27TG_074>\Ilb1,\Ilb2) = 27TG_07<1>G_,U,2(‘51 VAN d(;, 51>, |1, 52>)
= 21G_0,0G_|by Add, by + by)
= (51 A (51 + gQ))QﬂG,O,fb‘l, 51 + 52>
= (51 A 52) . QWG_O,Y<1>\I/b1+b2.
Note that the state for the special tree with b; <+ by has an extra minus factor, so to make

a recursion relation universal, we need to include the absolute value. The incoming state for the
fourth special tree

b b2))

L L.
= 3Gl AdG A Dy A dG By + Do)
™

1 L L.
2 G _ o (QWG_OA/@\I/},N?TFG_OW@\I/[)Z) = %G_ug(‘bl Adeg,by),

1 ,- = L
= 7(b1 Abo)G_|dg' A dg?, by + by)
= (51 A 52) . 27TG—O«,‘1>\I/b1+b2-

The incoming states for the fifth special tree vanishes since the state G- O, oWy, 1p, is already
a 1-form and the further multiplication for a 2-form ~v® turns the state into a zero state. |

The HTQM representation for the tropical multiplicities (4.42) does not include homotopy K,
i.e., the moduli integrals are trivial. Trivial moduli space integrals effectively reduce the HTQM
to a 1D TQFT. We conjecture that the emerging TQFT is identical to one used in the Mandel
and Ruddat construction [19], and we plan to investigate the details of this conjecture further.

Remark 4.30. Additional evidence for the conjecture is a natural emergence of the Batalin—
Vilkovisky (BV) bracket from second-order operator G_. The odd parity of G_ implies super
skew-symmetry of the bracket. The 7-term relation (4.12) for G_ implies the super Jacobi
identity for the G_-bracket. In BV formalism, the BV bracket emerges in a similar construction
using the BV Laplacian instead of G_.

5 B-model HTQM

In our construction of the tropical mirror symmetry, we will adopt an approach from [3] to the
case of HTQM on special trees.



34 A. Losev and V. Lysov

5.1 State-observable map for amplitudes

Using the state-operator map (4.27) to turn the evaluation operators O, into the corresponding
evaluation states W, , we rearrange the amplitude on a special tree I' with 2-valent vertices
into the amplitude on a special tree IV without 2-valent vertices, but with additional leaves.
In particular,

n1(T) na(T)
Ar (05 ,) = <<27TKG_>®’<“ @ . Q) O @ u§“3(r’>
r

a=1 a=1

n1(T") na(T")
 (lam 0 @), @ w0
I‘/

a=1 a=1

= AF, (\Ilba’ \IJ'Ya)'

A 2-valent vertex on a special tree I' decorated with the observable O, becomes the 3-valent
vertex with a leaf attached to it, decorated by a state W, ,. The new special tree I' has
n1(I") = n1(T) +n2(T) leaves, no 2-valent vertices and n3(I') = n3(T') +na(T") 3-valent vertices.
An example of such rearrangement is presented at the end of this section.

We can apply the state operator map to the divisor states ¥, to rearrange the 3-valent
vertices with leaves attached to them, decorated with W3 into 2-valent vertices decorated with
corresponding divisor operators Op,. In particular, we have an equality

Ar(¥,; 0,,) = A (W, ¥, ) = Apr (P, Op, ).

The special tree I has ny(I"") = na(T") 1-valent vertices no(I") = ny(T") 2-valent vertices.

For a general, special tree with divisor states on the leaves, the rearrangement might not be
possible. An obstruction is the 3-valent vertices with two incoming divisor states. However, the
HTQM amplitudes on such special trees are equal to zero.

Lemma 5.1. An HTQM amplitude vanishes the special tree when two leaves, with either two
evaluation or two divisor states, are connected to the same 3-valent vertex.

Proof. The graphical representation of the vanishing amplitudes on special trees is presented
below:

The contributions from 3-valent vertices on the pictures above are equal to
KG_p2(Vp,, Up,) = KG_Vp, 4, =0, KG*MQ(\P'YU \Ij'm) = KG_ Wy py, = 0.

Hence, the whole amplitude is zero. |
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Example 5.2. The amplitude rearrangement is presented in the pictures below:

I’ N ,Ob
7 3
. El)’yl (974 - Obl
‘llbl \Ijbl
072
1 O'Yd Ob?’ \\\
: e s U
2
qu? \I”Y:s

The special tree I'1 has 3 leaves, decorated with U, , four 2-valent vertices, decorated with O,
and the amplitude (4.17). We use the state-operator map to represent the same amplitude
and the amplitude (4.18) on the special tree I'y with seven leaves, decorated with states Wy,
and W, . The special tree I'y does not have leaves of the same type connected to the 3-valent
vertex. Hence, we can apply the state-operator map to represent the same amplitude as the
amplitude (4.19) on a special tree I's with four leaves, decorated with ¥, and three 2-valent
vertices, decorated with the operators O, .

5.2 Total A-model amplitudes

In Theorem 4.26, we showed that the tropical GW invariants can be written as the amplitudes
on special trees. Generic special trees may not represent any tropical GW invariant, but we will
show below that the amplitudes for such special trees vanish.

Definition 5.3. The total amplitude (¥V1,...,¥,)q on a special trees n leaves, decorated with
the states ¥q,..., ¥, in HTQM (V,Q, G4, g, u2) is

. Ar (\IJU(l)7 SER) \IJO'(TL))
(U1,..., Tp)q = FUZ;S Aut(D)] :

where |Aut(I")| is the symmetry factor for the tree I'. The summation over I' is taken over all
distinct special trees I' with n leaves. The summation over o is the summation over the possible
assignment of states ¥q,..., WV, on the leaves of I'.

Remark 5.4. The total amplitude in Definition 5.3 is the tropical limit of an n-point genus 0
string amplitude, i.e., 2d CFT correlation function on a sphere with n marked points, integrated
over the corresponding moduli space. For more details about the string amplitudes, see [25, 26].

Lemma 5.5. The total amplitude (¥, , ...,V , Wy ..., ¥}, ) vanishes unless the total number d
of divisor states and the total degree of differential forms v, obey the tropical degree selection
relation

n
2(d+n—-3)= Zdegva —dimg X
a=1
and the sum over vectors for the divisor states vanishes

d
ZEa:O.

a=1
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Proof. The amplitude on a special tree I' is proportional to the ug—product on three states
lwj, M), j = 1,2,3 incoming to the sink vertex. The A-model definitions (4.25) and (4.24)
imply that the uJ-product vanishes unless the sum of the three integer vectors for the incoming
states is zero, my + Mg + Mz = 0, and the total degree of three forms w; for the incoming states
add up to the dimension of X, i.e.,

3
Z deg w; = dimp X.
j=1

The A-model multiplication (4.25) returns the sum of the integer vectors for the two arguments,
while the degree of the resulting form is the sum of degrees for the forms of two arguments.
The propagator 2r K G_ on internal edges reduces the degree of the form by two while preserving
the integer vector. Hence, the total degree of the three arguments for the sink vertex is the total
degree of the forms v, on the leaves, adjusted by the number on internal edges, i.e.,

3 n
Zdegwj = Z degyo — 21(T). (5.1)
j=1

a=1

The sum of the integer vectors equals the sum of the integer vectors of the divisor states ¥y_, i.e.,
d

7y + 1iig + g = ) ba. (5.2)
a=1

The number I(I") of internal edges for a special tree I' with n + d leaves is
IT)=m()-3=n+d-3. (5.3)

Expression (5.3) and selection conditions (5.1) and (5.2) for non-zero sink vertex multiplication
complete the proof of the lemma. |

Remark 5.6. The tropical degree selection Lemma 5.5 is equivalent to the matching between
the total degree of the form and the dimension (2.11) of the moduli space

n
deg /\ eviYa = Z degv, = 2dimec Mo, (X, B; f) =2I(I") + 2dim¢ X.
a=1
Proposition 5.7. The sum over total amplitudes forn > 3 with an arbitrary number of universal
divisor states matches with the weighted sum of tropical GW invariants over the degree of the
curve 3, i.e.,

oo
1

E 7<\II’YU-~-7\II’Y 7\PX7"'7\IIX>Q: E : q,8<71""’fyn>é(’
' n

d=0 d! d BeH2(X)

where we introduced the universal divisor state
Uy = Z @ Wy.
beBx

The Kdhler moduli of X are expressed in terms of toric moduli qp for each compactifying hyper-
surface Hy

¢’ = 1] @
beSs

where Sg is the tropical curve of degree B with all internal length moduli equal to zero (star with
a particular number of rays).
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Proof. Lemma 5.5 tells us that the infinite sum over the number of universal divisors has only
one non-zero term with

2(d+n—-3)= Zdegva — dimp X.

a=1

There is a special case d = 0, when we do not have any divisor states and cannot use Theo-
rem 4.26 to relate the tropical GW invariant to the A-model HTQM amplitudes. The corre-
sponding tropical GW invariant vanishes unless we have just three observables, then

(V1,72 73) 0 = /Xw A2 A3,

According to Lemma 5.1 amplitudes (V,,,..., ¥, )o vanish unless the special tree has no in-
ternal edges. The only special tree with no internal edges is a Y-shaped tree with n = 3 leaves.
The total amplitude of such a tree is

<\IJ717\1172’\I”Y$>Q = AY(\II'YI7 \1’723 ‘1}73) = Mg(‘lj’n’ ‘lj’yza \II%) = /X'yl A y2 A73.

Hence, it matches with the tropical GW invariant.
We can write the single amplitude for a fixed d as a sum over total amplitudes with a fixed
number of boundary divisors d, of each type ¥y,

1
FIACTIREPN S SUPNNS FOL

d
d1 dp
qb ...qb
= > BT T Uy T Ty )

di!---dp!
di+-+dp=d e P

Lemma 5.5 tells us that the amplitudes in the sum vanish unless the total sum of all divisor
normal vectors equals zero. The sum can be written using the numbers d, of each type of the
normal vectors

> " dabg = 0. (5.4)

The system (5.4) is the system of dim X equations for B = |Bx/| variables d,. For a projective
toric variety, the vectors Ea € By form (overcomplete) basis in Z4™ X hence the space of
possible solutions for the system (5.4) has dimension |Bx| — dim X. According to (2.5), this
dimension matches with the dimension of Ha(X ), which is the dimension of the space of possible
degrees (3, i.e.,

1

a<\p"/1a'"7\Il’yn7\pX7"'7\IlX>Q
d
qﬁ
= Z m<\l"‘{1?"'7\1,7n7qlb17’"’\Ijbl"""lij""’\Iij>Q
| \ , . g
BEH>(X) dy dp
for dy, = - Hp,,.

We can recursively construct all special trees: for a given special tree I with d leaves, we can
add a leaf to any of its 2d — 3 edges to produce a special tree with d + 1 leaves. Moreover, we
can construct all possible special trees with d + 1 leaves by adding an extra leaf to every edge
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of every special tree with d leaves. Similarly, we can construct all special trees with d + 2 leaves
from special trees with d leaves. However, in addition to adding the two leaves to the edges of
every special tree with d leaves, we need to add a Y-shaped subtree with two leaves.

We can describe all contributions to the total amplitude (¥, ¥,,, ¥x,¥x,..., ¥x)qo with
two evaluation state insertions starting with special trees with d leaves, decorated with the
universal divisor states ¥y and then add two leaves (on the same or two different edges) or
a Y-shaped subtree, decorated with ¥, , W,, states. In Lemma 5.1, we showed that amplitudes
on special trees, constructed from adding ¥,,, ¥,, on a Y-shaped subtree vanish.

We can repeat our analysis for the amplitudes on special trees with n + d leaves to represent
them as the amplitudes on special trees with d leaves decorated by universal divisor state ¥x
and n additional leaves decorated by the evaluation states ¥, ,..., ¥, distributed among the
edges of a special tree with d leaves. Since we only have evaluation states ¥.,,,..., ¥, on leaves
(no sub-trees), we can use the state-operator map from Section 5.1 to rewrite such amplitudes as
the amplitudes with O, operator insertions. Moreover, since we added leaves at every possible
location on a special tree, the corresponding amplitudes have operators O, inserted at all
possible locations on a special tree, decorated by VU x.

The last step of the proof is to trace the symmetry factors. With all symmetry factors
included

1
m(ql'Yl?"'7\1/')/77.7\1;[)17"‘7\Ilb17""\Ile7"'7\Ile>Q
1! B: —_——— —_———
d1 dp
=) AR (O, O Wy Wy Wy ), (5.5)
I d d
1 B

The sum is taken over I'/, the special trees with ny(I",)) = n 2-valent vertices, decorated with
the O,, observables in arbitrary order and a fixed decoration with divisor states ¥;, on the leaves.

According to Theorem 4.26, each term in the sum on the second row of (5.5) is the contribution
to the tropical GW invariant from the tropical curve associated with the special tree I'}, hence

1

g T W T Wy W W) = TS
1:---ap: N — N———

d1 dp

To complete the proof, we need to describe the discrete data (directions, integer vector decora-
tion subject to consistency) of a tropical curve r using the amplitude data: special tree I' and
its decoration by V¥, states and O, operators.

A special tree I' is a directed tree, so we can identify directions on I" with the directions on
tropical curve I'. We can equip each edge e of a directed tree I' with an integer vector 1, using
an integer vector for an (incoming) state |we, M) for the edge e. Note that the generic state in
HTQM is a linear combination of states |w, ) with different vectors 7. Below, we show that
the incoming states on all edges of a special tree, decorated with ¥, states and O, operators,
are states with a single integer vector. The consistency of such choice of integer vectors follows
from the HTQM definitions in Section 4.3:

e Each external edge e is decorated with the state ¥}, = ‘1, 5> for a primitive normal vector
beB x hence it is a state with a single integer vector m, = 5, moreover M, € Bx.
e The propagator KG_ on edge does not change the integer vector of the incoming state.

e Each 2-valent vertex is decorated with O, operator, with the action

O'Ya|w7 mln> = "ya /\W,min> = }w/’ mout>'

The outgoing state is a state with a single integer vector. The incoming and outgoing

states have m™ = 7m°" hence satisfy the balance condition (2.6) at each 2-valent vertex.
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e Each 3-valent vertex is decorated with the py multiplication, such that

MQ(’wl’miln>’ W27m12n>) = ’(U1 /\WQ,Tﬁiln+7ﬁi2n> — ‘w/’mout>’

The outgoing state is a state with a single integer vector. The three states have mi® +mil =
m°" and hence satisfy the balance condition (2.6) at each 3-valent vertex.

e The sink vertex, decorated with the multiplication ug, such that

0 —in —in —in —in —>in —in
u3(‘w1,m1 >, wa, My >, w3, M3 >) x 5(m1 + my +mg ),
Hence for non-zero amplitude the three incoming states obey mi® + mi® + M2 = 0, hence
P g y my 2 3 )

satisfy the balance condition at sink vertex. |

5.3 Total B-model amplitudes

In Proposition 5.7, we described evaluation states as extra leaves attached to the special tree
decorated with the universal divisor states. We can perform a similar analysis while switching
between universal divisor and evaluation states’ roles.

Proposition 5.8. The sum over total A-model amplitudes is the B-model total amplitude, i.e.,

o0
1 X X

§ a<\p%,...,\y%,\pX,...41:X>Q:(xlfw,...,\lmeX.
d=0 M

The B-model HTQM (V, Q~,G4,y9, /Lg) has a deformed differential
QY = Q- 27[G_, 0x]

and mirror states

v =) (2rKG_0x)'v,,.
d=0

Proof. We can recursively construct all special trees: For a given special tree I',, with n leaves,
we can add a leaf to any of its 2n — 3 edges to produce a special tree with n+ 1 leaves. Moreover,
we can construct all possible special trees with n + 1 leaves by adding an extra leaf to every
edge of every special tree with n leaves. Similarly, we can construct all special trees with n + 2
leaves from special trees with n leaves. To get all trees, we need to add two leaves on the edges
of every special tree with n leaves and a Y-shaped subtree with two leaves.

We can evaluate all contributions to the total amplitude (U, ..., ¥, ,Ux, ¥x)qg by treating
two universal divisor states as two additional leaves or a Y -shaped subtree on a special tree with n
leaves, decorated by evaluation states ¥,,,..., ¥, . In Lemma 5.1, we showed that amplitudes
on special trees, constructed from adding a Y-shaped subtree, vanish.

We can repeat our analysis for the amplitudes on special trees with n + d leaves, decorated
by d universal divisor states to express them as the amplitudes on special trees with n leaves,
decorated by evaluation states ¥, ,..., ¥, and d additional leaves decorated by Wx states
distributed among edges on a special tree. The summation over d from zero to infinity with the
symmetry factor 1/d! is the same as a multivariable sum over numbers of additional leaves d.
on each edge e for the special tree, weighted with the 1/d.! symmetry factor.

There are two types of edges on a special tree: internal and external. The sum over additional
leaves for internal edges describes the deformation of the differential (), while the sum for the
external edges describes the deformation of evaluation states ¥,,,..., ¥, . We use the state-
operator map to turn the universal divisor states into operators Ox. For identical operators,
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the corresponding contributions from an edge will be the same for arbitrary orders of their
insertions. For d. identical operators, there will be d.! identical contributions which exactly
cancel the symmetry factor 1/d,!.

For an internal edge, the sum over an arbitrary number of insertions of operators Ox has
a graphical representation

OX OX OX

=+ —eo—o—o —+- -

which evaluates into

KXG_ =KG_+21KG_OxKG_ + (2n)’KG_OxKG_OxKG_ + ---
= (K + KOK + KOKOK 4 ---)G_. (5.6)

From Example 4.11, we can recognize the sum (5.6) as the deformation @ — @ — ® of the
HTQM by an operator ® = 27[G_, Ox].

For an external edge, attached to a leaf decorated with the evaluation state ¥, the sum over
an arbitrary number of insertions of operators Ox

v, Ox Yy Ox Ox Yy

G=mmmmmn ° = *------- ° + —eo---0 —+ ---0

evaluates into

UX =0, +2rKG_Ox U,y + (21)°’ KG_OxKG_Ox T + -

=) (2rKG_0Ox)"v,,. (5.7)
d=0
This concludes the proof. |

Remark 5.9. The differential forms on X of complex dimension dim¢c X = N have degree less
or equal to 2N. Each term in the expansion (5.6) decreases the degree of the form by 2, so
the terms with IV or more divisor operator insertions will act trivially on any state. Hence, we
conclude that KX is a polynomial in Ox of degree N — 1.

5.4 Mirror states

Definition 5.10. The mirror state \Ilff for toric space X is the deformation (5.7) of an A-model
evaluation state W, by the universal divisor operators Oy, i.e.,

v =) (2rKG_0x)"v,,. (5.8)
d=0

Though the mirror state \Ili( was defined as a series in toric moduli g, it is a polynomial
in ¢ due to the proposition below. We evaluated these polynomials for observables on arbitrary
complex toric surfaces in [15].

k,k

trop(X ), the sum (5.8) contains at

Proposition 5.11. For an A-model state \I/ff with v € Q
most k + 1 terms.

Proof. The action of G_K lowers the degree of the form by (1, 1), while the action of the Ox
preserves the degree. Hence, G_K can be applied at most k times. |
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Proposition 5.12. The mirror state \Ifi( is QX - and G_-closed if the A-model state v, is Q-
and G_-closed.

Proof. The property G_ \Ili( = 0 immediately follows from the relation G_KG_ = —G? K = 0.
The other property

X _
QxVy =0
requires careful usage of the QM properties from Section 4.3. In particular, we can evaluate
QYUY = QUY — 21[G_, Ox]V5 = 2rKG_Ox QU = 2rKG_0OxQ~ ¥ (5.9)

and since 2r KG_Ox # 1, the equality (5.9) completes the proof of the proposition. |

5.5 Dual variables

It is convenient to introduce mirror angular variables Y; € S 1 dual to the integer vector compo-
nents m’ € Z. We introduce a Fourier transform of a state

=Y ) enw, ) € Vi = Qiop(X) © C(TV). (5.10)

meZN

The Fourier transform (5.10) is the tropical analog of a T-duality, in the context of the mirror
for toric varieties see [3]. }

We describe the differential forms on X using Grassmann variables w% and ¢}. The Q
and G on the states (5.10) become

p 0 0 0 0 0

QV=Yigx¥  C oveagt O 'OV Ok

(5.11)

The multiplication uo, on forms becomes multiplication of functions on superspace with coordi-
nates r, Y, ¥R, Vg, i.e.,

p2 (¥, Uy) = Uy - Uy,

The pairing g is the integration over superspace, i.e.,

g(Vy,Uy) = /du‘l’l‘l’z
The Berezin integration measure for dim¢c X = N is
dp = dVrdV Y dVyedN yg.

The integrating region (for Grassmann-even variables) is the N-dimensional torus (S 1)N for
Y -variables and Euclidean space RY for r-variables.

The differential operator representation (5.11) of the HTQM data (V, Q, G4, u2, g) allows for
an easy check of HTQM definitions from Section 4.2. In particular, the 7-term relation (4.12)
for G_ is a property of the second-order differential operator in representation (5.11).

The divisor state |1,5) becomes an exponential function of Y, i.e.,

_ eib’“Yk.

U, = ol (B.Y)
For the tropical form

V= Yivedgge g (r)dGbil Ao Adg™ Adrit A Adrdt,



42 A. Losev and V. Lysov

the corresponding evaluation state is
\Ij'y = 7i1~~ikj1~~jz(r)w$ e wgc ) w?% T %

I'he deformation of the A-model by the universal divisor operator Ox is
;0 ov, 0
X j . b
Q" =Q —27[G_,0x] = wRW—FzmﬂE Qbi'i'

The same differential can be written as

OWx 0
Q* =Q +2ri —
0Y; oy,

for the mirror superpotential

Wx = Z w¥s = Z gpe O (5.12)
gEBX gEBX

We can remove some number of toric moduli g, by a redefinition of Y; to obtain a more familiar
(at least for the PV case) form of the superpotential with fewer parameters g.

Our expression for the tropical mirror superpotential (5.12) for toric space X matches with
the mirror superpotentials in complex geometry, derived by Givental [6], Hori and Vafa [11],
Frenkel and Losev [3] using different methods. For X = P2, the same mirror superpotential was
derived by Gross [8] using the tropical curve counting with Mikhalkin’s vertex multiplicities.

5.6 Tropical mirror relation

Theorem 5.13. The n > 3 point tropical GW invariants for toric variety X and cycles
Y1,---5Yn equal to the total amplitude in the B-model HTQM for the corresponding mirror
states and the superpotential, defined by the compactifying divisors Bx of X, i.e.,

S o = (05,0 )

BeH2(X)
o
oWx 0 T
X _ d _ : X _ i(b,Y)
\IIV - Z(2WKG—OX) \Ij’w QX - Q + 27 8)/] 8¢] ) Wx = Z qv€ .
d=0 ¢ beBx
Proof. The proof of the theorem follows from Propositions 5.7 and 5.8. |

The B-model HTQM with superpotential is the quantum mechanical version of the Landau—
Ginzburg theory in 2 dimensions.

Remark 5.14. The B-model HTQM is a version of supersymmetric quantum mechanics with 4
supercharges [1], where the anti-holomorphic superpotential equals zero and Y and r are not
complex conjugates.

6 Tropical mirror for P!

The second homology Ho (}P’l) is one-dimensional, so the degree of a curve is a single positive
integer number d. There is only one non-trivial cycle on P!, a point cycle. The genus 0 GW
invariants for P' with 3 or more cycles are non-zero for degree one curves only. Moreover, for
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any number n > 2, N{Pl (p1,-..,pn) = 1. The tropical correspondence theorem [21] holds for P,
hence we can evaluate the tropical GW invariants
1 1
TNY (p1,...,pn) = NT (p1,-..,pn) = 1. (6.1)

We will use the U(1)-averaged representative to the Poincaré dual to the tropical point cycle at
radial position r, is

Yo = i(5(7“ —1q)de Adr.
2

6.1 Tropical Gromov—Witten invariants

Our analysis for the tropical GW invariant for two points on P! from Section 3.4 immediately
generalizes to the case of n points. The discrete data of tropical curves of degree 1 with n
marked points is the order of marked points on a line, labeled by a permutation o € S,,. The
tropical curve f"(lzmn) is presented below:

T1 Y2 T2 Tn Tn

=] Jud
e
e

+1 -1 -1 -1 -1

The tropical GW invariant is a sum over permutations, i.e.,

1
(M1, ,'yn>Ig71 = Z (V1,5 M) g /Sl /R — /\ evya- (6.2)
o€Sh x( " a=1

O’GSn

Each contribution is evaluated into

<71> s 7’77L>ﬁa = @(ra(l)v Ta(2)s: ra(n))a
where we used the multivariable ©-function

1 whenri <ro<- - <rp_1<ry,

@(rl,rg,...,rn) = {

0 otherwise.

The sum over permutations in (6.2) matches with the tropical correspondence theorem predic-
tion (6.1).

6.2 3-point invariant via A-model HTQM

For n = 3, we have 3! = 6 distinct tropical curves and the same number of special trees in
HTQM. For the permutation (123), the decorated special tree ["(123) is presented in the left
picture below. In the right picture, we performed the state-operator map for the evaluation
operators O,
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The A-model amplitude for the special tree I'(123) is
= (04,0, 27K G [120(r5 — 1), ~1))
=9(11,1), [mO(rs —=r2)0(rz — 1), -1))

= /Sl d¢/Rdr %(5(7“ —1r1)0(rs —r9)O(re —r) = O(r1,r2,r3).

6.3 3-point invariant via total amplitude

We turn three evaluation observables O, into states W,, so we have five states in total. Hence,
we need a total amplitude on a special tree I's with five leaves. There is a single special tree I's
with 5 leaves, with symmetry factor |Aut(F5)| = 8. The total amplitude on I's evaluates into

<\IJ’Y1 ) \1[727 \11737 \II+> Z \Aut 1—\5 (\I]’Yo(l) ’ \1170(2) ’ \1175(3)’ \IJU("F)’ \I]U(_))'

Among |S5| = 120 amplitudes there are |S5|/|Aut(I'5)|=15 distinct ones, but only 6 are non-zero.
Below, we present all 15 distinct amplitudes: 6 non-zero contributions for the first special tree
and three groups of 3 amplitudes, which vanish in the remaining special trees:

\I’ ‘I]’Yz \I' ‘11’72 ‘I’-i- v v \IJ-&-
. 2 ' R
J—[ J—[ J—[ \Ij’h J—[
1 1 v \I/’YZ v \IJ'YQ
. : . :
\II'Y3 \1173 \II’YS \II'YS
6 3 3

The correlation function is given by the six non-zero contributions, labeled by the permutations
of evaluation observables 1, 72, v3

<\Il’)/1 ’ ‘11’727 \Ij’y:w Q+\II+7 Q*\Il*>Q = Z AF(\IIVU(U ) ‘I}’}’o-(g)? \Ij’y(,(;g) ) Q+\I/+, q*\Ij*)
0ES3

= q+9- Z 9(7}(1)7%(2)#"0(3)) = 4+9--
oES3

Each of the six amplitudes has the following form:

AF(\II’YU \IJ’YQ: \Il’YSv \Ij-i-v \Ij—) = /’Lg(Qﬂ—KG—IU'Q(\IIWN \I}-‘r)v 2rKG- (\Ij’y:),a v ) \II )
1 . .
=5 /dY/dwRd¢¢ /dr YO(r—r) e O(rs — 1) - 5(r — r2)vayr
= q/dr O(r —r1)O(rs — r)o(r —ro) = ©(r1,r2,13).
We used the KG_ action on the product of divisor state ¥4 and an evaluation state W,

2K G _pio(V,,, ¥y) =27 / dte ™G .G_(V.,,T,)
0

= 27r/ dte G, G_ <21(5(r —71)YeYR - eiiy>
0 7T

_eiiY/ dt(r —r1 T 1) = eV O(x(r —r1)).
0
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6.4 Mirror map

In toric description of P!, we have Bp1 = {1,—1}. The corresponding divisor operators are
Oy = Y The deformation of differential

1 a i —i a
QP = Q - QWQ-F[G—? O+] —2mq- [G—7 O—] = ng - 277(Q+ey —g-© Y)%

Hence, the mirror superpotential is
W = qre” +q e, (6.3)

We can shift Y and express the Kahler module ¢ = g4¢— in terms of two toric moduli ¢, g— to
rewrite the superpotential to the more familiar form

Wpi = el¥ 4+ ge Y,
The mirror state for the point cycle at r = rg
U =0, 4 20K G g 040, + 21 KG_q_O_ T,

= U, + 2, / dte GG (W) + 2mg- / dte G, G (e V)
0 0

1 . )
= %5(7* —710)YotR + q+ely@(r —710) + q_efly@(ro -7). (6.4)

6.5 3-point invariant via B-model

The B-model total amplitude on a special tree, decorated with three mirror states \Ilfi, is given
by a single Y-shaped tree. The amplitude evaluates into

1 1 1 +oo 1 1 1
p (U, W W) = / v / dyrdipe / ST GO GO
S

—0o0

<\I/]P1 \I/]Pﬂ \I/P1>QJP’1 =

Y10 T 2! =

=q.q_ /+<><> dro(r —r)(O(r —re)O(rs —r) + O(ra — r)O(r —r3)) + (c.p.)

— 00
= q1q-O(r2,71,73) + q4+q-O(r3,r1,72) + (c.p.)

= 4+9- Z 9 a2 T 0(3)) = 4+9--
oES3

Alternatively, we can express the same amplitude in A-model notations. Each mirror state WX
is a sum of 3 terms (6.4), hence a single B-model amplitude is a sum of 27 A-model amplitudes.
We arranged the 27 amplitudes in several groups in the picture below. The number below the

special tree indicates the number of diagrams of the same type (different choice of vectors b,
and a permutation of vy, o, 73):

Pl Pl
lI"Yl \11’72 \Ij’Yl \1172 \I/’Yl ‘I/
.~ '. .\ I. .\ /
‘~ " \\ // \\ ’/
-~ 4 Y e ~ 4
Y = Y + I ( Oy, + ObYObz
1 1
. : Oy ! Obl | b1 |
é ¢ ¢
p! 1\ \J
\11’73 V3 V3 oy Woy

27 1 6 12 8
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The first special tree does not have any divisor operators, so it is a degree 0 A-model contribution,
which vanishes by Lemma 5.5, since deg~y; + degrs 4+ degys = 6 # 2 = dimg P!. The special
trees from the second and fourth groups have an odd number of divisor operators. Hence, the
sum of the corresponding normal vectors is always non-zero, and according to Lemma 5.5, the
corresponding amplitudes vanish. Six of the third group of 12 special trees are non-vanishing
and have 51 + 52 = 0. The state-operator map can rearrange the non-vanishing amplitudes into
a sum over 6 = 3! permutations from Section 6.2.

6.6 4-point invariant via B-model

The B-model description of the tropical GW invariant for 4 point cycles on P! is the total
amplitude on a special tree with four leaves. There is only one such tree with the symmetry
factor |Aut I's| = 8. Hence, the sum over 4! = 24 permutations of four states becomes the sum
of 24/8 = 3 terms

(U 05 WS W) oo = Ar, (W5)) + Ar, (V5,) + Ar, (¥5)). (6.5)

The three special trees I'y, I'y and I',,, decorated with states \I/E; are presented below:

P! P! P! P! P! P!
\II’Yl \II’Y2 \1171 \1[73 \1]71 ‘II74
[} [ ] [ ] [ ] [ ] [ ]

N e Y 4 Y 4
Y 4 N 4 N 4
Y 4 N e N e
Y e Y d Y d
e I Y e I Y e I Y
, 4 Y N , d N N , d N N
. 4 N ° . 4 A ° . 4 A °
P! P! P! P! P! P!
\Pm \1173 \I/m \I’w ‘1173 ‘1172

The I's-amplitude evaluates into
P! P! P! Pl P!
Ar, (\Il"/a) = g(n2 (\IIM » W ),2nKG_pu (\Ij% W, )
= ¢+q—O(min(rs, r4) — max(ry,r2)) + ¢+¢—O(min(ry, 7o) — max(rs,r4)). (6.6)

We used the following relation:

2 KG_ o (\IIE;, \I/E;) = q+eiy@(r —max(rq,rg)) + q_e_iy@(min(rm rg) —T).
The amplitude (6.6) describes the eight out of 24 possible permutations for positions of four
points r1, ro, r3, r4 on the real line. Indeed, the first ©-function describes the four permutations
when the pair of points r1, r9 lies to the left of the other pair of points r3, r4 on the real line. The
second O-function describes the situation when the pair 1, 79 lies to the right of the pair r3, ry4.
The sum of three amplitudes in (6.5) describes all 24 permutations, so the correlation function
simplifies to the familiar ¢4 q_ expression (6.1).

6.7 Hints for localization

We can add QF' -exact term (which is also G_-closed) to turn the mirror state (6.4) into a func-
tion of Y, i.e.,

\Ilfl + QPl (—;Tr@(ro — 7“)1/@) = q+eiY. (6.7)
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Alternatively, we can use different Qcp1-exact term (which is also G_-closed) to derive

1 .
\I/]f:l + Q" (27T®(7" - r)wq)) =gV, (6.8)
We can express (6.7) and (6.8) as the equality of cohomology classes
97 = [aed] = tlo-e] € 7 (7).

Since we used G _-closed exact terms, all three forms represent the same class in Q]P’1 + 2G_
cohomology. Hence, we conjecture that they correspond to K. Saito’s good section in the theory
of primitive form [28] for exponential mirror superpotential (6.3).

7 Conclusion

Our paper showed that the tropical GW invariants at genus zero could be written as the ampli-
tudes in higher topological quantum mechanics on special trees. The higher topological quantum
mechanics on special trees admit an analog of the state-operator correspondence for divisor and
evaluation states. We used the state-operator map to summate over amplitudes in A-model
HTQM and showed that the result is a total amplitude in B-model HTQM. For a tropical
Gromov—Witten theory on a toric variety X, we showed that the B-model HTQM is a deforma-
tion of the A-model by an exponential mirror superpotential, written in terms of compactification
polyhedron data Bx of X. For tropical observables v, we found the mirror-dual states \I/ff in
the B-model and formulated the mirror relation.

We showed that the mirror states for a P! toric variety can be written as holomorphic functions
in QIFD1 + zG_ cohomology and conjectured that such functions define K. Saito’s good section
for the mirror superpotential. In our work [14], we showed that a similar relation holds for
a smooth toric variety and indeed defines K. Saito’s good section for the exponential mirror
superpotential.
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