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Abstract. We derive asymptotic expansions of the large zeros of the Coulomb wave func-
tions and for those of their derivatives. The new expansions have the same form as the
McMahon expansions of the zeros of the Bessel functions and reduce to them when a pa-
rameter is equal to zero. Numerical tests are provided to demonstrate the accuracy of the
expansions.
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1 Introduction

The Coulomb wave functions F(n, p) and Gx(n, p) are two linearly independent solutions of the
differential equation

2 1
dw+<1 29 _AA+D )>w:0.

dp? o

This equation can be transformed into Kummer’s differential equation and the relation with the
Kummer functions is

Fx(n,p) = ArF1(A + 1 —in, 2\ + 2; 2ip),

Ga(n, p) = iF\(1, p) +1BUA + 1 — i, 2X + 2, 2ip),

DA+ 1 + i) [e™™/27ik(2p) M
5T (2X + 2) ’

ox(n) =phT'(A+1+1in) (the Coulomb phase shift). (1.1)

A= B = e7rn/2+)\7ri—iJA(n)—ip(2p))\+1’
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Coulomb wave functions and their zeros find application in various fields. In particular, they
play an important role in atomic and nuclear physics where they contribute to understanding
phenomena like electron scattering and bound-state properties (see, for example, [4]).

In physics applications, A usually has the values 0,1, 2, ..., but here we assume that A and 7
are real. The Kummer function in F) (7, p) is analytic for all complex values of the parameters,
unless 2042 = —1,—2, -3, .... But because of the reciprocal gamma function in the quantity A,
the function F)(n, p) is analytic at these points. If A > —1, then the function F)(n,p) disap-
pears at p = 0, which follows from the algebraic factor p**!. Because of this factor, if \ ¢ Z,
then F)\(n, p) becomes multivalued with a branch cut along the negative axis. If we are interested
in negative zeros of F\(n, p), we can use Kummer’s relation for the Kummer function, which in
this case is

TFLON 1 =i, 22X + 2;2ip) = 2P Py (A + 1 + i, 2\ + 2; —2ip),

and we can use the method for positive zeros by changing the sign of 7.
The function G (7, p) becomes unbounded when p — 0, unless when A = n = 0, in which
case

Fy(0,p) =sinp,  Go(0,p) = cosp. (1.2)

The asymptotic expansions of the large zeros of the Coulomb functions to be given in this
paper are related with those of the z-zeros of the Bessel functions J,(z) and Y, (z) and their
derivatives derived by McMahon [5]. To explain what happens for the Bessel function J,(z), we
use the well-known representation

Ju(z) = \/Z(cos O(v, 2)py(2) —sinB(v, 2)1,(2)), (1.3)

where 0(v, z) = z—1vr— 1. For large values of z, we have ¢, (2) = 1+0(1/2%), ¢, (2) = O(1/z),
and the complete asymptotic expansions of these functions are derived in [11, Section 7.4] for
the Hankel functions. For details, we refer to 7, Section 10.17 (i)].

The relation in (1.3) with asymptotic expansions of ¢,(z) and v, (z) was the starting point
for McMahon [5] to derive the asymptotic expansion of the large zeros of the Bessel func-
tion J,(z) and similarly for related functions. For details on these expansions we refer to |7,
Section 10.21 (vi)].

For the Coulomb functions, the asymptotic expansions of the large zeros, and the methods
to derive these expansions, have much in common with the expansions of the large zeros of the
Bessel functions. This is not surprising because of the following observations.

(1) Firstly, because the formulas for the Coulomb functions given in the next section and used
for deriving asymptotic expansions of the large zeros have the same analytical form as the
one given in (1.3) for J,(z).

(2) Secondly, for n = 0 we have F)(0,p) = \/7p/2J, 1 (p), and we will verify in a special case
that our expansion of the zeros of F(0, p) indeed bBecome the McMahon expansion for the
zeros of this Bessel function.

What does surprise us is that we cannot find much information in the literature about the
p-zeros of the Coulomb wave functions. Milton Abramowitz [1] paid some attention to the zeros
of F)\(n, p) in his article on asymptotic expansions of the Coulomb functions. His starting point
is the same equation as ours, but he went further using an iteration method requiring function
evaluations; we give more details in Section 3. Ikebe [3] considered the zeros of Fy(n,p) and
its derivative by computing eigenvalues of matrices following from recurrence relations of the
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Coulomb functions. See also [6] for error analysis of this approach. Ball [2] used a similar method
for Bessel functions, Coulomb wave functions, and other special functions. This method is not
based on function evaluations nor on asymptotic expansions, it requires eigenvalue computations
of matrices. The early zeros can be computed efficiently. In fact, our method is efficient for the
large zeros, and we show in examples how it performs for the first zeros.

We derive the asymptotic expansions for the zeros of both F)\(n, p) and G (n, p), and of their
derivatives. The approach for these four functions is similar and the results are as simple as
McMahon’s expansion for zeros of the Bessel functions. A minor complication is that we need
to solve a nonlinear equation, which can be done by standard numerical methods, although its
solution can be expressed in terms of the Lambert W-function.

2 Summary of used formulas

We summarise a set of formulas from the literature, see [9, Chapter 31] and [10, Section 33.11].
The following functions are important to describe the large p asymptotics:
Px(n, p) = sin(0x(n, p)) Fx(n, p) + cos(0x(n, p))GA(1, p),
Q@x(n, p) = cos(Ox(n, p)) Ex(n, p) — sin(Ox(n, p))Ga(n; p), (2.1)

where
1
0x(n,p) = p=nIn(2p) = AT +oa(n),  Or(m.p) =1 —n/p. (2.2)

Here, o (n) is the Coulomb phase shift given in (1.1), and the prime denotes the derivative with
respect to p.
By inverting (2.1), we have

Fx(n, p) = sin(0x(n, p)) Pr(n, p) + cos(0x(n, p))Qx(n, p),
G(n, p) = cos(Ox(n, p)) Pr(n, p) — sin(Ox(n, p))Qx(n, p),
FX(n, p) = cos(Ox(n, p))Ra(n, p) + sin(Bx(n, p))Sx(n, p),
G\(n,p) = —sin(Bx(n, p)) Ra(n, p) + cos(Ox(n, p))Sx(n, p), (2.3)

where

Ra(n,p) = Pr(n, p)05\(n,p) + Q\(n,p),  Sx(n,p) = Px(n, p) — Qx(n, p)0\(n, p).

The functions Py(n, p) and Qx(n, p) can be written in terms of the Kummer U-functions. For
details, we refer to the cited references.

The following asymptotic expansions follow from those of the U-function. We have for large
values of p the expansions

— Pk - gk
P/\(Tl,p) kzo (2p)k7 QA(W p) kzo (2,0)k’
o~ Tk o~ Sk
R(1,p) ~ kzzo apE S~ 1;0 2o (2.4)

The coefficients of these expansions follow from simple recurrence relations. Initial values are
po =1, q0 =0, ro =1, so =0,

and for £k =0,1,2,3,..., we have
(k+ Dprr1 = wepr + vkqr, (b +1)grr1 = —vppr +urgr,  up = n(2k + 1),
vp=k+k =N = X—n’, Th+1 = Pk+1 — 2npk — 2kq,
Sk+1 = —qk+1 + 21qK — 2kpy,.
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3 McMahon-type expansions of the zeros

To start obtaining the expansion of the zeros of F\(, p), we look at the first line of (2.3). From
the asymptotic expansions in (2.4), we see that

Py(n,p) =14+ 0(1/p),  Qx(n,p) =0(1/p),  p— .

Hence, for a large zero of F\(n, p) the sine function in the first line of (2.3) should be of or-
der O(1/p). We write

Ox(n,p) = nm + 9, n €N, (3.1)
and we will see that § = O(1/p). Using this form of 0)(n, p), we obtain

sin(0x(n, p)) = cos(nm) sin(9), cos(0x(n, p)) = cos(nm) cos(d),
and from the first line of (2.3), we obtain

Sin(8) Py (n, p) + cos(8)@a (1, p) = 0, (3.2

if we assume Fy(n,p) = 0.
Next, we try to find p from equation (3.1). We have

1
p—nlnpznan—i—i)m—a)\(n)—i—mr—l—& (3.3)

where ¢ is the small quantity introduced in (3.1) that must be found together with the zero p
for given values of n, n and .
Let pg be the solution of the equation

1
po — nln pg :771112+§)\7T—0>\(77)+n7r. (3.4)

Because the solution should satisfy pg = O(n) for large n, we need to solve this equation
for po > n. Comparing (3.3) and (3.4), we conclude (p —nlnp) — (po —nlnpg) = 4. Also, with
a new quantity e,

p=po+e = 6:5—77111(1—1—8). (3.5)
Po

With this pg, 0 and € we try to find a solution p of equation (3.2). First, assuming
that ¢ = O(1/po) for large po, we introduce the expansion

oo
€k
£~ Z > po — 0. (3.6)
k=170

Using this expansion, we can obtain an expansion of § in inverse powers of pg as well, and substi-
tute this, with p = pp+J in (3.2). We use the expansions of the functions Py(n, p) and Qx (7, p)
given in (2.4), with p = pg + €, and collect equal powers of py to find the coefficients e.

In this way, we obtain with vg = =A% — X\ — 2,
1 1 1 9 9 9
€1 = 50, g9 = 177(3110 +1), g3 = ﬂ(227] vo + 170° — Tvg — 6vy). (3.7)

With these coefficients we find the wanted asymptotic expansion of the solution p, denoted

by pn, of equation (3.3)

€ € €

i+%+i+m, n — oco. (3.8)
0

Pn ~ Po + 3
Po  Po
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From numerical tests, we conclude that this gives indeed the approximation for the n-th
positive zero. Using the expansion in (3.8), withn =1, A =2, n = % we find pg = 0. 186 and
Fx(n, p1) = —0.0269. For n = 10 and this expansion with the same A, n values, we find pg = 39.65
and Fy(n, p10) = 0.0000530. More tests are given in Section 4.

Remark 3.1. Abramowitz wrote in his paper [1] on the asymptotics of the Coulomb wave
functions our formula (3.2) in the form § = — arctan(Qx (7, p)/Px(n, p) and used (3.1) and (2.2)
to define the iteration

1 , _
pns = Nn(2pp s—1) + AT — ox(n) + nm — arctan w,
2 )\(777 pn,s—l)
for s =1,2,3,..., where a starting value p, o is needed, and the evaluation of the functions in

the arctan-function.

For the analogues of our functions Py(n,p) and Qx(7n,p), Abramowitz derived asymptotic
expansions for large p, with A = 0, which are similar to those in the first line of (2.4). He did
not use expansions of the Kummer U-function, but he derived the expansions using integral
representations of functions related to the Coulomb functions, just as Hankel functions can be
used for the asymptotics of the Bessel functions.

Abramowitz computed the first three zeros of Fy(n, p), for a few n-values. See Table 5 in
Section 4 for a selection of these values. He did not give starting values but one may try
pno = po defined in (3.4).

Remark 3.2. When 77 = 0, the F-Coulomb functions become .J-Bessel functions. We have
Fx(0,p) = /7p/ J)\Jr ) and (3.4) gives pg = (1)\ +n) . It is not difficult to verify that the
first coefficients given in (3 7) become the first coefficients in McMahon’s expansion of the zeros
of the J-Bessel function, see 7, Section 10.21 (vi)].

For the function G (7, p), we see in the second line of (2.1) that for a first approximation
we have to use the zeros of the cosine function, and we change (3.1) and (3.4) by replacing n
with n — 5. This defines § for this case and with this new 6, (n, p) the second line of (2.3) becomes
the same as in (3.2). It follows that the coefficients ¢ in the expansion of € in (3.6) are the same
as those for the zeros of F(n, p), with different pp in the expansion. This property corresponds
with McMahon’s expansion for the zeros of the Y-Bessel function: the asymptotic expansions
of the zeros of J,(x) and Y, (z) have the same coefficients, but the series have a different large
parameter.

For the derivative F%(n,p), we change (3.1) and (3.4) similarly, replacing n with n —
the equation for the zeros corresponding with (3.2) becomes

1
5, and

—sin(0) Rx(1, p) 4 cos(6)Sx(n, p) = 0. (3.9)

This gives new coefficients for the expansion of €, and we write (3.5) as

Po

and the expansions corresponding with (3.6) and (3.8) in the form

oo o~ ~ ~ ~
Ek N 5 5 3
Z—k Po~pot —+ 2424 n-soo. (3.10)
k=1 Po £0 £o Po
The first coefficients are, again with vg = —A\? — XA — n?,
1 1 ~
&1 = S, & = Zn(guo —1), =15 —(22n*vy — 199 — Tvd + 6vp). (3.11)
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Finally, we consider G\ (1, p). We take, as for F)\(n, p), (3.1) and (3.4). Hence, the expansions
of the zeros of G)\(n, p) follow from (3.9) and have the same coefficients as in (3.11).

We summarise for all four cases the choices of 0)(n,p), po and the equation needed for
obtaining the expansions.

(1) Fx(n,p)
Ox(n, p) = nmw + 0, neN,

1 .
po—nlnpy=nln2 + 5)\77 —ox(n) + nm, sin(0)Px(n, p) + cos(6)Qx(n, p) = 0.
(2) Ga(n,p)
1
9>\(n,p)2<n—2>ﬂ+5, n €N,

1 1
po — 11n pg :nln2+§/\7r—a)\(n)+ (n— > ,

sin(6) P (n, p) + cos(0)Qx(n, p) = 0.

(3) Fx(n,p)

1
GA(nap):<n_2>ﬂ-+6a neN,

1
po — nln po :n1n2+§A7r—aA(n)+ (n— ) T,

—sin(6)Rx(n, p) + cos(8)Sx(n, p) = 0.

(4) G\(n,p)
gA(naP)ZNW‘|‘5a n €N,

1
po—nlnpg =nln2 + 5)\77 —ox(n) + nm, —sin(6)Ra(n, p) + cos(8)Sx(n, p) = 0.

For all four cases, we have verified by using numerical calculations and graphs that the n
used in these relations approximate the nth positive zero of the Coulomb wave function or its
derivative. Some of the tests performed are shown in the next section. For A = n = 0, the first
positive zeros have the proper n-value, which trivially follows from (1.2).

4 Numerical tests

For testing the approximations obtained with the McMahon-type expansions (p,]‘f C) for the zeros
of Coulomb functions, we use the numerical method described in [8] implemented in MAPLE
with a large number of digits. Tables 1, 2, 3 and 4 show tests for the first 10 zeros of the
functions F13(2.1,p), G13(2.1,p), F| 3(2.1,p) and G} 5(2.1, p), respectively. We use 6 terms in
the expansions (3.8) and (3.10). High-accuracy numerical values of the zeros of the functions
obtained with the method described in [8], are given in the second column of the tables. The
third column in all tables shows the relative errors obtained in the comparisons. As can be seen,
an accuracy close to 1078 can be obtained for the largest considered zeros. As expected, the
accuracy of the approximations improves as n increases.

Additionally, a test of the influence of the parameters A\, 17 on the accuracy of the approxi-
mations pM¢ to the zeros of F)(n, p), is shown in Figure 1. In this figure, we show the minimum
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n pMe pn, using the method in [8] Rel. error
1 9.28... 9.276226087098264 6.8 x 1074
2 13.321... 13.32061436693835 5.3 x 107°
3 17.0494...  17.04925305758087 9.0 x 1076
4 20.6332...  20.63316305105047 2.3 x 1076
5 24.13198... 24.13196399208639 7.5 %1077
6 27.57415... 27.57414717920683 2.9 %1077
7 30.975729... 30.97572598757761 1.3x 1077
8 34.346662... 34.34666006955555 6.1 x 1078
9 37.693593... 37.69359261174668 3.2x 1078
10 41.021189... 41.02118854245900 1.7x 1078

Table 1. Test for the McMahon-type approximations pM¢ to the first 10 zeros of the Coulomb func-

tion 1‘7‘1_3(2.17 p)

n pMe pn, using the method in [8] Rel. error
1 6.95... 6.925107084382577 4.9 x 1073
2 11.36... 11.35971565567721 1.6 x 1074
3 15.2094... 15.20913702648054 2.0 x 107°
4 18.8545... 18.85445602183751 4.3 x 1076
5 22.39103... 22.39100849194709 1.2 x 107
6 25.85895... 25.85894221100473 4.6 x 1077
7 29.27929... 29.27928968958546 1.9 x 1077
8 32.664553... 32.66455053595783 8.7x 1078
9 36.0228... 36.02279903910762 4.3 x 1078
10 39.359572... 39.35957112638164 2.3 x 1078

Table 2. Test for the McMahon-type approximations pM¢ to the first 10 zeros of the Coulomb func-

tion G1.3(2.1, p).

n pMe pn, using the method in [8] Rel. error
1 6.8... 6.740012285516214 2.0 x 1072
2 11.34... 11.33586159146655 4.5 x 1074
3 15.2... 15.19947063325694 5.3 x 1075
4 18.8493... 18.84912765706333 1.1 x107°
5 22.38767... 22.38760195810186 3.2x 1076
6 25.85659... 25.85656409550572 1.1 x10°¢
7 29.27754 ... 29.27752955366132 4.6 x 1077
8 32.663199... 32.66319220425298 2.1 x 1077
9 36.02172... 36.02171734983164 1.0 x 1077
10 39.35869... 39.35868838281058 5.5 x 1078

Table 3. Test for the McMahon-type approximations p2¢ to the first 10 zeros of the function Fj (2.1, p).
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n pMe pn, using the method in [8] Rel. error
1 9.24... 9.226939712774167 2.0 x 1073
2 13.308... 13.30627800305222 1.4 x 1074
3 17.0426... 17.04225058479286 2.3 x107°
4 20.629... 20.62896049608348 5.7 x 1076
5 24.12918... 24.12914248690917 1.8 x 1076
6 27.57213... 27.57211363372210 7.0 x 1077
7 30.97419... 30.97418664616960 3.1x 1077
8 34.345457 ... 34.34545207910902 1.4 x 1077
9 37.69262... 37.69261810059473 7.5x 1078
10 41.020385... 41.02038500317911 4.1 x 1078

Table 4. Test for the McMahon-type approximations p2’¢ to the first 10 zeros of the function G} 5(2.1, p).

n

n n =2 n=3
(1)10.974  (1)14.567
n=15 (2)10.97336 (2)14.566337
(3)10.97335 (3)14.566335
(1)12.403 (1)16.110
n=2 (2)12.4053 (2)16.11047
(3)12.4052 (3)16.11044
(1)13.786  (1)17.596
n=25 (2)13.7885 (2)17.5954
(3)13.7879  (3)17.5953
(1)15.130  (1)19.033
n=3 (2)15.1349 (2)19.0356
(3)15.1335 (3)19.0352

Table 5. Comparison of values for the second and third zeros of Fy(n, p) for a few n-values. (1) Values
given in [1]; (2) McMahon-type approximations; (3) Values obtained with the numerical method given
in [8].

value of n for which the relative accuracy obtained with the McMahon-type approximations is
better than 107%. The calculations have been made by fixing the value of A and varying the
values of n. The accuracy is checked, as before, using the numerical method given in [8]. Results
obtained for two different values of A are shown for comparison. Similar results are obtained for
the approximations to the zeros of the other functions.

As a final test, in Table 5, we compare the McMahon-type approximations with some of
the values for the zeros of Fy(n, p) appearing in the table given in Abramowitz’s paper [1] for
a few n-values. The values obtained with the numerical method [8] are also shown. As can be
seen, few discrepancies in the last digit for some of the values given in [1] are found.
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> >
e T

o =

1 1.5 2 25 3 3.5 4 4.5 5 5.5
n

Figure 1. Minimum value of n for which the relative accuracy obtained with the McMahon-type ap-

proximations pM¢ to the zeros of Fy(n, p) is better than 1076,
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