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Abstract. We show that Shakirov’s non-stationary difference equation, when it is trun-
cated, implies the quantum Knizhnik—Zamolodchikov (¢-KZ) equation for U, (A:(Ll)) with
generic spins. Namely, we can tune mass parameters so that the Hamiltonian acts on the
space of finite Laurent polynomials. Then the representation matrix of the Hamiltonian
agrees with the R-matrix, or the quantum 6j symbols. On the other hand, we prove that
the K theoretic Nekrasov partition function from the affine Laumon space is identified with
the well-studied Jackson integral solution to the ¢-KZ equation. Combining these results, we
establish that the affine Laumon partition function gives a solution to Shakirov’s equation,
which was a conjecture in our previous paper. We also work out the base-fiber duality and
four-dimensional limit in relation with the ¢-KZ equation.
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quantum Knizhnik—Zamolodchikov equation
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1 Introduction

The quantum (or g-deformed) Knizhnik—Zamolodchikov (¢-KZ) equation typically arises as a lin-
ear difference equation satisfied by matrix elements of the products of intertwining operators of
highest weight representations of quantum affine algebra [23, 27]. It roughly takes the following

form:
pu; pu;
\I/(Ula-..7puj,...,un> :R‘/Jv}l(u J > RV;\ﬁ(ulj)D]

j—1
-1 (Un -1 Uj+1
< Byh, (W) ---Rvj+1vj( 5 )\I/(ul,...,un), (1.1)
where U(uq,...,u,) is an appropriate matrix element of the intertwiners with the spectral

parameters u; and Ry,y, denotes the R matrix on the tensor product Vi ® V; of highest weight
representations. D; is a diagonal operator acting on V;. In the case of U, (A(l)) with level k,
the shift parameter is fixed to be p = v2(:*+2) = ¢hk+2 1 The case n = 2 is of our interest in this
paper. By the scaling of the spectral parameters, which fixes the origin and the infinity, we can
consider the two point function ®(u) := ¥(1,u), for which the ¢-KZ equation is

®(pu) = Ry,v, (pu) Da®(u). (1.2)

For the g-difference equations including (1.2), various important results using the Jackson
integrals have been developed based on the fundamental theory by K. Aomoto. In particular, the
Jackson integral of symmetric Selberg type relevant for the equation (1.2) was thoroughly studied
by Aomoto, Kato, Matsuo, Mimachi and Ito around early 1990’s (see, e.g., [8, 29] and references
therein). Around the same time, the relation to Bethe vectors was found by Reshetikhin [48]
and the method was further developed by Tarasov, Varchenko, etc. These works play a crucial
role in our study.

In [10], we show that the non-stationary difference equation proposed in [51] is transformed
into a quantization of the discrete Painlevé VI equation. The original form of the non-stationary
difference equation is

U(tA, ) = Ay (A, 2) - B+ Ay(A,z) - B+ As(A, 2)U <A, tq“””Q> (1.3)

where B is the ¢-Borel transformation on a formal Laurent series in x:

B (Z cn$”> = Z RN LS (1.4)

and A;(A, z) are products of infinite products (z; ) and (z;q, ) defined by (1.11) and (1.12),
respectively. (See [51] and [10] for explicit forms of A;(A,x)). In Appendix A, we explain
a relation of the operator B and the refined Chern—Simons theory [2], which gave the original
motivation for introducing B in [51]. The non-stationary difference equation (1.3) was found
by looking at the instanton partition function of five-dimensional SU(2) gauge theory with
a surface defect. The parameters (g, t) are equivariant parameters of the torus action (z1, z2) —
(qzl,t_1z2) on C? and the defect is at 2o = 0, which is the set of fixed points of ¢t~!-action.?
The function U(A, x) is supposed to be a formal double power series in z and A/x:

UA,z) = ) crea® (M), (1.5)

k,6>0

'The convention used in our papers [10, 51] is different from the standard convention for the deformation
parameter of the quantum affine algebra. This is the reason why we denote U, (Agl)) with v? = ¢. According to
the AGT dictionary for the current algebra [6], k + 2 = —ez /€1, where (€1, €2) are the Q-background parameters
on the gauge theory side. Hence, we have p = e* 21 = 72 = ¢,

2We can regard ¢ and ¢ as the Q-background along the defect and transverse to the defect, respectively.
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where the coefficients ¢, ,, are functions of the SU(2) Coulomb parameter (), mass parameters T;
and the equivariant parameters (g, t). Physically, A is the instanton expansion parameter and x
is identified with the position of the degenerate field ¢o;(x) that corresponds to the defect
according to the AGT correspondence [4, 5].

In the case of the Virasoro algebra which corresponds to four-dimensional A' = 2 supersym-
metric gauge theories, the degenerate field ¢ ;(x) has a null state at level two, which implies
a differential equation of the second order in x as the BPZ equation. The non-stationary dif-
ference equation (1.3) may be regarded as a g-deformed version of the BPZ equation. However,
if we try to derive it, we encounter the problem, since the natural coproduct is not known for
the deformed Virasoro algebra [13, 53]. Hence, we cannot define intertwiners and consequently
cannot use the methods of representation theory. We can overcome such a difficulty by noticing
the following fact. Namely, the instanton partition function with a surface defect allows another
description in terms of the affine Laumon space [6, 35, 36]. In this case the instanton partition
function gives a conformal block of the affine Kac—Moody algebra and its ¢ deformation, the
quantum affine algebra is a Hopf algebra! In [10] (and implicitly in [51]), it was conjectured that
the instanton partition function coming from the equivariant character of the affine Laumon
space solves the gauge transformed version of (1.3); See (1.6) below. More concretely, in [10] we
have shown that the non-stationary difference equation (1.3) can be factorized into a coupled
system, which is in accord with the formula of Hamiltonian of the discrete Painlevé VI equa-
tion in terms of the extended affine Weyl group of Dél). Then the conjecture is that a pair of
the affine Laumon partition functions whose parameters are related by a simple transformation
provides a solution to the coupled system, see [10, Conjecture 6.4]. In this paper, we prove this
conjecture by using a connection through the ¢-KZ equation.

In order to see the relation to the ¢-KZ equation, we first make a gauge transformation of
the “wave function” U(A,x) — ¥(A, z) to recast (1.3) into the following form [10]:

(A, z) = HsTy Ty - U(A, ). (1.6)

An explicit form of the Hamiltonian Hg is given by (2.1). Hg involves “renormalized” mass
parameters d;, 1 < ¢ < 4 which are monomials in the original mass parameters T;, @ and (q,t).
It is amusing that we can eliminate the double infinite product (z;q,t)s appeared in A;(A,x)
from Hg. It is also remarkable that the parameters @ and t appear explicitly only through the
shift parameters for x and A. By tuning two of mass parameters, say do = ¢~™ and d3 = ¢~ ", the
Hamiltonian acts on the (n +m + 1)-dimensional space of Laurent polynomials with a basis 7,
—n < j < m. Then, the representation matrix of Hg agrees with the R-matrix of U, (Agl)),
which allows us to identify (1.6) as a ¢-KZ equation. Namely, for the matrix r; ; defined by

Hga' = Z ri (M), —n <i<m, (1.7)

j=—n
we have the following statement.

Theorem 1.1 (Theorem 2.3). Set N =m+n. The matriz [r; j(A)]—n<ij<m coincides with the
(N + 1) x (N + 1) block in the weight decomposition of the infinite-dimensional R-matriz for
U, (Agl)) for evaluation representations of generic weights.

This is one of the fundamental results in this paper.

As we mentioned above, the Jackson integral of symmetric Selberg type solves the ¢-KZ
equation. Recall that the Jackson integral is a pairing of the integration cycle £ and the cocycle
function ¢(z)

<¢<z>,e>=<1—t>N§j[¢<z><1><z> I <zi—zj->] | (1)

1<i<j<N z=&;t"i
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Figure 1. After the mass truncation dy = ¢~™, d3 = ¢~", the double series ¥(A, z) becomes a Laurent
polynomial in x, while it is still a formal power series in A. The circles represent the positions of allowed
terms in the (z, A)-lattice.

In this paper, we take the weight function ®(z) which depends on four parameters (a1, a2, by, b2);
See Section 3 for details. On the other hand, the instanton partition function Zap, from the
equivariant character of the affine Laumon space is defined by (4.5). Hence, if we can show
the relation of the partition function Zaj, to the Jackson integral (1.8), it gives a proof of
the conjecture in our previous paper. Under the same tuning conditions for mass parameters
as above, the partition function Zar, becomes a Laurent polynomial in x (see Figure 1 and
Appendix E). By carefully examining combinatorial structure of the orbifolded Nekrasov factor
in (4.5) (see Appendix F), we can identify the coefficients of Z47, in the expansion parameter
as the Jackson integral (1.8) with an appropriate choice of the cycle . In this way, the affine
Laumon partition function Zay, agrees with the Jackson integral for the ¢-KZ equation term by
term, if we choose suitable basis of (co-)cycles. More concretely, we have the following.

Theorem 1.2 (Theorem 4.1). Under the identification of the parameters

1 _ _ 1 q" "aq
d2:qm7 d3:qn7 d4: inv

dy — -
! g taghy’ tas

P (1.9)

the affine Laumon partition function Zay, coincides with the Jackson integral (1.8) with an
appropriate choice of & and a suitable basis of ¢(z).

A definition of the basis and the choice of £ are the subjects of Section 3. In particular, we
show that the combinatorial structure of Za1, as a sum over the pair of Young diagrams is in
a nice correspondence with the cohomology basis called Matsuo basis in the literature.

By combining above two theorems under the specialization dos = ¢7™, d3 = ¢~ ", we can show
that the affine Laumon partition function Z47, is a solution to the gauge transformed version (1.6)
of the Shakirov’s equation. The result can be extended to generic mass parameters d; also
by the following reasons. We invoke the fact that the equation (1.3) inductively determines
the expansion coefficients ¢; ; in (1.5) uniquely up to an overall normalization, which we fix
by ¢o0 = 1 (see [10, Proposition 2.7]). Moreover, from the recursion relations among ¢; ; we can
see that for generic mass parameters d; they are polynomials in d; with coefficients in the field of
rational functions of ¢, t and Q.? Hence, if Z41, is a solution under the specialization dy = ¢~ ™,

d3 = q~" for any m,n € Z>y, it is valid for generic values of dy and ds.

Theorem 1.3. The affine Laumon partition function Za1, is a solution to the non-stationary
difference equation (1.6).

3If we expand the Hamiltonian Hs in « and A/x, the leading term does not involve d;.
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In Appendix H, we recast (1.6) to a coupled system, which is essentially the same as the
coupled system derived in [10] based on the structure of the Hamiltonian of the gg-Painlevé VI
equation. Hence, our main Theorem 1.3 also proves [10, Conjecture 6.4]. Recall that the original
conjecture in [51] was for the degenerate five point ¢-Virasoro conformal block, which is realized
as the Nekrasov partition function of U(2) x U(2) linear quiver gauge theory with the Higgsing
condition on mass parameters. One can express the partition function in question in terms
of the topological vertex (intertwiners of the quantum toroidal gl;-algebra) and confirm that
it is similarly related to the Jackson integral of the same type as the present paper. This is
regarded as a ¢-deformed analogue of the correspondence between the current block of sls and
the degenerate conformal block. Details will be reported elsewhere.

It is known that the Jackson integral relevant for ¢-KZ equation actually satisfies two kinds
of difference equations (see, e.g., [29]). For the case in our hand, the second difference equation
involves the shift of a “renormalized” Coulomb modulus (qtQ)~! of SU(2) gauge theory.* Two
difference equations are exactly the same under the exchange

2

q -1
A +— E(th) . (1.10)

In the geometric engineering of SU(2) gauge theory by local Fg = P! x P!, A and Q are identified
with Kihler parameters of P! x P'. Hence, this is a manifestation of the base-fiber duality in
topological strings.

We will also work out the four-dimensional limit of the gauge transformed equation (1.6).
Then we can check that it agrees with the KZ equation, which has been derived from the
regularity of the fractional fundamental gg-character of type A; [47].

Since the KZ equation can be regarded as a quantization of the Schlesinger system [49], the
relation of the conformal block of the current algebra to the quantum monodromy preserving
deformation has been believed as a folklore. The equation (1.6) is quite interesting object
as an explicit example realizing such correspondence. In recent papers [20, 54], the quantum
cohomology and (quantum) monodromy preserving deformation has also been discussed.

It is very likely that the ¢-Borel transformation B appears in some representation of double
affine Hecke algebras (DAHA) on polynomials in x,z2,... [51]. From such a speculation, it
is interesting that in connection with the quantum @ system [21, 22], an operator very close
to B is employed as Cherednik’s Gaussian operator representing the Dehn twist on polynomial
representations of spherical DAHA.

The present paper is organized as follows. In Section 2, we introduce a truncation of the
non-stationary difference equation (1.3) by tuning two of mass parameters among four. We will
call it mass truncation. After the mass truncation the Hamiltonian of (1.3) acts on the space of
Laurent polynomials in 2. We find that the matrix elements r; ;(A) satisfy the same relation as
the quantum 6j-symbol derived by Rosengren [50]. In Section 3, following the work by Ito [29],
we first review the ¢-KZ equations satisfied by the Jackson integral (1.8), which is a paring of
an integration cycle £ and a cocycle function ¢(z). We also study a special integration cycle £
which reduces the bilateral sum over the lattice in the definition of the Jackson integral to
a sum over a positive cone of the lattice. This truncation (which we call lattice truncation) has
been considered in literature (see, e.g., [31, 32] and references therein). The relevant cycles are
called the characteristic cycles or the a-stable or a-unstable cycles by Aomoto, and play crucial
roles in the study of asymptotic behavior. The lattice truncation is crucial, when we make an
identification of the Jackson integral with the Nekrasov partition function which is expressed
as a sum over a pair of Young diagrams. In Section 4, we consider the Nekrasov partition
function with a surface defect, which can be obtained from the equivariant character at fixed

“Recall that (¢¢tQ)™" is the shift parameter of = in (1.3).
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points of the toric action on the affine Laumon space. The partition function is expanded in x
and A/z and we show that the expansion in z is in accord with a basis, which is called Matsuo
basis, of the cocycle functions in the Jackson integral representation of solutions to the ¢-KZ
equation. In Section 5, we compute the four-dimensional limit of the R-matrix that appears
in the truncation of the non-stationary difference equation and show that the limit correctly
reproduces the KZ equation for the conformal block of the sl current algebra. There are many
appendices in this paper, where some helpful clarifications and technical details are presented.
We will use the following notations throughout the paper [28]:

o(x) = (2;¢)00 = H(l —xq") = exp (— 11 m"), lz] <1, ¢l <1, (1.11)

. _ n
n:1n1 q

n=0
o] 00 1 .
= T 0r) =3 ”)
n.m=0 —n (1—¢m)(1—1tn)
lz] <1, lql,[t] < 1. (1.12)

The ¢-shifted factorial is defined by

L (@@e 1T ot
(@0 = = = E}(l q'). (1.13)

It is convenient to introduce the notation

(a1,a2,...,05;¢)n = (a1;¢Q)n(a2; Q)n - - - (ak; @)n. (1.14)

We frequently use the short-hand notation (a), := (a;q),, when there is no risk of confusion.
The following formulas are useful:

1
aqn—l

<a>n=<—a>”q"<”—”/2( ) (@hse = ()i (ad¥),. (1.15)

The g-exponential function is

eq(ﬂs):zz(zn ! (1.16)

(@ (T50)

Finally, the ¢-binomial coefficient is defined by

nl _ (@Dn
[k]q (@GOG Dok (1.17)

2 Shakirov’s equation as a g-KZ equation with generic spins

In [10], we show that by an appropriate gauge transformation we can recast the original equa-

tion (1.3) to the form %qu_té’thj - U(A,z) = ¥(A,z) with the Hamiltonian

He — 1 B. (M) (g didadzdsA)
5T plar)p(Az) T p(—diz)p(—dox)p(—dsA[z)p(—dih /)
1
x B - w(q_ldldgx)(p(dgd4/\/$)’ (21)
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where ¢(z) := (2;¢)o. We have made the following change of variables:

A/ = tTQTgA, {El = qu_1/2t1/2x, (22)
and mass parameters:°

dy = qul/th/z7 dy = T2—1q1/2t71/2Q717

dz =Ty qY27Y2 dy = Tug*?t/2Q. (2.3)

The Hamiltonian Hg is manifestly symmetric under the exchange di <> do, d3 < d4. Let
Y, = x0, be the Euler operator in . We have the following commutation relations among
z,p=¢% and B = ¢=(=+1)/2,

pT = qIp, Bp = pB, Bx = pxB. (2.4)

Lemma 2.1. For m € Z>q, we have

o I QLT
X

Hg -2 "Cl[z]] C 27" C[[z]] fords =q¢ ™ ordy=q¢ ™. (2.5)

Proof. Due to the relation
HS(dlv d?) d37 d47 A7 x) = q295 HS(qdlv qua d3/q) d4/q7 A) ﬂf) p2CC_1,

the statements inductively reduce to the case m = 0. Hence, it is enough to show the lemma
for m = 0. Note that one can omit the factors of the form p(*A/x) [p(*x) (resp.)] in the first
[second (resp.)] relation in (2.5), since they do not affect the consequence. By omitting these
factors, the relations (2.5) follow from the identities (k > 0)

1 1
o(—aqx) B(p(ax) o

1 L a7 (i@
afe) plafe) T H(q%)

which are a special case of the formulas (B.1) in Appendix B. [ |

k—1
k= gk H(qj + aw),
§=0

Due to Lemma 2.1, we have the following action of Hg with finite support:

Hex! = Z ri j(A)ad, —n <i<m, (2.6)

j=—n

when the parameters are specialized as do = ¢7"™, d3 = ¢~ ", m,n € 220.7 The coefficient r; j(A)
is a rational function in the spectral parameter A. It also depends on the remaining mass
parameters d; and d4, which are to be identified with the highest weights of the in-state and the
out-state, when we consider a matrix element (two point function) of the intertwiners.

°In (2.1), " on = and A are deleted for simplicity.

5We made an exchange d; « do in [10, equation (5.5)]. We also exchanged T; and T, which corresponds
to the action of a Weyl reflection on the Painlevé side, namely (2.1) is derived from [10, equation (5.2)] by the
change of variables (2.2) and (2.3).

"Due to the symmetry dy <+ do, ds <> da, the cases di = ¢~™, dy = ¢~ ™ etc. have the similar truncation.
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Example 2.2. For (m,n) = (1,0), (2,0), we have

(42, d
y _(<Al>)1
70,0 70,1 (Gh o
P 2.7
[Tl,o 7“1,1} Ag(f) 2% (2.7)
(%)1 (%)1
and
G a1 ESHEN
:070 :O’l :072 _ _AQ(%‘)l(d}]A)l ‘12(%)1(%)1+Aq(d1q)1(3—%)1 _q2(d1q)1(d;—3A)1 2.8)
P Ta1 o ) B3 |
S AR A
L G (En EINeST

where 7 ; = r; j(A), (z)1 = (1 —z).

Theorem 2.3. Set N = m +n. The matriz [r; j(A)]—n<ij<m coincides with the (N + 1) x

(N + 1) block in the weight decomposition of the infinite-dimensional R-matriz for U, (Agl)) for
evaluation representations of generic weights [14, 38].8

Proof. The defining relation (2.6) of r; ;(A) can be written as

(M) (g didadzdsA) B 1 )
A=) o~ o) p(—dsh ) (—dih ) - pla o) p(dydah /)

=5 lane () D rste 29)

j=—n

i

Using the relations (see Appendix B)

B 1 fEi _ @(—q1d1d2$)§0(_q*1d3d4%) qi(i+1)/2l‘i

¢(q tdidaw) p(dsds2) ¢ (g 1d1dadsdsA) ’
B IQD qr Sp();l;] =q J(J+1)/2x] A : , 2.10
e\ p(—g7iz)p(—¢72) (2.10)

we can rewrite (2.9) as

¢(_qid1d2x)¢(—q—id3d4%) gD /2y0
(—dsA/x)p(—dsA /)

_ re (A)g-9UHD /255 P(CT)p(—daT) :
T e D) .

Since do = ¢~ ™, d3 = ¢~ ", m,n € Z>q, this equation can be simplified to

q%l(l+1)ml (_dlqlimﬂf) - (_d4q1n>
T/ itn

mn Ligs : A

= 3 W O gy (<) 212
j=-n x Jjtn

where (a), = (a;q)n. This relation is essentially the same as the equation for the ¢-65 sym-

bols [50]. Hence, the coefficients 7; ;(A) is given by the ¢-6j (i.e., R-matrix) for U, (Agl)). [

8See Remark 2.4 below and computations in Section 2.1 for more precise identification.
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Remark 2.4. Some explicit formulas for U, (Agl)) R-matrix are known [14, 38]. One of such
expressions is related to the hypergeometric series 4¢3 with the base ¢,”

(q)N(%)N—i(%)N—j(g)j L (q7), (@) (@ N2), ()

RHG = g7 : ! (2.13)
i, 1 1 THi-N, 1=,
(); (Q)N_j(E)N(B)N—i k=0 (Q)k(q_N)k(q a )k(q 57 )k
For dy = ¢~ ™, d3 = ¢ " and i,j € [—n, m], one can show (see Section 2.1)
m—i _(m+1 HG
i, (A) - d ( - )ZRH—RJ-HZ‘{N m+n, z_f ,a= ?11 ,5=%}’ (2'14)

hence, the matrices {r; j(A)}; je[—n,m) With fixed N = m +n give essentially the same (N + 1) x
(N + 1) R-matrix.

The above result implies that the equation

V(A z) = Hg¥ (A f@) (2.15)

for do = ¢7™, d3 = ¢~ ", N = m+n, is written as the t-difference equation with (N+1) x (N+1)
matrix coefficient:

sz( )n,] (A)(qtQ)~, (2.16)

=N

where W(A,z) = > a';(A). This is exactly the ¢-KZ equation for the four point function
of U, (A(l)) in N-down spin sector.!’ The cases (m,n) with m +n = N correspond to an
equivalent equation of size N + 1. In Section 4, we will show that the specializations of the
affine Laumon partition function corresponding to the condition do = ¢=™, d3 = ¢~ " give a set
of N + 1 solutions which form the fundamental solutions. In this sense, the Laumon partition
function can be viewed as the “universal fundamental solution” for ¢-KZ equation.

2.1 Computation of r; ;

We will explain how to compute (Tz‘,j)?:}:,n from (2.12). By using the formula (1.15), the
relation (2.12) can be written as

¢ (Ady) U (2 Z riq NV (), (2.17)
j=—n
where
1-j
i— _qr - q T
i(x) = (—dig"™™ : i(2) = (= " 2)m—j| — : 2.1
Since both {U;(z)};2_,, and {V;(z)}]L_,, are bases of polynomials of degree m + n, our task is

to compute the transition matrix between these two bases. For this purpose it is convenient to
introduce an intermediate basis {Wj(z)}7. _, defined by'!

n+1+k—m
q qr
=(-—— —— . 2.19
dl'_)qnz:rl < A x) m—k < Ad4 ) k+n ( )

9The parameter g in [14, 38] is denoted by v = q% in this paper.
'%The parameter @ specifies the intermediate state of the correlation function (j4|®;5(1)®;,(A)|j1). The vari-
able x is merely a book-keeping parameter for the spin direction.
" Another choice Wy, (z) = U’“(m)ld4HM also works as well, which gives different decomposition of the same
A

matrix (r;,;).
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The polynomial Wy (x) is defined so that the zeros of U;(z), Wi(x), Vj(z) overlap with each
other as follows:

Uz(x) _',I;_d7177d71q Ja qn_;'_i?"'aTa
m—1i n4+1i
A A diA ds A
Wk(x) —.’L’Iin,...,inmkl,m,...,i,
q q q q
m—k n+k
A A - .
Vj(x): —x:—n,...,—nqnﬂfl,qﬁl,...,qm. (2.20)
q q —
m—j
n+j

Let us compute the transition coefficients rZU,XV and r,ZVjV defined by

Ui(x) = Z rzU,l/VWk(x), Wi(z) = Z TZVJVV}(a}> (2.21)

k=—n j=—n

Due to the cancellation of common factors arising from (2.20), the first relation of (2.21) can be
written as

( ) ) i oW qn+1+kfm qi+n+1x
e S (Y (e oz
et A m—k Ady /4

Note that we may delete the coefficient of Wy(z) which does not have the common zeros
with U;(x). Similarly, from the second equation of (2.21), we have

qx wv -m q T
—— = E Tei (—¢q a?)m_‘<— > . (2.23)
< Ad4>k+n ! ’ A j+n—m+k

j=m—k—n

Proposition 2.5. The nonzero coefficients of TZUIZV, 1 < k, can be determined as

Lii—k)(2m+14i— —i 4)m—i
A e
(@1A¢H), (i)

(daq™™)m—i

m=k (2.24)

Hence, (TZU,XV) s upper triangular matriz with factorized elements. Similarly, the nonvanishing
coefficients of r}f/jU, N —(k+n)<j+n, are

WV _ 5(j—k—m—n—1)(j+k—m+n)_ p\i+k—m+n (Qk+n
T - _q2
k - O e——
(50 kg men(G)
daN ) k+j—m+n\ ds /m—j (2 25)
(q=F="A) '
k4+n

The matrix (r,‘f’/jv) is “lower triangular along anti-diagonal” with factorized elements.

Proof. We follow the method in [50, Section 3]. By the change of the parameters

) i+n+1 qn+1
N=m—1, r=m—k, (a,b,c) = <—d1ql_m, N TR ) (2.26)
4
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for (2.22), and

q qk—m+n+1
N=Fk+n, r=j+k—m+n, (a,b,c) = <_d4A’_qm’_A> (2.27)
for (2.23), respectively, both equations are written as the binomial expansion
N
(az)n =Y Cnp(b2)y—r(cqg @), (2.28)
r=0
This implies that the coefficients Cy, are given by
a +1la
O = 7 +/2 <_b>r @y (). y (2.29)
’ ¢) (@r(@N—r (%),
To see this, note that
1—¢Nax = AT(l — qN_Tb:U) + Br(l — q_’"_lc:c),
N+1+4r T
_c—aq ~ b—uaq
Ar=—yw By v (2.30)
Hence,
—r—1
(az)Ny1 _ ) (b)N1r B, (g x)r+1‘ (2.31)
(ax)n (bx)N—r (cq—x),
From this, the coefficients C'y, are uniquely determined by “Pascal’s triangle”
CN+1,7‘ = AT‘CN,T + BrflCN,rfla (232)

with the boundary conditions Cpo = 1, Cn,—1 = Cnyn+1 = 0. For Cn, given by (2.29), the
boundary conditions are obvious. The relation (2.32) follows from

CN+1 r (1 - qN+1) (1 - anT-H) CNT'—I Cq_r(]- - q'r)( - %)
C - = Nilr bgN+1Y C’ = - Natl—r agr—1 (2'33>
Nro (L= V) (1= 25) Noo b1 gV (1 - )
and the identity
(1 _ qN—H) <1 . an+1) . qN+1—r(1 —q") (1 . aqr>
c c
_ (1 - qN+1*T') <1 o an+1+7‘) _ 0 (234)
c
Hence, (2.29) is proved. Back to the original parameters, we obtain the desired results. |

Combining (2.24) and (2.25), we have

m
i = ALY GATEY < (A g A S Y

k=—n

m
_ Z q—inqjq%(i—k)@m—&-l—&-i—k)q%(j—k—m—n—l)(j+k—m+n) (_1)—m+n—i+j

k=m—n—j
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(diAg™F=™), _(didgAg=m— ")

% dk+nAf+n+k7nz (QLn—i —k
! (@) k=i (@m—k (dag™™)m—i
m+1 +1
(Q)k‘-i—n (qd4/\ )k+j—m+n(qd4 )m—j (2 35)
(Q)k-i-j—m-l-n(Q)m*j (qikinA)k-‘rn
To show (2.14), we make the change of variables
A q" q"
2=, a=21 -1 2.36
q dq P dy (2:36)
Using (a); = (—a)qu(k_l)/Q(aqk%l)k and (a)g4; = (a)k(aqk)l, we compute
m—i g—n—j (m+1)i (%)mfi(%)mfj(g)‘ﬂ»n < (m—k)(i+n)
rig=d;""p q 1 1 Z q
(E)m-i-n(ﬁ)m—i k=m—n—j
m— z —N
y (B) ¥ (@me @)kt @i GO Dk o
z (@D k=i @Dm—rk (Drtjmin(@m—j (¢ F7m), _ (Egitnth—m)

One can check these coefficients 7; ; coincide with the results in Remark 2.4.

3 Jackson integral representation of solutions
to the ¢g-KZ equation

3.1 Jackson integral of symmetric Selberg type

Solutions to the ¢-KZ equation allow a representation by the Jackson integral. In this subsection
we review the results of [29] which are needed later.

In the construction of solutions to the ¢-KZ equation for U, (Agl)) by M. Tto [29], the N-tuple

Jackson integral with the integration variables z = (z1,...,2n)
(0(2),8) = (1 =) Y [$(2)@(2)A(L, 2)] ;=g 10 (3.1)
veZN

is considered.'? Here,

Alg.2)= [ (i-a'z). (3.2)
1<i<j<N
and
T o (b 2istag "2 ) (tqtzj/zit)
®(z) = [T oo 202 %0l | Z?(logtq)—lﬁ 3.3
g (b12i, b22i3 1) o 1<i];[<N (qzj/2i3t) o0

is a common weight factor with four parameters a1, ag, by and by. Note that A(1,z) is nothing
but the Vandermonde determinant. In the pairing (3.1), £ = (§1,...,&n) has the meaning of
parameters for an integration cycle. On the other hand, ¢(z) defines a cocycle function. In order
to give a basis of the space of cohomology classes, in [29] the symmetric polynomial

1 Eyi(a,b; 2)

Ek’i(a’b;z):A(Lz)A(Ek’i(a’b;z)) S Az

a,be Cx, (3.4)

12T view of the application in the next section, we exchange g and ¢ in the original paper [29].
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was employed by introducing

N— N
Eyi(a,byz) =212z Ag, 2 H (1 —bzj) H (1—a'z). (3.5)
j=1 j=N—i+1
Here §/A denotes the symmetrization/anti-symmetrization of the variables (z1, ..., zxN), respec-

tively. In particular, e;(a,b; z) = Egi(a,b;z), 0 < i < N, gives a basis which is called Matsuo
basis [39, 40] (see also [41, 55]).

The function ¢(x) = xlogt(%)% with ¥(z;t) = (x; )00 (t/m; )0 satisfies c(tx) = ¢(z). Such
a function is called pseudo constarft The following lemma shows that the function ®(2)A(1, z)
in (3.1) can be written in a symmetric form, up to some pseudo constant factor. Due to this

property, the integral is sometimes called Jackson integral of symmetric Selberg type.
Lemma 3.1. Let 7 =log,q and i,j € [N] :={1,2,...,N}. We have

T 25/ %45 N Z Zis
H—(tq w5 ) an, NI Eind | E L i) o, (3.6)
=1

L /0 N

~ly /s
where C(z) = | |Z<j( )T% is a pseudo constant for each variable z;.
1/ %5

Proof. The left-hand side is computed as follows:

(ta"%/2) oy (a2 23 ) o (b0 25/ 2 )
H (tzj/ziit)oo E (tzi/ 23 t) oo (t2j/ i3 1) 0o
=11 (a2 25 1) 25/ 75 oo (ta™ 2/ 25 1) o

tZZ/sz )(qz]/zl)oo(tz]/zz, t) oo

i#]

1<j

= O TT(2) - a5

(02 /2 )

— 5 27— 1 ZJ/Zza )
= C(2)A(1,2) sz H

i=1 z<] QZJ/Z“ )oo

N
Zi\"T —r(N—
J -1 _ -7, 271 _ T(N-1) 27—1
| |<z—> z, = | |(zjzi) z; = | Izi z T [
(2 .

i<j i<j i=1 i<j

For the cocycle function ¢(z) in the pairing (3.1), we will take the Matsuo basis eg(az, b1), ...,
en(ag,by).'3 Namely, we consider the following CV*+!-valued function

U = [\I/_n, . ,\I/m] = [<€N(a2,b1),§>, ey <€0(a2,b1),€>]. (37)

In order to identify the instanton partition function to be introduced in the next section with
the Jackson integral, it is important to keep the factorized structure of the integrand as far as
possible, hence we use the following expression:

ér(a,b;z) = en_i(a,b; z) (3.8)

3Since the common factor (3.3) is symmetric under the exchanges a1 <> a2 and b1 <> bz, there are four choices
of the Matsuo basis. Here we follow the choice in [29].
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2i—q 1z
= [kl [N =kl > H(l—) [Ta—ez) ]I ——

z
TUJ=[N],|J|=k i€l jeJ icljes 7

where the sum is taken over the (],X) terms corresponding to disjoint union I U J = [N] =
{1,2,...,N} with |I| = N — k, |J| = k. The formula (3.8) follows from Proposition G.1
in Appendix G for the case s = 2 with fi(z) = 1-biz and fo(z) =1— . 4 Thus the summation
in Jackson integral is written as the sum over the cone (3.22) and additional 2V = Zk:o( k)
sums. As we will see in the next section, in the relevant instanton partition function, the first
sum corresponds to the sum over the two Young diagrams with even lengths for all the columns
and the second sum comes from their even/odd variants depending on the number of columns
with odd length.

The expression (3.8) looks like rational, but it is a polynomial in z = (z1,...,2x). In fact,
the base eg(a,b; z) can be characterized as the linear combination of the elementary symmetric
functions in z having the following specialization [29, 32]:

N—k ' k—1 .
ek(a, b; (:c,xq. . qu_l)) = [N];-1! H (1 - qsz) H (1 - qz>. (3.9)

In [29], the following fact is proved.

Theorem 3.2 ([29]). With respect to the shifts To: « — a+ 1 and T; = Tt_tht,aw i=1,2, the
Jackson integral ¥ satisfies the following system of difference equations:

T,V = UKy, W =VK,, oV = UKy, (3.10)
where

Ko =R 'AR = DyAD; ", K, =R™'Dy, Ko = Dy(TaR),

Dy = ((tan_l)N_i‘sij)ogi,jgN’ Dy = ((tan_l)iéij)ogi,jgN’ (3.11)
and d;; is the Kronecker symbol. An explicit form of the matriz R is given by'?

R = LRrDRUR,

Lr= (l£)0<7, G<N? Dr = (5Ud§{)0§i,j§N’ Ur = (“ﬁ)ogi,jgw (3.12)
where

15 = [N—J} ) (=1 ¢ (2" ) (asbagd; )iy

N2i2>j20,

N —1 q ((Zl_la2q_(N_2‘j_1); Q)Z_] 7 -
n (warla i)y (azbig); ,
d]: -1 —(N—A) ) OS]SN,
(a1b2; q)v—j (a1 'azg=V=9);q)
] alblq yq) i,
uf‘;:[].] (_1N. .)“ , 0<i<j<N, (3.13)
Lg (a1a2 q _Z_j3q)j—i

and other elements are zero. [};],-1 denotes q'-binomial coefficient (see (1.17)). The matriz A
is also given in a Gauss decomposed form as

A=LaDaUy,

4 As noted in [48], these cocycle functions naturally arise as the Bethe vector. See [1] for the developments
based on the geometric method.

5The matrix R in this section is slightly different from the R matrix in the previous section. See Appendix C
for a summary of various R-like matrices used in this paper.
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A A A
La= (lij)ogi,jgjv’ Da = (d;5d; )ogi,jgN’ Ua = (“ij)ogi,jgN’ (3.14)
where the nonzero elements are
N - — azbag’;q), .
18 = (~1)i9g("2 )= (%) [N ?] ( - b ysisjso
N —if, (t*asb2g*3q),_;
dA = NI g (D) +(N57 (ta;Q)j(ta@b?qzj;q)ij :
j = a1 Taq? ? o i—1 a n+j—1 ’ O<j<N,
(t*agbag? ;C])j(t arazbibog™t ;CJ)N,]-
oy o a1 (abigN i q)
ufh = (_tocal—lw)]%q(%)*(ﬂ H (@101 ¥ q)f", 0<i<j<N. (3.15)
v q (taCLZqu Z’Q)]fl

Remark 3.3. The difference equations for the shift 7; = T;tht’ai are nothing but the traditional
(original) ¢-KZ equation. The components of the R matrix appearing in this type of ¢-KZ
equation are nothing but the connection coefficients between two Matsuo bases {e;(a,b)} with
different parameters a; and b;. Due to the specialization given in equation (3.9), the computation
can be reduced to the connection problem of single variable polynomials as in [50]. On the other
hand, the matrix A for the shift of T,,: @ — a + 1 is obtained in a different manner and the
basis Ej; was introduced for this purpose in [29]. It is the ¢-KZ equation for T, that is related
to the Shakirov’s equation.

The following relation between the matrices R and A seems to be noticed long ago at least
among specialists (e.g., [30]). We give a proof since the relation plays an important role in
Section 3.3.

Proposition 3.4. We have
A=sT(R)D, (3.16)

where s is a scalar and D is a diagonal matriz given by

N(N-1)/2( N (% q)n

aiazb
e (t*gN~Tayazbiby; q)

S =4q s D = ((ale)_iéij)OSi,jSN' (317)

N

T is a shift operator acting only on the parameters as, by as
T = {ag — a9 (tan_lale), by — by (tan_lalbg)il}. (3.18)

Proof. Using the relation (x_l;q)k = (—1)qu(k_1)/2x_k(a:q1_k;q)
(3.12) and (3.14), one can check

. and the explicit forms

Lis=T(Lg), Da=sT(Dg)D, Ua = D 'T(Ug)D. (3.19)
Then we obtain

A=LaADAUs =T(Lg)sT(Dr)DD'T(Ur)D = sT(LrDrUg)D = sT(R)D, (3.20)
as desired. |

The compatibility of the dual pair of difference equations in Theorem 3.2 implies RDyA =
ARDs. In Appendix D, we give a direct check of the compatibility based on the matrix inversion
formula of Andrews and Bressoud. It is amusing that the compatibility condition follows from
Bailey’s transformation formula for terminating very-well-poised balanced series 19Wj.
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3.2 Lattice truncation by a choice of the cycle

The sum in the Jackson integral (3.1) considered in [29] is bilateral, namely it is taken over
{v;} € ZV. On the other hand, the Nekrasov partition function involves a sum over Young
diagrams. For the function W, the discrepancy is remedied by an appropriate choice of the
cycle & = (&1,...,&n). The suitable cycle is already known (see [32, equation (3.19)] and
[31, equations (4.4) and (4.5)]). In fact, we have the following.

Proposition 3.5. For £ given by

fzém,n = (ag,a2q7...,aQq"_l,al,alq,...,alqm_l), m+n =N, (321)

n m

the lattice summation over {zi = &t”i} 1s truncated to a cone

0<11 << - <yp1 <y,
0<vpi1 <vppo < <wvy_1 <y, (3.22)

and we can normalize the CN*1-valued function (3.7) as

v, * % * * el T
: : : : e A
o= | Wy | =1 *« « % ... [N, (3.23)
. A3
R O * x o] L E J
where A = t%.

When we impose the mass truncation condition dy = ¢~™, d3 = ¢~ " the partition func-

tion becomes a Laurent polynomial in . With the normalization (3.23) the component ¥;,
—n < i < m, is to be identified with the coefficient of z’-term in the Laurent polynomial (see
also Figure 1 for the structure of the partition function).

Proof. The condition (3.22) easily follows from the explicit form (3.3) of the function ®(z).
We will show (3.23). From the expression (3.8) for ey = e(az, b1, z) with

z = (aztm , a2th2’ . ,a2qn—1tl’n’ ajt’r, alqt’/"“, o ,alqm_lt”"Jﬂﬂ)’

n m
we see that the leading term in A-expansion of each component of ¥ has a single contribution
arising from a specific {v;} and J C [N], |J| = k. Explicitly, for 0 < k < m, we have
. (¢ 507 h),, (braz; @) (a N 5q), (¢Fbrar;q),, ("2, q),
ek:gk+O(A )a gk = N )
(1—=gq7")

arising from J = {n+1,n+2,...,n+k}, (i) = (ON), and for 0 <[ < n, we have

em+1 = WA+ O(ATY),
b (%), @ a7h), G ahbiaz g)n(d 7 %5q),,
(1—q )" ’
arising from J ={n—I+1,n—101+2,...,N}, (1) = (Ol, 1"t Om). Dividing by the scalar factor

ho — (c5a7), (507, (baz @)n(a7"259),,

(1-g )"

we have the expression (3.23). [
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For the function ¥ normalized as above, the two types of ¢-KZ equations in Theorem 3.2 can
be written as

(T,

t,as

T, V)D1R =V, Ty AW = WADs,, (3.24)

where the matrices A and R are given as the following connection matrices®

[60((12,[)1), .. .,6N(a2,bl)] = [eN(al,bg), ..., €0 (al,bg)]R

len(a,b),...,eo(a,b)] g=a;pa = [eo(c,d),...,en(c,d)]._ e NA
b=g¢N " Lasbs d= A E

and Dy, Dy are diagonal matrices given by

Nn—1 1 — gm—ntltia
= B N (N—=1)(n—m) % q as
Di==1" 2 <a1> iHO 1 — qlasby
ey 1 qiale iy N
— . —_1\m—1t
x H 1 — qn m~+1+1i a2 dlag({ (AqN 1) }i:O)’
1=0 al
5 ("7 1-d'A . Noi N
P2 = < a > g 1 — ¢N=aagb1baA -diag({ (azb1) Z}izo)'

3.3 Base-fibre duality of the ¢g-KZ equation

Let us look at the two types of the ¢-KZ equation explicitly in the case at our hand. It turns out
that these ¢-KZ equations are related by the duality which exchanges the instanton expansion
parameter A and the Coulomb parameter Q. The ¢-KZ equation arising from Shakirov’s equation
was given by

=3 u(5) @) W, i=-nm (325)

=N

where QY := (¢tQ)~! is the shift parameter for x and [r; ; (M)]7%-_,, is the R-matrix obtained
by the specialization dy = ¢~™, d3 = ¢~ ". Since the leading term 7;;(0) of the expansion
7 i(A) = r; j(0) + O(A) is upper triangular with r;;(0) = ¢*C+1) the equation (3.25) has a set

of fundamental solutions of the form

where tPi = (Qv)im i(0) = (QV) ¢ and the leading coefficients Y; ;(0) are upper triangular.
One can normalize them as Y; ;(0) = 1. Then the equation for Y; ;(A) is written as

Vig(A) =) (QV)_kq’“(’““)Yk,i<?> (QV)'rij(A),  kj=-n,...,m. (3.27)

i=—n

Since 75 j(A) is independent of @V, this equation depends on the parameter Q" only through
simple power factors. The following proposition!” shows that the fundamental solution Y (A) =
Y(A, QV) satisfies another ¢-KZ equation with respect to the parameter QV.

16Contrary to the matrix R, the fact that the matrix A is obtained as the connection matrix of Matsuo base is
not obvious from the definition.

Proposition 3.6 is a consequence of Theorems 3.2 and 4.1. The proof is omitted, since it is not used in other
parts of the paper.
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Q\/

Figure 2. Geometric engineering of U(2) gauge theory by local P! x P, A is the Kihler parameter of
the base P! and QV is that of the fibre. We can introduce four matter hypermultiplets by blow-ups.

Proposition 3.6. The fundamental solution Y(A, Qv) satisfies the following equation:

mY-»AQV Ady V7o VY = (A, QY)Y (A, QY <ik< 3.28
Z 1,7 ’T W r],k(Q)—vz( aQ)z,k( aQ )7 —n>iyLrx>m, ( )

j=—n

where

7ig (QY) = rig (W)l m2 (3.29)
1

and

i Vv 242i, (daQVgl—m: .
Adl) ((Q 54),,(d4QY¢' ™), (3.30)

_ (i1
vi(A,QY) =q (i+ )<qm+2 dl‘lQVqu;q) (QVgl—ntis q) +,.

The equations (3.27) and (3.28) look very similar. To make this similarity more explicit we
make the gauge transformation Y; ;(A,QY) = G;(Q")Y;; (A, QY) with

[e'e] Vv 2+2itk2; ] d V 1_ntk; ]
i(QV) = H (?1 : 244 kQ)m_z( o i kq)nﬂ ) (3.31)
o (A0 QU itk g) (QVg' ki),
Since
- N i(i Ad; '
G; 1(t>Gi(QV)vi (4,QY) = ¢ (qm;) :
one can rewrite the equation (3.28) for —n < i,k < m as
UCR. VN [ Ady )Y Ady \' -
£ 8) () (S rney s

j=—n
This equation is exactly the same form as (3.27) under the replacement

gt dq

A — QY, QY — quFQA. (3.33)

1
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Remark 3.7. For the five-dimensional quantum Seiberg—Witten curve with coefficient matrix D
or D3 in the proof of Proposition 5.1 in [10], the positions of the external lines (tentacles of the
corresponding amoeba) are given by

(@2p) = (0.0), 0.0, (0. 5}, (0. ). (1,0 (i), (15 00). ()

=0 ot (o ) (o ). (0 o (1) (4.0)

where ;1 = QV. Then, the exchange A <+ QY can be seen as the exchange of two external lines
at p = oo (for D) or as the exchange of x and p (for Ds) respectively.

or

Example 3.8. For dy = ¢7™, d3 = ¢~ " with (m,n) = (1,0), the solution Z = Z(A,z) of
Shakirov’s equation

TiaZ (A, x) = HsT, th:C Z(A, x) (3.34)

is explicitly given by the Heine’s series 2¢1[ ity z] with base t as

t t
; 517% g hdd] 1-dy P H didsA i
_2 1 q2 1 1 QitQ y Uy q2
Qt
a, z bza(1— 2 ta, z
= 2¢1 |: b2'22;t7 Zl:| + 1(_ b ) 2¢ |: 2 ta Zl:| €, (335)

where we put A = =L Q = bq%, dy = %, dy4 = bq for simplicity. Then the coefficients g, y1 of
Z = yo + y1z satisfy

az
(1 - bl)TmY =YM(z), (3.36)
1—-— Ty =vyMm .
< bz ) t,z2 (ZQ) (3 37)
where
1 -3 1-3 [1 ]
Y = [yo, y1], M(u) = az ¢ ) 3.38
[?/0 yl] () |: bz;:| [1_117 ].—alu] -1 ( )

The equation (3.36) is the truncated form of (3.34), while the equation (3.37) follows from

b <1—22>th21/ YM<Z2> (3.39)

where Y = [507:&1]7 Z = Yo, +glx7 and

bzo(l — L th b oo
: 2]+ z2(1—2) </>[ 721.t’22:|$(22a21a) 7

1—az tazy’ (az1,22;t) 00

=201 [ (3.40)
For = 0, the last relation in (3.40) is Heine’s transformation. Note that the ratio Z/Z is inde-

pendent of x, which explains how a single function can satisfy the dual pair of equations (3.36)
and (3.37).
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(A, 2\®) = < | | > (A = (4,2,1,1), (A2 = (3,2).

Figure 3. Zs-coloring of a pair of Young diagrams.

4 Nekrasov partition function as Jackson integral

Let us show that the K-theoretic Nekrasov partition function from the affine Laumon space
agrees with the Matsuo bases. When n = 2 the general formula (F.28) derived in Appendix F
for the orbifolded Nekrasov factor reduces to

[ Ry
Goigl| . o
N ©12) R ’t} [ug/~ ;]
A1 (u‘qat) - H Y =AY j,ztt ’ (41>
ij=1 [qu—i—ltlﬂ 5 J't} [ug7~it:1]
’ D
r . /“‘;/_A}/‘H
oo uqJ—Zﬁﬂ 3 J-t} [u jfiflt%.t]
12 ’ q
N g, 1) = TT = v o, (42)

V_AVY 11 1
ij=1 [qu—i—lt%ﬂ% 2 J;t} [ug/ ~it25t]
oo

where p;” and )\}/ denote the transpose of the Young diagrams. For the definition of [u;t]~, we
refer to (F.5). When one of the partitions is empty, the formula simplifies to

0[2 i— 1]2 i
NS (ula,w) = [Tlug 5w syan s MR Glgow) =T wen] 0 (43)
i>1 2 i>1 2

N(012) _ i 2l 2
Do (u‘%’{) H uq K R wy
. u;/Jrl
NG (ulg, m) = T [ug~'s! 7272 2] PR (4.4)
i>1 2

where t = k2. Note that ™| + | 2] = m. When ), 1) are even, N2 and N(!12) have the
same number of factors. But when they are odd, \Y contributes more to N2 while w; does
to N(12). This is due to a difference of the coloring of A and y (see Figure 3).

Recall that by the localization formula the Nekrasov partition function with a surface defect

is given by

Uy, U2
ZaL = 2aL | vi,v2 |T1,72(0,t (4.5)
w1, w2

(=il2) (-il2)
_ 2 Nopor Wi/vila, ONYG) 5" (0i/wila ) o) ey, e,
- Z H NG i) ! T2

(Au),w)) ij=1 A AG) (vi/vjla, t)

)

where ()\(1), )\(2)) is a fixed point of the toric action on the affine Laumon space. The weight

. . . . (1) (2 (1) (2)
in the summation over the fixed points is x'ﬁ oA |ex|2)‘ e |°, where |\|, = Zkzl Aok—1
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and |Ale = Y p>; A2k. The expansion parameters (z1,z2) are related to the physical parame-
ters (A, x) by

 V/Qdyds B dsdy A
T =———"u, Ty=—[ 5~ (4.6)
K *Q =

By the relations (2.2) and (2.3), this specialization gives x; = —t1/2T11/2T21/2x and xo =
—tt/ 2T1/ 2T1/ 2%. We also employ the following specialization of the spectral parameters with
K=t 2.
qQ Kq Q 1 Q
m=go w=gn u=lowm=onwi=an wy= o (4.7)

One can check that these specializations agree those of F(!) defined in [10, Section 6]. The
overall scaling of parameters by Q/2 is necessary for the matching of the parameters v; of Zap,
and F(. After the same scaling the specialization for the function F™) is

= ¢2k71QTs,  up = ¢V/?T, wy = ¢ V2RTIQTy,  wa = Y21 (4.8)

By substituting (2.3), we can see the agreement with (4.7).

There are four possibilities of a specialization of the spectral parameters u; and w; due to the
symmetry dj <> do, d3 <+ d4 of the Hamiltonian Hg. But the symmetry is broken by choosing the
specialization (4.7). The are paired into two SU(2) doublets; (di,ds) and (dg,dy) in the case of
the affine Laumon space. Such a rearrangement of SU(2) doublets of mass parameters between
the five point conformal block with a degenerate field insertion and the four point current block
was already observed in the four-dimensional theory (see [9, equation (5.33)]). From the view-
point of the orbifold coloring of four mass parameters, the decomposition into the pairs (dy, d2)
and (ds,dy) is by the parity of Zy coloring. On the other hand, the decomposition into (d;, d3)
and (dg,dy) corresponds to the fundamental and the anti-fundamental representations of SU(2)
gauge syminetry.

Let us introduce a notation for the length of the columns of the Young diagrams,

AN = (01, 60,...),  (AD)Y = (ki ko, ... ). (4.9)

Omitting the normalization factors, which are the last factors in (4.1) and (4.2), we find the
following contributions to the partition function (4.5):

1. Fundamental and anti-fundamental matter contribution

[eS) quz ltl L’ J t]
N“‘2U/v|q) S (v wjlg, ) ox [
(7) 1/ Y31 (i) 4 7 7

0 [ gagi-li— 5]y ~1yg ’*lt_L*J't dodi— 1t1 L—lj /
% H [ 34 2 k'7 ]OO[Q 34 Z.+12 y :| [Q 24 23 :|OO (410)
e [d;lelqlfitﬁJ;t]oo[dflqlfit“TJ;t] [d Lyl ]
2. Vector multiplet contribution
2 0o T joic11+| 920 00 [ j—i— S
i q t ) ]oo [ ’t]oo
(H N3 @i/l ) ) =] -

DEIES Jt] o1 [T, ]

J+1

=1 g~
00 1 jfifltl—‘r\_ J-t o0 j—i— 1t1+L 1. ot
LTy @' T it I Q¢ e (4.11)

ij=1 [Q—lqj—itlJ“Lki_ij_lJ;t}oo ij—=1 [qu—itlﬂ IJ;t]oo

,j=1
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We note that for a given pair of Young diagrams ()\(1), /\(2)), the normalization factor reduces
the formal infinite products of ratio of [u;t]~ in the above formulas to finite products due to
the cancellations between the numerator and the denominator for sufficiently large i and j. To
see it, note that we have ¢; = 0 for m := (/\(1))1 < ¢ and kj = 0 for n:= ()\(2))1 < j. Later we
will make a tuning of mass parameters so that we have m = m and n = n uniformly for all
()\(1), )\(2)) that contribute to the partition function. In terms of the variables'®

s Ky
zi=q 3, wj = ql_JtLTJ , (4.12)
the finite product form of the matter contribution is

[dgw; 't =88] [Qdaw; t5t]
[dl IQ 1w37t]oo|:d4 w]t(k )7t]oo

m dgz —( )'t]oo[Q_ldngl;t]oo

H d41Qzlt t] [y aat@st] 1

i=1 J=1

: (4.13)

where we have used the identity

{KQ_LJ - V;J - EJ +{(K)-1}-(L), K, LeZ (4.14)

by the specialization L = +1. Here (K) denotes the parity of an integer K; (K) = 1 for an odd
integer and (K) = 0, otherwise.

For the vector multiplet contribution, we have to make an appropriate decomposition of
(7,7) € Nx N into four regions Ry, ..., Rry according to the lengths of the first row of the Young
diagrams; m = ()\(1))1 and n = ()\(2))1. For example, for a pair (¢;, k;), we define

={1<i<m, 1<j<n}, Ryp={m+1<i<oo,1<j<n},
Rm={1<i<m,n+1<j< oo}, Rv={m+1<i<oo,n+1<j<oo}, (4.15)

and for a pair (¢;, ;) we set m = n in the decomposition (4.15). The vector multiplet contribution
becomes trivial only for Rry. We find the vector multiplet contributions are

(I) From the region Ry,

Il

[(b2i/qzj) G a] B [(tw/quoy) e 7R 4]
[(t21/) t{(fn—l}-(fj);t] [(twi /wy) ttk) =1 e]

7=l o0 z‘;éj 1
x HH Q wﬁ/qzz) B t] | [(@tzi/quy) e 0=Rakg] (4.16)
T LT (it ) ] e g AT

Here and henceforth, we use a shorthand notation HZ"; =1 for the sum over 1 <7,7 < m
without the diagonal part ¢ = j.

(IT) For two semi-infinite regions Ryr and Ryyr, only the “boundary” contributions remain,

l_m[ " z‘tlﬂﬁj.t] [Qqn—itlJrL“*lJ.t]
im1 z m— 1t1+L—*ZJ t] [Q 1qz n— ltL ZJ t]

n [qn—]t1+L7J.t] [Q—lqm_mﬂﬂ%].t]
S g S ][R S )

¥Note that L%’J and L%]J count the vertical dominos of length 2 in the Young diagrams A\ and p, respectively.
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_ﬁ [zig™ 5] [inq”’ltmm?ﬂm
= [Zi—lq—mtl—(zi);t]oo [Q_lzz‘_lq_n;t]oo

Xﬁ [wig" 1] [Q Lw;gm 1t ki) ]
[wj_lq_”tl_(ki);t]oo [Qu;tq—mt;t]

0o (4.17)

where we have used (4.14).

In summary, up to a z;, w; independent normalization factor, we can rewrite the Nekrasov
partition function as a sum over the positive cone of a lattice with the following weight function:

Wm+n( )
_H [doz; 't W)st] [Q sz Nit]  [mg™Mt] [Qaign D]
[dy ' Qaits t] _[di 2t @st] o [z g met=Et] o [Q 7Yz gt
- [Q 1d3zm+J’t]oo[d22m-1i-Jt(k) ]oo [Qz +'qn_1t2_(kj);t]oo [szrqu_lt;t]oo
o L gt 0] (A Qamygtit] o [Q7 et [maya ]
y ﬁ [(tzi/q2;) t{(@i)*l}'(fj);t]oo " [(tzmsi/QZmsg) t(kz)'{(kj)*l};ﬂoo
i [(tzi/z)) t{("i)*l}'(zj);t]oo ol [(t2m+i/2m+j) t(ki)-{(kj)*l};t]oo
T [(tzmeg/q2:) t—(kj)'(fi);t]oo [(t2i/qzm+5) t{(fi)—l}'{l—(kj)};t]oo
[(tzma/20) t R t]  [(tzi) 2myy) 1O RDN 4]

X

(4.18)
i=1j=1

where we have defined'” Zmij = Q‘lw ki) =1 = Q-1 _Jt 5 J

In the above computations, we have used the fact that that ¢; = 0 for m < 7 and k; = 0
for n < j, where m and n depend on ()\(1), A2 ) But as is shown in Appendix E, by tuning some
of mass parameters do = ¢~ and d3 = ¢~", we can assume m = m and n = n for any pair of
Young diagrams ()\(1), )\(2)), because a pair ()\(1), )\(2)) with m > m or n > n does not contribute
to the partition function. Furthermore, the substitution of the mass tuning condition ds = ¢~
and d3 = ¢~ " leads nice cancellation in the weight function (4.18). By defining (¢,,4;) = 1—(k;),
we can make Wy, ,,(z, w) completely symmetric in z and w,

m+n H d IQ ) — o
N
T [(tzr/qzg) t{(ﬁz)—1}~(1zJ);t]oo

1751;[:1 [(tZ]/ZJ) He)=13-(0), t] N

(4.19)

In the expansion ofl’ Nekrg)sov p(elLrtltloI% function, the contribution from a fixed point ()\(1), )\(2))
has the weight & |’\( lo+ Al |)‘ et Ao , where

|Alo = Z)\qu = Z V\k/; 1J7 |Ale = Z)\% = Z VQXJ (4.20)

k>1 k>1 k>1 k>1

Recall that we have specialized x; and x2 as (4.6), which implies that the dependence of the
weight on A and z is

APO AR o L AD o= AD [+ AP =2, (4.21)

9Gee (4.14).
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Since [Alo —[Ale = D p>1 (AY), the power of z, which is identified with the SU(2) spin variable, is

m n m+n
2s = (L) =Y (kj) =Y (tr) —n. (4.22)
=1 j=1 I=1

Hence, only columns with odd length can produce a non-vanishing power of z. We see that the
range of the power p of x is —n < p < m (see also Figure 1). Similarly, the power of A, which
we identify as the instanton number, is

im +Zn:{kj;1J :im +J§:m +i(kj). (4.23)

i=1 j=1

Now we are ready to prove the following theorem.

Theorem 4.1. Under the identification of the parameters

1 1
d = —— d = -m d = —-n d = —_—
1 qmilalbl ) 2 q ’ 3 q ’ 4 q”*1a2b2 3
q¢" "ay
= 4.24
@ tag (4.24)

the affine Laumon partition function Za1, (4.5) coincides with the CN 1 valued function (3.7)
with the integration cycle & of (3.21). More precisely, the N +1 components of Za1, with respect
to the expansion parameter x are identified as the Jackson integrals {(ey(az,b1),&) with respect
to the Matsuo basis e, 0 < k < N =m +n.

Proof. Rewriting the dummy indices in (4.19), we consider

"t t g ) ¢ N tz;i/qz;) =13, ¢
[0z e 35 [2i/02) e was)

dmm ], AL ) A

:l

where N = m + n. By the parameter relation (4.24), it can be written as

[ziqm_lt; t]oo [qm lai zzt(é )’ t}oo

(g™ tarbazist] (g™~ lalblzz ta)st]

i=1
x ﬁ t:;//qj :{{ ’ 11}},.(2)).;5]” (4.26)
i#£j=1 ¢ 7o

Rescaling the integration variables as z; — z;/ (qm_lal), we have
ﬁ [Zt:t] [;’;t(m t] . ﬁ tzz/qz =11 ] (427)
pale bgzz, [blzZ (), el tzz/z (£)=1}-(6) t]oo

We decompose the index set as

IuJ={12,...,N}, I={i|(6;) =0}, J={j|(¢)=1}. (4.28)

From (4.22), we see that 2s +n = |J|. Then

Wi (z) = WY (2) Py (2), (4.29)
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where
N Tz i N
W(O) H Z t’t] [z t; t] [tzi/qz); tloo (4.30)
i bZZZ; blzu ]oo iti=1 [tzi/zﬁﬂoo ’
b g la
H N Z’. (4.31)
Jj€J B 112 i€l jeJ A
Putting z; = &t i = 1,..., N, we can rewrite the sum of Wy (z) over the partitions p and A

as the sum of Wy (z) = W](\?)(Z)PJ(Z) over v; € ZJEVO and J C {1,2,...,N}, where the corre-
spondence is

2u;, ) € J, .
p =" ! i=1,....n, (4.32)
=1, ¢ J,

2’in 17 . Ja .
Ay:{”+ tl ttne i=1,...,m. (4.33)

2Witn, i+nd¢J,

Then the latter sum can be identified with the Jackson integral studied in Section 3. In fact,
from (3.3) and (3.6), we see that W(0)(z) = A(z,1)®(z). The sum of P;(z) for |J| = k and the
k-th cocycle factor é; (3.8) is related by

N
Y Pir) =aer(2) ][] — (4.34)
Jc{1.2,....N} i=1
|J|=k
where ¢, = gtk—m)(k— ”)/2[ ] 1/[ ] |

5 Four-dimensional limit and KZ equation

In [10], we computed the four-dimensional limit of the Hamiltonian Hg and confirmed that
Shakirov’s non-stationary difference equation has the correct four-dimensional limit. In Sec-
tion 2, we have shown the representation matrix of Hg is nothing but the R-matrix of U, (Agl))
with generic spins. Let us work out the four-dimensional limit of the R-matrix.

Proposition 5.1. Under the limit ¢ = e", d; = ¢™, h — 0, we have

R=1+hRY +0(n?), (5.1)

where RY is a tridiagonal matriz, which is generically infinite-dimensional. Furthermore, it
can be truncated to a finite matriz of size m+n+1, if my (or mg) = —m and m3 (or mqg) = —n
form,n € Zx>g.

For example, in case of m; = —2, m3 = —1, we have

[ 3(Ama—A) 3(ma—1) 7
A1 A—1 0 0

Amy o 2Amao+Amy 2ma 0

R — A1 A1 A-1
- 0 2A(myg—1) _ A+Amo+2Amy—2 _ —mag—1
A—1 A—1 A—1
0 0 3(Amyg—2A) _ 3(Amy—2)

L A-1 A-1 |
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Proof. Under the limit ¢ = e*, h — 0, we have

(—¢%%; @)oo s h T 2
A4 e (g a1 - Za— —1)——+ o)\
Lt (1) L= B)at 81 100
Then the defining relation of the matrix R = (7; ;)
i : —i A.
i(i+41)/2 0 (—q dldQ:C’q)oo (—a d3d45’q)oo
(—daz; q) o (—dslsq)

=3 i yq Iy (=d12; ) (—ds2;q)
7 (ma7zia) (~a/5:0)

q

can be written as
x4+ A\
a=3(5) B
J

where up to O(hz),

Aizl—i—}h ~A(i—mg)(i —m3 —2my + 1)
2 x+ A
 + L+ my +2mg — 1 i
_x(z m1)(i +my mo )—i—z(z—l—l)},
z+1
LfAG—mg)(+ms—1) z(—-—mi+1)(G+mi)
B;j=1+-h — 1)¢p.
i=T { z+ A + z+1 iU+
We put r; ; = rgf)j) + hrgj) + O(h2). From the leading term, we have
AN
Z x+ ’[”(0) = ]_’
—~\z+1 J
J
hence
0
7“1(7]-):61',]'.

Then, from O(h) terms, we obtain

)

T z+ A\ (1):i(i+1)+$(i+m1)(i+m2) +A(i—m3)(i—m4)
~\ z+1 " 1+ T+ A

and the solution is given by

1 A —mg3)(i —ma)

i,0—1 A—1 )

0 Mm@+ me) + (= ms)( —ma)} | i),
o A-1

L0 (it ma)(i+mo)
i,0+1 T A 1 )

rl(}j) =0 otherwise.

The truncation can also be seen from this expression.

(5.2)

(5.3)

(5.4)

(5.5)

(5.7)

(5.8)

(5.9)
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5.1 Identification with the KZ equation

The result given above is consistent with the four-dimensional limit of the operator Hg (see
[10, Theorem 5.6]):

Hs =1+ hHyy + O(h?), (5.10)

A—=zx Azx—1
1990 19:1: -
1_A( + mq)( +m2)+$1_A

Hyg = 94(0, + 1) + (g —m3)(0p —ma),  (5.11)

where ¥, = xa%. Using (5.11) and defining s and a by t = ¢*, Q = ¢%,*° we can see that the
four-dimensional limit of the Shakirov’s equation

U(A, z) = Hg U (? qu) (5.12)
takes the form that looks like the Knizhnik—Zamolodchikov equation

%%\P(A,x) _ Hua= (”X L+ a0 g, ) = {‘10 + AA_ll }\I/(A,x), (5.13)
where Ag, Aj are operators acting on variable z:

Ag =930y — ¢ — a) — (¥ + m1) (s + ma2), (5.14)

Ay = (@ = 1)+ 1) (9, +ma) + (i - 1) (9 — ) (D — ). (5.15)

Below, we will show the relation with the standard KZ equation more explicitly.
Following [24], we write the sl KZ equation for generic complex spins j, and level k, » =
k+ 2 =1logt/loggq, in the form

n

0 Qap B
%azaw* > Za_wa, a=1,...,n, (5.16)
b(#a)=1
Qap = —(xq — x3)? i +2(xq — xp) 20 + 2547 (5.17)
a,b = a b 91,01y a b)\ Ja oy Jb e JaJb- .

The number of variables z,, z, can be reduced to 2(n — 3), thanks to the SL(2,C) x SL(2,C)
symmetry for z, and z,,

LI B, °L )
Zx;{maa%—ja(iﬂ)}@z;:o, Zz;{zaach+ha(i+1)}1/):0, (5.18)

a=1 a=1

where ¢ = 0,£1 and hy = jo(Jo + 1)/
We will consider the case n = 4, where the conditions (5.18) can be solved as

212234 T12T34
Y =uvfi(z,z), z= , T = ) (5.19)
213224 T13%24
_ ,—2h1 hi—ho—h3+hg ,—h1—ha+h3—h4 hi1+ho—h3z—hg
U= 219 293 24 234 )

_ 201, —Jit+det s g4 Jit+i2—Ja3tia . —j1—j2+i3+ja
U =T Tog Loy T34 )

where 2z, = zq — 2p, Tap = T4 — Zp. Then the equations (5.16) for a = 1,...,4 are all equivalent
and we obtain a single equation for fi(z,z). Through the gauge transformation

27174

flz,2) = gfi(z,2),  g=altiym=hp )70 (5.20)

29We have scaled the Coulomb parameter a by €.
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the KZ equation for f(z,z) can be written concisely as

{%192 - 191(19:10 - 1) + 313:;(1996 _jl +]2)(7993 +j3 _j4)
+ Z0E D Wb+ )0+ i) F o) =0 (.21

where 9, = z%.
In order to identify (5.21) with the four-dimensional limit of Shakirov’s equation, we change
the parameters as?!

L. —mi —ms a—1+m1—m3 d—1+m2—m4 —mo — My
(Jlaj27]3aj4) = < 9 3 2 ; 2 ) 9 >7 (522)

and make a gauge transformation

mi+mg)(motmy) (mg—my)a—(mg—1)mj—(mg—1)mg
2

T ) et = f. (5.23)

Then the equation (5.21) exactly agrees with (5.13)

{%ﬁz — 9,(9y — @) + f:j(ﬁx +m1) (g + m2)
z(1 —x) B
+ m(ﬁx — m3)<19$ - m4)}\II =0 (5.24)

by the identification z = A.
There are 2¢ such identifications. This is because the equation (5.24) (= the quantum Py
equation), has (Z2)* C W(Dil)) symmetry

{m1 = mg,ma — m1} x {mg — my,mg = m3} x{m; > 1—a—mg,myg—1—a—m}
x {m3s = 14+a—myg,mgy - 1+a—ms}, (5.25)

up to a gauge transformation of the form g = 2% (z — 1)*22%3 (2 — 1)M (2 — 2)#5. Each Z,
transform in (5.25) corresponds to the Weyl reflection with respect to the outer nodes of Dfll)

Dynkin diagram.

Remark 5.2. The relation between the KZ equation and the quantum Pyy was studied by [42].
The derivation of the KZ equation from the gauge theory is given by [47]. The equation (5.13)
was previously obtained from Virasoro five-point functions.

A g-Borel transformation and refined Chern—Simons theory

In this appendix, we would like to explain a part of motivation for the original non-stationary
difference equation of [51]. Namely, we would like to elucidate the reason for introduction of the
operator B in the form that it was introduced.

A part of motivation to study non-stationary difference equations comes from the most well-
studied example, which is the non-stationary Ruijsenaars—Schneider equation suggested by [34].
This non-stationary equation is satisfied by the K-theoretic character of the affine Laumon
space of type g/;\[ ~- The character in question is a special function generalizing the Macdonald
polynomial.

21Here ¢ = a + ».
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For Macdonald polynomials, a relation to Chern—Simons theory and knot invariants is well-
known [2]. The relation is obtained through so-called refined Chern-Simons theory. This theory
provides some of the most prominent equations satisfied by Macdonald polynomials, among
them a key role is played by the integral identity,

N o0
dzy 7{ dzy z? (1 —q"z/z;)
—_ ... —exXp| — P)\l’l,...,
fx1|=1 I lzn|=1 TN 12_;29 z;élj_llnlljﬂ 1- tqul/xj)

= const Ty Py\(t",... t’N). (A.1)

Here p; = (N +1)/2—i is the Weyl vector of gly, the partition ) is arbitrary, and T) is a certain
product of g, t to the power of quadratic form of .

In [2, Appendix BJ, it is explalned that changing the variables via u; = log(z;), it is poss1ble to
trade the Gaussian exponents e % #/29 under the integration sign for theta functions ) ¢" /2y, S
This can be understood simply as the result of action on the rest of the integrand by a product
of operators

Bly" = qn2/2un’ (A2)
or equivalently (see (1.4)),
Bu" = qn2/2+n/2un (A3)

in each variable u;, and setting all u; = --- = uy = 1 afterwards. The linear difference between
operators B’ and B is inessential and amounts to a shift of variable.

In our view, equations for more complicated functions generalizing the Macdonald polyno-
mials (such as the K-theoretic character of the affine Laumon space) are most likely far-going
generalizations of the elementary equations for Macdonald polynomials. For this reason, when
considering the non-stationary difference equation for degenerate five-point conformal blocks of
g-Virasoro algebra in [51], we paid attention to the following interesting fact. In [34], the main
part of the non-stationary difference equation is the operator ¢?/2, where A is a certain second
order differential operator. For the case of rank 1, i.e., gly, the action of q>/?
the form (z1/x2)™ is proportional (up to factors of the form g, ¢ to the linear power in n) to "

on a monomial of

From the perspective described above, it is natural to expect that this operator should be
understood as a product of two operators, each of which contributes q”2/ 2. This is natural
both from the perspective of Macdonald theory, where this operator (B’ or B, equivalently)
arises in the integral identities, as well as from the perspective of Ruijsenaars—Schneider system,
where A is a sum of NV contributions, i.e., 2 contributions in the gl, case. This was the principal
reason why in [51] we chose to look for the Hamiltonian operator on the right-hand side of the
non-stationary equation in the form (see (1.3))

A1BA2B A3,

where the two operators B are not joined together but separate. It eventually turned out to be
the correct ansatz.

B Lemma on the g-Borel transformation

A proof of the following lemma is given in [10, Appendix B]. Here we provide another more direct
proof. In the following we use a shorthand notation for the infinite product ¢(z) := (2;¢)c0
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Lemma B.1 ([51]). For n € Z, we have

‘ 1 n p(=d M an) (=g "BA/T) inyjon

S TV R Pl e (51
_ e(gtapA) _

B~ p(ax)p(BA/x)z" = g D2, (B.2)

p(—q ' maw)p(—q"BA /1)
Proof. We will show the first relation (the second relation follows from the first one). By
a rescaling of A, x, it is enough to show
1 1 1

p(—qz)p(-73) Bw(x)w(%) ~o(A) (B.3)

Recall that ¥, = :178%, B = ¢?+=+1/2 and p = ¢Y=. First we note that, for any function F(x),

f(A ) =

B-z"F(x) = (pz)"F(px) = qn(n+1)/21l‘npnF(px)
_ qn(n+1)/2wnF(pqnw) _ qn(n+1)/2xn8 . F(q”x) (B_4)

Using this identity, we obtain the following difference equation:

. A
Azx) = B 7
flah2) p(—qz)p(— L) p(x)p(£)
- SR S L g =
p(—q2)p(— L) p(@)e(2)  el—a)e(—L)  p(x)p(2)
A 1+x A 1
= — A,l’ — -
<1 N x)f( ) p(—2)p(—L) = (g z) (L)
= (1) ) - (4 ) S0, (B.5)
Similarly, we have
1 1—=x
40 = o (5 P e (D)
_ 1 B 1 1 B x
p(—a*2)e(=3) w@)e(2)  e(=dz)e(=5) e@)e(3)
1+ 24
= (1 +q$)f(A,x) go(—qu‘)«p(fq%)quso(qx)sO(q%)
= (1 +q2)f(A,z) — (qz + A) f(A, q). (B.6)

Comparing the f(gA, gz) given by (B.5) |y—¢. and (B.6), we have

f(A qz) = f(A, ). (B.7)
Hence, from (B.5) we have

flgh,z) = (1= A) f(A, 2). (B.8)
Since f(0,2) = 1, we obtain

FA,z) = (M) (B.9)

as desired. [ |
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B.1 Relation to the pentagon identity

There is yet another proof of Lemma B.1,

x

plaz)p(B2)" e(aBA)

B 1 n_ (=g ax)p(=q"BY) D 2m.

and show its relation to the pentagon (quantum dilogarithm) identity.

(i) First we note that (B.10) follows from its special case n = 0:

P _ plqax)p(=83)

p(az)p(B2) o(aBA)

In fact, we have

Bf (z)z" = (pz)"Bf(z) = ¢"" V22 pn Bf () = ¢"" TV 2" Bf (¢"x).

Apply this to f(z) = W and using (B.11) we obtain (B.10),
1 1
B " = qn(n+1)/2$n8 —
plax)p(87) plagnz)p(BLR)
— qn(n+1)/2xn(p(_anrlO‘x)SO(_qinﬁ%) '
p(aBA)

(ii) The equation (B.11) can be written as

p(aBA) — B lu(—gax _ ﬁ
p(ax)p(BL) B el M( 536)

o k+1)/2 )k ql(lfl)/Q (BA)Z o
_p 15 4 ) _
Z (@) Z

k,1=0

hence it is enough to show

045A - 5%)1 ki
p(az)p(B g;o (@ ©

In terms of g-commutative variables ba = gab and g-exponential function e,(z) = ¢(x)~!, the
equation (B.13) is equivalent to the quantum dilogarithm (pentagon) identity

eq(b)eg(a) = eq(a)eq(—ab)ey(b).

The identity (B.14) can be easily derived as follows:

eq(a)eq(b) = eqla+),
eq(b)eq(a)eg(b) ™ = cq(eq(bacy(8) ™) = cq(acy(ab)eq(h) ™)
= egla(l — b)) = ey(a — ab) = ey(a)e,(~ab).
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C List of various R matrices and their characterization

Since various R-matrices are used in the main text, we summarize them along with its charac-
terization.
(1) The matrix RS® = (r; ; (A))%—_, arising from Shakirov’s operator in (2.6):

q%1(1+1)$z (_dlqumm) - <_d4q1n>
T/ itn

il » ‘ A
=D qéj(ﬁl)xj(—qmﬂf)m—j(—q") rig(A). (C.1)
; x /.
j=-n Jtn
(2) The matrix RHG = (RILG)” _o defined by 4¢3 series in (2.13):
4
—1L, 1 arT . _ —1% 1 .\ pHG
(q B:Q )4(27(])[_‘ = Z(q 34 )Z_'(xaQ)J Ri,j . (C.2)
) ? j=0 J
(3) The matrix R'*® = (RHO) in Theorem 3.2:
4,7=0
n— — T - n— — o
(4" brzsg 1)j<a2;cz> =Y (4" "hasg 1)n-< ,q> R, (C.3)

Actually, these R matrices are not unrelated. When ¢ = n + m, the relation of RS" and RHG
is already proved in Section 2.1, namely we have (2.14). One may confirm it by making a change
of the “dummy” variable = in (C.2) to —¢~"A/z, which implies (C.1) up to a scaling constant.
On the other hand, with the identification

) blz

1
by = -
z

, (C4)

z 1

b=n;  a=1, a=— =

o B
HG _ plto

we have R; 7 = R}

(4) The matrix A= Alto — (Alto) in Theorem 3.2:
4,7=0

o 1-n\ ¢
n i(i=1) q X i
1 () ()
q n—i

n (n— ])(n i1 ql—n J . qj—n—i-ll. I
by | — " box;q) .| ——; A; .
Z|: :| 1 ( agblz) (q a 2$7q>]< alblz 34 e 1, (C 5)

7=0

(5) The matrix A= (A 7])]\2 for the normalized solution in Section 3.2:
N—j ¢ "z > i+1-N & i
“asbox; q) . —; = E )il ¢ = Aij. C.6
(q 42025 Q)j ( @151 A’ q) N g (‘/L‘a Q) (q A q> N »J ( )

(6) The matrix Ry, = (5i+j7k+lR“”’ij)z‘,j,k;,lzo for U, (Agl))i

byx q'z " b,z ¢z e
< ;q> <;q> =Z<“;q) (;q R, 7" (C.7)
2y i\ “u i o \ *H E\ v n—k

This matrix R, , is related to the matrix RHG by

Ryuin_] = [R1C] T = 0im)ij=o

{—n z—)bu ,a—by,B—by

A significance of the matrix R is that it satisfies the Yang—Baxter relation. The following direct
proof using (C.7) may be instructive.



Non-Stationary Difference Equation and Affine Laumon Space I1 33

Proposition C.1. The matriz R, satisfies the Yang-Baxter equation, namely for any (i, 7, k),
(i", 5" k") € Z3 such that i+ j +k ="+ 7" + k", we have

Il l/ I kl/ k/ Il k// =1 k/
Z Ri2; 5 Rig;js Ro 3J Z Ro3% o Rusy ) Ru; 2z : (C.8)
/7]/ k:/ /7‘7/ k/
Proof. For ki, ks, ..., ks € Z>o with fixed n = k; + ko + - - - + ks, define a rational function in
t1,...,ln as

qt _t. ki+-+ka
Bl kg, ks =5< 11 0 —t] H 11 Ja (%))a (C.9)

1<i<j<n a=1lig=k1++kq_1+1
where
a—l 1 . &t 1
i
fa(t) = 1— t i
=1 i Za
and § is the symmetrization on variables 1, ...,t,. The denominator of By, j, .k, is
(-2
=1 p=1
and the numerator is a symmetric polynomial in ¢,...,%¢, whose degree in each ¢; is s — 1.
The functions By, . i, form a basis of the linear space of such rational functions of dimension
("jf;l) Define the action of a permutation o of {1,...,s} on {z,, 8.} as

So = {Za — Zg(a)> Ba — ﬁa(a)}v

then we have the connection relation

Note that the matrix C(, 441) is local in index a, i.e., it depends only on kg4, kot1, la, lat1
and za, Za+1, Bas Bat1, since s q41)(fo(t)) = fo(t) for a # b, b+ 1. Then, due to the relation
5(2,3)5(1,2)5(1,2) B{ky = $(1,2)5(2,3)5(1,2) B{x}, the matrices C, satisfy the Yang-Baxter relation

Cr (523C02) (523512Ce3) = Cuy(s02Ces) (502525 Ca)- (C.10)
Furthermore, by the locality, the matrix C(, 441) reduces to C(q 2y, and we have
C(a,a—i-l) = 0(172)|Z1_)Zaaz2_)za+17/81_)6a762_>ﬂa+1' (C.11)
Thanks to the specialization
bix
(45 9)n (%5 0)y,

)

B i-1 =
k1,k2 ‘tiaxq 1 (1 — q)*n (%, q)k1+k2 (57 Q)kQ

the coefficient 0(172)211’%2 (k1 + ko =11 + 12) is obtained from

b b
( 22;’ q)kg _ Z ( lex7q) (0172)11,l2

(%;Q)kl+k2 (Z’q)l@ _11,l2 (%;q)lﬁrlz(%’q)h ke’

bez ko ¥ bix I & L
; —; = —; —; Ci2) 3% C.12
<22 q>k2(q el . E pl . " ll( 1.2) 1) o (C.12)

l1,l2

i.e.,

Equations (C.10)—(C.12) give the desired Yang-Baxter relation and defining equation for the
matrix C' (= R). [
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D Proof of RD,A = ARD,

D.1 Recollection of Ito’s R and A matrices

Let n € 220,22 and aq, a9, b1, b2,q, A € C be generic parameters. Ito has introduced the matri-
ces R and A (in [29, Theorems 1.4 and 1.7]) given as follows. Remark that to have a consistent
notation with the main body of our paper, we change the notation as tro — ¢, (¢*)1t0 — A.

Definition D.1. Let R be the (n+1)-dimensional square matrix given in the Gauss decomposed
forms
R = LrDRrUR = Uy Dy L,
_ (iR _ R _ (R
Lr=(lj)ocijens  Pr= (00 )ocsjanr  Ur= (Uif)oi jn:
Up = (u']} Djy = (d;5d'7) L=}

w)ogmgn’ 0<i,j<n’ U)O<z J<n’

where

)

R [nj:| (—1)iqu—(i;j)(a252qj;q)i_j

(a1 tasg=(n=2-1); q)i—j

n—1
(a1a3'q773q),,_;(azb1; q);
(a1b2; @)n—j (a7 tazg=("=9sq)

R _ M (a1big"34),;
q ! (

R __
dlt =

o[ ala—lqn—z—xq»i’
]i 1. i
[‘7} 5 )(%1511‘1 (n—i 1)?‘1)34
A (bl 1b2qi+j_n; q)]_z ’

b n 2]+1,Q) (CL2 1b q_(n_j_l);Q)n,j
a—lb —(j-1). q) (bllbzq—(n—Qj—l);q) V

n—j

J

= ((

(D.1)

n—1

. —1p-1_—(i—1
- [n _‘7} (% 't );Q)H
g (bibytqn=2itliq),
Definition D.2. Let A be the (n+1)-dimensional square matrix given in the Gauss decomposed
forms

A=LADsUq=U,D\\ L),

La= (lf})ogi,jgn’ Da= (%d] )ogi,jgn’ Us = (u2)0<i,j§n’
A A A
UA = (“/ij)ogi,jgn’ D;l - (‘5ijd/j )ogz‘,jgn’ LA (l/Z])0<z]<n
where

A — (_1)i7jq<”2—i)_<n;j> [n — ‘7} (azbij;'Q)i_]
Y (Aa2b2q23; q) i
(A Q) (ACLQqu aq)n j

(Aagbagi— 1#1) (Aayagbibagnti—1; q)n,]-7

n—1

d;‘ = a?ija%q(%)+( n;j)

22The non-negative integer n is denoted by N in the main text.
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(a1b1¢"5q) ;_,
(Aazbag*;q), ;"

u/A. — (A}t ("2’2)7(”;]) J (alblqn_j;q)j_i
(=AY ™"q [ L(

uft = (—Aaytar)’q(3)-() [j]q

(] /l:

iJ 7 Aalbqu(nfj); q)jfi7

(Aaibyg®m=9); Q)j(/\; Qn—j

d4 = a?_ja%q(g )+("57)

J (Aalazblbqu”—j—l; q)j (Aalb1q”_j_1§ Q)n_j 7
o T — i (azbagsq), .
A — (—arasyi-ig(1)-(3) [n ﬂ] Jij D.2
i = (mmay ) n—i, (Aarbig?™=9;q), (2

It was shown that a certain system of Jackson integrals satisfies two different types of ¢-KZ
equations described by two matrices R and A (see [29, Proposition 1.2 (Matsuo) and Theo-
rem 1.7]), which one may regard as a consequence of the so-called base-fiber duality of the gauge
theory. Hence, the compatibility of the two dual systems guarantees the commutativity of the
pertinent matrices.

Theorem D.3. Let R and A be Ito’s matrices given as above. Set Do = ((Aq”_l)iéij)?jzo.
Then we have RDyA = ARDs. ’

In this appendix, we give an alternative direct proof of this commutativity.

D.2 Notations

We use the standard notations for the basic hypergeometric ,41¢, series

ai,a a o (015 @)n(a2; @)n -~ - (ar4159)
T+1¢T 1,25y 7‘+1_q’z:|zz 1:49)n 0254 )n r+17ann'

bi,..., b, ’ =0 (QQQ)n(bISQ)n"'(bTQQ)n
A 116, series is called balanced (or Saalschiitzian) if biby - - - b, = qajaz - - - ar4+1 and z = q. We
use the shorthand notation .1 W, for the very-well-poised ,1¢, series

1/2 1/2
ai,qay ,—qa; ,04,-..,0r41
T+1WT(al;a47a57"'7a7“+l;Qa Z) :T+1¢T 1/2 1/2 74,2
a; ,—ag ,qai/ag, . ..,qa1/ar1

_ io: (al; Q)n(a4§ Q)n T (arJrl; Q)n 1-— a1q2n n
= (@ On(qa1/as; @n -+ (qa1/ar15q)n 1 — a1

As for the detail, see [28].

D.3 Andrews’ and Bressoud’s matrix inversion formulas

Let A(a) = (Ajj(a))75— be Andrews’ infinite-dimensional lower triangular matrix [7],

1
Aii(a) = . D.3
1 = i (ag s (D:5)
Then the inverse matrix A~!(a) = (Al-_jl(a))?j:o is given by
1—aq®)(a: q)isi(—1)—7 (3
Az’_jl(a) — ( aq )(a’q) +]( ) q 2 . (D4)

(1 —a)(q;q)i—j
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Let D(a,b) = (Dij(a,b))75_, be Bressoud’s infinite-dimensional lower triangular matrix [18]
in the original form,

(1 = ag) (b; q)i; (baYq),_; (ba™t)

Dij(a,b) = (1 — a)(aq; )i+ (4 @)i—j

(D.5)
Then the inverse matrix is given by D~'(a,b) = (Di;(b, a))$5—,-

Closely following the line in [3], one can state the interrelations between Andrews’ and Bres-
soud’s matrices in the following manner, aiming at (D.8) and (D.9) in Corollary D.6 below.
Consider the gauge transformation B(a,b) = (B;;(a,b))75-, of Bressoud’s matrix

$9)2i b;q)2; 1 —aq*)(a; q)i+i(a/b;q)imj ;.

Bij(ab) = @Dy p oy B0 5 (L — aq™) (a3 Q)i (a/b: Qi—j ;s (D.6)
(a3 9)2i (ba: 4)2; (1= a)(bg; )i+ (4 2)i-;

Remark D.4. Our choice of the gauge transformation is different from the one in [3].

Proposition D.5 ([3]). We have the initial condition B(a,a) = (6ij){5— and the transition
property

B(a,b)B(b,c) = B(a,c), (D.7)

which in the particular case a = ¢ means Bressoud’s matriz inversion B~'(a,b) = B(b,a), or
D~ 1(a,b) = D(b,a).

For the readers’ convenience, we reproduce the proof in [3].
Proof. Let ¢ > j. We need to calculate Zi:j Bik(a,b)By;(b,c). In the following summa-

tion, by using the definition (D.6), one finds the summable very-well-poised ¢W5 series [28,
formula (2.4.2)] as

i—j
Bin(a b)B]’+lj(b C) 9 L s
) ? JAT = W= (bg®- i+ b itj.
2 BB e OV ea e acale)
1=0
a/e,bg®thiq),
- ( 25 +1 ) *(c/b)".
(a/b,cq® i q),

Then simplification of the factors shows that

(a/e,06* 5q), .
2 (c/b)'7 = Bij(a,c).
(a/b,cq¥*11q),_

Hence, we have (D.7). [

Bij (a¢ b)Bjj (b7 C)

Corollary D.6. By taking the limits b — 0 or co in (D.7), we have

Z a' Al (a)a ™ cF Ayj(e)e™ = Bij(a, c), (D.8)
k

ST UG @) A () = Byj(a,c), (D.9)
k

which reproduce Andrews’ matriz inversion by setting a = c.

Proof. It follows from
. ) _ i—k 4—1 . . _ k=7 .
ll)gr(l) Bii(a,b) = a'" " A, (a), ;g[(l) By (b, c) = ¢ Agj(c),

blij& b2k5’ik(a, b) = q_iz_k(k+1)a45€1(a), blirgo b_zk[)’kj(b, c) = qk(kH)HQ.Akj(c). [ |
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D.4 Expressions for Lx, Ux, Uy, Ly (X = R, A) in terms
of Andrews’ triangular matrices A*'(a)

Definition D.7. Set
a = 1/azbs, B =1/aib, z=1/aibs, w = Ag" L. (D.10)

Definition D.8. Define the gauge factors gF, gV, g/*, ¢!V and hE, b, BIE, KA by

9F =d' (1 ;)i 9)i, 9 = (z/aB) (a7 B1a) (4 9)i,
=q'(z/aB) (Vs 0)i(a ™ )i, 9G¥ = (a"'Bs9) (¢ 0):,

hit = (q‘”‘*‘lz/a;q)%, hit = (q_nHw/O‘?q)Qz”

= (a7 "B/ 2 434) oy hitt = (a7 B/wsq),, (D.11)

Proposition D.9. We have

hit hA
it = ngij(q*”z/a)giL, 1 = gF Aij (g "w/a) =% " (D.12)
J J
R A
uB =M e, = L A wjaywle (D.13)
) gZU Jt J7 ) wiglU Je J7 :
U U
e AN a8/ 4 = A YqpB )g/ (D.14)
u ij g/U Z) U iy T 1) /'U) h/Ay .
J
R gl —n A gz - —n .
9j J

Proof. Straightforward calculation by using the definitions in (D.1) and (D.2), the parametriza-
tion (D.10), the gauge factors (D.11), and Andrews’ matrices (D.3) and (D.4). [

D.5 Matrices R and A and Watson’s transformation formula
for terminating very-well-poised g¢~ series

Proposition D.10. We have

(CIET\ IR (z/aB;q)j(az/a59)j (g2 q)j (a7 250)

4= DET (g "z/0;q)2 (0" 2/ i q)y; ’ (D10

o “nm' Tasy (1/259); ((qﬁ/n ZB /qu )21(;/ :;gl)f{;;z)ﬁjaﬁ/ %q);’ (D17
w/a w/a w/a; q); (g w;q)

e i)q(iw//a;z))ﬁq ”jle;;(fj)g 7q>]’ (D19

(g ‘”B/w'q)2j(q‘”“ﬁ/w;q)2j (D.19)

" (/w; q);(aB/w; 9);(a “Bjw;q); (¢ e /wiq)

Proof. Straightforward calculation by using the definitions in (D.1) and (D.2), and the para-
metrization (D.10). [
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Definition D.11. Set
n (@G Dnl/20)n—5(1/B; Q) n—i(B/2;q)i
R —
e B = B @ D12 (1B )y
g g 2 aB, g e

A A : D.20
X 4¢3 q_n7q_z+1z//8’q_n+]+1z/a7q7q ( )
Proposition D.12. We have
Rij = Rij(e, B]2), (D.21)
A n (1/’[1), Q)n n J
Ayj = (—arw/a)" ————— - Rijj(a, Blw) - 27 (D.22)

(w/aB;q)n
Recalling that Dy = (wiéij)?jzo, the commutativity RDysA = ARD5s (in Theorem D.3) is
recast as follows. ’

Theorem D.13. We have

n

> Rik(a, Bl2)w Rl (e, Blw)2! =) Ri (@, Blw) 2Ry (a, Blz)w’. (D.23)
k=0

k=0
Proof of Proposition D.12. Starting from the Gauss decomposition R = LrDrUg, one can
proceed as follows. We have
min(4,5) lR dR R

R R
Z]_Zl Fupl, = Uidgugy > ﬁdfga—l bdgudl; - X,
k=0 j

where the summation X can be calculated by using (D.12), (D.13), and (D.25), (D.28), (D.31)
below as

mll’l ’L

Z zk _”z/a)ﬁfffl]k( "z/a)
Aio(q~"z/e) g dgf gy Ajo(a™"z/c)
:8W7( Z/Oé'q a7 z)aB, qzfo, g 2 g, T B)2)
(¢ 2/a59),(8/2 )i o] T L zfaB, g e 0
= 4 [ B .
(a7 1B509),(asq); ©° La ™ q "z/B,q "+t z/a
Here, we have used Watson’s transformation formula for terminating very-well-poised g¢7 se-
ries [28, formula (2.5.1)].
From (D.11), (D.12), (D.13), (D.24), and (D.30) below, we have

libdougy = gi Aio(¢™"z/)di" Ajo(q ™"/ ) gy

(1Jasq)ilg ™ q)i (@ "7'B9); (a/zq)n
“mHzfocq) (g 9)i (a7 e/ onq); (1200

= qi(z/aﬁ)j (
Hence, it holds that
(B/z;9)i(@ "5 q)i (q_nﬂﬂ;q)j (a/z;q)n
( Bq) (45 )i (a7 2/ s ) (1/20)n

~i g 2 JaB, ¢
g, g it1z/B, q—n—l—j—i-lz/a’q’q :

= q'(z/aB)

X 403

Simplifying the prefactor, we have (D.21).
The formula (D.22) for the matrix A immediately follows from the one (D.21) for R, by
making a comparison of the matrix elements given in (D.12)—(D.15), and (D.16)-(D.19). [
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Remark D.14. If we use the opposite Gauss decomposition R = Uy D'z L’,, we have
IR j1R1/R /R IR7/IR = /? dzR l;g /R IR7/IR /
Rij = Zuzkdk lkj - zndn ln] Z IR d/R l/R - zndn ln] X
k k=max(i,j) " "
where X can be calculated by using (D.14), (D.15), and (D.27), (D.29) and (D.33) below,
X/_mlnz(hj Anlll( _nﬁ/z) gn lh/Rd/ngn lh,R‘An lj( —nﬁ/z)
— ALi(amB/z) gl A gl AL (a8 2)
=sWr(q "2/B:q7 " a7 ", 2/aB,qz/ B, " 210,47 a)2)
(a""'2/859),,_ (/% Dnj o OO 2 0B g
= 4 ; ; 54,4
(e esq),_(1/B5@)n- “lam, g 12/8, g 2 o
Note that from (D.11), (D.14), (D.15), and (D.26), (D.32) below,
L1 9n aR 90 —n
iﬁdifliﬁ WATL;(Q /B/Z)h,Rd;th,RA (q 5/2’)
9
i i—n (B/z30)i(¢"";9)i (B/7;9); (1/5;
ey CLEOM 0 ()50 5.
(" B8:9),(¢:0)i (Vs a); (1/250)n
Simplifying the prefactor, we also have (D.21).
Lemma D.15. We have
1
Aipla) = —————, D.24
o(e) (aq; 0)i(¢; @)i (D-24)
Aiw(a) __(5y_ ik (47",
— () gy AL , D.25
Aoy = O o), N
A Ya) = (—1)" (%) (ag; @)2n (a;9)n -qi aq™ Q)i q)i, D.26
ni(®) = (=1) (a;9)2n (4 Q)n ( )il ) (D-26)
;im.(a) () R a~lg—2nt2l (q—n-l-i; q)z
1 =q'\2) (- a) —a—1g-2n (-1 1-n—i. ) " (D.27)
A () L—a™tq=2 (a~'¢'=""%0),
Lemma D.16. We have
hR hR (qz/ IB) (qfn+1z/a; q) ok (qfn+1z/a; q) o (D 28)
gt g¢ (/e Q)e(a™ Dr (a1 B50) (4 Or”
Il G e w472/ Bia)u(a "2/ B @)
G UE  gLp/R =q " (¢"BY/2) . n. “ntl . PR (D.29)
gu Rt giEnltt (1/8; il )i(e s q) (g9
Lemma D.17. We have
4t = M, D.30
O (1) (D-30)
dB 2/ —ntly. 2/ ap; "z /a;
—]E:qu(q"a)_k(Q/ (g : q),(z/aB; )rlq "2/ Q)k’ (D.31)
db (g 1z/05q),, (0772 5 q)ak
g gz -
(1/2¢)n (D-32)
aft, Fl )l(qZ/ﬁ;q)z(q*”HZ;Q)l(Z/ozﬁ; Oila "2/ 85 q) (D.33)
dift (712/8;9) 5 (7" 2/B; Q) ' '
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D.6 Products of triangular matrices LZILR, UrD,U,, UsUy, and L;zDszA_l
in terms of Bressoud’s triangular matrix B(a, b)

For the convenience of our study on the commutativity RDs A = ARDs, we write the matrices R
and A in Gauss decomposed forms and investigate

(LrDRrUR) Do (U4 Dy L'y) = (LaDAU) (U Dy L7) Do, (D.34)
which is equivalent to

L' Dp-U =Dy U2 Dy L2. D1, (D.35)
where

L' = L3'Le,  U'=UgDyUY,  U%=UaUp, L2 = LyDyL'y . (D.36)

Note from (D.12) and (D.15), we have that

LY. = iA—l —-n 1 D

(L2 )z‘j ~ AT (¢ "w/o)—, (D.37)
- WA

(Ls 1)ij % 'AU q "B/w) gL (D.38)

J

One finds that all the products L!, U, U? and L? in (D.36) can be treated by the summation
formulas (D.8) and (D.9) in Corollary D.6, which are recast as

ZAm )(b/a)* A;(b) = a™"Byj(a, b)Y, ZAM a)Ar;(b) = ¢ Bij(a,b)g 7. (D.39)

Proposition D.18. We have

i2 L LR
i = 4 Bl "w/eng” Z/Q)qugL, (D.40)
v J
Ul — Mg,.( 18 fw —nz/a)L (D.A1)
iy gzU jil\d »q (q_"ﬂ/w)jh;.““ .
g/-U
UZ?. %Bz g "8z, ¢ "w/a)—t D.49
2 q gl —n —n Jh'A
Lij o h/R Bl]( /B/Z q ﬁ/w) Qg’-L' (D43)
J

Proof. Straightforward calculation by using Dy = (wi%)?j:o, (D.11), (D.12)—(D.15), (D.37),
(D.38), and (D.39). n

D.7 Products L' - Dg - U' and U? - D%, - L? in terms of terminating
very-well-poised balanced 19¢9 series

Proposition D.19. We have
1
Lzlo ’ d(l)% ’ Utl)j

=10Wo (¢ "2/esq7 " a7, q " Mw/a, ¢ I B/w, z/aB, qz/a, ¢ 2q,q),  (D.44)

(Ll " Dr- Ul)ij
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1

=10Wo(qa "2/B:¢ "¢ " ¢ jw.q T w/B, 2 /aB,qz/B,a "  2q,q),  (D.45)

2 2

and

U?n Sdft L%j .ﬁ (e, 1/B,w/z,af/zw; q)n (ﬁ/z,w/aﬁ,q_n"'lz/a,q_"""lw;q)i
Lig-di-Uh,  dA (afz,B8/z,1/w,w/aBiq)n (1/a,w/z,¢ 1B, q " 2w/af;q),
(8/2,1/w,q7 " z/a,q7 " ap/wiq);

X .
(Ve /2w, q 1B, g7z /w;q)

Proof. For (D.44), we have from (D.31), (D.40), (D.41), and (D.47), (D.51) below that

(D.46)

min(i,j) (1 R )1
7(L1-DR-U1)..: SR .
L, - diF- U, 0T 2 Tydiu,

min(i,j) Bik(q—nw/a,q—nz/a) hf ﬁ (qinZ/Oé)khkR Bjk(q*"ﬁ’/w, q’"z/a)
— Bio(g"w/a, g "z /) ¢¥ gE dE v Bjo(q "B/w,q "z/a)

=10Wo(qg "z/a;q7 " a7, ¢ " w/a, g " B/w, z/aB, gz /o, q T 24, q).

For (D.45), in a similar manner, we have from (D.33), (D.42), (D.43), and (D.48), (D.52) below
that

min(i,j
;(UQ . DQ% . L2),. _ Zn: w _ i]) Uzz,n—l ) d;LR_l ) L%z—l,j
UZZ” . d;{% ‘ L%j Y k=max(i,j) Uzzn ' d;lR ’ L%j =0 Uz2n ’ d;zR ’ L?21j

i) Bo1i(q"B/z,q "w/a) g, (¢ "B/2)"WE A,
— Builg"B/zq7"w/a) gl (qnB/2) I, dif

N2
" gl WE B (a7 B2 a7 B w)
gl W Bui(qamB/z,q7B/w)
=10Wo (q_nz/ﬁ; q_n—H) q_n+ja q_la/w’ q_Jw/ﬁv Z/O[ﬁ, qZ/B, q_n+12; q, Q> .

Concerning (D.46), one can proceed as

U, df L2, af

Ly dff - Ug;  dg’

d64 JdR g/U qn2g/L
= Bno(q "B/z,¢ "w/a)Bno(a " B/z,q B/w)@@(q—nﬁ/z)”h}ﬁ hR
 Buila™8/z.q""w/a) ! (a " w/a) hithit d
Buo(g "B/, "w/a) Bio(g "w/a, g "z/a) 7 glwig!  dy
 Buy(a™8/2,07"5/w) 1 (a="BwylifwIhif agh
Buo(q~"B/z,q7"Bjw) Bjo(g "B/w,q"z/a)  gTegt  dF
Then from (D.53), (D.54), and (D.55) below, we obtain (D.46). [ |

Lemma D.20. We have

Bu(asb) _ (0 )k( (aq’sq), (475 0),, (D.47)

Bio(a,b) bgttiq), (a='bg' "t q),
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Buotila.h) _(apyiaa5a)y (e ha) ("),
Bn,i(CL?b) (a q QnaQ) ( -1 1 ne va)l( 1bq1 n+laq)l7

b)) — i (aq; q)2i (a;9)i(a/b; q)i
Bole.b) =¥ o G i@ a): (D.49)

(D.48)

Bni(a,b) 1 ni (@@ )i q)i
Pni\®0) , D.50
Buotah) ~ ) gt o), (020
Lemma D.21. We have
IZkRL (q_nz/;“)khkR _ q—k:Q( —n—15)k (q_n+lz/a5 q)%(q_”ilz/a;q)zk 7 (D.51)
q* gt g9t (1o Q)e(a™ Dr (a1 B3 q) (4 Ok
R T A i e
gv (g B/z)" IR, gl WE,
12, —ntl 0340 (¢"z/Bq)2(q¢ "2/B;q)u
=q " (q B°/z%) . (D.52)
( / (1/B;@ila™™; q)i(q7 " e q) (g 0
Lemma D.22. We have
Y Y Y dA d/R g;LU anQ;LL
(1/a,1/B,w/z,af ) zw; q)n
— D.
(/2 8/ 1w, w]aB; ) (D-53)
Bni(¢™"B/2,q "w/a) 1 (¢ "w/a)'hihit dt
Buo(q"B/z, ¢ "w/a) Bio(qg~"w/a, g "z/a) ¢ glwigl  df
_ (ﬁ/z,w/aﬂ,q‘”“Z/mq‘”“w;q)i7 (D54)
(1/a,w/z, ¢ 1B, g "+ zw/aB;q),
Bni(q "B/z,q " B/w) 1 (q_"ﬁ/w)jh’ijh;A @
Buo(a™"B/z,¢7"B/w) Bio(g"B/w,qa7"z/a)  gVegt  dA
B/z,1jw,q "M z/a, g7 " aB/w;q)
( )J (D.55)

- (1/a,045/2%61_”“/37q_"+lz/w3q)j'

D.8 Final step of proof with Bailey’s transformation formula
for terminating very-well-poised balanced 19¢g9 series

Recall that Bailey’s transformation formula for terminating very-well-poised balanced 19¢g series
[28, formulas (2.9.4) and (2.9.5)] reads

IOWQ(a; b7 c, d7 €, f7 g, h’7 q, q)
_ (aq,aq/ef,aq/eg,aq/eh,aq/fg,aq/fh,aq/gh,aq/efgh;q)e

~ (ag/e,aq/f,aq/g,aq/h,aq/efg,aq/efh,aq/egh, aq/fgh; q)oo
X 10W9 (an/de; GQ/bCa GQ/bda GQ/Cd, €, fa g, hv q, Q)a (D56)

where at least one of the parameters e, f, g, h is of the form ¢7", n = 0,1,2,..., and the
balancing condition is satisfied, namely

¢*a® = bede fgh. (D.57)

—n

In particular, by setting h = ¢~", we have

10W9(CL; ba ¢, dveafag7 qin7Q7Q) (D58)
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aq,aq/ef,aq/eg,aq/ fg; q)n n
= ((aq/e a/q/f aq//g aq//efg_q)) 10Wo(qa’ /bed; agq/be, aq/bd, aq/cd, e, f, 9,47 "; ¢, q).

Proposition D.23. Let n,i,j € Z>o and i,j < n. Applying Bailey’s transformation twice, we
have

wWola "z/asq™ a7, q "M wfo,q "B /w, 2 /0, qz /0, 2 ¢, q)
_ (10, 1/B,w/z,08/2w;q)n (B/2,w/aB, a7 " 2/a, ¢ " w;q),
(a/z, Bz 1jw,w/aB;q)n (1/a,w/z,q "1, ¢ " zw/ab;q),
(B/z,1/w,q"* 2/, g7 ap/wiq);
(1/e, aB/zw, g~ 1B, q 1z /w;q),
X 10Wo(q "2/B:q " a7 " ¢ ljw, g w/ B, z/aB,qz /B, 21q,q).  (D.59)

Proof. Observe that the balancing condition as in (D.57) is satisfied

— 3 —n—+1 —n+J
ofq "z —i 54 wq Bz qz
= — = z.
a < o ) 74 ! w af al

Hence, Bailey’s transformation formula (D.58) applies and we have

1wWo (g "z/esq " a7 a7 " Vw/a, g " BJw, z/aB, qz /o, ¢ " 254, q)
= 10Wo(q "2/sq77, ¢ " B/w,qz/a, ¢ " Tw/a, z/aB, ¢ 2,07 g, q)
(¢ z/o, g aB/w,q " w, Bz 4q),
(¢ z/w, ¢~ 13,1/ e, g~/ zw; q)
x 10Wo (¢ "zw/ap; qzw/of, ¢ " g Tw/B,q " Hw/a, z/aB, ¢ " 207 g, q).

Applying Bailey’s transformation once again, we have

10Wo(q " 2w/aB;qzw/aB, ¢ " g 7w/B, ¢ " w/o, z/aB,q " 2,07 ¢, q)
=10Wo (¢ "2w/aB;q " q " w/a, qzw/aB, ¢ Tw/B, 2 /B q " 2,7 q,q)
(¢ zw/aB, ¢ "B, ¢ fa,w/zq),

(g fa g, w/aB, ¢ B/ 2 q),
x 10Wolq "2/B;q2/B,¢ ", ¢ " jw, g w/B, z/aB,q " 2, g7 g, q).

Simplifying the prefactor we have (D.59). |

Now we are ready to state our proof of Theorem D.3, therewith its reformulation Theo-
rem D.13.

Proof of Theorem D.3. In view of (D.44)—(D.46) in Proposition D.19, and (D.59) in Propo-
sition D.23, we have the equality of matrices

1
Lilo ’ doR ’ Utl)j

1

— —_Dy-U?. D ‘LQ-D’fl,
Lzlo'doR'Uéj A f A

L' Dp-U' =

which is equivalent to the commutativity RDsA = ARDs. |
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E Truncation by tuning mass parameters

In [10], we employed the following orbifolded Nekrasov factor for the affine Laumon space:

k|N k
NI (ulg, k) = NS (ulg, ) (E.1)
= H [uq_ﬂi+>‘j+1 —i+j. q]/\ o H [u qrere B q]% i
j>i>1 B>a>1
j—i=k (mod N) B—a=—k—1 (mod N)
with [u;ql, := u2¢~"""D/%(y; q),. To work out the tuning condition of mass parameters

required for the truncation of the Young diagrams, it is convenient to recast (E.1) to the “Naka-
jima” form, which is expressed as a product over the boxes of the Young diagrams (A, ). In the
following, we temporally replace [u; ¢, by (u; q)n, since we can neglect the monomial factors for
our purpose.

By taking the product over N(©) to NV=1) we can remove the selection rule,

N)\#(U’q,ﬁ) = H N u|Qa

_ —pit A1 it , Xa— 81,
jgl(uq HitAj41 =it q)/\ At B>l_a[>1(uq THB O q)% boan” (E.2)

Namely, we can obtain N( (u\q, k) by factorizing the total Nekrasov factor Ny ,(u|q, x) ac-
cording to the power of k. Now we can transform the total Nekrasov factor as follows:

(uq7u2+)‘]+1 Z+J7 q) (uq)‘Ji/J'z K/Jflfl’ q)oo
(uq_/»li‘i‘)\jﬁ-/*l*i’]’ q) . H (qu]’—NH-l ,{j*ifl; q)

Ny u(ulg.®) = ]

j>i>1 i>j>1
B uq .7 —Hi K/‘] i— 17 q) (UHJ_Z, q)oo
- H (ugh i) (uni=hiq)

o0

i,7=1

_ H by jﬁ—u]V-H'—l)‘ H (1_uq_ﬂi+j_1/{/\;‘/_i)' (E.3)

(3,5)€EX (i,5)€p

where we have used the combinatorial identity (cf. proposition in [11], (2.12) = (2.9) with
K= t_l) for the last equality. When one of the partitions is empty as in the case of fundamental
matter contributions, the Nekrasov factor is simplified considerably,

NA,@(U‘% K) = H (1 — uq/\i_jﬁi—l),
(1,5)EX

Ng:#(”|‘]a "Q) = H (1 — uq—#i-‘rj—ll{—i)‘ (E4)
()ISTT

When N = 2, the factors from the first rows of A and p are contained in N ) (ulg, k) and
Nf(z u(ulg, k), respectively, which are explicitly

A1—1 M1
H (1- uqk), H (1- uq_km_l). (E.5)
k=0 k=1

(0)

Hence, we can see that if u = g™, N) . (u|g, k) vanishes for m < A\;—1. Similarly, if ux~1 = ¢"*!
N((Z,M(u|q, ) vanishes for n+1 < p;.

9
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In the localization formula of the partition function, the numerator of the contribution from
a fixed point ()\(1), )\(2)), which is identified with the matter contribution is explicitly given by

H NS0 (s v, NS (w3 /s, )

5,5=1
1 1 0
= N ) (unforlg, KNG, ) (un foalg kING, ) (ua /01|, )N, ) (/2] g, 1)
x NGO, (v1/wnlg, N, (v walg, kINSQ, | (va/wilg, mNSD,  (va/wslg, k). (E.6)

Let us look at the mass parameter tuning conditions such that the columns of the Young diagrams
of A and A(?) are at most m and n, respectively. We need a zero coming from Ng\()l) g(vl Jwilg, K)

or N(@))\u) (ug/v1]q, k), namely,
(0fw) =q¢™  (uz/or)r = g™ (B.7)
Similarly, we need a zero coming from Ng\%)ﬁ(vg/wglq, K) or Ng,)>\<2) (u1/v2|q, k), namely,
(vo/wo) =q ", (u1/vo)r ™t = ¢t (E.8)

Recall that we use the following specialization (see (4.7)) in this paper:

ulzzlcj, UQZ%, v =1, 1)2:%, w1:d12, w2:di)f<¢ (E.9)
Hence, the above conditions (E.7) and (E.8) are translated to

dy=q", ~ di=q ", (E.10)
and

ds=q ", d3=q " (E.11)

The conditions for di and ds are the same and those for d3 and d4 are also the same. Thus,
there are four equivalent choices for the truncation of the Young diagrams. In the main text of
the paper, we choose dos = ¢~ and d3 = ¢~ ".

F Affine Laumon space and orbifolded Nekrasov factor

The affine Laumon space is the moduli space of parabolic torsion free sheaves on P! x PL.
Originally in [35, 36], a partial compactification of the space of quasi-maps from P! to the flag
variety of GLy was defined. The geometric representation theory of the compactification is
controlled by gly. There is an action of the gly-Yangian on the equivariant cohomology of the
Laumon space [25]. The affine Laumon space is an affine analogue, where the base manifold is
replaced by P! x P! and we have an action of the affine Yangian of gly. In [44], it was shown
that U, (g[n) acts on the equivariant K-theory of the affine Laumon space, which cannot be
irrelevant to the present work. In algebraic geometry such “affine” quasi-maps are described by
torsion free sheaves on P! x P! with a canonical framing at {oc} x {oco} and a parabolic structure
on P! x {0}.

In the context of four-dimensional N' = 2 supersymmetric gauge theories the affine Laumon
space was first featured in [15, 16], where the conjecture on the relation of the Nekrasov partition
function and the Seiberg—Witten prepotential was proved. Then as a generalization of the AGT
correspondence for Virasoro and Wy conformal blocks, Alday—Tachikawa [6] pointed out that
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we could employ the affine Laumon space to describe the theory with a surface defect whose
classification by the embedding of sl subalgebra into sly is exactly the same as that of the
parabolic structure on P! x {0}. In [6], it is conjectured when the defect is of the full type the
instanton partition function gives a conformal block for the sl current algebra.?3

It is known that the parabolic sheaves are equally described by the sheaves with the Z,,
orbifold action P! x P! 3 (z,w) — (z,ww) with w™ = 1. Moreover a natural toric action
on P! x P! induces that on the affine Laumon space. The fixed points of the toric action are
labelled by N-tuples of Young diagrams, which allows us to use the technique of the equivariant
localization. In practice the relevant quiver is called the chain-saw quiver [26]. In particular, the
equivariant character of the Yangian action on the equivariant cohomology of the affine Laumon
space was computed in [25]. It is straightforward to up-lift the formula in [25] to the K theory
version, which we use in the present paper. On the method of orbifolding for the computation
of the instanton partition function with a surface defect, see, for example, [19, 33, 45, 46, 47].

In [17], the relation of the asymptotically free Macdonald polynomials and the geometric
representation theory of the Laumon space was clarified. In an attempt at generalizing this
result to an affine version, a formula of the non-stationary Ruijsenaars function is obtained in [52]
based on the affine screening operators. The non-stationary Ruijsenaars function proposed in [52]
agrees with the instanton partition function obtained from the equivariant Euler character of the
affine Laumon space.?* For the relation of the formula in [52], which we employ in the present
paper, and the formula of the equivariant character in [25], see, for example, [12, Appendix B].
See also [43] on the relations of the geometry of affine Laumon space, intertwines of the quantum
toroidal algebra and associated integrable systems.

As we have seen in Appendix E, the total Nekrasov factor

NA,#(U’% ’f) = H (1 — uq)‘ifjn_“av'”_l) . H (1 _ uq*,uﬂrj*lﬁ)\}/—i)’
(‘,j)eA (1,5)Ep

I ey

e ) I (T T )

t,j=1

can be factorized into N # (u|q, k), 0 < k < n —1, according to the power of k. The combi-
natorial identities in [11 (2 8) and (2.13)] also show the following “transposed” formula for the
total Nekrasov factor:

Ny (ulg t =r1) = H (1- uq’\ifjt“y_“rl) . H (1- uq*mﬂ?lt—)\yﬂ)
(i,5)€p (4,5)EX
B 0o (ut“v ,\v+1qj—z';t)oo | (thj_‘i_ll?t)oo_ -
Py (utui —\Y +1qj—i—1;t)oo (utqi=5;t) _

Compared with (F.1), the partitions A and p in the formula (F.2) are exchanged in the product
over the boxes of Young diagram, while the form of each factor is kept intact. Factorization
of (F.2) according to the power of x gives the following formula of the orbifolded Nekrasov
factor:

A=A 1
\%
Ng\k|n (ulg, %) H H [ ¢ i A +e]
i<j
=7 AVH ;NH k

23For the codimension two surface defect of general type the conjecture is that the corresponding chiral algebra
is the W algebra obtained from Drinfeld-Sokolov reduction of sl current algebra, see, for example, [33].
24 Physically this corresponds to the gauge theory with adjoint hypermultiplet, sometimes called ' = 2* theory.
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v,V
i Ml

I
<IT TI  [wa7 e, (F.3)

i<, 10
AiV 7MJV =k

where [u] = u™1/2 — u!/2. Remark that usually the Nekrasov factor (such as Ny ,(u|q,x) as
above) is expressed in terms of (u;¢q),. But we find in the case of the affine Laumon space it is
more appropriate to use
[ gl = w2 "V A s g),, = [ullqu] - [ (F.4)
When n — oo, we have to regularize the monomial factor which connects [u; ], and (u; q).
One of the ways of the regularization is to define [u; ¢|o, by

) 1/2. 1/2
(45 gloo = L Q)Cxlj/2 = (172 :1q/2 )10/02 ) (F.5)
ﬁql/?(_“ ) (—q u 14 )oo

where ¥p(2) := (z;p)oo(pz_l;p)oo. One can check

wige  @V%HdV?) 0 (g1 2)

[q"u; q)oo - (7q1/2u71/2; q1/2)oo (qn/2ul/2; q1/2)oo

— (u:g'2) (_q(l—n)/2u—1/2;q1/2)n = [u; gln. (F.6)

n

In particular, we have [u; ¢loo = (u*1/2 — u1/2) [qu; ]oo. We also find

la/usqlo (=g /2u=2q12) (q2umV20M2) | (q/ui)0’

. 1/2. ,1/2 _,1/2. 1/2 .
[ @)oo WZd7),,  (ul%dP) o (we) 1)

It is possible to express the result of the selection rule in the orbifolded Nekrasov factor (F.3)
in terms of the floor function |e]. In the following manipulations, we use the formulas for the
floor function,

o) ) s o

where (¢) denotes the residue of an integer ¢ modulo n.

Proposition F.1. The orbifolded Nekrasov factor (F.3) is given by the following formula:

AY +n717k7(u\/) Vv
k o j+1 i e
Ng\u'n) :H[qj il n J=nl5 J;’{n} AY fn—1—k ( V) A, dno1k (V)
FAn—1—k—\p; Y n—1l—k—\pu;
i<j |~ -1 ]
A +n—1-k—(uY) w
i—j—1 ktn| +———L|-n|-L]|. n
X H[q gl " I=nl5e)iw } pY +RH(=AY) Y FRH(=AY)
i<j L - I - J

o AY, -1k (Mv) v
— j—i  k+n| It —~ = n:|
g[q K VR L)\}/flf:‘f(uy)J_L)\;/Jrlfl;k,('u;/)J

g1 ke TR e
i—j— n| —————|-n|—=]. .n
< 1] [q Tk 2 nR } BN | g A - (F.9)

J
1,§] |— n J n
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Proof. Since the selection rule on ¢ is imposed by = (the equality mod n), Nf\lﬂn) can be

rewritten in terms of x"-shifted factorial (zo; k™),,. Let us check that the initial value zp and
the number m of factors for each shifted factorial agree with those in the formula (F.9). To
compute them for the first shifted factorial, let us assume

pi=qn+r, Ny =@ntr, N =gntrs,  0<r<n—L (F.10)

\
Namely, we may write, for example, ¢ = L’%J and ry = (M;/) But in the following we will
use ¢; and 7; for simplicity of notations. The selection rule in (F.3) tells

l=k+r —ro. (F.11)

Since 0 < k,r1,r0o <n—1,we have 1 —n < k+1r; —ry < 2n — 2. Accordingly, we can write the
initial value of ¢ uniformly as

k+ri—r
bo=k+mr —ro —anJ (F.12)
n
Hence, we see
i AV Ve ikt Lk}/_,'_l—uyji |_k+r17r2j
zo = ¢’ 'R0 = g LR (F.13)

Now, let us count the number of factors in the first shifted factorial. Since the initial value of ¢
is given by (F.12) and the upper bound is AY — \Y,; — 1, we see

A AV 1
m:LJ J+’; 0J+1

—r—k—1 k -
:(qg_qQHH{MJ%MJ
n n

Ao —k—1| |k+r—\
= { L J+ {IJHJ +1 (F.14)
n n

] < F1

and

@+1, 0<ro—r —1-k,
@, —n<rp—r—1-k<0, (F.16)
@—-1, ro—r—1—-k<—n,

Fav+1+”1k<ﬁ‘z‘v)J _

n

the power of k is

A;/+1_M;/+k+7’1—7'2+n, 1<ry—r —k,
A1 = +h 41— l-n<ry—ri—k<l1, (F.17)

/\}/H—,u;/+k‘+7“1—r2—n, ro—ri—k<1l—n.

Comparing this with (F.12), we can confirm an agreement. For the number of factors, what we
have to check is

VHTI_AJVHJ+1—_Fjv+l_l_k_(MV)J' (F18)
n n
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But this is a special case of the first formula of (F.8). We have checked a complete agreement
of the first factorial.

Let us proceed to the second factorial. Concerning the initial condition, we can see the
formula for the second is obtained from the first simply by the replacement,

Thus an agreement is proved by appropriate changes of variables. However, counting the number
of factors is more involved. Let us assume

)\;/ = qqn + 74, ,u,;/ =qsn + 75, /,L;/+1 = QN + 76, 0 < r; <n-— 1. (FQO)

Then a similar computation as before gives the number of factors in the formula (F.3)

Yl —1-4
m':{“ﬂ szl OJH, (F.21)
n
where
k _
fy =kt - n| FEENE, (F.22)
Hence,
P k+rs —
m/:(qg,—q(;)—i—l—l-{m i J-i—\‘ ik T4J
n n
rg—pl o —k—1 Ytk—r
:V Hit1 JJFVJ 4J+1. (F.23)
n n

We note (—)\2/) =n — 1y for r4 # 0, but (—)\;/) = —ry4 = 0 for r4y # 0. But such a difference
does not matter, since we take a difference of the floor function. Hence, we can safely use
(—=\/) = —r4 and what we have to check is

ra—pY o, —k—1 Yo+ k+ (=N
\‘ 4 M]+1 J +1__\‘:u]+1 ( z)J’ (F24>
n n
which follows from the first formula of (F.8). |

We can also write the formula of Proposition F.1 in terms of the ratio of the regularized
infinite products [u; ¢]eo defined by (F.5). Using the formulas (F.6) and (F.8), we find

. v AY —(Y )tk <;/>
H [qu—z—lﬂk—nL%J—s-nLTﬂJ_nL%J ; /i”]
o
(kln) o j>i>l
N/\,,LL (U’q, H)_ .. “z\'/ )\}/ 7<>‘}/)+k+(@/)
H [quflﬁkfnLTJJrnLTJ*nLTJ;Kn}
Jjzi>1 o
\./ \/ ‘/v
H [qu_"_lﬁkJr"L%J—nL‘%J— LMJ }
oo
i>j>1
" uy (1) )+k—(A))
[T |ua/=stnt 2 o o OO "]
o0
1>52>1
) +k=2Y
1 [qu Sk Jé“n} [ug/ ik, k7]
= o0 ) 0o (F.25)

O J—i—1,k. n
i,j=1 [qufz,{k n|— ! J;,{n:| [Uq k™ R ]oo
o
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For later convenience, let us express the orbifolded Nekrasov factor in terms of t = x~"-shifted
factorials. We have

N (ulg, 1)

k J+1+n 1—k—(u)) B
H |:uq] ’lt ‘H_ J L n J’t 1i|\_)‘;/+n_1_k_(“v)

+n—1—k—(u})

J+1
j>i>1 n 1=l n J
R L
X uq [ D (AV)J LHJVHM*(AZ.V)J
_]>’L>1 n
Yopn—1—k—(u))
igl— + D4 77 Lo,
H |:Uq-] t L J L J,t:| L)\}/+n—l—k—(u;/)J |_ ]+1+7L 1—k— (y, )J
j>i>1 n n
wYy k=)
1 1777 7. P41 A 7
« H [uqz =1 ==+ Lt] v+k ()\v) Yyt ()
j>i>1 -
p Y A +n—1—k—())
{qu—ztl—gﬂ%ﬂ ,t}
o0

u\/ +n—1—k— (F‘
j>i>1 [qu_it1_§ﬂ—j [ St ,t}

o0

[uq’ PRI SRR IS SRS J’t}

< I] T I a (F.26)
joi>1 [uqz J1=E | 1J+LJ7J;4
o
where we have used
[u;t_l]n = [ut_"+1;t]n, n > 0. (F.27)

Finally, the same manipulation as the last equality of (F.25) gives

k J
o0 [uq] ltl Jr[ 1. t] jiiiltl_%'t
N G, = T o e (F.28)
A - i1k
ij=1 { ugi—i—1¢1- *H MO t} lugZ =it 5]
(o.9)
When one of the partitions is empty, N( | ) simplifies as follows:
H [ qj Z/ﬁ:k ] L/\}/+"_1_kj
N(k|n)(u|q H) _ j>i>1 "
A7@ 9 . (s
4>]ll [uq(]+1) (74+1)[Qk; I{n] LX‘}/_HJrn—lka
j>i> "
— [qu_l’”"k;’”"”]tanafky (F.29)
i>1 "
v
11 [uqz—y—l h—n| Iy } ik
.y =5
k >i>1 n
N(&l:)(u’q, K) = = itk
k
H |:qu (J+1) [ J,Iin] M;v/+1+k
j>i>1 =5
i tk
= [uq*%k*”w J,/ﬁ”} WYk (F.30)
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G (Anti-)symmetrization in a factorized form

A basis of the space of cohomology classes for the N-tuple Jackson integral is defined by us-
ing the anti-symmetrization of the variables z = (z1,...,2y) with the weight function A(q, z)
(see (3.2)). In general, the result of (anti-)symmetrization is expanded in terms of symmetric
polynomials (divided by the Vandermonde determinant for anti-symmetrization). However, from
the viewpoint of the correspondence of the Jackson integral and the Bethe vector for quantum
integrable system [48], what we need is the (anti-)symmetrization that keeps the factorization.
One can rephrase it as a summation over partitions of the index set [N] := {1,2,...,N}. We
give a proof for the following well-known formulas for completeness.

Proposition G.1. Let I; U ---U I be a partition of {1,2,..., N} with |I,| = kq > 1 and A be
the anti-symmetrization operator of z = (z1,...,2n). For any functions f,(x), 1 < a <'s, we
have

(H fl Zzl H f2 Zk1+22 H fS k1 +otks— 1+15)A(qﬂ z))

io=1 is=1
— g1,
Ml AT A0 T T2 o
a=1 Lu---Uls \a=1i,€l, 1<a<b<si€l, jJEI

where the sum leu---uls on the right-hand side is taken over the partitions I L --- U I.

Proof. For a permutation o € Sy, we define I, = {o(k1 + -+ + kg1 + 1) | 1 <i < ky}. Since

Alg, 2)
s AFEAwD) = T o(Fo3 ),

oeSN

for any F(z) = F(z1,...,2n), we can recast the left-hand side of (G.1) to
-1
Q7z1a Zi— 4 "%
Z(Hﬂfw II I J)-
oceSy \a=1liel, a 1<a<b<si€l, jEI;

Let S; be the symmetric group of a set I. Then according to the coset decomposition Sy =
Urueur, Sip X - -+ x Sy, we take the sum in the following manner:

RPN DS

ogESN T w16511 ’LUSES[S
By applying the formula [37, Section III, equation (1.4)]
Alg, 21 ))
S w31y = el
WaGS]a A(l’ Zla)

for each sum over Sy, we obtain the desired result (G.1). |

H Shakirov’s equation as a coupled system

Consider Shakirov’s equation in the form

b =HsT, \ ol o0, (H.1)
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A “Ldyidydsds A
1 B @()sa(q 1234) B 1

plar)p(2) p(—dix)p(—dom)p(—ds2)p(~da2) ~ o (%) o(dsds )

Hg =

It has a unique formal series solution normalized as ¢ = 1 + O(I, %) In terms of the affine
Laumon partition function Zar,, the solution is given by

Uy, u2 Al

YA, z) = ZaL, V1, U2 961,371 q,t

ds’ di
o B e L (12)
K ?Q =

We will give a coupled form of Shakirov’s equation and its solution. To do this, we define
operators T' and K by?®

q qQ dody A dox
T=<d ——. d = A -
{ 2 thQ’ 4 = d4 ) = q y T > q 3
1 1
K= T B (H.3)

plar)p(3)  p(—diz)p(—dsy)

On the parameters u;, v;, w;, x1, A1, the operator T" acts as

tQ 1 Al}
T=qwj—~ —, 01—~ ————x, ANy = — 5. H.4
{w qu; o v Tt i (H4)

In our previous paper [10], we used the renormalized g-Borel transformation B = T, .. B
(gt /2Q)/ 2
in writing down the coupled system in order to make the correspondence with the gq-Pain-
levé VI equation clear. If this is taken into account, the action of T" on the expansion parameters
becomes 1 = T — —t*1/4x1 and hence x9 = A1/z1 — —t*1/4x2. Ihe T action is the same
for 1 and x9 and coincides with the action of the shift operator T,; with p = 1/ 4 which
is regarded as a square root of the time evolution of the parameters b; in the gg-Painlevé VI

equation (see [10, equation (6.3)]).

Proposition H.1. The normalized solution ¢ of (H.1) and its parameter transform x := T
satisfy the following coupled system of equations:

Y = gKx, x =TgKTy, (H.5)
where

(s p dydsAsq,t)

9= (tA, %A; q,t)oo. (H6)
Conversely the equation (H.1) follows from the coupled system (H.5).
Proof. From (H.1) and (H.3), one can verify the following relations:
T =T A Ty (H.7)
TK — ! B ! T (HL8)

p(—dor)p(—da)  o(L2a)p(dsdsd)

250ne may use d; (or ds3) instead of da (or da).
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1 1 1
KTKT =K B T2 = HT?, (H.9
o(—dar)p(—dsd) " p(DLa)p(dsdsB)”  p(A)p(DLELN) ™ (1

dody dids ‘P(d2d4A)90(dltd3A)
KTHT? = <A> <A> KT)3 = d HT?KT. H.10
S @ q 2 ¢ ( ) @(A)@(d1d2qd3d4 A) S ( )

From (H.7), (H.10) and (H.1), we have

p(2HA)p (42
KT = KTHsT* ¢ = — 31— - HT? KT (H.11)
p(A)p(HRA)
Noting that
p(2A) o (1A

Tial9) = g
t,A )

(Ao (S5 1)
we see the function gKT satisfies the same equation as (H.1) with the same initial condition
as ¢. By the uniqueness of the solution, we obtain the first relation v = gKTvy = gKx. The
second relation is the T-transform of the first one. To check the converse, we note that

(A, Dfztdin; g 1) dydodsd

. ) q 1y 4 Y ) 5o . 10203064

g-T-g= (¢A, Hidatidi y o ) T= ¢(A)<P<qA> T (H.12)
) q b 9

Hence,

v=g KT -g-KT¢ = go(A)gp(dld?qd?’d“A> -KTKT = HsT*y. (H.13)
This completes the proof. |
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